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Abstract: This thesis investigates long—term topological behaviour of continuous
self-maps or sets of continuous self-maps of metric spaces, mostly Peano con-
tinua. The first chapter is preparatory for the following two and summarize some
properties of compact spaces with emphasis on Peano continua. In the second
chapter, we give an overview of chaotic features and then we prove that for every
Peano continuum X there exists a LEO self-map of X with a dense set of periodic
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definition of chaos. The third chapter deals with topological fractals, we prove
there a new sufficient condition under which a Peano space is a topological frac-
tal, namely that any Peano continuum with uncountably many local cutpoints is
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Introduction

A topological dynamical system is a topological space X and a set .% of continuous
self-maps of X. When studying such a space, we are interested in a long—term
topological behaviour of the space when we are repeatedly applying maps in .%.
These properties vary depending on both the space X and the set .%#. In this
thesis we will investigate only dynamical systems where .# is finite, and in a part
of this thesis even one—element.

This introduction is based on a book on topological dynamics [Brin and Stuck
[2002].

Notation. We denote by I the unit interval [0, 1].

Let us develop the idea of topological dynamics using several examples. Con-
sider the following self-maps of I: id : x — =z, a constant function ¢ : © — ¢,
where ¢ € I is arbitrary, fi : x + 1 — 2, f5 : > 22, a contraction f3:x + s-x,
where s € (0, 1), and the tent map

) 2x, x<1/2,
falw) = {2(1 —1), x>1/2.

Intuitively, very different things happen when we are repaeatedly applying
different maps of the above list: when applying id literally nothing happens,
while any constant function degenerates the whole space to one point in the first
iteration and other iterations do nothing.

The map f; keeps tossing the points of I from one side to the other periodically
but does not change the diameter of any set and also maps open sets to open
sets. In contrast, the map f; does change diameter of almost all subsets of I and
does not evolve periodically although it is a homeomorphism too and thus maps
open sets to open sets, proper subsets of I to proper subsets of I and does not
change the cardinality of sets.

The map f3 gradually pulls everything down to 0, but in a nondegenerative
way: the image of [ with respect to any iteration of f3 is homeomorphic to I.
Finally, the tent map f4 is open and enlarge subsets of I in the sense that every
subset of I with nonempty interior is mapped onto I after only finitely many
iterations. We will discuss this in more detail in the second chapter.

On the other hand, there is no essential difference between the behavior of
two constant maps ¢1 : & —> ¢1, Ca : T +> Ca, ¢1, ¢o € I. Therefore we introduce a
notion of equivalence between dynamical systems to compare and classify them.

Definition 1. A semiconjugacy from (Y, g) := (Y, {g}) to (X, f) (or, briefly,
from g to f) is a surjective map w:Y — X satisfying f om = mog. If there is
a semiconjugacy ™ from g to f, then we say that (X, f) is a factor of (Y,g). A
conjugacy is an invertible semiconjugacy.

Note that conjugacy is an equivalence relation. Also note that for arbitrary
map 7 : I — [ and every z € I we have ¢; = ¢;(n(z)) and 7(ca2(x)) = w(ca).
Thus for every c¢;, ¢o € I the dynamical system (7, ¢1) is a factor of (I, ¢y) since
there always exists an onto map « : I — [ satisfying 7(c) = ¢1. If ¢4, 2 € {0, 1}



or c1, c3 € (0, 1), then we can choose such 7w to be actually a bijection and thus
in these cases the dynamical systems (1, ¢1), (I, c2) are conjugate.

Let us discuss one more example illustrating what conjugacy and semiconju-
gacy is. Let S! denote the plane circle {(x, y) € R? 2? + y*> = 1} and consider
the dynamical system (S*, R,), where R, is the rotation of S* by angle . Thus
repeated applying R, to S! just keeps S! rotating, always by angle a. Again,
intuitively we feel that the behaviour of the system (5!, ka) is kind of included
in the behaviour of the system (S!, ) for every @ € R and k € Z.

Thus there should be a semiconjugacy from (S!, a) to (S, ka) and this is
indeed true. It is justified by the continuous surjective map = : S' — S! that
wraps S around itself k times and change the orientation if & < 0. Note that =
is a bijection if and only if £ = +1 and thus in these cases we obtain a conjugacy.
This also fits our intuition since rotation by a and rotation by —a behave the
same way, they are mirror images of each other.

Let us just note without more details that under suitable parametrization it
is possible to represented S' by [0, 1), the rotation R, by = — (z + «) mod 1
and m by z — (k-x) mod 1. This easily entails the required equality since for
every « € [0, 1) it holds that 7(R,(z)) = k(z + «) mod 1 = kx + ka mod 1 =
Ry (m(2)).

Conjugacy and semiconjugacy are important tools that allow us to use known
properties of well-behaved dynamical systems when analyzing other dynamical
systems. Of course, analyzing well-behaved, canonical dynamical systems is use-
ful in itself since in this manner we often obtain interesting properties worth
further studying. For this reason we will next introduce probably the most fun-
damental dynamical system, but to do that, we need to recall some notation for
the product of sets, topological spaces and metric spaces, respectively.

Notation. In this thesis we use the set—theoretic notion of natural numbers w.
That is, for us 0 = ) € w and n+ 1 = nU {n} € w for every n € w. Thus for
every n € w also n C w. Whenever we do not need the inner structure of natural
numbers, we use the symbol N to denote the set of positive natural numbers and
Ny the set N U {0}.

If S is any set, then by S“ we understand the set of all functions from w to
S. If we write S™ for n € w we have in mind the set of functions from n to 5,
while if we write " for r € R and n € N, we mean by it just the result of the
standart arithmetic operation. We denote by |-| the cardinality of a set as well as
an absolute value of a real number, but it should always be clear what we mean
from the context. We denote by S<¥ := |J{S™, n € w}.

Now we are prepared to introduce the promised example. Let A be a finite set
(with discrete topology) and consider the product space A“. This is a compact
metric space, usually it is considered either together with the metric

e(z(n), y(n))
2—n| ’

d(z, y) =

new

where e is a discrete metric on A, or with the product topology given by the basis
containing the sets of the form {z € A“, &|4om(s) = s}, for some s € I<.

This space plays an important role in dynamics, since it is naturally endowed
with a special kind of map called “the shift”, more exactly “the shift to the left”



and “the shift to the right”. The first one is defined by L(s)(n) := s(n + 1) and
for the second one fix some A € A, then Ry(s)(n) := s(n — 1) if n > 1 and
Ry (s)(0) := A. It is easy to observe that these maps are continuous.

Although these maps are indeed canonical, from the topological point of view
the “left” and “right” version of shift are opposites in the following way: while
applying repeatedly the map L on any set of the basis we described above gives
us the whole space A“ after only finitely many steps, applying on the whole space
any sequence of right shifts gives us a set as small as the applied sequence was
long.

Let us discuss this in more detail. In the case of the left shift, every set with
nonempty interior maps eventually onto the whole space. We can thus interpret
L as a kind of a magnifier. But, we can also interpret this by saying that f is
very chaotic, because arbitrarily close points can end after some time as far from
each other as possible since arbitrary open set eventually maps onto the whole
space. We will study maps with properties similar to these properties of the map
L in more detail in the second chapter.

In the case of the right shifts, note first that they are contractions, and what
is more, not just that since we do not have only inequality but equality:

d(Ra(x), BA(y)) = 1/2-d(x, y); A € A

Thus every right shift shrinks the whole space but in a every regular way, i.e.
there is no degeneration. Another sign of the fact that no essential information
is lost can be express by
A = |J Ra(A®);
AEA

that is, we are able to recover the original space from applying the right shifts.
We will study sets of maps with properties similar to the above properties in the
third chapter.

However to discuss the suggested problems we need some advenced theory
of continua. Therefore before we start with the topics above, we first introduce
some preliminary notions, definitions and known results.



1. Preliminaries

In this chapter we give a summary of some preliminary notions and results, most
of them will be needed in the following chapters. Despite some of the presented
notions and results for metric spaces can be generalised to topological spaces, we
will only work with metric spaces.

In fact, we will restrict us even further and work mostly with continua.

Definition 2. A continuum is a nonempty connected compact metric space.

A singleton is a continuum and any other continuum is of size continuum.
Another examples of continua are the closed interval I, the circle, the square or
the Hilbert cube I“. There is a great book on the fundamentals of continuum
theory containing also many other examples by S. Nadler, namely Nadler| [1992].

Next, let us introduce some notation and state without proof one theorem
from Nadler |[1992] that will be used in many proofs throughout the thesis.

Notation. For a metric space X we denote by 2% the set of all nonempty closed
subsets of X.

Definition 3. Let X, Y be metric spaces. We say that a function F : X — 2¥
is usc (upper semi—continuous) provided that for every x € X and every open set
V CY such that F(x) C V there exists an open set U C X, x € U such that
U{F(z), ze U} CV.

Theorem 4 (General Mapping Theorem). [Nadler, 1992, Theorem 7.4] Let X, Y
be nonempty compact metric spaces and F, : X — 2¥, n € N, be usc functions.
Assume that:

1. for alln € N and x € X it holds F,11(z) C F,(x),
2. for every x € X it holds that lim diam(F,(z)) =0,
3. for every n € N it holds that U{F,,(z), z € X} =Y.

Then we can define a map f: X — Y by {f(z)} = N{Fn(x), n € N}, for every
x € X, and this map f is continuous and onto.

1.1 Connectedness and the Cantor set

Next we will give just a short summary firstly of types of connectedness and
secondly of some properties of the well-known Cantor set.

Let us recall that if X is a metric space, then a path in X is a continuous
map f : I — X, respectively its image, and an arc is a continuous one-to—one
map f : I — X, respectively its image. If f(0) = z and f(1) = y, then we say
that f is path, respectively an arc, from = to y. We say that X (or a subset of
X)) is path connected, if for every x, y € X there exists a path in X from x to y;
and that X (or a subset of X) is arcwise connected, if for every x, y € X there
exists an arc in X from z to y.



Connected sets

Next we will recall some well known facts about maximal connected, path con-
nected and arcwise connected subsets of metric spaces.

Connected components

Let X be a metric space. For every x € X there exists the largest connected set
containing x, namely the union of all connected subsets of X that contains .
This set is called the connected component of X. Since a closure of a connected
set is connected, connected components are always closed. Further if y € X,
then the connected component of z and the connected component of y are either
equal or disjoint since the union of intersecting connected sets is connected. Thus
connected components form a partition of X. Note that X is connected if and
only if it consists of a single connected component.

Path components

Let X be a metric space. Define on X a relation ~ by letting z ~ y, z, y € X,
if and only if there exists a path in X from z to y. It is easy to see that ~ is an
equivalence. The classes of this equivalence are maximal path connected subsets
of X, we call them path components. Note that if x ~ y, then the corresponding
path f: I — X from x to y gives us the connected set f(I) 3 z, y and thus = and
y lie in the same connected component. Therefore every connected component is
a union of path components. X is path connected if and only if it consists of a
single path component.

Arcwise connected components

Let X be a metric space and analogously to the previous case, define on X a
relation ~' by letting © ~' y, x, y € X, if and only if x = y or there exists an
arc in X from x to y. Then ~' is an equivalence, even though the proof of the
transitivity of ~' is more challenging than it was in the case of ~. Moreover since
X is metric, there holds ~'=~. Thus the classes of the equivalence ~" will be
called path components too,they are exactly the maximal arcwise connected sets.

Note that even if X was not metrizable, x ~" y immediately entails that z ~ y
since every arc is a path. Therefore every path connected component is a union of
arcwise connected components in any topological space. Note that again a metric
space X is arcwise connected if and only if it consists of a single path connected
component.

The Cantor set

In contrast to previous part where we focused on "very connected” sets, the
Cantor set (2¢, | - |) or for brevity just 2¥, where

R L LG

is an example of a "very disconnected” set. Recall that we understand the ele-
ments of 2¢ to be functions from w to 2 = {0, 1} and thus it makes sense to write
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s(n) for every s € 2¥ and n € w. Moreover, it makes even sense to write s|,, since
every n € w also satisfies n C w.

Recall that the set {{t € 2%, t|,, = s}; s € 2", n € w} is a basis of the topology
of (2, |- 1), as in every product of discrete spaces. Note that 2¢ \ {t € 2*, t|, =
s} = U{{t € 2¥, t|, = r}; r € 2"\ {s}} and thus the basis above consists of
clopen sets. Thus, in particular, 2¥ is not connected and hence not a continuum.

Let © # y € 2“, then there exists n € w such that x|, # y|, and thus
re{te2v t|,==zl.},y € {t €2 t, =yl|.} are open disjoint sets. This shows
that the only connected subsets of the Cantor set are the singletons and thus the
singletons are exactly the connected components of 2. Note that singletons are
not open in 2* and thus the connected components do not have to be open in
general. Let us also note that the two conditions, i.e. having a basis consisting
of clopen sets and all connected components being singletons, are for compact
spaces equivalent to having the topological dimension equal to 0.

Define a map ¢ : 2¥ — I by

o(s) == i} 2 3‘545?”

It is a well known fact that ¢ is a homeomorphism onto its image. Let us just
note that the proof of this fact is just unfolding the definitions, so we will not
present it here.

1.2 Peano continua

In this section we introduce Peano continua, an important class of continua.
The entire chapter is based on the eight chapter of Nadler [1992]. Although we
cover here most of that chapter, we have reformulated some statements and in
those cases we will not refer to concrete theorems proven in Nadler| [1992]. We
also directly restrict ourself to the case of continua although it makes sense to
consider the case of general topological and metric spaces too.

Definition 5. We say that a continuum X s locally connected, if the set of all
connected open subsets of X forms a basis of topology of X. Since X is compact,
this is the case if and only if for every € > 0 there exists a finite cover of X by
open connected sets with diameter less than €. A locally connected continuum is
called Peano continuum.

Definition 6. We say that a metric space X has the property S if for every
e > 0 there exists a finite cover of X by connected sets (or equivalently, by closed
connected sets, since the closure of a connected is connected) with diameter less
than €.

Definition 7. Let X be a set, a sequence Ay, ..., A, of subsets of X is called a
chain if for every 1 < i <mn — 1 it holds that A; N A1 # 0.

Remark. In fact, what we call here "a chain” is usually called ”a weak chain”,
and by ”chain” is understood a sequence Ay, ..., A, of subsets of X satisfying
that for every 1 < 4,5 < n it holds that A; N A; # 0 if and only if |i — j| < L.
Nevertheless, we will not follow this usage since we will never need the notion of
a chain in the whole thesis.



Theorem 8. Let (X, d) be a metric space. Then the following conditions are
equivalent:

1. X is a Peano continuum,
2. X s a continuum with property S,

3. X is a continuum and for every e > 0 there exists a finite cover of X by
Peano subcontinua of X with diameter less than €,

4. for every e >0 and x, y € X there exists a chain Ay, ..., A, consisting of
Peano subcontinua with diameter less than € satisfying x € Ay, y € A,, and
AiUAU---UA, =X,

5. there exists a continuous onto map f: I — X.

Proof. '] = 2]’ is trivial,

T2l=[: let # € X and € > 0, then by [ there exist connected A;, As, ... A,,
n € N, covering X, each of diameter less then £/2. Notice that their closures
Ay, ..., A, are closed connected sets covering X, each of diameter less then
g/2. The set U{A;; x € A;; 1 < i < n} is connected (not necessarily open)
neighbourhood of x since it contains the complement of the closed set U{A;; = ¢
A;, 1 <4 < n} >z and moreover its diameter is less than . This proves that
for every x € X and any neighbourhood of = there exists a smaller connected
neighborhood of x.

To prove the claim, let again x € X and € > 0 be arbitrary and consider C
the connected component of x in B(z, €). We want to prove that C' is open. Let
y € C, thensincey € B(z, ), there exists A C B(z, €) a connected neighborhood
of y by the previous part. Then C U A C B(x, ¢) is a connected set containing
x and thus by maximality of C' we obtain A C C, in particular there exists U
open satisfying y € U C A C C and thus C'is open. Since x € X and € > 0 were
arbitrary, this shows that connected open sets form a basis of topology of X and
therefore X is a Peano continuum.

"2]=-[]": this is probably the most technical part of the proof. Let us introduce

some notation. Whenever ¢ > 0, we say that a chain Ly, ..., L,, n € N, is a
S(g)—chain if it is formed by connected sets and it holds that diam(L;) < & -2~
for every 1 <1¢ < n. If moreover x € Ly, y € L,, then we say that L, ..., L, is

an S(e)—chain from z to y. For any A C X we define S(A, ¢) by
S(A, €) :={z € X; there exists an S(¢)-chain from some point of A to z}.

Let € > 0, by[2 there exists .% a finite cover of X by connected sets with diameters
less than £/3 and we may suppose that .# does not contain the emptyset. Then
{S(F, €/3); F € .7} is a finite cover of X by nonempty sets since A C S(A, 0)
for every A C X and every 0 > 0; for arbitrary a € A consider the S(J)—chain
L1 = {CL}

Let F' € .% and we will show that S(F, £/3) is a Peano continuum of diameter
less than €. Clearly it is closed and thus compact since X is compact. To show
connectedness it suffices to prove that S(F, £/3) is connected since a closure of

a connected set is connected. Let z,y € S(F, e/3), then there exists chains



Li,...L,and Ky, ..., K, suchthat LiNF #0, KiNF#0,x€L,, y<c K,,.
Then
L,J---UlLybULLUFUK UKyU---UK,,

is a connected set containing both = and y. Thus all points of S(F, €/3) lie in a
single connected component which means that the set is connected. This shows
that S(F, £/3) is a continuum.

Similarly, to show that diam(S(F, €/3)) is less than e it suffices to prove
that diam(S(F, €/3)) is less than . Let z, y € S(F, ¢/3), then there exists
S(e/3)—chains Ly, ... L, and Ky, ..., K,, such that L1 N F # 0, K1 N F # 0,
x €L, ye K, Forevery 2<i<nand2<j<mfixsomel; € L;_ ;N L; and
k; € K;_1 N L;. Further, fix some [y € Ly N F'and ky € KN F. Then

n—1 m—1
d(l‘, y) S d(l’, ln) + Z d(ln-i-la [ )+ d llv kl + Z d km k]+1 + d(km7 y)
i=1 j=1

< zn: diam(L;) + diam(F') + Z diam(K;) <

i=1 =1
<> ef3-27"+¢/3+) /3277 <¢e/3+¢/3+¢/3=c.
i—1 j=1

Thus we proved that diam(S(F, €/3)) < e
To complete the proof that S(F, £/3) is a Peano continuum, we will show
that S(F, £/3) has the property S and then the implication we have already
proved will give us the result. Let 6 > 0, we first want to find connected sets
Ci, ..., Cy,, each of diameter less than d, such that S(F, ¢/3) =CyU---UC,.
Fix some k € N satisfying

Yef3-27i=¢/3-27"1 < §/3
i=k

and let K C (F, €/3) be the set of those points x € S(F, €/3) such that there
exists an S(g/3)—chain from some point of F' to « consisting of at most k£ members.
By [2| there exists J# a finite cover of X by connected sets with diameter less than
g/3-27%1 Let Dy, ..., D, be a list of those members of 5 that intersects K.
Then K C Dy U---U D, and thus, in particular, ) # F C K C D;U---UD,,
implies that there is at least one set in .7 intersecting K.

Fix some 1 <7 < n. Then there exists some x € K N D; and thus there is, by
the definiton of K, an S(e/3)—chain Ly, ..., L;, t < k, such that L; N F' # () and
x € L;. Thus, since diam(D;) is less than £/3 - 27%71 < £/3.27171 we obtain an
S(e/3)—chain Ly, ..., L, D; and therefore D; C S(F, €/3). Let

;. :={C C S(F, ¢/3); CND; #0, diam(C) < ¢/3, C is connected}

and C; := |J%;. Note we have already proved that D; C S(F, ¢/3), D; N D; # ()
since D; intersect K and thus it is nonempty, diam(D;) < &/3-27%"1 < §/3 and
D; is connected. Thus D; € €; and therefore D; C C;.

Let xz, y € C;, then there exist connected C, C’ satisfying z € C,y € (',
CND; #0 # C'"N D; with diameters less 6/3. Then z,y € C U D; U " is
connected since D; is connected and therefore x and y lie in the same connected
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component of C;. It also follows that d(z, y) < diam(C)+diam(D;)+diam(C") <
0/3+6/3+0/3 = 0. Since z, y were arbitrary, this entails that diam(C;) < ¢
and further C; is connected because all points of C; lie in a single connected
component.

We claim that S(F, e/3) = C; U---UC,. The inclusion C; U ---UC, C
S(F, ¢/3) follows immediately from the definition of %1, ...%,. To prove the
reverse inclusion, first note that we already know that K € D;U---U D, C
CiU---UC,. Let x € S(F, €/3), x ¢ K, and we will show that z € C1U---UC,,.

By the definition, there exists an S(e/3)—chain Ly, ..., L; from some point
of F to x and since x ¢ K, there must be ¢ > k. By the definition again,
) # L, C K, and since K C Dy U---U D, there exists 1 < ¢ < n such that
L,ND; #0.

We will show that L := Ly U Ly U---UL; C C;. Firstly L C S(F, €/3) just
by the definition, secondly it is connected by the definition of a chain and thirdly
LN D; # 0 since Ly N D; # (). Fourthly, using an argument analogical to the one
in the proof of diam(S(F, €/3)) < ¢, it follows that

¢
diam(L) < diam(Ly) + diam(Ly41) + - - - + diam(L;) <> e/3-277 < §/3.
=k

Thus L € %, hence L C C; and in particular z € L; C L C C;. This concludes

the proof that Cy, ..., C, are connected sets, each of diameter less than 9, and
S(F,5/3):01U---U£n. o
Finally, note that C1, ..., C, are connected sets with diameter less than ¢

too. Moreover

S(F,e/3)=CLU---UC,=C,U---UC,,

thus S(F, €/3) is indeed a continuum with the property S and thus by
we obtain that S(F, £/3) is a Peano continuum.

B let 2, y € X and e > 0. By[3|there exists . a finite cover of X by Peano
subcontinua of X with diameters less than ¢ and we may suppose that () ¢ 7.
We will find a chain Ay, ..., A, satisfying v € A; and {4y, ..., A,} = .F by

induction on [{A;, ..., A,}|. Let A; € F satisfy x € A;.

Further, suppose we have constructed a chain Ay, ..., A, for some k > 1
such that © € A; and Ay, ..., Ay € ZF. f F\{Ay, ..., A} # 0, then U(.Z \
{A1, ..., A,}) and U{A44, ..., A,} are nonempty closed subsets whose union is

UZ# = X. Since by [3] X is a continuum and thus connected, the sets U(Z \
{Ay, ..., A,}) and U{A;, ..., A, } are not disjoint.

Hence there exists 1 < ¢ < k and Ag_;11 € F \ {A4, ..., A,} such that
Ai N A2k—z‘+1 7é @ Then Al, ceey Ak, Ak—H = Ak—la Ak+2 = Ak_g, ey Agk_i =
A;, Aok_iy1 is a chain satisfying x € Ay, Ay, ..., Agp_iy1 € F and moreover
{A1, ..., A} < [{A1, ..., Agk—iy1}|- This proves the existence of a chain
Ay, ..., A, satisfying @ € Ay and {Aq, ..., A,} = .Z. Analogically there ex-
ists a chain By, ... B, satisfying y € By and {By, ..., B} = .%.

In particular, since {By, ..., Bp,} =% ={A;, ..., A,}, there exists 1 <i <
m such that A,, = B;. Then the chain

A17 ) An—17 An = Bi7 Bi—17 Bi—?a ceey Bl
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has the desired properties.
M= we will use the General Mapping Theorem [4] By [ there exists a chain

Ai, ..., A}, consisting of Peano subcontinua with diameters less than 1/2 such
that AJUAJU---UA} = X. Let n € N and suppose that we have already found
a chain A7, ..., A} consisting of Peano subcontinua with diameters less than

27" such that AYU A3 U---UA} = X. For every 1 <i < k, — 1 there is some
x; € A7 N A7, by the definition of a chain.

Using the implication that we have already proved we obtain for each
Peano continuum A7 a chain Bi, ..., B! such {Bi, ..., B, } = A? and z; €
B}, , wy,—1 € By and %,y € Bf, x; € B, for every 2 <i < k, — 1. We may
assume that m; = mg = --- = my, , because we can prolong the shorter chains
by repeating some of its members if necessary.

Define functions F,, n € N, from [ to the space of subcontinua of X as follows:

Af, x =0,
Fo(n) = 40 (= 1)k <z <ifkni=1,2, ...k,
ATUAL,, o=ilky,i=1,2, ..., kyq
on r=1.

By the construction, for all n € N and x € X it holds F,,11(x) C F,(x), for
every € X it holds that lim diam(F,(z)) = 0 (use that diam (A} U Afy,) <
diam(A7) 4 diam(A7, ;) since these sets always intersect by the definition of a
chain) and for every n € N it holds that U{F,,(z), v € X} =Y.

Further, note then for every n € N the function F;, is usc. This is because
for every x € I\ {i/k,, i =1, 2, ..., k,—1} the function F, is constant on some
(relatively) open interval containing x and for every i = 1, 2, ..., k,_1 it holds
that F,,(y) C F,(i/k,) for every y € ((i —1)/kn, (i+1)/ky). Thus the hypotheses
of the General Mapping Theorem [4] are satisfied and we obtain a continuous onto
map f: I — X.

B2t by [ there exists a continuous onto map f : I — X. Thus since I is
nonempty, connected and compact, its continuous image f(/) = X is nonempty,
connected and compact; that is, a continuum.

Note that since I is compact, the map f is not just continuous but uniformly
continuous. Let € > 0, then there exists § > 0 such that for every z,y €
I, |x —y| <4, it holds that d(z, y) < e. Let .# be a finite set of subintervals of [
of length less than § such that U.# = I. Then {f(D), D € .#} is a finite cover
of X, since f is onto, and it is formed by sets of diameter less than ¢.

]
In particular, we immediately obtain:
Corollary 9. Every Peano continuum is path—connected.

Proof. By the previous theorem [§] there exists an onto map f : I — X. Let
z, y € X, then there exists s, t € I such that f(s) =z, f(t) = y. We may suppose
that s <t. Let g : I — [s, t] be continuous, onto and satisfying ¢(0) = s, g(1) =,
then fog: I — X is a path from x to y in X. ]

As we stated in the previous section, path components are already arcwise
connected in metric spaces. However, the hard part of the proof of this fact is
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to prove that every Peano continuum is arcwise connected. Neverless, Theorem
together with the fact that Peano continua are arcwise connected entails easily
that Peano continua are locally arcwise connected. Anyway, we will state this
fact without a proof.

Theorem 10. [Nadler, 1992, Theorem 8.25] Every Peano continuum is locally
arcwise connected, that is, for every Peano contivum X, every x € X and N a
neighborhood of x there exists M C N an arcwise connected neighborhooh of x.

Finally using this fact, we may easily show that in Peano continua not just
path components are arcwise connected, but even connected components are
arcwise connected, and what is more, this does not hold only in Peano continua,
but also in all open subsets of Peano continua.

Corollary 11. In every Peano continuum, connected and arcwise connected com-
ponents of open sets coincide.

Proof. Let X be a Peano continuum, U C X open and C' an arcwise connected
component of U and we only need to prove that C' is open. Let x € C, by the
previous theorem there exists V' C U an arcwise connected neighborhood of z.
Then V U C C U is arcwise connected and thus V C C. O

Observation 12. Let (X, d) be a continuum, Y a Peano continuum, a # b € X
and ¢, d € Y. Then there exists f : X — Y continuous, onto and satisfying

fla) =c, f(b) =d.
Proof. Define h : X — [0, 2d(a, b)] by

h(z) := min{d(a, b); d(a, )} + max{0; d(a, b) — d(z, b)}

for x € X. It is easy to observe that h is well-defined, continuous, h(a) = 0
and h(b) = 2d(a, b). Hence, by connectedness of X, the map h is onto. Since Y
is Peano, there exists ¢ : [d(a, b)/2; d(a, b)] — Y continuous and onto. We can
extend this map to a map defined on the whole interval [0; 2d(a, b)] by letting
l(0,d(a,b)/2) be any arc from ¢ to g(d(a, b)/2) and g|(4(a,s); 2d(a, 5] e any arc from
g(d(a, b)) to d. Then f:=goh:X — Y has the required properties.

Note that we know that Y is arcwise connected, since it is an open subset of
a Peano continuum Y and it is connected. ]
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2. Transitive maps

After preliminaries, we are prepared to follow up on the Introduction in the study
of dynamical systems. As was mentioned there, in this chapter we will describe
some “inflating” maps, and at the same time we will investigate which properties
should have something called “chaos™.

In the first section we concentrate on unfolding the definitions, while in the
second section we generalize a result of |Agronsky and Ceder|[1991/92] by showing
that for every Peano continuum there exists a LEO self-map of that Peano space
with dense set of periodic points.

2.1 The features of chaos

Let us present here the most widely known and accepted definition of chaos
introduced in Devaney| [1986].

Definition 13 (Devaney’s definition of chaos). Let (X, d) be a metric space. A
function f . X — X is called chaotic if it satisfies the following three conditions:

D1 f is topologically transitive, that is, for any two nonempty open sets U and
V, there exists k such that f*(U)NV #0,

D2 The set of periodic points of f is dense. A point x is called periodic if
f¥(x) = x for some k > 1.

D3 f has sensitive dependence on initial conditions, that is, there exists 6 > 0
such that for any open set U and for any point x € U, there exists a point
y € U such that d(f*(x), f*(y)) > § for some k. The positive number
0 1is called a sensitivity constant, it only depends on the space X and the
function f.

Let us start with the sensitivity condition. It says that regardless how close
are two points to each other, after some number of iteration they will be at least
0 apart. Thus arbitrarily small error results in a non-negligible inaccuracy. This
is certainly a feature of chaos and thus there is no wonder that the notion of
sensitive dependence of initial conditions is understood to be the central idea in
chaos.

In contrast to sensitivity, the other two conditions are not such a typical
feature of chaos by themself. For example, the set of periodic points of the identity
(on any space) is of course dense since in this case all points are periodic, but
the identity is definitely not chaotic. For transitivity, let us recall the plane circle
St we have defined in the Introduction. If a € R satisfies that a/r is irrational,
then the rotation of S! by angle « is transitive, while rotation is definitely not
chaotic map.

Nevertheless, the situation is completely different when we consider the con-
ditions D1 and D2 together.

In Silverman| [1992] it was shown that if X is a continuum, then f: X — X
is transitive if and only if there exists a transitive point, i.e. a point € X such
that the set {x, f(x), f*(z), ...} is dense in X. Note that transitive point might
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be understood to be a kind of the opposite of a periodic point as it systematically
travels through and through the space X, while a periodic point only visits a very
small part of X — just finite. Also note that if x is a transitive point, then all
the points f(z), f?(x), ... are transitive and therefore the set of transitive points
is dense in X.

Therefore periodic points of a chaotic self-map of a continuum form a dense
subset as well as transitive points of that map form a dense subset. This after all
sounds like real chaos, therefore it maybe will not be so surprising that the first
two conditions imply the third as it was proved in Banks et al.| [1992].

When considering self-maps of the interval I, even more is true since it was
proved in |Vellekoop and Berglund! [1994] that in this very special case, the tran-
sitivity itself implies that the set of periodic points is dense and thus it implies
also the sensitivity condition.

Hence, perhaps surprisingly, transitivity is an important feature of chaos too
and therefore it makes sense to try to strengthen the transitivity condition. Nat-
ural generalization of transitive maps are topological mixing and LEO functions.

We say that a map f: X — X is a topological mixing if for every nonempty
open U, V C X there exists N € N such that for every n > N the intersection
f™(U) NV is nonempty.

Definition 14. Let X be a topological space. We say that a continuous map
f:X — X is LEO (locally eventually onto), if for every nonempty open U C X
there ezists n € N such that f*(U) = X.

It follows immediately from the definitions that every LEO map is a topo-
logical mixing and every topological mixing is topologically transitive. Also note
that every LEO map has sensitive dependence on initial conditions with sensitiv-
ity constant diam(X)/3 since for any U open and = € U, there exists n € N such
that f"(U) = X. Let z € X be any point such that d(f"(z), z) > diam(X)/3,
then there is y € U such that f"(y) = z.

Recall two maps we defined in the Introduction; the tent map f; and the left
shift. Both these maps are LEO and both these maps has a dense set of periodic
points. To realize that this is true in the case of the left shift, consider any open
set of the form {x € AY, 2|4om(s) = s}, for some s € S<“. Applying to this set
the left shift |dom(s)|-times yields the whole space, and if we define z € A“ by
xz(m) := s(m mod n), we obtain a periodic point lying inside the above set.

Consider any subset of I with nonempty interior; it must contain some non-
degenerate interval. Note that when applying the tent map to some interval, we
obtain either an interval twice as large or an inerval containing either 0, 1 or
1/2. Since [ is bounded, after finitely many steps the second option must occur.
Further interval containing 1/2 maps to an interval containing 1 and that maps
to an interval containing 0.

Thus after finitely many steps we obtain an interval [0, ] for some ¢ > 0.
But f4([0, €]) = [0, min{2¢, 1}]. Thus after another finitely many iterations we
finally obtain the whole space I. Thus also the set of periodic points of he tent
map is dense by Vellekoop and Berglund| [1994].
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2.2 Existence of LEO maps on Peano continua

In the previous section we described two LEO maps, both with dense set of
periodic points. Our goal now is to provide such a map in much more general
setting. In Agronsky and Ceder| [1991/92] authors constructed a LEO self-map
on general Peano continuum contained in R"™ for some n € N. We will generalize
this result to all Peano continua and further we will construct LEO maps with
dense set of periodic points.

Lemma 15. Let X be a nondegenerate Peano continuum. Then there exist finite
o

coverings F,, n € N, of X and a continuous map f : X — I satisfying:
1. For everyn and every F € Z,, F is a Peano subcontinnum of X of diameter
less than 27,

2. For every n € N and every H € %#,, there is some % C F,y1 such that
H=UZ,

3. For everyn € N and every F' € %, it holds that |f(F)| > 1.

Proof. By Theorem [§] there exists .%#; a finite cover of X by Peano subcon-
tinua of diameter less than 1/2. We may assume that every continuum in .%;
is nondegenerate since X is nondegenerate. Suppose we have already defined
Fn = A{Fi, ..., F}} for some n € N. Then for every 1 < ¢ < k there exists by
Theorem [§] a finite covering of F; by Peano continua of diameter less than 2771,
say Fp4i1,i- Again, we may assume that all these continua are nondegenerate.
Let Fpi1 = Fpp11 U U Fpiq k.

It is clear that [1] and [2| are satisfied. It is also clear that the set U{.%,, n € N}
is countable, so we may write U{.%,,, n € N} = {F}, i € N}.

Next, we will define inductively a uniformly converging sequence of continuous
functions (f; : X — I);ey and S € Sy C ... finite subsets of X such that for all
i € N it holds that |f;(S; N F;)| > 1 and fii1ls, = fils;-

Since F) is nondenegenerate, we can find x # y € F} and an open set GG such
that © € G,y ¢ G. Let Sy := {z, y} and fi(z) := d(z, X \ G) where d is a
compatible metric on X. Suppose we have already defined S;, f; for some 2 € N.
If | fi(Fi+1)| > 1 then we can choose some z, y € F;.; such that f;(z) # fi(y) and
set fiy1:= fi, Siq1 = SiU{z, y}.

Assume that |f;(Fj+1)| = 1. Choose some x € F;,q, then since Fj ; is nonde-
generate and hence of size continuum, we can find some y € F;q, y ¢ S; U {z}.
There exists an open set G such that y € G and G N (S; U {z}) = 0. Let
Siy1 = S;U{x, y} and fi11(2) == fi(z) + min{27, d(z, X \ G)}.

Now it is clear that the functions f;, © € N, are continuous and uniformly
converge to some function f : X — I. Then f is continuous and for every ¢ € N
we have

F(E)| > [f(ENS)| = |f:(FinS)| > 1.
O

Observation 16. Let (X, d) be a nondegenerate Peano continuum and let %,
neN, and f: X — I be as in Lemmal[l5 Then for every open ) # U C X the
set f(U) contains a nondegenerate interval.
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Proof. Let x € X and € > 0 satisfy B(x, €) C U. Let n € N satisfy 27" < e.
Then there exists F' € %, such that x € F. Further, F' C B(xz, ¢) C U, since the
diameter of F is less then 27" < e. We also know that |f(F')| > 1 and since F is
connected, f(F) C f(U) is a nondegenerate interval. O

Observation 17. Let (X, d) be a compact metric space. Then there exist (x,, €,)
€ X x (0, 1); n € N, such that any y,, n € N, satisfying d(x,, y,) < €, for all
n € N, form a dense subset of X.

Proof. For given n € N, let D,, be a finite 27" !-net in X. Let

D:=|J D, x {27 '}

neN

Clearly D is a countable subset of X x (0, 1), so we may write
D = {(zn, €,); n € N},

Let y,, n € N, satisfy d(z,, y,) < €, for all n € N, we want to show that
{Yn, n € N} is dense in X. Let z € X and € > 0. We can find n € N such that
27" < € and, since D,, is a 27" 1-net, some ¢ € D, satisfying d(c, ) < 27" L.
Then (¢, 27"7!) = (w4, &) € D for some k € N. Thus we entail d(z, y) <
d(z, zp) + d(zg, yp) <27 14271 =27" < e O

Theorem 18. For every Peano continuum (X, d) there ezists a LEO map h :
X — X such that the set of periodic points of h is dense in X . Thus in particular,
the map h is chaotic with respect to Devaney’s definition of chaos.

Proof. If X is a one-point space, then the assertion is clearly true. Suppose that
X is nondegenerate and let .%,, n € N, and f : X — [ be as in Lemma
and (2, €,) € X x (0, 1), n € N, as in Observation [I7] Let %, := {X}, then
clearly %, is a covering of X by subcontinua of X and for every F € % we
have FF C X € %,. Let ¢, := min{diam(f(F)), FF € #,} > 0 for every n € N.
We will find by induction sequence ¥, n € N and sets S,, C I, maps G,, g, and
chains A7, ..., A} , n € Ny, such that for every n € Ny:

L Ky Oppn > 2, {A7, . A7 Y = 7,

2. for every 1 < j < n there exists | such that k,y1 = k; - | and for every
AL s AT s oo AT} = A,
3. Gy : I — 2% and the collection of maps (G})ren, satisfy the hypotheses of
the General Mapping Theorem (Theorem ,

4. the function G, is given by:

Af, x =0,

Gn(z) = AF (—D/kp,<x<ilkn,,i=1,2 ... k,
AP UAL,, =ik, i=1,2,... k.
AR, x =1,
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5. the set S, is a finite subset of irrational numbers and S,, C 5,11,
6. gn: Sy, — X and g, = gni1ls,,
7. gn(s) € Gp(s) for every s € S,,,

8. if n > 0, then d(z,, y,) < €, and (g, 0 f)"(yn) = yn (we also claim that this
is well-defined).

The idea is that the desired function h will be of the form h = go f. We will
obtain the map g by applying the General Mapping Theorem (Theorem {4 to the
collection of maps (G,)nen and the maps g,, will helps us to control behaviour of
the resulting function g on certain subset of 1.

Firstly, we let Sy := go := (). Clearly there is kg € N such that ky - 6; > 2.
Let AT :=---:= A} = X and Gy be a constant X—valued function. Then the
induction hypotheses for n = 0 are satisfied.

Secondly, suppose that we have already defined S,,, GG,,, g, and a chain A?, e
Ay for some n € Ny and we will construct S,y1, Grit, g1, AT AZ::I
and ¥, 1.

By Observation[L6]the set f(B(zn41, €,41)) contains a nondegenerate interval,
hence there is y,11 € B(Zpt1, €nt1) such that f(y,41) is irrational and does not
lie in the finite set .S,,. Since f(yn41) is irrational, Gy, (f(Yns1)) = A}, for some 1 <
in < ky, by definition of G,,. Since A} € %, is a continuum and diam(f(A})) >
Op > 2/kn_1, f(A}) is a closed interval that contains [(i,—1 — 1)/kn_1, tn_1/kn_1]
for some 1 < 1,1 < k,_1.

Similarly there exists 1 <1,,_5 < k,,_o such that

f(AZL 11) = [(in—Q - 1)/1’%—27 in—?/kn—Q]a

since dz’am(f(A?n__ll)) > 0,1 > Z/kn,Q. In this manner, we can find i, €
{1, ... kot inr € {1, .o  kaa), ooy t0 € {1, ..., ko} such that for every
1 < j < n it holds that f(A J+1)Q[( )/kj,zj/k]

By induction hypotheses. ' A) e Fy = {X}, there exists [y such that
kn—H = ]{?0 : l() and:

U{AZ)—FiO 1)+1° AZEO 1)427 - - AZ}%} = A?o =X 3 Unt1-

Hence there exists 1 < jy < [y such that y,.1 € A (ZO Do Clearly we can
find to € [(lo - (i0 — 1) + Jo — 1) /kns1, (lo - (io — 1) + jo)/an] that is irrational
and does not lie in the finite set S, U {f(yns+1)}. Notice that then G, (ty) =
Al o 2 Ynrre Since f(AL) 2 [(d0 — 1)/ko, i0/ko] 2 [(lo - (0 — 1) + jo —

1)/kpi1, (lo - (io — 1) + jo)/kn+1] D to, there is z; € A} such that f(z) = to.
Using induction hypotheses again we obtain [y such that k,.1 = k1 - [; and:
ARG o A s 0 A = AL 3 2,

hence there exists 1 < j; < [; such that z; € A"”L(Z )i Similarly to what
was done above, we can find t; € [(ly-(i1—1)+j1—1)/kni1, (ll (17 —=1)+7j1)/kns1]
that is irrational and does not lie in the finite set S, U {f(yns1), f(21) = Sp U
{f(yn+1), to} and show that t; € f(AZ2). Thus there is 2 € A? such that
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f(z2) = t;. Notice that this again implies G, (t;) = AETL(;_I)HI S z;. In this
manner we can find mutually distinct g, t1, ..., t,, € I that does not lie in .S,
and z, € A7", 1 < m < n, such that for every 1 < m < n we have f(zy,) = tm_

and z,, € Gy (tn).

Let Sy1 := S, U{to, t1, ..., t,} and define g,11|s, = Gn, gni1(tm) := 2, for
1 <m < nand gupi1(ty) := Yng1. It is easy to find AT, ..., AZ::l and G,11

satisfying the induction hypotheses.

Hence by General Mapping Theorem (Theorem {)) the function g : I — X
defined by {g(z)} = N{G.(x), n € N} is well-defined, continuous and onto. The
theorem gives even more. Let m € NU {0} and 1 < i < k. Consider the
functions G, from [(i — 1)/km, i/knm] to the space of subcontinua of A" given by
G (6 = 1) flin) = Gol(i = 1) i + 1/(2h)), Goli/him) = (i — 1/(2h)),
Gl (x) :== Gy(z) for all & € ((i — 1) /km, i/ky) and n > m. It follows from [2] that
then

UG (), 2 € [(i = 1)/km, i/ku]} = AT"

for all n > m and hence the functions G’,, n > m, also satisfy hypotheses
of the General Mapping Theorem. Further, it is easy to see that {g(z)} =
{G! (z),n > m} for x € [(i —1)/kp, i/ky]. Hence, by the General Mapping
Theorem, g([(i — 1)/ku, i/kn]) = AT for every m € NU {0} and 1 < i < k,,.

Finally, we want to show that h := go f : X — X is LEO and the set of
its periodic points is dense in X. In order to show that h is LEO we need the
following claim: for any n € N and 1 < i < k,, it holds that h(A}) D F for some
F e %, _1. This is true because for any such n and 7 it follows just by definitions
that diam(f(A)) > 6, > 2/k,_1. Since A? is a continuum, f(A}) is a closed
interval. Therefore f(A?) D [(j — 1)/kn_1, j/kn_1] for some 1 < j < k,,_;. Thus
B(AT) = gf(A7) 2 g([(j — 1)k, j/kn]) = AL € F, 1. This proves the
claim.

Let U C X be open and nonempty. Then there exists n € N and F,, € .%,
such that F,, C U. Then by preceding claim there exists F,_; € .%,_1, such that
F,—1 C h(F,) C h(U). Using the claim n— 1 more times, we get that there exists
F() S g@ = {X} such that X = F() Q h(Fl) Q hn(Fn) Q hn(U)

To ensure that the the set of periodic points of h is dense, first observe that
g(s) = gn(s) for every s € S, since for every m > n we have g,(s) = gm(s) €
Gm(s). Hence for every n € N it holds that 2™ (y,,) = (gof)"(yn) = (gnof)"(yn) =
Yn, in other words, for every n € N the point y, is a periodic point of h. By
Observation (17 and |8 the set {y,, n € N} is dense in X and therefore the set of

periodic points of h is also dense in X. O
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3. Topological fractals

In the previous chapter we dealt with those selfmaps of some space that magnify
every part of it so that every open set is eventually mapped onto the whole space.
Now we are interested in an opposite kind of maps: we will work with maps that
eventually sends the whole space to an arbitrily small piece of it. This leads to
the study of self-similar sets and topological fractals.

In the first section we introduce the basic notions and present some funda-
mental results that determined the direction of the research of topological fractals
the most. The second chapter is focused on one of the main results of this thesis,
a sufficient condition for a Peano continuum to be a topological fractal. The last
section is dedicated to regenerating fractals which were invented to give another
sufficient condition for a Peano continuum to be a topological fractal. We apply
our result to partially answer a problem posed in |Nowak [2021] introductiong the
notion of regenerating fractals.

3.1 Origins

Let X be a metric space. As was mentioned in the beginning of this chapter,
we are now interested in selfmaps of X that eventually sends the whole space
to an arbitrily small piece of it. Basic functions satisfying this are, for example
constant functions or contractions. However, we of course do not want to study
trivial maps like constant functions, we want the images of the studied maps to
still carry some information about X. Since we can no more require our maps
to be surjective, we instead consider more than one function such that the union
of their images is the whole space X. This way we ensure that no essential
information about the space is lost. At the same, a difficulty occurs; when we are
dealing with more than one map, we do not only want each of them to send the
whole space to an arbitrily small piece, but we want any sequence of our maps to
send the whole space to an arbitrily small piece, if the sequence is long enough.
Note that this is something a finite number of contradictions still do satisfy.

The origin of topological fractals are attractors of iterated function systems.
Suppose that X is a subset of R? for some d € N and fi, fo, ..., fn : X = X
are similarities, each with ratio (strictly) less than 1. It was proven in [Edgar
[1990] that there exists unique nonempty and compact K C X satisfying K =
AK) U+ U fulK).

Intuitively, when we say that some space X is “a self—similar set” or “a fractal”,
we want to express that X consists of its own copies, just smaller. If this is the
case, then of course all of these copies consists of its own copies (which are also
copies of the whole space X), and so do all these even smaller copies etc. “Roughly
speaking, a fractal set is a set that is more “irregular” than the sets considered in
classical geometry. No matter how much the set is magnified, smaller and smaller
irregularities become visible,” explains Gerald A. Edgar in his book Measure,
topology, and fractal geometry Edgar [1990].

This leads us to the following definition: we say that a closed set X C R¢,
d € N, is a self-similar set if there exists similarities fi, fo, ..., fn : X — X,
each with ratio (strictly) less than 1. The set of the functions {fi, fa, ..., fu} is
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usually called an iterated function system (IFS) and X an attractor of this IFS.
The following sets are typical examples of self-similar sets.

Example 19. The most basic examples are the trivial space (a point) and the
interval I. The point is already small enough so there is no need to further
decompose it, it is thus (the only) attractor for the IFS consisting of just one
map, namely the identity. The case of the interval is simple too. It should be
obvious that the interval can be decomposed in a finite number of its own arbitrily
small copies. It is an attractor for the IFS {x — x/2; x — (x +1)/2}.

Example 20 (Cantor set). Another example of a self-similar set is the Cantor
set 2% introduced in the first chapter. It holds that 2¥ = Ry(2¥) U R1(2¥), where
Ry, Ry are right shifts defined in the Introduction.

However, despite that the notion of similarity map ilustrates the idea very well
and is sufficient for many examples, it is not quite suitable for a general metric
space. The natural generalization is not to require the maps of the correspoding
IFS to be similarities, but just to be contractions. It was proven in Edgar [1990]
that for every complete metric space X and contractions fi, fo, ..., fn: X = X
there exists a unique nonempty and compact K C X satisfying K = f1(K) U
-+ U fu(K), and moreover, if Ay is any compact subset of X, then the sequence
(Ag)ken converges to K in the Hausdorff metric, where Ay q, k& > 1 is defined
inductively to be A1 := Uj<i<p fi(Ay). This is a reason why such K is called
an attractor of the IFS {fi, fa, ..., fn} and connects the theory of fractal with
the theory of topological dynamics. Edgar proved also that every metric fractal
is of a finite topological dimension and thus there are continua that are not
metric fractals. Let us note that the argument is through topological dynamics
and uses semiconjugacy with the right shifts. These notions were defined in the
Introduction.

It was observed by Hata in Hata| [1985] that every connected metric fractal
has the property S and thus it is a Peano continuum. At the same time he asked
whether every finite-dimensional Peano continuum or at least every compact
subset of R? for every d € N is a metric fractal. This question was answered
negativaly later since in Banakh and Nowak| [2013] it was proven that there exists
a plane 1-dimensional Peano continuum that is not homeomorphic to any IFS
attractor.

Therefore it is reasonable to consider further generalizations. This leads us
to the notion of a weak IFS attractor where we do not even require the maps
of the IFS to be contradiction, but only so—called weak contraditions. We say
that a map f : X — X is a weak contradiction if d(f(z), d(y)) < d(z, y) for
every x # y € X. It was showed in Banakh et al.| [2015a] that metrizable weak
attractors are exactly topological fractals:

Notation. Let X be a set and % be a set of functions from X to X. For any
n € Ny, we denote by .#" the set of maps {fio---0 f,; fi € F for 1 <i<n}.

Definition 21. Let X be a metric space. We say that X is a topological fractal

if there exists n € N and functions fi, ..., fn: X = X satisfying f1(X)U---U
fu(X) = X such that for every € > 0 there exists k € N such that for every
g €{f1, -, fu}¥ the diameter of g(X) is less then ¢.
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An argument analogical to the one above confirms that every connected topo-
logical fractal is a Peano continuum. Thus among continua, only Peano continua
might happen to be topological fractals. However the question, whether every
Peano continuum is a topological fractal is still open since 1985 when Hata posted
it in Hata| [1985]. We will pay more attention to this problem in the last section
of this this chapter.

Nevertheless, some partial results were establisted since 1985. Among zero—
dimensional spaces even complete characterization was provided in |Banakh et al.
[2015Db). Further, some sufficient conditions where a Peano continuum is a topo-
logical fractal, namely so—called free arc or self-regenerating subcontinuum with
a nonempty interior, are known and in the forthcoming section we present a new
one. The precise formulations are postponed to the following sections to the
places where we work with these notions more so the context is most clear.

3.2 A partial solution to Hata’s hypothesis

Let us start with the following useful observation. A similar result was proved
indepently in Nowak| [2021].

Observation 22. Let X be a compact metric space and fi, ... fn, g1, -y Gm :
X — X be continuous functions such that

fl(X)U"'Ufn<X)Ugl(X)U'--Ugm(X) X

and for every € > 0 there exists k € N such that for every f € {f1, ..., fu}*
the diameter of f(X) is less then e. Suppose that for every f € ULo{f1, -+, fa}’
and 1 <1, j < m we have that g; o f o g; is a constant function.

Then X is a topological fractal.

Proof. Let ¢ > 0. Then there exists k; € N such that for every f € {f1, ..., fu}™
the diameter of f(X) is less then e. We can find 6 > 0 such that for every
feUrsHf, ..., fu}, for every 1 < j < m and every z € X the diameter of
fog;(B(z, §)) is less than . By assumption, there exists ks € N such that for
every f € {fi, ..., fo}* the diameter of f(X) is less then 4.

Let k:=ki+hkyand h="hyo---ohy € {fi, ... fa, 91, -- -, gm}*. If there are
i # j such that h;, h; € {g1, ..., gm}, then h must be by assumption a constant
function and hence h(X) has diameter 0 < .

Suppose that h; € {g1, ..., gm} for at most one 1 < i < k. If hy, ..., hy, €
{f1, .- fa}, then diam(h(X)) < e since h(X) = hyo---0h(X) C hyo---oh, (X)
and hyo---ohy € {fi, ..., fu}*. Otherwise h; € {g1, ..., gm} for exactly one
1 <i <k and hiyq, ..., hi € {f1, ... fn}. Then diam(h;y1 0+ 0 hp(X)) <9
since k —i1 >k — ky = ko.

Thus by the definition of 0, diam(h(X)) < e. O

Definition 23. Let X be a (connected) topological space. A point x € X is called
a cut point if X \ {x} is not connected.

Let us introduce some more notation connected to products of sets.

21



Definition 24. Let s = (s1, ..., Sp), t = (t1, ..., tg) € 2<“ and r = (ry, 19, .. .)
€ 2. We define the concatenation by s™t = (S1, ..., Sp, t1, ..., tg) € 25,
respectively s7r := (81, ..., Sn, T'1, T2, ...) € 29, Clearly concatenation is asso-
ciative, so we will omit brackets when applying cancatenation iteratively.
Further, define s := (1 — sy, ..., 1 — s,), respectively r? := (1 —ry, 1 —
In what follows, we will denote by 0 := (0,0, ...),1:=(1,1,...) € 2* and
by E the subset of 2% given by E = {s70, s € 2<*} U {s71, s € 2<¥}.

g,

With this notation, we can introduce “a free Cantor set” — our most impor-
tant tool in partial answering Hata’ question.

Definition 25. Let X be a Peano continuum. We say that ¢ : E — X is a free
Cantor set (in X) if it is one—to—one and if there exist XL X, XE s € 2<v,

s )

Peano subcontinua of X such that X = X(DL UXgU Xé%, for every s € 2<%:
1. ¢(s70) € X and p(s1) € XE,
2. XENX,={p(s7071)}, XEN X, ={p(s7170)}, X!n X =0,
3. Xb=XL JUX,~qUXE  XE=XL UuX,-,UXE

and lim diam(XL) = 0, lim diam(XE) = 0, that is, for every e > 0 there
—

|s]—oc0 s|—o00
exists ng € N such that for every s € 2<% satisfying |s| > ng the diameters of XE
and XE are less than .

This definition might be confusing at the first sight, because what we call a
free Cantor set does not seem to be complete since it correspond only to a part
of the Cantor set. However, the following Lemma unsures us that the rest of it
is actually exactly where it should be.

Lemma 26. Let (Y, d) be a Peano continuum. Suppose that there are X*, X, X%
Peano subcontinua of Y such that X contains a free Cantor set ¢ : E — X.
Suppose further that Y = XU X U XE XENX = {p({0}¥)}, X N XE =
{o({1}*)} and Xt N X =1).

Then ¢ can be uniquely extended to be a continuous function defined on the
whole Cantor set 2%, this extension is one—to—one and all points in p(2¢\ {0, 1})
are cutpoints of X.

Proof. Fix arbitrary s € 2¢. For any n € w let S% := XL if s(n) = 0 and

S|n

Ss .= X! if s(n) = 1. Then it follows immediately from the definitions that

Se C S,ls:b for every n € w and lim diam(S:) = 0. Thus, by compactness of Y,
MNhew S5 1s a one—element set.

Notice that if s € E, then ¢(s) € S for every n € w: suppose for example
that s = t70, but this by definition implies that for every n > [¢| it holds both
S = X[ oy and o(t70) = ({0} 7"70) € X[ (gpm-n. This allows us
to let {¢(s)} = Npew S5 for every s € 2 to obtain a well-defined extension
p:2¥ =Y.

To show that this extension is continuous let s € 2 and € > 0. By as-
sumptions there exists n € N such that for every ¢ € 2<¥ satisfying [t| > n

the diameters of X! and X[ are less than . In particular, diam(S:) < e.
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Let U := {t € 2 t|ps1 = S|ns1}, then clearly s € U, U is open in 2 and
e(U) €S2 C B(p(s); €). Thus ¢ : 2¥ — Y is continuous and obviously there
can not be any other continuous extension since F is dense in 2“.

Let s #t € 2. Let n € w satisfy s|,, = t|, but s(n) # t(n). By symmetry,
we may assume that s(n) = 0 and t(n) = 1. Then p(s) € S5 = X[ , o(t) €
S, = Xi = X[ and XI N X[ =0 by assumption. Hence ¢(s) # ¢(t) and
therefore ¢ is one—to—one. Notice that this actually shows that ¢ : 2¢ — Y is
a homeomorphism onto its image, since 2¥ is compact and Y is metrizable, in
particular Hausdorff.

It remains to show that all points in ¢(2%\ {0, 1}) are cut points of Y. This
is straightforward for points in ¢(E \ {0, 1}) and moreover, ¢(0) and ¢(1) lie in
different connected components of Y\ z for every x € ¢(FE\ {0, 1}). For example,

p(0) € X C XU (X5 \ {(07D}) =Y\ (Xp U X5 UXT),
p(1) € XTC XTUXGU(Xp\ {p(07D}) =Y\ (X5 UXT)

and the sets Y\ (Xg UXFUX®E), Y\ (XFUXE) CY\{p(0™1)} are open in
Y (and thus also in Y\ {¢(071)}) since we suppose that X* Xj, X, X', X*
are (Peano) subcontinua of Y and hence they must be closed. This shows that
©(071) is a cut point of Y and ¢(0), ¢(1) lie in different connected components
of Y\ {p(0-T)}.

Let s € 2¥\ E and suppose for contradiction that Y\ {¢(s)} is connected. Then
it is also path connected, since in Peano continua path components of open sets
are open and hence are equal to connected components. Therefore there is an arc
a: I — Y\{p(s)} satisfying a(0) = p(0), a(1) = p(1). For e := d(p(s), a(l)) >0
we can find n € w such that diam(S%) < e. Let t € E \ {0, 1} be such that
¢(t) € S, this is possible since o(r~071) € X and ¢(r~170) € X7 for every
r € 2<%, But then a(I) C Y \ {o(t)} and therefore ©(0), ©(1) lie in the same
connected component of Y\ {y(¢)}. This is a contradiction since it was proven

above that ¢(0) and (1) lie in different connected components of Y\ x for every
z € (B \ {0, 1}). O

Example 27. [t is not true in general that if X is a Peano continuum, x, €
X, n €N, are cut points of X and lim x, =z € X, then x also must be a cut

n—oo
point of X. Consider the following example: let

X :=[0,1 x[-1, 00U |J{1/n} x [0, 1/n] C R*.

neN

Then X s a Peano continuum, x, = (1/n, 0) are cut points of X for every
n €N, but (0, 0) = nhﬁrglo x, 18 not a cut point of X .

But it is true that if X is a Peano continuum, x, € X, n € N, are cut points
of X such that nh_g)lo xn = x € X and for everyn € N there are A,, # B,, connected

components of X \ {x,} such that Npeny An \ {2} # 0, Npen Bn \ {x} # 0, then
x 1s a cut point of X. This is exactly the reason why the preceding observation

holds.

In particular, the preceding Lemma immediately gives us the following:
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Corollary 28. Let X be a Peano continuum. Suppose that there are Y, Y, YT
Peano subcontinua of X such that Y contains a free Cantor set ¢. Suppose
further that X = YL UY UYE YINY = {p({0})}, Y NYE = {o({1}¥)} and
YENYR =0. Then the set of all cutpoints of X is uncountable.

Perhaps suprisingly, the converse holds too. However before we can prove it,
we need to prove in preparation two observations.

Observation 29. Let A be an arc and fix some homeomorphism h : I — A. Let
D be an uncountable subset of A. Then the following is true:

1. there exists x € (0, 1) such that DNA([0, z]), DNA([z, 1]) are uncountable,

2. there exists y € (0, 1) such that for every 0 < ¢ < 1—vy the set DNh([y, y+
e]) is uncountable,

3. there exists y € (0, 1) such that for every 0 < e <y the set DNh([y —e, y])
is uncountable.

Proof. For simplicity of notation we will suppose that A = I and h = id, the
general case follows immediately.

Let J := {z € [0, 1]; D N [0, z] is uncountable}, S := {z € [0, 1]; D N
[z, 1] is uncountable}, ¢ := infJ and s := supS. It is sufficient to prove that
t < s. Suppose for contradiction that s < ¢ and let z,,, n € N, be a stricly in-
creasing sequence converging to s and y,, n € N, be a stricly decreasing sequence
converging to s. Then for every n € N:

e DN [yn, 1] is at most countable, since s < y,, implies y,, & S,
« DNJ0, z,] is at most countable, since x,, < s < i implies =, ¢ J.

Clearly
DC |JDnI0, z))U U (DN [yn, 1]) U {s},
neN neN

but the right side is a countable union of at most countable sets and hence an at
most countable set, a contradiction.

Thus there exists z € [0, 1] such that DNA([0, z]), DN A([z, 1]) are uncount-
able, in particular z # 0, 1.

2| By [1] there exists zo € (0, 1) such that DN[0, zo], DN[xo, 1] are uncountable.
Using 1| for the interval [z, 1] and uncountable set D N[z, 1] yields 1 € (xq, 1)
such that D N [zg, 1], D N [z1, 1] are uncountable. Similarly if z,, is defined for
some n € N, we can find x,,,1 € (zo, x,,) such that D N [xg, Zni1], DO [Tpi1, T4
are uncountable.

This gives us a strictly decreasing sequence (x,),en of points greater then
To. Let 0 < g < x := nh_}ngoscn < 1 be its limit and let 0 < ¢ < 1 — z. There

exists n € N such that z,, < = +e. Then [z,41, z,] C [z, x + €] and hence
DNz, z+¢] 2 DN[x,s1, x,] is uncountable.
is analogical to 2] O

Observation 30. Let X be a Peano continuum and U C X an open connected
set with finite boundary. Then the closure of U is a Peano subcontinuum of X.
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Proof. Clearly U is closed, connected and hence a subcontinuum of X, so we only
need to show that it is locally connected. Let 2 € U and V be an open set in U
containing x. If x € U, then U NV is an open set in X containing x and hence
there exists W C U NV connected and open in X and thus also in U contaning
x.

Suppose that x lies in the boundary of U. Let W be an open neighborhood
of  in X that contains no point of the boundary of U except for z. Let V' be
open in X such that V = V' NU. Since X is Peano, there exists P' C W NV’
connected and open in X contaning x. Then P := P'NU is an open neighborhood
of x in U. Suppose for contradiction that it is not connected, then there exists a
(nonempty) proper F' C P clopen in P. We may suppose that x ¢ F', otherwise
we would consider P\ F instead of F.

Clearly F is a (nonempty) proper subset of P’. Moreover, F' is closed in P’
since it is closed in P and P is closed in P’ because P = P'NU. Similarly F is open
in P and thus also in P\{z} since z ¢ F. Further P\{x} = (P'"NU)\{z} = P'NU
since P/ C W and thus z is the only point lying both in P’ and boundary of U.
Finally, this implies that F' is open in P’, therefore F' is a (nonempty) clopen
proper subset of P’ which contradicts the connectedness of P’. ]

Let us proceed with the promised converse of Corollary [2§|

Lemma 31. Let X be a Peano continuum with uncountably many cut points.
Then there are YL, Y, Y Peano subcontinua of X, Y containing a free Cantor
set p, such that X = YUY UYE YINY = {p({0}*)}, Y NYE = {p({1}*)}
and YENYR = 0.

Proof. Let % be a countable base of open sets in X formed by nonempty con-
nected sets. For U, V € % let D(U, V') C X be the set of cut points of X such
that there exist A, B C X disjoint, open and satisfying X \ {z} = AUB, U C
A,V C B. In other words, D(U, V) is the set of those cut points of X that
separates U and V.

Notice that for every cut point x of X there exists nonempty disjoint open
sets A, B C X such that X \ {#} = AU B, and hence also U, V' € % such that
UCA V CB. Thus U{D(U, V), U, V € %} is the set of all cut points of X
and hence uncountable by assumption. Since % X % is only countable, there
exist U, V € % such that D(U, V') is uncountable.

Fix arbitrary u € U,v € V. Let x € X\ D(U, V), if x e UUV then UUV is
an open subset of X\ D(U, V') containing x. Otherwise the connected component
of X \ {z} containing U contains also V. Since conneted and path components
of open sets coincide in Peano continua, there exists an arc a : I — X \ {z} such
that a(0) = u, a(1) = v. Let ¢ := d(a(I), ) > 0, then B(z, ) C X \ D(U, V)
since for every y € B(z, ¢) either y € UUV or the set UUa(l)UV C X\ {y} is
connected. Thus D(U, V') is closed.

Fix some arc h : I — X such that h(0) = u, h(1) = v. Then the set
U Uh(I)UV is connected and contains both U, V' and thus, by definiton, it can
not be a subset of X \ {z} for any z € D(U, V). But for every z € D(U, V)
we have U, V' C X \ {z} and therefore, by the above, x € h(I). Hence D(U, V)
is an uncountable and closed subset of A(I). In what follows, we will denote
D := D(U, V) for brevity.
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By Observation , items [2{ and , there exists a < b € (0, 1) such that for ev-
ery 0 < ¢ < min{l—a, b} the sets DNh([a, a+<€]), DNh([b—e, b]) are uncountable.
Using Observation , items [2| and [3| again, there exists a’ <V’ € (a, b) such that
for every 0 < ¢ < min{a’ —a, b—b'} the sets DNh([a' —¢, d']), DOA([V, b +¢€])
are uncountable. Let ¢(0) := h(a), ¢(1) := h(b), ¢(071) := h(d'), ¢(170) =
h(V') € h(I), then moreover ¢(0), p(1), p(071), p(170) € D since D is closed.

Let Y'* be the complement (in X) of the connected component of X \ {¢(0)}
that contains (1), Y be the complement of the connected component of X \
(YL U {p(1)}) that contains h((a, b)) and Y := (X \ (YL UYE)) U{p(0), p(1)}.
Further let Yj" be the closure of the connected component of ¥\ {¢(071)} that
contains ¢(0), Y be the closure of the connected component of ¥\ {¢(170)}
that contains ¢(1) and Yy := (V' \ (Y UY)) U {e(071), p(170)}.

Since components of open sets are open in Peano continua, it follows by Ob-
servation [30| that Y, Y2 Y, Y@L , Y0, YEZ)R are Peano subcontinua of X.

Let s € 2<% and suppose that we have already defined Y a Peano sub-
continuum of X and ¢|p for some s70,s70"1 € F C FE finite such that
as = hHp(s70)), by := h1(p(s7071)) satisfy a; < by and D N h([as, as +
e]), DN h([bs — €, bs]) are uncountable for every 0 < ¢ < by — a,. We will define
YE,, Yimo, Y, and ¢(s70071), ¢(s~0170) having similar properties.

Let a, € (as, bs) Nh™ (D), n € N, be a strictly decreasing sequence converg-
ing to as and b, € (as, bs) Nh7Y(D), n € N, be a strictly increasing sequence
converging to bs. Suppose for contradiction that for every n € N there exists x,
lying in the connected component of X \ {h(as), h(a,)} containing h((as, an))
that does not lie in B(h(as), 27*). By compactness of X we may suppose that
the sequence (x,),en converges to some z € X.

Clearly = ¢ B(h(as), 27!), in particular x # h(a,). Let P, Q be disjoint
connected neighborhoods of x and h(as), respectively. Let n; € N satisfy that
h((as, an,)) € Q and z,, € P for every n > ny. Since x,, lies in the connected
component of X\ {h(as), h(a,,)} containing h((as, a,,)) and connected and path
components of open sets concide in Peano continua, there exists an arc g; : [ —
X \ {h(as>7 h(a’m) SatiSfying 91(0) = Tny, gl(l) S h((a87 am))'

Let ny € N be such that h(a,,) ¢ ¢1(I). Since x,, lies in the connected
component of X \ {h(as), h(a,,)} containing h((as, a,,)) and connected and path
components of open sets concide in Peano continua, there exists an arc g, : I —
X\ {h(as), h(a,,) satisfying g2(0) = z,,, g2(1) € h((as, an,)). Then ny > ny
because ¢1(1) € h((as, an,)) and thus ¢;(0) = x,,, g2(0) = x,,, € P. Therefore

UUu, g2(1)]Uga(I)UPUG(I)U[g:(1), v] UV

is connected. Moreover, it is a subset of X \{h(a,,)} since h(an,) € h((as, an,)) C
@, which finally contradicts the fact that a,, € D. Thus there exists n € N such
that the connected component of X \ {h(as), h(a,)} containing h((as, a,)) is a
subset of B(h(as), 271%). Analogically we can show that there exists m € N such
that the connected component of X \ {h(bs), h(b,,)} containing h((b,,, bs)) is a
subset of B(h(bs), 271¥). Let k > m, n satisfy h((as, ax) U (by, bs)) N E = 0.

By Observation 9] items [2] [3| there exist a, € (as, ax) and b, € (by, bs) such
that for every 0 < ¢ < min{al, — a,, bs — U} the sets D N h([a), — ¢, a’]), DN
h([b., b, + €]) are uncountable. Let ¢(s~0071) := h(al), ¢(s~0170) := h(b.) €

h(I), then moreover p(s~0071), p(s~0170) € D since D is closed.
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Let YE, be the complement in Y of the connected component of YF '\
{p(s70071)} that contains ¢(s~0170), Y., be the complement of the con-
nected component of Y\ (YL, U {p(s0170)}) that contains h((a), b.)) and
Yo := (YE\ (YE,UYE))U{p(s0071), ¢(s70170)}. Since components of
open sets are open in Peano continua and Y is a Peano continuum by induc-
tion hypotheses, it follows by Observation that YE,, Y Y.~ are Peano
subcontinua of X.

Analogically if we have already defined for some s € 2<“ a Peano con-
tinuum Y and o|p for some s71,s7170 € F C F finite such that a, :=
h= 1 (p(s7170)), by := A (¢(s71)) satisfy a, < by and D N h([as, as +€]), D N
h([bs — €, bs]) are uncountable for every 0 < & < b, — a,, we can find Y2, YV,
YE | and p(s71170), ¢(s71071) having similar properties.

This finishes the induction step. The resulting function ¢ : F — X is a free
Cantor set by construction.

O

Thus we have a characterization of continua that can be equipped with the
structure described in Corollary and Lemma namely these are exactly
continua with uncountably many cut points. Now we will show how this structure
naturally entails a structure of the topological fractal.

Lemma 32. Let X be a Peano continuum. Suppose that there are Y, Y, YE

Peano subcontinua of X such that Y contains a free Cantor set ¢. Suppose
further that X = YUY UYE YINY = {p({0})}, Y NY T = {p({1}¥)} and
YENYE =(. Then X is a topological fractal.

Proof. We aim to use the Observation [22] with n = 2 and m = 1. Thus we need
to construct three functions with certain properties. All three constructions will
be based on the General Mapping Theorem [4]

However before we start, let us observe that all the sets listed below are open:

« Y\ {p(0)},

« Y\ {p(0), (D)},

« Y\ {p(D)},

« YEU \{p(1)}),

« YRUY\{p(0)})

and for every s € 2<¢:

« Y\ {p(s70), p(s707 1)},

« Yo\ {p(s7071), p(s7170)},

« Y\ {p(s7170), ¢(s7 D},

« YUY\ {p(s70), p(s7170)})

« YU\ A{e(s7071), o(s71)}).
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This observation makes the verification of upper—continuity trivial in what
follows. Checking that all the listed sets are indeed open in X is straightforward
by induction and by cases, for example

Y\ {(0), (1)} = X\ (Y UY™),

Y\ {(0), (07D} = (Y \ {(0), ¢()}) \ (Yp U Yy)

and for every s € 2<%:

Y\ {e(s70), o(s7007 1)} = (Y \ {e(s70), (s 071} \ (Yoo UYE).

Let us start with the construction. Firstly we will define a sequence (C),)nen

of maps from X to the space of subintervals of /. For any m € N define ¢, :=
% + 2 (=) 221+i. For n € N let

{0}; e YP\ {p(0)},

{1} z € Y\ {p(1)},

Cp(z) == {em); v €Y, \{p(s7071), p(s7170)}, s € 2™, m < n,
[cm—ﬁ; Cml; z€EYL se2n,

[em; e+ 5 ); z €Y s€2m

The sequence (C, ) en satisfies the hypotheses of the General Mapping Theo-
rem [4] namely for every n € N the function C,, is upper—continuous and satisfies
U{F.(z), z € X} = I, while for every x € X the sequence (F,,())nen is a decreas-
ing sequence formed by continua with diameters converging to zero. Hence the
function ¢ : X — I given by ¢(x) := N,en Cn(2) is well-defined, continuous and
onto I. Let h: I — Y be a surjective continuous map and let g(= ¢;) := hoc.

Secondly we will define by induction a sequence (F?),cn of maps from X to
the space of (Peano) subcontinua of YUY UYy. By Observation there exist
continuous onto maps hz : Y& — Y hy : YE — Y} such that hs(o(1)) = ¢(0),
ha(¢(0)) = p(07™1). Define FY by:

(@} = Y™\ {o(D),
FY(2) == { {ha(2)}; @ € YE\ {p(0)},
Y reY.

Suppose that we have already found F?° for some n € N and we will define

FY. . For every s € 2<%, |s| = n — 2, there exists a continuous surjective map
RO 1Y, — Yy-sr such that h(p(s™071)) = ¢(07s?7170), h2(p(s7170)) =

©(07sP7071). Let

(W)} 2 e Y\ {p(s7071), p(s7170)}, s € 2%, [s| = n — 2,
YR o zeEYE s€2<% |s|=n-2,
Y, x€YE s€2<% |s|=n-—2,

F%x);  otherwise.

F7g+1<37> =

Thirdly we will define by induction a sequence (F!),ey of maps from X to
the space of (Peano) subcontinua of Y. Let
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{eM};  zeY®\{pD)},
Fi(z) = {e(170)}; 2 € Y\ {p(0)},
Yy rey.

Suppose that we have already find F), for some n € N and we will define F,, ;.
For every s € 2<% |s| = n— 2, there exists a continuous surjective map h! : Y, —
Y~ such that hl(p(s7071)) = p(17s7071), hl(p(s™170)) = o(17s7170).
Let

{hy(@)}; 2 € Yo\ {p(s7071), p(s7170)}, s € 2%, |s| =n - 2,

ok <I> pp— }/111“3; xES/SL78€2<w= ‘S|:TL—2,
n+l ’ YR . YR 9<w —n—29
1™s x € 3786 7|S| n )

Fl(z);  otherwise.

Again, both sequences (F)en, (F!),en satisfy the hypotheses of the General
Mapping Theorem , hence the functions fo: X = YXUY}FUYy, fi: X — Y
given by fo(z) := Npen F2(2), f1 := Nphen F} (x) are well-defined, continuous and
onto. Thus we immediately obtain X = fo(X) U f1(X) U g(X).

Notice that ¢ is constant on Y’ for every Y’ € {YL YE} U {Y,, s € 2<¥},
f1 is constant on YZ and on Y, fily, = hl and fo|ly, = R? for every s € 2<¥
and folyr = ha, folyr = hs. Thus in particular fo(YL) = Yy, fo(YE) = YT and
fo(Ys) = Yoo, f1(Ys) = Y1~ for every s € 2<“. This immediately gives us that
for every f € U2o{fo, f1} the function g o f o g is constant since g(X) = Y%

Notice that from the definition of the functions fy, fi follows that fi(X) =
VECY, fol¥) = Y CY, (fP(X) € (f)2(YF UY) C fo(¥ UYp) C oY)
YyF. Thus f(X) is a subset of Yj" or of Y for every f € {fo, f1}*.

Finally, notice that fo(YM) C Y,V for every s € 2<¥ and M € {L, R}, where
t € 2<¢ satisfies |t| = |s| + 1 and N € {L, R} \ {M}. Similarly f,(YM)=YM
for every s € 2<“ and M € {L, R}, where t € 2<% satisfies |t| = |s| + 1. Let
e > 0, then there exists k& € N such that for every s € 2<¢ satisfying |s| > k the
diameters of XF and X are less than e. Let f € {f1, ..., fu}*"3, then we obtain
by induction from the preceding that f(X) C YM for some s € 2<%, |s| = k.
Therefore the diameter of f(X) is less then e, thus all hypotheses of Observation
are satisfied and hence X is a topological fractal. O

Remark. Strictly speaking, we do not need the General Mapping Theorem to
find the functions ¢, fy, fi. Alternatively we can define directly their restrictions
to the subset Y* U YR UU{Y) UYE s € 2<¢}, which is a dense subset of X.
Moreover, the functions fy, fi can be quite easily defined directly on the whole
space X.

The reason why we use General Mapping Theorem is thus not the construction
itself, but the (proof of the) continuity of the resulting functions. In more detail,
if we chose to construct the functions ¢, fy, fi directly, we would then have to
prove they are continuous, respectively their restrictions to the subset YUY U
U{YL UYE s € 2<“} are uniformly continuous so we can extend them to be
continuous maps defined on the whole space X. But it turns out that there is
probably no comfortable such proof. In fact, the straightforward proof is likely
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to be the most easiest one, while it is technical and in principle it just copies the
proof of the General Mapping Theroem.

Let us summarize what we have proved so far.

Theorem 33. Fvery Peano continuum with uncountably many cut points is a
topological fractal.

Proof. The assertion folows immediately from Lemmata [31] and [32] m

Theorem strengthens significantly the result of Dumitru who proved in
Dumitru [2011] that every continuum of the form X U A, where | X N A] = 1
and A is an arc, is a topological fractal. The fractal structure built by Dumitru
consists of three maps just like the structure we built up in the proof of Lemma

Next we will further generalize Theorem [33| to so—called local cut points.

Definition 34. Let X be a topological space. We say that x € X is a local cut
point of X if there exists U a connected neighborhood of x such that U \ {z} is
not connected.

It is easy to observe, that every local cut point of any connected space is also
a local cut point of that space, but the converse is not true.

Lemma 35. Let (X, d) be a Peano continuum with uncountably many local cut
points. Then there either exist YL, Y, YT Peano subcontinua of X, Y containing
a free Cantor set ¢, such that X = YEUYUYE YENY = {p({0}*)}, YNYE =
{p({1})} and YENY® = 0, or there are Y, Z Peano subcontinua of X, Y
containing a free Cantor set o, such that X =Y UZ, Y NZ = {p(0), p(1)}.

Proof. 1f the set of all cut points of X is uncountable Lemma|31|applies, so we may
suppose that there are at most countably many cut points. Let % be a countable
base of open sets in X formed by nonempty connected sets. For P, U, V € % let
D(P, U, V) C X be the set of those points x € X such that there exist A, B C P
disjoint, open and satisfying P\ {z} = AUB, U C A, V C B. In other words,
D(P, U, V) is the set of those local cut points of X that separates U and V in P.

We will prove that U{D(P, U, V'); P, U, V € %} is the set of all local cut
points of X. Let x € X be a local cut point of X, let P’ C X connected
neighborhood of z such that P\ {z} is not connected and P € % such that
x € P C P'. Suppose for contradiction that P \ {z} is connected. Let A, B C
P\ {z} be disjoint, open and satisfying AUB = P’\{z}, then either P\{z} C A
or P\ {z} C B since it is connected. We may suppose that P\ {z} C A. Thus
PN B =0, but then P" = (AU{z})UB = (AU P)U B where AU P, B are open
and disjoint, which contradicts the connectedness of P’.

Therefore there are A, B C P\ {z} disjoint, open and satisfying AU B =
P\ {z}, and hence also U, V € % such that U C A, V C B. Thus indeed
U{D(P, U, V); P,U, V € %} is the set of all local cut points of X and hence it
is uncountable by assumption. Since % X % X % is only countable, there exist
P, U, V € % such that D(P, U, V) is uncountable.

Since connected and path components coincide in Peano continua and P is an
open connected set, it is a path connected. Fix arbitrary v € U, v € V' and some
arc h : I — P such that h(0) = u, h(1) = v. Then the set U UA([)UV C P is
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connected and contains both U, V' and thus, by definiton, it can not be a subset
of X\ {z} for any € D(P, U, V). But for every z € D(P, U, V) we have
U,V C P\ {2z} and therefore, by the above, x € h(I). Hence D(P, U, V) is a
subset of h(I).

Let x € h(I)\ D(P, U, V), if x € UUYV then U UV is an open subset
of P\ D(U, V) containing x. Otherwise the connected component of P\ {z}
containing U contains also V. Since conneted and path components of open
sets coincide in Peano continua, there exists an arc a : I — P\ {z} such that
a(0) = u, a(1) = v. Let e := d(a(l), x) > 0, then B(z,e)N P C P\ D(U, V)
since for every y € B(z, )N P either y € UUV or the set UUa(I)UV C P\ {y}
is connected. Thus D(P, U, V') is an uncountable closed subset of A(I). In what
follows, we will denote D := D(P, U, V') for brevity.

By Observation 29] items 2] and [3] there exists a < b € (0, 1) such that for
every 0 < ¢ < min{l — a, b} the sets D N h([a, a + €]), D N h([b — ¢, b]) are
uncountable. Let o(0) := h(a), ¢(1) := h(b) € h(I), then moreover p(0), ¢(1) €
D since D is closed.

Let Y be the connected component of X \ {(0), »(1)} that contains h((a, b))
united with {p(0), o(1)}. Let Z := (X \ Y) U {p(0), ¢(1)}, then Z is connected
since if it was not, all points in the uncountable D would be cut points of X
and we suppose that there are at most countably many cut points of X. By
Observation 30 Y and Z are Peano subcontinua of X.

It remains to find a free Cantor set in Y and that process is completely
analogical to the one in the proof of Lemma [31| so we omit it here. O

Lemma 36. Let X be a Peano continuum and suppose that there are Y, Z Peano
subcontinua of X, Y containing a free Cantor set ¢, such that X =Y U Z,
Y NZ={p0), o(1)}. Then X is a topological fractal.

Proof. Similarly to the proof of Lemma[32] we aim to use Observation [22], but this
time with n = 4 and m = 1. We will denote the desired functions foo, fo1, fi0, f11
and ¢g. The constructions themself are straightforward but technical and moreover
analogical to those in Lemma [32] hence we will omit technical details leading to
General Mapping Theorem here and just ilustrate the idea in pictures. O

Theorem 37. Any Peano continuum with uncountably many local cut points is
a topological fractal.

The last theorem finally strengthens significantly even the result of M. Nowak
who proved in |[Nowak and Fernandez-Martinez| [2016] that every continuum con-
taining an arc with nonempty interior or equivalently, every continuum of the
form X U A, where |[X N A| < 2 and A is an arc, is a topological fractal. The
fractal structure built by Nowak consists of five maps just like the structure we
built up in the proof of Lemma [32]

3.3 Regenerating fractals

The notion of a regenerating fractal was introduced in Nowak [2021]. Here are
the definition and the main result from that article.
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Definition 38. A Hausdorff topological space A is called the regenerating fractal
if for every nonempty, open set U C A there exists a family F of continuous
selfmaps on A, constant outside U, such that (A; F) is a topological fractal.

Theorem 39. For every Peano continuum X which has A C X regenerating
fractal with nonempty interior, X is an underlying space for some topological
fractal.

Beside this result, the article Nowak| [2021] contains some examples of regen-
erating fractals. Note that, since in particular an arc is a regenerating fractal,
this results generalizes the fact that every Peano continuum with a free arc is a
topological fractal. Yet this generalization is independent of ours.

With this result in mind, M. Nowak posed in her article the following two
questions related to the old Hata’s question whether every Peano continuum is a
topological fractal.

Nowak| [2021, Problem 4.9]: Has every Peano continuum which is underly-
ing space for some topological fractal, a regenerating fractal as a subset with
nonempty interior?

Nowak! [2021, Problem 4.10] Is there a nontrivial Peano continuum without a
regenerating fractal as a subset with nonempty interior?

The first question askes whether the converse of the above therorem is true
or not, while the negative answer to the second question together with the above
theorem would give us immediately positive answer to Hata’s question. Using the
main result proven in the previous section, we can show that these two questios
of M. Nowak are actually equivalent. In fact, it should be clear that the second
question is stronger than the first, so we are only left to justify the converse.

Lemma 40. Let Y be a topological space, Y = Y, U AU YR where Y, A, Yg
are closed subsets of Y such that Y, N A ={ar}, ANYr = {ar}, YL NYr =10
and X CY a regenerating fractal. Denote by B the intersection of {ar, ag} and
the set of all isolated points of X N A. Then X' := (AN X)\ B is empty or a
regenerating fractal too.

Proof. Suppose that X’ is nonempty and let U C X’ be an arbitrary nonempty
open set in X', then there exists U’ C Y open such that U = U’ N X’'. Then
Unint(A) =U' N((ANX)\ B)Nint(A) = (U Nnint(A)) N X is open in X.
Moreover it is nonempty since X'\ int(A) is finite with no isolated points of X’
and therefore nowhere dense in X'.

Thus there exists .# a set of continuous self-maps of X constant outside
U Nint(A) such that (X; %) is a topological fractal. Then #' := {f|x; f € Z}
satisfies that for every € > 0 there exists & € N such that for every g € .Z'* the
diameter of g(X’) is less then e. It also satisfies | X \ U{f(X'); f € .Z'}| < 1,
but we may assume that X = U{f(X'); f € F'} since otherwise we would just
add one (constant) function to .’ and it is straightforward to check that this
enriched set of maps would still satisfy the previous condition.

Fix arbitrary z € X’ and for any f € %' define f': X’ — X' by

f(z); f(x) € int(A),
ar; f(z) € Yy and af € X/,
ag; f(z) € Yg and ag € X/,

z; otherwise.

f'(x) =
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Let " :={f"; f € F'}, then Z"” consists of continuous self-maps of X', for
every € > 0 there exists k € N such that for every g € .#"* the diameter of g(X’)
is less then ¢ and also X' = U{f(X"); f € #"}. Thus (X'; F") is a topological
fractal.

]

Remark. The space X' we have constructed satisfies that if A and X were con-
nected, then X’ is connected too, if further X was closed then X' is a continuum
and thus a Peano continuum.

Theorem 41. If every Peano continuum which is underlying space for some
topological fractal contains a regenerating fractal as a subset with nonempty inte-
rior, then every Peano continuum contains a regenerating fractal as a subset with
nonempty interior. In particular, if every Peano continuum which is underlying
space for some topological fractal contains a regenerating fractal as a subset with
nonempty interior, then every Peano continuum is a topological fractal.

Proof. Suppose that every Peano continuum which is underlying space for some
topological fractal contains a regenerating fractal as a subset with nonempty
interior. Let (X, d) be an arbitrary nontrivial Peano continuum, we may assume
that it contains no point of 2¢. Let us recall that the Cantor set 2¢ Which is
homeomorphlc to the set C' = {3, ;nﬁ)l, s € 2} C [ via the map ¢ :

Znew o +1 The idea of what we are going to do is, roughly speaking, to attach
one copy of X in between every pair of consetive points of ', the “smaller” copy
the closer the points are, and in this way we will obtain a connected topological
fractal.

Fix some a, b € X such that d(a, b) = diam(X) and for any s € 2<* denote
(X, ds) := (X x{s}, me@()d)’ as == (a, s), bs == (b, s) € X5. Let Y be the
set 2 U Uyeo<w X, quotient by the smallest equivalence ~ satisfying a, ~ s~071
and by ~ s7170 for every s € 2<%,

We define a metric e on Y by e(x, y) :=

ds(x, v); x, y € X,

[z —yl; T,y €27,

ds(z, as) + las — yl; y €2 we X, s€2% Jas —y| < |bs —yl,
ds(x, bs) + |bs — y; yE2, x€ X, s€2% [bs —y| < as —yl,
ds(y, as) + |as — z|; reE ye Xy s€2% |ag — x| < |bs — x|,
ds(x, bs) + |bs — y; re2 ye X, s€2% |by — x| < |as — x|,
ds(z, as) + |as — b| + di(bs, y); = € Xg,y € Xy, s £ t,|as — by| < |bs — ayl,
ds(x, bs) + |bs — ar| + di(ar, y); =€ Xg,y € Xy, s #t,|bs — ar| < |as — by,

Notice that e is well-defined since |bs — as| = ds(as, bs) for every s € 2<%,
Clearly e is symmetric and satisfies that e(z, y) = 0 if and only if z = ¥y, so we
only need to prove the triangle unequality. Let z, y, 2 € Y and we may assume
that they are pairwise different since otherwise the unequality holds trivially. If
there exists s € 2<% such that z, y, z € X, or z, y, z € C, then the unequality
holds just because ds and | - | are metrics.

Suppose that =z, y € X, and z € C or y € X, for some s # t. Suppose that
las — z| < |bs — z|, respectively |as — bi| < |bs — a4|; the other case is analogous.
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Then there exists € > 0 such that e(x, z) = dy(z, as) + ¢, e(y, z) = ds(y, as) + €.
Thus

6(.77, y) = d5<x7 y) S ds(x7 CLS) + dS(Z/? G’S) + 28 = 6(.77, Z) + e(ya 2)7

e(x, z) = ds(x, as) + € < ds(x, y) + d(y, as) + e =e(z, y) +ely, 2),

e(y, z) = ds(y, as) + e < ds(z, y) + d(z, a5) + & = e(z, y) + e(z, 2).
Finally, suppose that | X, N {z, y, z}| < 1 for every s € 2<“. Let a, :=
as, by = bs, dy = ds if w € X\ C and ay, := by, = w, dy(w, w) :=0ifweC
for every w € {z, y, z}. We may assume that b, < a, < b, < a, since no point

of c € C satisfies a, < ¢ < b,, a, < c < b, or a, < c < b, and moreover the sests
{as, bz}, {ay, by}, {a, b.} are pairwise disjoint. Thus

e(x, z) = dy(z, by) + by — az| + d.(a,, 2) <
< do(@, b) + bz — ay| + [ay — by| + [by — az| + d.(az, 2) =
= dy(z, by) + |by — ay| + dy(ay, by) + by — a.| + d.(a,, z) <
< dy(w, by) + |by — ay| + dy(ay, y) + dy(y, by) + by, — a.| +d.(a., z) =
)

=e(z, y) +e(y, 2).
Further

6( ) dy ( )+|ba:_ay|+dy<aya y) Sdm(xa bx)+|b$_ay|+dy<ayv by) =
do (2, bg) + [bae — ay| + |ay — by| = do(, bz) + bz — by| <
4o(, b) + Iba — 2] < e(z, 2)

IN

and similarly e(y, z) < e(x, z). This concludes the proof that e is a metric.

To prove that (Y] e) is a Peano continuum, we will describe a continuous
onto map f: I =Y. Let flo := ¢ and for every s € 2< let f|js~0~1,5~1~g
be a surjective map onto Y; satisfying f(¢(s™071)) = s7071, f(p(s™170)) =
57170, there exists some by Observation It is immediate that f is well-
defined and surjective.

Let s € 2<% and =, y € f([s70, s7071]). Let a, := z if z € 2* and otherwise
there exists r € 2<% such that € X,. Notice that in both cases a, € 2 N
f([s70, s7071])) = {t € 2¥; tjjs1 = s~ 0} and thus in particular in the latter
case |r| > |s| because s70 < r~071 < s707"1. Therefore e(z, a,) = d,(z, a,) <
diamg, (X,) = 1/(3I"+1) < 1/(3ls4+1). Similarly we find a, € 2°Nf([s~0, s7071])
such that e(y, a,) < 1/(31¥+1). This gives us e(z, y) < e(w, a,) + e(ay, a,) +
e(ay, ) = e(z, @) +lag—ay|+e(ay, y) < 1/(3)+|s~0—s~0~1]+1/(3HH) =
2/(8°°1) 4 Ty = 3/(3°) = 1/(38"). Thus diam(f([s~0, s~0~1) <
1/(3"*1) and hence diam(f([s™0, s~071])) converges to 0 as |s| tends to infinity.
This implies that f is continuous since we already know from the construction
that it is continuous on [s7™071, s7170] for every s € 2<%,

Finally, for every s € 2 the sets f([0, s]), f([s, 1]) are closed, hence the
sets f([0, s)), f((s, 1]) are open and moreover by construction they are disjoint.
Therefore every point of 2 C Y is a cutpoint of Y and thus by Corollary Y is a
topological fractal. Thus by our assumption, there exists R C Y a regenerating
fractal with nonempty interior.
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Notice that 2 is nowhere dense in Y it is closed since it is an image of
compact Cantor set and it is a closure of a nowhere dense set E. Thus there
exists s € 2<¥ such that int(R) N X, is nonempty. Since Y = f([0, s70"1]) U
XU f([s7170]), f([0, s707 1)) NX, = {s70"1}, X, N f([s7170]) = {s7170},
£([0, s70°1))N f([s~170]) = 0, by Lemma 40| ' = (RN X,)\ B is a topological
fractal or the emptyset, where B C X, |B| < 2. In particular, (int(R) N X;) \ B
is still nonempty and open in X,. Thus R’ C X, is a regenerating fractal with
nonempty interior in X;. Finally X, is homeomorphic to X, thus the same holds

for X and this concludes the proof.
m
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