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Abstract: A permutation matrix P partially avoids a quasi-permutation ma-
trix A (i.e., a 0l-matrix such that each column and row of A contains at most
one nonzero entry) if there is no submatrix P’ of P of the same size as A satisfy-
ing A;; < P/, for all possible indices i and j. Two quasi-permutation matrices A
and B are partially Wilf-equivalent if, for every n € N, the number of permutation
matrices of order n partially avoiding A is the same as the number of permutation
matrices of order n partially avoiding B. This generalizes the well-known concept
of avoidance and Wilf equivalence of permutations. One of the central topics in
this area is the classification of permutations of order k into Wilf equivalence
classes. The complete classification is known for £ = 1,2,...,7. In our thesis,
we study the same problem for quasi-permutation matrices. Namely, we classify
all 371 quasi-permutation matrices of size at most 4 x 4 into partial Wilf equiva-
lence classes (two quasi-permutation matrices belong to the same class if and only
if they are partially Wilf-equivalent). Along the way, we prove several general
results showing how to construct from one or two quasi-permutation matrices
more quasi-permutation matrices that are pairwise partially Wilf-equivalent.
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Introduction

A quasi-permutation matriz () of size m X k is a 0l-matrix (every entry of @
is either zero or one) with m columns and k rows such that each column and
row contains at most one nonzero entry. A quasi-permutation matrix () exactly
contains (as opposed to “partially” introduced later) a quasi permutation ma-
trix A if A is a submatrix of Q). If () does not contain A, we say that @ ezactly
avoids A. In this context, the quasi-permutation matrix A is usually called a pat-
tern. A permutation matriz P of order n is a quasi-permutation matrix of size
n X n with exactly n nonzero entries. Let P, be the set of all permutation matri-
ces of order n. Moreover, for a pattern A, let PE(A) be the set of all permutation
matrices of order n that exactly avoid A and pZ(A) := |PE(A).

If the patterns in the previous paragraph are only permutation matrices, we
obtain the well-known concept of avoidance of permutation matrices. One of
the central topics in this area is the classification of patterns into exact Wilf
equivalence classes. Formally, patterns A and B are exactly Wilf-equivalent if
pE(A) = pE(B) for every n € N. The classification is the problem of partitioning
the set Q of all quasi-permutation matrices into exact Wilf equivalence classes
so that two patterns are in the same class if and only if they are exactly Wilf-
equivalent.

We briefly mention the known results on the classification of permutation
matrices into exact Wilf equivalence classes. In this paragraph only, a pattern
of order k is considered to be a permutation matrix of order k, and the words
“exact” or “exactly” are omitted. Since patterns of different order are never Wilf-
equivalent, it is sufficient to partition only the set P, of patterns of order k into
Wilf equivalence classes for every k. The classification is trivial for £ = 1,2.
Any pattern of order 3 is avoided by ¢, permutations of order n, where ¢, is
the n-th Catalan number. Hence all patterns of order 3 belong to the same Wilf
equivalence class (e.g., [I, Section 4.2]). This is no longer true for k = 4. The
4! = 24 patterns of order 4 are partitioned into three Wilf equivalence classes
(see [1, Section 4.4] and the references therein). The complete classification of
patterns into Wilf equivalence classes is also known for £ = 5,6, 7 (see [2] and the
references therein).

Classification of permutation matrices into exact Wilf equivalence classes is
usually studied in terms of permutations. The definition given in the first and
second paragraphs is a straightforward translation from permutations to permu-
tation matrices. However, there is another possible definition of avoidance of
quasi-permutation matrices that generalizes the exact avoidance of permutation
matrices. For quasi-permutation matrices () and R of the same size, we write
Q < Rit Q;; < R;; for all possible column indices ¢ and row indices j. We say
that a quasi-permutation matrix Q) partially contains a quasi-permutation ma-
trix A if there exists a submatrix @’ of @) such that A < @)’. We remark that if we
replace '<’ by '=’ (the standard matrix equality symbol), we obtained the defi-
nition of exact containment introduced earlier. If () does not partially contain A,
we say that @ partially avoids A. We give a small example demonstrating the dif-
ference between exact and partial avoidance: @ = (9}) exactly avoids A = (99)
but ) partially contains A. For a permutation matrix P and a permutation ma-



trix A, we will show that P exactly avoids A if and only if P partially avoids A.
In fact, the equivalence still true if A is replaced by a row-permutation matrix
(i.e., a quasi-permutation matrix such that each row contains exactly one nonzero
entry). The equivalence is also true if A is replaced by a column-permutation ma-
trix, which is defined analogously.

In analogy with the concept of exact Wilf equivalence, we say that A and B are
partially Wilf-equivalent if the number p!' (A) of permutation matrices of order n
partially avoiding A is the same as the number pf'(B) of permutation matrices of
order n partially avoiding B for every n. In our thesis, we classify all 371 patterns
of size at most 4 x 4 into partial Wilf equivalence classes (two patterns belong
to the same class if and only if they are partially Wilf -equivalent). Along the
way, we prove several general results showing how to construct from one or two
quasi-permutation matrices more quasi-permutation matrices that are pairwise
partially Wilf-equivalent.

Outline

In the first chapter, we properly define the two types of avoidance (exact and
partial) of quasi-permutation matrices. We show that both types generalize the
well-known concept of avoidance of permutations. We define three basic symme-
try operations that preserve the number of permutation matrices avoiding a given
pattern. Finally, we introduce row- and column-permutation matrices on which
the exact and partial avoidance also agree.

In the following two chapters, we develop general results that play a crucial
role in the classification of patterns of size 4 x 4 into partial Wilf equivalence
classes. Namely, in Chapter [2) we study a connection between patterns obtained
from a pattern by appending a zero column or a zero row to any side of the
pattern. For example, for a pattern A, we show that A0 (i.e., a pattern obtained
from A by adding a zero column after the last column of A) and 0|A are partially
Wilf-equivalent. If A is in addition a row-permutation matrix, we show that
PE(AJ0) = n - pE_,(A).

In chapter [3] we define shape-Wilf equivalence and provide a short survey
of previously-known results about shape-Wilf equivalence between permutation
matrices. We observe that one of these results can be generalized to quasi-
permutation matrices: if A and B are shape-Wilf-equivalent quasi-permutation
matrices and () is an arbitrary quasi-permutation matrix, then

(59) and (59)

are partially Wilf-equivalent. Since X = (99¢) and Y = ({§9) are not shape

Wilf-equivalent (we will prove this fact later), the previous theorem says nothing
whether the patterns
X (BRI ana v = (3BB01)
10000 00100
are partially Wilf-equivalent. In fact, they are not because pf(X*) = 434 but
Pt (YT) = 430 (these values were computed by our program [3]). Nevertheless,
we prove the following theorem: if () is a quasi-permutation matrices such that

its first column is nonzero, then
0 0
(%§) and (39)
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are partially Wilf-equivalent.

In Chapter [4] we finally classify all patterns of size at most 4 x 4 into partial
Wilf equivalence classes. We conclude our thesis with possible further directions
and open problems in Chapter [f



1. Basic notation, definitions,
and results

We describe the outline of this chapter. In Section we introduce basic nota-
tion and definitions, which we use repeatedly through this thesis. In Section [I.2]
we generalize the concept of permutation avoidance to quasi-permutation ma-
trices (i.e., matrices with at most one non-zero entry in each row and column).
In Section |1.3, we define row-permutation matrices (i.e., matrices with exactly
one nonzero entry in each row and with at most one nonzero entry in each col-
umn). Similarly, we define column-permutation matrices. In the next chapter, we
obtain more detailed results when we consider only row-permutation (or column-
permutation) matrices.

1.1 Preliminaries

Let N be the set of natural numbers {1,2, ...} and let Ny := NU{0}. For n € N,
we define [n] to be the set {1,2,...,n} and [0] := 0. For n,k € Ny, the factorial
of n is denoted by n! (we suppose that 0! = 1) and, if £ < n, the symbol (n) is
defined as (n);, := n!/(n — k)! = [1¥=3 (n — 4). Most of the time we assume that
the numbers under consideration are natural numbers.

Convention I: Unless otherwise stated the letters ¢, j, k, ¢, m,n and their
variants such as #’, 41,75, ... are always assumed to be natural numbers.

A linear ordering o = 0y, 09, - - - , 0, of elements of the set [n] is called a per-
mutation of order n. Let S, be the set of all permutations of order n. Every
permutation o of order n can be represented by a matrix P? € {0, 1}"*" satisfy-
ing

Vi,j€n] : P =1 <= o0; =], (%)
where P?; is the entry in the i-th column and the j-th row of P? (see an example
in Figure [1.1). Every matrix P has exactly one nonzero entry in each row and
column. Such matrices have a special name.

Definition 1. A matrix P € {0, 1}™*" is a permutation matriz of order n if every
row and every column of P contain exactly one nonzero entry.

Let P, be the set of all permutation matrices of order n. Observe that @
defines a one-to-one correspondence between the set S, of all permutations and
the set P,, of all permutation matrices. Indeed, map a permutation o to a per-
mutation matrix P?.

We prefer to work with permutation matrices rather than permutations for the
following reason—the concept of permutation avoidance (we define this notion in
the next section) seen in terms of permutation matrices can be straightforwardly
generalized to a larger set of matrices. In this thesis, we work only with matrices
in which each entry is either 0 (zero) or 1 (nonzero).



1 2 3 4 5

Figure 1.1: Representation of permutation ¢ = 3,1,4,5,2 by a matrix P? sat-
isfying (ED For clarity, we do not draw zeros (they are represented by empty
entries).

[ Convention II: All matrices have entries in {0, 1}. ]

A matrix A is of size m x k if it has m columns and k rows. Let {0, 1}™**
be the set of all matrices of size m x k. We denote by A, ; the entry in the ¢-th
column and j-th row of a matrix A. For two matrices A and B of the same size,
we write A = B (or A < B) if and only if A;,; = B;; (or A;; < B, ;) for all
indices 7 and j.

For a matrix A € {0,1}™** and two sets of indices I = {iy,ia,...,im} C [m],
J ={j1,J2,- -, Jiw} C [k] such that i} < iy < -+ < iy and j; < jo < -+ < Jur,
a submatriz of A induced by (I, J) is the matrix A[I x J] obtained from A by
erasing its ¢-th column and j-th row for all ¢ € [m]\ I and j € [k] \ J. Formally,
A[I x J] is the matrix of size m’ x k" such that

Va e [m'], Vb e [K] : Al x J]ap = Ai iy

We implicitly assume that the sets of indices I and J are ordered increasingly. In
general, any set of natural numbers in this thesis is ordered increasingly.

Convention III: Every set N = {ny,ns,...,nx} of natural numbers is
assumed to be ordered increasingly. That is, n; < n; whenever ¢ < j.

A matrix B is a submatriz of A € {0,1}™** if B = A[I x J] for some set of
column indices I C [m] and some set of row indices J C [k].

Lastly, we draw matrices such that the columns and rows are indexed from
the left to right and from the bottom to top, respectively, by the first natural
numbers. Therefore, there is no ambiguity if we draw matrices without explicitly
indexing rows and columns. When we write small matrices in the text we replace 1
by e and 0 by o. For example, for a permutation o = 2, 3,1, we write

P = (25%) instead of P? = (gé%).

On the other hand, when we draw matrices in figures, we depict only ones, while
zeros are represented by empty entries.



1.2 Avoiding quasi-permutation matrices

In this section, we develop the foundations of our work—we introduce quasi-
permutation matrices and the concept of avoiding quasi-permutation matrices.
We start with recalling a similar concept of avoiding permutations.

Let 0 = 01,09, ,0, and 7 = 71,79, -+ , Tx be two permutations. We say
that o avoids T if there is no sequence of indices

1 <iy <ig<---<ip<nsuchthat Va,b€ [k]: 7, <7 <= 0y, < 0y.

In other words, ¢ avoids 7 if there is no linear suborder of ¢ isomorphic to 7.
The definition can be rephrased in the terms of permutation matrices. We say
that a permutation matrix P; avoids a permutation matrix P, if P, is not a sub-
matrix of P;. Then o avoids 7 if and only if P? avoids P7. In this context, the
permutation 7 and the permutation matrix P7 to be avoided are usually called
patterns of order k or simply patterns.

Given a pattern A, the ultimate goal is find, for all n, the number p, (A) of
permutation matrices of order n that avoid A. For example, if A = (S é :-)), then

el (2:) Interestingly, if we consider any

other pattern A of order 3, then p,(A) is still ¢, (see for example [I}, Section 4.2]).
Finding p, (A) for all patterns of order 4 is an open problem. For example, there
is not known exact formula for p, (P?), where o = 1, 3,2,4. A less ambitious goal
is to partition the patterns of order 4 into classes such that p,(A) = p,(B) if and
only if A and B belong to the same class. We know that 3 classes are necessary
and also sufficient for patterns of order 4 (see [I, Section 4.4] and the references
therein).

We generalize the notion that a permutation matrix P; avoids a permutation
matrix P, to quasi-permutation matrices. Let us start with the definition of
a quasi-permutation matrix

pn(A) is the n-th Catalan number ¢, =

Definition 2. A matrix Q € {0, 1}™** is a quasi-permutation matriz of size m x k
if every row and every column of () contains at most one nonzero entry.

Two notes about the definition. First, a quasi-permutation matrix may have
a different number of rows and columns. Second, every permutation matrix is
also a quasi-permutation matrix (but not vice versa). Let us denote by Q the set
of all quasi-permutation matrices and by Q,, . the set of all quasi-permutation
matrices of size m x k with exactly ¢ nonzero entries. Note that P, = Q,, -

Definition 3. Let Q) € Q,,;¢ and A be quasi-permutation matrices. We say
that @ exactly contains A, written A <g @, if there exists a set of column indices
I C [m] and a set of row indices J C [k] such that

A=QI[I x J].

The submatrix Q[I x J] is called an ezact copy of A in Q induced by (I,J). If Q
does not exactly contain A, we say that Q) ezactly avoids A.

However, there is yet another natural way to define that “@) avoids A”.



Definition 4. Let Q € Q,,x, and A be quasi-permutation matrices. We say
that Q partially contains A, written A <p @, if there exists a set of column
indices I C [m] and a set of row indices J C [k] such that

A< QM x J].

The submatrix Q[I x J] is called a partial copy of A in Q induced by (I,J). If Q
does not exactly contain A, we say that Q) partially avoids A.

In the context of Definitions [3] and [4, the quasi-permutation matrix A €
Qv i ¢ 18 sometimes called a pattern or a pattern of size m' x k' (with exactly ¢’
nonzero entries).

Clearly, if () partially avoids A, then also () exactly avoids A. We remark that
the reverse implication is not true in general. For instance, @ = (¢ 3) exactly
avoids A = (¢2) but @ partially contains A. However, the reverse implication
is true when () and A are permutation matrices. We prove this fact in the
next section in more general settings (see Lemma . Hence, if (Q and A are
permutation matrices, ) exactly avoids A if and only if @) partially avoids A.
This shows that both definitions of avoidance for quasi-permutation matrices
(Definitions [3|and [4)) generalize the notion of avoidance for permutation matrices.

We introduce few more notions before we state the main goal of this thesis.
Let PE(A) (or PF(A)) denote the set of all permutation matrices of order n that
exactly (or partially) avoid a pattern A. Moreover, let

pn(A) = |Pr(A)] and p;,(A) = [P, (4)].

Let & be a relation on Q given by A &~ B if and only if pE(A) = pE(B). Similarly,
let & be a relation on Q given by A ~ B if and only if pP(A) = pP(B). Tt is easy
to see that ~ and ~ are both equivalence relations.

Definition 5. The relation ~ is called ezact Wilf equivalence. Patterns A and B
are exactly Wilf-equivalent if A X B. Eract Wilf equivalence classes are the
equivalence classes of K.

Definition 6. The relation ~ is called partial Wilf equivalence. Patterns A and B
are partially Wilf-equivalent if A X B. Partial Wilf equivalence classes are the
equivalence classes of R.

The ultimate goal in pattern avoidance is, given a pattern A € Q,, 1, de-
termine pE(A) and pP(A) for all n. A more feasible goal is, for small values
of m and k is, to determine the exact and partial Wilf equivalence class of every
A € 9, ks In Chapter , we determine the partial Wilf equivalence classes of
every pattern of size at most 4 x 4.

The first step to determine the equivalence classes of X and X is to study
a symmetry relation on Q defined below. For that, we introduce the following
matrix operation.

Definition 7. Let Q € {0,1}™** be a quasi-permutation matrix.

e The transpose of Q is a quasi-permutation matrix Q" € {0, 1}**™ such that
Vi € [k],] c [m] . Qi,j = (QT)j,i.

8



e The column reversal of Q is a quasi-permutation matrix Q¢ € {0,1}m**
obtained by reversing the order of columns.

e The row reversal of @ is a matrix Qf € {0,1}™** obtained by reversing
the order of rows.

The symmetry relation ~ on Q is defined by A ~ B if and only if B can be
obtained from A by a sequence of transpose, column reversal, and row reversal
operations. It is not hard to see that =~ is an equivalence relation on Q. The
equivalence classes of ~ are called symmetry classes. And if A ~ B, we say
that A is symmetric to B or that A and B are symmetric.

We show that if two patterns are symmetric, then they are also partially
(exactly) Wilf-equivalent. Hence the symmetry relation is a refinement of partial
(exact) Wilf equivalence.

Observation 8. Let (Q and A be quasi-permutation matrices. Then
(i) A=pQ if and only if AT <p QT
(ii) A =p Q if and only if A° <p Q°, and
(iii) A =<p Q if and only if A® <p Q~.
From Observation [§| readily follows the next observation.

Observation 9. Let P € P, be a permutation matriz and let A be a quasi-
permutation matriz. Then

(i) P € PL(A) if and only if PT € PP(AT),
(ii) P € PP(A) if and only if P¢ € PF(A®), and
(iii) P € PP(A) if and only if P® € PL(AR).

We can finally conclude that two symmetric patterns A and B are also par-
tially Wilf-equivalent.

Observation 10. Let A and B be quasi-permutation matrices of the same size.
If A and B are symmetric, then A and B are partially Wilf-equivalent. In symbols,

A~B — AX B,

Proof. Since A and B are symmetric, there exists a sequence of matrix operations
(see Definition [7) that transform A to B. For any n, take P € PX'(A) and trans-
form P to P’ using the same sequence of matrix operations. By Observation [9]
P € PP(A) if and only if P’ € PY(B). This defines a bijection between P (A)
and PY(A). Thus, A and B are partially Wilf-equivalent. O

Although we state Observations 8] [0 and [L0]for partial Wilf equivalence, they
are true for exact Wilf equivalence as well—replace 'P’ by "E” and “partially” by
“exactly” in Observations [§ [9 and [I0}—with the identical proof. Hence if A
and B are symmetric, then A X Band A% B.

The next lemma says that, if B partially contains A, every permutation matrix
that partially avoids B also partially avoids A.

9



Lemma 11. Let A and B be two quasi-permutation matrices. If A <p B, then
P.(A) C P(B).

Proof. Let P € PP(A) be a permutation matrix that partially avoids A. Since
A =<p B, P also partially avoids B (otherwise B <p P would imply A <p P). In
other words, P € P,(B). Thus, PV (A) C PY(B). O

1.3 Row- and column-permutation matrices

In this section, we introduce two special types of quasi-permutation matrices.

Definition 12. A quasi-permutation matrix Q € {0,1}™* is called
row-permutation matrix if each row of () contains exactly one nonzero entry.

Definition 13. A quasi-permutation matrix Q € {0,1}™* is called
column-permutation matrix if each column of () contains exactly one nonzero
entry.

Observe that a row-permutation (or column-permutation) matrix with m = k
is a permutation matrix. For m > k, Q,, . is the set of row-permutation matrices
of size m x k. On the other hand, for m < k, Q,, . is the set of column-
permutation matrices of size m x k.

For a row-permutation matrix A, we prove that the number of permutation
matrices exactly avoiding A is the same as the number of permutation matrices
partially avoiding A (Corollary . The immediate consequence is that two row-
permutation matrices are exactly Wilf-equivalent if and only if they are partially
Wilf-equivalent (Corollary [16). We start with the following key lemma.

Lemma 14. Let A € {0,1}™** be a row-permutation matriz. For any permuta-
tion matriz P € P, P partially avoids A if and only if P exactly avoids A.

Proof. First, we prove the forward implication by contrapositive. Suppose that P
exactly contains A. It implies that there exists an exact copy of A in P induced
by (I, J) for some set I C [n]| of column indices and some set J C [n] of row
indices. In other words, A = P[I x J|. Hence A < P[I x J] and so P partially
contains A.

Suppose that P partially contains A. It follows that there exists a partial copy
of Ain P induced by (/,J) for some set I C [n] of column indices and some set
J C [n] of row indices. In other words, A < P[I x J]. We claim that A = P[] x J].
Since A is a row-permutation matrix, for every row index j € [k], there exists
a column index i(j) € [m] such that A;;); = 1. Hence A;;),; = P[I x Ji(;;-
Moreover, for every row index j € [k] and column index i € [m]\ {i(j)}, we have
A, j = P[I x J];; = 0 because every row of A and P[] x J| contains at most one
nonzero entry. Thus, A = P[] x J] and so P exactly contains A. O

Corollary 15. Let A € {0,1}**™ be a row-permutation matriz. For all n € N,
we have

P (A) = p, (A).

Proof. By Lemmal[14]the sets PY(A) and PE(A) are identical. Therefore, p2(A) =
Py (A)] = [Py (A)] = p,, (A). O

10



Suppose that A and B are exactly Wilf-equivalent row-permutation matrices.
It follows that pE(A) = p¥(B) for all n. However, by Corollary [15 we have
pE(A) = pP(A) and pE(B) = pP'(B). Hence A and B are also partially Wilf-
equivalent. Analogously, we show that if A X B , then A X B. We summarized
this result in the following corollary.

Corollary 16. Let A and B be row-permutation matrices of the same size. Then
ALB if and only ifArgB.

We remark that a matrix @) is a column-permutation matrix if and only if
a matrix Q' is a row-permutation matrix. Since @ contains A if and only if Q"
contains AT by Observation , the three previous results for row-permutation
matrices holds also for column-permutation matrices.

11



2. Augmenting patterns by zeros

For a quasi-permutation matrix @, let 0|@) and Q|0 be quasi-permutation matrices
obtained from ) by adding a zero column before the first column of ) and after

Q

the last column of @), respectively. Similarly, let = and Cg be quasi-permutation

0
matrices obtained from () by adding a zero row below the first row of () and
above the last row of (), respectively.

In Section 2.1} for every quasi-permutation matrix A, we show that A|0 and
0] A are partially Wilf-equivalent, however, they are not in general exactly Wilf-
equivalent. If in addition A is a row-permutation matrix, we show that py,,; (A|0)
and pl_.;(0]A) are both exactly n + 1 times larger than p) (A). Since A|0 and
0|A are still row-permutation matrices, we can use this result repeatedly. For
example, we can deduce that p}_,(0/A]0) is exactly (n 4 2)(n + 1) times larger
than pF'(A).

By symmetry, we conclude that also % and % are partially Wilf-equivalent.

Moreover, if A is a column-permutation matrix, p? 41 <§> and pP 41 (2) are both

exactly n + 1 times larger than pf (A).

Let A be a row-permutation matrix. We observe that A|0 is a row-permutation
matrix but A|0 is not a column-permutation matrix (even if A is a column-
permutation matrix). Hence we cannot combine the results from the last two

paragraphs to say something about pf 42 <AO|O (i.e., about the number of per-

mutation matrices of order n that partially avoids a pattern A augmented by
adding a zero column after the last column and then adding a zero row above the
last row). Nonetheless, if A is a permutation matrix, we show in Section that

e (f,o) P (A) + (4 17 p(A),

2.1 Augmenting patterns by either zero rows or
columns

For a permutation matrix P € P,, we write P = (C1|Cs| - --|C,,) to denote that
the first column of P is C}, the second column of P is Cy and so on. This allows
us to easily describe matrices obtained from P by manipulating its columns. In
particular, (C,|Cy|---|C,—-1) € P, is the permutation matrix obtained from P
by cyclically rotating the order of the columns of P and (Cy|Cy|---|C,—1) €
Qn—1nn-1 is the quasi-permutation matrix obtained from P by removing its last
column. Let A be a pattern (recall that a quasi-permutation matrix is sometimes
called a pattern in the context of avoidance). The following lemma plays a crucial
role in our proof that A|0 and 0|A are partially Wilf-equivalent.

Lemma 17. Let P = (C,|Cy| - - - |Cy,) be a permutation matriz and A € {0, 1}m<*
be a quasi-permutation matrixz. The following statements are equivalent:
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(i) (C1|Csl---|Cy) partially contains (A]0),
(ii) (Cn|Cy|---|Cp_1) partially contains (0|A), and
(7ii) (C1|Cs|---|Cr1) partially contains A.

Proof. Since the statements (i), (ii), (iii) are trivially false for n = 1, the state-
ments are equivalent for n = 1. In the rest of the proof, we assume that n > 2.
Moreover, let @ := (C1|Ca| -+ |Cpv).

Let us start by proving the equivalence (i) <= (iii). Suppose that P partially
contains A|0. Let P[] x J] be a partial copy of A|0 in P induced (Z, J) for some set
of column indices I = {iy, s, ...,%,} and some set of row indices J. Recall that
we implicitly assume that [ and J are ordered increasingly. Let I’ := I\ {i,,}.
Since i,, < n, we know that n ¢ I'. Tt follows that Q[I' x J| is a partial copy
of A in @ induced by (I’,J). Hence @) partially contains A.

On the other hand, suppose that ) partially contains A. Let Q[I x J] be
a partial copy of A in @ induced by (I, J) for some set of column indices I and
some set of row indices J. Note that n ¢ I because @) has only n — 1 columns.
Let I' := T U{n}. We claim that A|0 < P[I’ x J]|. Take i € [m + 1] and j € [k]
arbitrary. If i < m + 1, then

(A|0)1J = Ai,j S Q[I X J]Z‘J‘ = P[I/ X J]i,j~

If i = m+1, then (A|0);; =0 < P[I’ x J]|. Thus, P[I' x J] is a partial copy of A
in @ induced by (I’,J) and so P partially contains A|0.

The equivalence (ii) <= (iii) is proved analogously. The last equivalence
(i) <= (ii) follows from the previous two equivalences. O

It is now straightforward to prove the first main result of this section.

Theorem 18. Let A be a quasi-permutation matrixz. Then
AJo £ 0]A.

Proof. For every n € N, let us choose P = (C1|Csy] - --|C,,) € P, arbitrarily. By
Lemma we know that

(A|0) <p (C1|Cs] -+ |Cy) if and only if (0]A) <p (C,|Cy| -+ |Cp1).
This defines a bijection between P, \ P} (A|0) and P, \ P} (0|A). Thus,
P (AJ0) = [P (A]0)| = [P, (0]A)] = p}, (0] A).
[

We remark that the proof of Lemma [17]is not valid for exact avoidance. The
problem is that P[I’ x J] (defined in the third paragraph) might not be an exact
copy of A|0 in P induced by (I’,J) because the last column of P[I’ x J| can
contain a nonzero entry. This is not surprising because Theorem is not true
in general if we replace 'P’ by 'E’. For instance, our computer enumeration (see
Table [A.2 in [Appendix|) reveals that the patterns

oooo ooo0o0
(oooo) and (oooo)
eo0o0oO oceoo
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(a) (b)

Figure 2.1: Let P := P3'%52 be a permutation matrix from Figure [I.1l On the
left side is a permutation P[3,3]". The added column and row are shaded. On
the right is a permutation P[1,2]".

are not exactly Wilf-equivalent.

A .
By symmetry, we can conclude that the patterns 0 9 % are also partially

Wilf-equivalent.
Corollary 19. Let A be a quasi-permutation matriz. Then

P
~

=S
no

Proof. By Theorem , we know that AT|0 ~ 0|AT. Hence (AT|0

TEr (0|AT)T
by Observation . Since (AT]0)" = % and (0|]AT)T = %, we have

p 0

ol

If we concentrate only on row-permutation matrices, we prove a stronger result
than Theorem [I8] The second main result of this section says that p%(A[0) =
n-pf (A) for every row-permutation matrix A and n > 2. Before we prove this
result, we introduce two operations modifying permutation matrices and prove
one technical lemma.

Let P be a permutation matrix of order n. For the indices i,j € [n + 1], let
Pli, j]" be a permutation matrix of order n + 1 obtained from P by inserting
a zero column after the (i — 1)-th column and a zero row after the (j — 1)-th row,
and then setting the entry lying on the intersection of i-th column and j-th row
to 1.EI On the other hand, we can erase the i-th column and j-th row—Ilet P[i, 5]~
be a matrix obtained from P by erasing its i-th column and j-th row. Note that
Pli, j]~ is not necessarily a permutation matrix. Indeed, P[i, j]~ is a permutation
matrix if and only if P, ; = 1. See Figure for an illustration.

Lemma 20. Let Py and Py be permutation matrices of ordern—1. For j,j' € [n],
the following holds:

(Z) If] 7é j/; then Pl[naj]+ 7é PQ[n7j/]+'

'For i = 1, we insert a zero column to the left of the first column. For j = 1, we insert a zero
row below the first row.

14



(ZZ) [fPl 7é PQ, then Pﬂn,j]* 7£ Pg[n,j,]+.

Proof. For the sake of the proof, let P;" := P[n, j]" and Py := B[n, j']*. Choose
J, 7" € [n] arbitrarily.

We prove the case (i) first. If j # j/, then (Pj'),; = 1 and (P),; = 0
because (P5"),, s = 1 and every column contains exactly one nonzero entry. Hence
P+ Py

Now we prove the case (ii). Suppose that P, # P5. If j # j/, then Pt # Py
by (i). Otherwise, j = j'. Since Py # P», there are indices a,b € [n — 1] such that
(P)ap # (P2)ap. Hence (P )ay # (P5)ay for some b € {b,b + 1} depending
on j = j'. Thus, P;" # Py, ]

Theorem 21. Let A € {0,1}™** be a row-permutation matriz. For n > 2, we

have
ph(A|0) =n-pl_i(A).

Proof. Let us start by showing that
Pn(A[0) > n - pl_i (A).

For every P € PY (A) and j' € [n], we claim that P[n,j'|* € PF(A]|0). We
proceed by contradiction. Suppose that P[n,j']T contains a partial copy of A|0
in Pln,j'|* induced by (I, J) for some set of column indices I = {i1,i,...,%m}
and some set of row indices J. Since (A|0) is a row-permutation matrix, for every
j € J there exists i € I\ 4,, such that P[n, j/];f 5 = 1. This particularly means
that j* ¢ J because P[n, j'|} ., =1 and n ¢ I'\ i,,. However, P contains a partial
copy of A induced by (I \ {im},J), a contradiction. By Lemma [20} for every
P € PP [(A) and j/ € [n], the permutation matrices P[n,j']T of order n are
pairwise different. Thus, there are at least n - pf'_ (A) permutation matrices of
order n that partially avoid A|0.
On the other hand, we claim that

P (Al0) < 1 pi_y (A).

For every P € PY(A|0), we show that there is a unique permutation matrix P’ €
PP, (A) and a unique row index j € [n] such that P = P'[n, j]*. Let j € [n] be an
index such that P, ; =1 and let P’ := P[n,j]~. Recall that P’ is a permutation
matrix of order n — 1 and P’[n, j|* = P. It remains to show that P’ € PF | (A).

We consider two cases. If P € PY(A), then clearly P’ = P[n,j]~ € PX_,(A).
Otherwise, P ¢ PF(A). Let P[I x J] be any partial copy of A in P induced by
(1,J) for some set of column indices I and some set of row indices J. Observe
that n € I. To see this, suppose that n ¢ I. Then P would contain a partial copy
of A|0 induced by (I U {n},J). It follows that P’ = P[n,j]~ € PJ_,(A) because
every copy of A in P induced by (I, J) contains the last column of P (i.e., n € I),
which has been removed to obtain P’.

The uniqueness of P’ € P,_1(A) and j € [n] for P € P,(A|0) follows from
Lemma [20f Therefore, we find a one-to-one mapping from P,(A|0) to [n] X
Pn_1(A), which completes the proof. H

By symmetry, we obtain the same enumeration result when we add a zero
column before the first column. Moreover, analogous results hold also for column-
permutation matrices and adding a zero row.
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Corollary 22. Let A be a row-permutation matriz. Moreover, let B be a column-
permutation matriz. For n > 2, we have

(i) pL(0JA) = n-pl ,(A),

() of () =B,

(i) 9% () = o2 (3),

Let A be a row-permutation matrix. We observe that A|0 and 0|A are also
row-permutation matrices. Hence pt (0|A]0) = n-pF | (A]0) = n(n—1)-P,_»(A)
by the application of Theorem 21 and Corollary 22| In particular, for A = (2?),
we get p, (2 009) =n(n—1). Obviously, we can add more zero columns before
the first column or the last column and apply Theorem [21] as many times as the
number of added zero columns. We obtain the following result. For A € Q,, 1. ¢,
let (Omxcey | A|Omxes) € Qmtey+05.k.0 be a quasi-permutation matrix obtained from A
by adding ¢; zero columns before the first column of A and adding ¢5 zero columns
after the last column of A.

Corollary 23. Let A € {0,1}™* be a row-permutation matriz. For all {,ls €
No, if n > {1 + ls, then

P Omxces [AlOmxta) = (0)er65 * Pr—gy 1, (A)-

Again, by symmetry, we conclude an analogous result for column-permutation
matrices. For B € Q,, k¢, let

0£1><k‘ -
B | = (Okxe, |B" |Opxe,) "
Og, xk

Corollary 24. Let B € {0,1}™* be a column-permutation matriz. For all
El,gg € Ny, an > +€27 then

Pfj B = (n)£1+éz : Pﬁlefzg (B)

2.2 Augmenting permutation matrices by zero
row and column

For a quasi-permutation matrix A € Q,, x¢, through this section let

0
(90):= <A|O> € Qmt1kr1,0-

Let us mention a limitation of applications of the results (Theorem and
Corollary from the previous section. Let A be a row-permutation. Since

16



A|0 and 0|A are not column-permutation matrices, we cannot combine Theo-
rem [21| with Corollary [22] to say something about pt (). Nevertheless, if A is
a permutation matrix, we claim that

p5+2 (20) :pg-',-l(A) + (n+ 1) p,(A).

Before we present a proof of this claim, we prove three auxiliary lemmas. Re-
member that P[n,n]” is a submatrix of a permutation matrix P obtained by
erasing its n-th row and n-th column.

Lemma 25. Let A € P, and P € P,, be permutation matrices. The permutation
matriz P partially contains (§9) if and only if P[n,n]™ partially contains A.

Proof. For the sake of the proof, let A% := (49) € Q14414 First, suppose
that P partially contains A°. Let P[I x J] be a partial copy of A° in P induced
by (I, J) for some set of column indices I = {iy,... i1} and some set of row
indices J = {j1,..., g1} Then (I',.J"), where I' := I\ {iy41} and J =
J \ {Jk+1}, induce a partial copy of A in P. Since n ¢ I' and n ¢ J', (I',.J)
induce also a partial copy of A in P[n,n|~. Thus, P[n,n]” partially contains A.

Second, suppose that P~ := P[n,n|” partially contains A. Let P~[I' x J'] be
a partial copy of A in P~ induced by (I’,J’) for some set of column indices I’
and some set of row indices J'. Then (I'U{n}, J'U{n}) induce a partial copy A°
in P (to see this, proceed similarly as we do in the second part of the proof of
Lemma [17}). Thus, P partially contains A°. We remark that (I,.J) does not
necessarily induce an exact copy of A% in P because the entry P,, can be equal
to 1. [

If we erase all zero columns and rows from a quasi-permutation matrix ) €
Ok, We obtain a submatrix perm(Q) of ) such that perm(Q) is a permutation
matrix of order ¢. Formally, let perm(Q) := Q[I x J|, where I is the set of all
column indices i € [m] such that the i-th column of @ is nonzero and J is the set
of all row indices j € [k] such that the j-th row of @ is nonzero.

The second lemma says that whether a quasi-permutation matrix () partially
contains a permutation matrix A only depends on perm(Q).

Lemma 26. Let A be a permutation matriz and let QQ be a quasi-permutation ma-
triz. The quasi-permutation matriz ) partially contains A if and only if perm(Q)
partially contains A.

Proof. Suppose that @ partially contains A. Let Q[I x J] be a partial copy of A
induced by (I, J) for some set of column indices I and some set of row indices J.
Since A is a permutation matrix, for every ¢ € I, the i-th column of () is nonzero
because there exists j € J such that @); ; = 1. Similarly, for every j € J, we show
that the j-th row of () is nonzero. Hence no i-th row and j-th is removed from @)
to obtain perm(Q). Thus, perm(Q) partially contains A.

On the other hand, suppose that perm(Q)) partially contains A. Inserting zero
rows and columns into perm(Q) does not destroy any partial copy of A. Clearly,
we can insert back zero rows and columns into perm(Q) to obtain ). Thus, @
partially contains A. m
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For a permutation matrix P of order n and the indices 4, j € [n+1], let PJs, 5]°
be a quasi-permutation matrix of size (n + 1) x (n + 1) with exactly n nonzero
entries obtained from P by inserting a zero column above the (i — 1)-th column
and a zero row to the right of the (j — 1)-th rowE| Notice the slight difference
between Pl[i, j]° and P[i, j]™: they agree on all entries but (4, j), where we have
Pli, j19; =0 and P[i, j];7; = 1.

Lemma 27. Let P, and Py be permutation matrices of order n—2. Fori,i',j,7 €
[n — 1], the following holds:

(i) If i # 1" orj # 7', then Pi[i, j|° # P[i’, 5']°.
(’1,’1,) [f Pl 7£ PQ, then Pl[i,j]o 7& Pg[i,,j/]o.

Proof. For the sake of the proof, let P := Pi[i, j|® and Py := B, j']°.
If ¢ # ¢/, then the i-th column is the only zero column of P and i'-th column
is the only zero column of PY. Hence P # PY. We proceed analogously if j # j'.
Now we prove the case (ii). Suppose that P, # Pp. If i # i or j # 7,
then PY # Pj by (i). Otherwise, i = i’ and j = j'. Since P, # P, there are
indices a,b € [n — 2] such that (P).p # (P2)ap. Hence (PY)ay # (PY)ay for
some a’' € {a,a+ 1} and ¥ € {b,b+ 1} depending on 4, j. Thus, P # Py. O

Finally, in order to prove the main result of this section, we extend the notion
of PP(A) and pf(A) to quasi-permutation matrices as follows. For a pattern A,
let Qp ;,(A) be the set of all quasi-permutation matrices of size m x k with
exactly £ nonzero entries that partially avoid A and let g, , ,(A) := |Q}, . ,(A)].

Theorem 28. Let A be a permutation matrix of order k. For every n > 3, we
have
P (48) = Pa-1(A) + (0 = 1)* - pas(A).

Proof. For the sake of the proof, let A° := (99). For a permutation ma-

trix P € P, P partially contains A° if and only if P[n,n| partially contains A
by Lemma [25] Recall that P[n,n]™ is either a permutation matrix of order n — 1
or a quasi-permutation matrix of size (n —1) x (n — 1) with exactly n — 2 nonzero
entries. Hence Lemma defines a one-to-one correspondence between the set
PP (A% and the set PY (A)U QY (A). Thus,

n—1,n—1n—2

pE(AO) = pg—l(A) + q’rlj—l,n—l,n—Q(A)'

In the rest of the proof, we show that q),_,,_;, »(A) = (n—1)*-p)_,(A).

For every P € PY ,(A) and i,j € [n — 1], the quasi-permutation matrix
Pli, j]° partially avoids A because A is a permutation matrix. In other words,
Pli,j° € Q) 1, 1n2(A). Moreover, by Lemma , if P,P, € P,_o(A) are
permutation matrices, then Py[i,j]® # P[i’, j']° for every i,4',7,7 € [n — 1]. Tt
follows that (n —1)* - pn_2(A) < g1, 102(A).

On the other hand, every Q € Q) ;1 ,_(A) is constructed at least once in
the last paragraph. Indeed, let i, j € [n — 1] such that the i-th row of @ is zero
and j-th column of @) is zero. Observe that perm(Q) € PY ,(A) by Lemma
and Q = perm(Q)[i,j]°. Therefore, (n — 1)* - pp_2(A) > ¢y _1.n_2(A), which
finishes the proof. O

2For § = 1, we insert a zero column to the left of the first column. For j = 1, we insert a zero
row below the first row.

18



Using this theorem and symmetry we conclude that p}, (8 %), pk (84), and

pr(49) are given by the same recurrence as pf (§9). It implies that these

patterns belong to the same partial Wilf-equivalence class.

Corollary 29. Let A be a permutation matriz of order k. For all n > 3, we have
Pr(58)=pn (§2) =Pn (§8) =Pn (88) = Puoa(A) + (n = 1)* - pua(A).
Proof. By Theorem 28 and Observation [10} we have

Ph (A 0) = pa 1 (AR) + (n = 1)7 - pu_o(A%)
= pac1(A) + (= 1)2 - pus(A).

R
) = (99), we can write

£
=
Q
@
~
b
5
co

ph (3% =pn (fnd) =paa(A) +(n— 1) paa(A) = pl (59).
Analogously, we prove the remaining two equalities. O]

We mention at least one nice consequence of the previous result. Recall that
pr(A) = ¢, for any permutation matrix of order 3, where ¢, is the n-th Catalan
number. Using Corollary 29| we obtain the following enumerating result.

Corollary 30. Let A be a permutation matrices of order 3. For n > 3 and all
i,j € {1,4}, we have

p§<A[7;,j]0> e+ (n—1)- cns.

In particular, all patterns of the form (‘2? ﬁ;) € Q443 belong to the same

partial Wilf equivalence class, where A; is a permutation matrix of order 3 and
the other A; are 0.
The reader may pose a question if there exists an analogy

f Corollary [29] for
the exact avoidance. The answer is no. Indeed, let A = (

. The computer

.OOO
N—

enumeration shows that (§9) and (4 3) are not exactly Wilf-equivalent (see
Table |A.2| in [Appendix]).
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3. Shape-Wilf equivalence and
nice filled Ferrers diagrams

For quasi-permutation matrices A € Q,, 1, and B € Q. j s, let

(,91 109 ) € Qv et k! 0400

be a quasi-permutation matrix whose bottom-left corner contains the matrix A,
its top-right corner contains the matrix B, and the remaining entries are equal
to zero. We note that if A and B are permutation matrices, then (§ 5) is also
a permutation matrix.

A pattern A is said to be small if it has at most 4 columns and at most 4
rows. By the results obtained so far, we can classify the majority of the small
patterns into partial Wilf equivalence classes. After this chapter, we will be able
to resolve the remaining small patterns.

This chapter is motivated by the result by Backelin, West, and Xin [4]: if A
and B are shape-Wilf-equivalent permutation matrices and C is an arbitrary

permutation matrix, then

(4G) and (37),

are shape-Wilf-equivalent and hence also partial Wilf-equivalent. In Section [3.1],
we provide a necessary background for the definition of shape-Wilf equivalence,
which is given in Section[3.2] For now, think of shape-Wilf equivalence as some re-
finement of partial Wilf equivalence. Careful examination of the proof of this
result shows that we can replace the permutation matrices A, B, and A by quasi-
permutation matrices. For example, we can deduce that the patterns

ocooe cooe
(oooo) and (oooo)
eo0o0oO oceoo

are partial Wilf-equivalent because it is well known that (¢ 3) and (3 o) are shape-
Wilf-equivalent. We summarize the known results about shape-Wilf equivalence
in Section 3.2

In Sections 3.3 and we prove that

(%0) and (779),

oo e ® O O

are partial Wilf-equivalent, where X = (¢22%), Y = (25¢) and A is any quasi-
permutation matrix whose first column is nonzero. We remark that X and Y are
not shape-Wilf-equivalent as we will see in Section [3.2] and the assumption that
the first column of C' is nonzero cannot be omitted.

3.1 Ferrers diagrams

The main objective here is to introduce the necessary background for the following
three sections. Let us start with the definitions of a diagram and a Ferrers
diagram.
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Nl ]
N .|

Figure 3.1: On the left side is a diagram D represented by the set
{(1,3),(2,1),(2,2),(2,3), (3,2),(4,2),(4,3)}. On the right side is a diagram D’
represented by the set {(7,7) | i, € [5], ¢ +j < 6}. Only the diagram D’ is
a Ferrers diagram.

Definition 31. A diagram is a finite set of cells in the plane, where each cell is
a square of unit size whose vertices have positive integer coordinates.

We remark that each cell C' in the plane is uniquely identified by a pair
(1,7) € N x N, where 7 is the z-coordinate and j is the y-coordinate of bottom-
left vertex of C'. Thus, there is a one-to-one correspondence between the set of all
diagrams and the set of all finite subset of NxN. We will use both representations
interchangeably (see the examples in Figure |3.1]).

Let D be a diagram. The j-th row R;(D) of D is the set of all cells of D which
are identified by pairs (¢, j) for some ¢ € N and the i-th column C;(D) of D is the
set of all cells of D which are identified by pairs (i, ¢) for some ¢ € N. In other
words,

Ri(D)={(t,j)e D| €N} and Ci(D)={(i,0) e D|(eN}.

The size of j-th row R;(D) is r;(D) := |R;(D)| and the size of i-th column C;(D)
is Cl(D> = |CZ<D>| We write Rj, Ci, T, G instead of RJ<D), Cl(D), Tj(D), Ci(D),
respectively, if it is clear from the context which diagram is meant.

Definition 32. A Ferrers dz’agmwﬂ F' is a diagram satisfying, for every j € N,
the following two conditions:

() Ry(F) = {(€.) € F | L€ [ry(F)]} and

(ii) ri(F) > rja(F).

Remember that [r;(F)] = {1,2,...,r;(F)} is the empty set if r;(#) = 0. The
first condition says that the cells of every nonempty row R;(F') are contiguous
and the leftmost cell of R;(F') is (1,7). The second condition says that the size
of (j 4+ 1)-th row is not larger than the size of j-th row. In Figure (b), we see
an example of a Ferrers diagram, however, the diagram in Figure (a) is not
a Ferrers diagram.

!Sometimes Ferrers diagram is called Ferrers shape.
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0j(0j0]1]0
0 1 0/(0|1]0]0
0 110[{0(0]0
0 0[0/0]0]1
0[1]10]0]0
Figure O30.2.:O ( uasi-permutation ma- Figure 3.3: Permutation matrix
trix (; oooo) considered as a fill- from Figure considered as
ing of a rectangular diagram. a transversal.

Since (1,1) is the most bottom-left cell of any nonempty Ferrers diagram,
henceforth, as no confusion can arise, we do not depict the z-axis and y-axis
when we draw a Ferrers diagram F (as we do in Figure (b)).

For a Ferrers diagram F', let r(F') denote the number of nonempty rows of F'
and let ¢(F') denote the number of nonempty columns of F. Observe that the
rows Iy, R, ..., R,y are exactly the nonempty rows in F. Similarly, the columns
C1,Cs ..., Cypy are exactly the nonempty columns in F. We remark that r(F) =
¢; and ¢(F') = ry. Despite these simple equalities, it is usually more transparent
to write r(F') instead of ¢; and ¢(F) instead of r;. A Ferrers diagram F' is called
rectangular if vy = r,r). In other words, F' is rectangular if all rows of F' have
the same size (and hence all columns have the same size). If, in addition to
r1(F) = rpp) it holds r(F) = ¢(F), the Ferrers diagram F' is called square. We
simply write a rectangular (square) diagram instead of a rectangular (square)
Ferrers diagram.

Our intention is to generalize quasi-permutation matrices so that their rows
(or columns) may consist of different number of entries. For this purpose, we
define diagrams. It remains to fill each cell by a number 0 or 1 in such a way that
every row and every column contain at most one nonzero cell. This is captured
in the following definition.

Definition 33. A filled diagram is a pair (D, ), where D is diagram endowed
with a mapping ¢: D — {0, 1} such that

e the number of cells C' in any row R; of D with ¢(C) =1 is at most one,
e the number of cells C' in any column C; of D with ¢(C') = 1 is at most one.

The underlying diagram and underlying mapping of a filled diagram (D, ¢) is
the diagram D and the mapping ¢, respectively. Instead of ¢((i,7)), although
it is formally correct, we write ©(i,7). If no confusion can arise, we use the
same symbol D to denote both the filled diagram (D, ¢) and the underlying
diagram D. In this case, we write D(i,j) to denote ¢(i,75). A filled diagram
(D, ) is called a filled Ferrers diagram if the underlying diagram D is a Ferrers
diagram. Similarly, we define a filled rectangular (square) diagram. Similarly as
for matrices, when we draw filled diagrams, we usually depict only ones, while
zeros are represented by empty cells.

Let (D, ) be a filled diagram. A cell C in D is called zero (with respect
to ¢) if p(C) = 0 and nonzero if p(C) = 1. We extend this definition to rows and
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columns—a nonempty row R; of D is called zero (with respect to @) if p(R;) = {0}
and nonzero if it is not zero. Analogously, we define zero and nonzero columns.

Definition 34. A transversal is a filled Ferrers diagram (F, ) such that no row
or no column of F' is zero.

Every quasi-permutation matrix naturally corresponds to a filled rectangular
diagram and vice versa (see Figure . Moreover, there is also a straightforward
one-to-one correspondence between permutation matrices and transversals (see
Figure . All definitions for filled diagrams are consistent with the definitions
for quasi-permutation matrices. Hence filled diagrams may be regarded as gener-
alization of quasi-permutation matrices. From this point forward, we move from
quasi-permutation matrices to filled rectangular diagrams and vice versa without
usually saying it explicitly.

Finally, we define a notion of avoidance of filled diagrams, which may be
viewed as a generalization of partial avoidance of quasi-permutation matrices
(Definition []). For two filled diagrams D and D’ with the same underlying
diagram, we write D < D’ if V(a,b) € D: D(a,b) < D'(a,b). Moreover, we
write D =D"if D < D" and D' < D.

Definition 35. Let D be a filled diagram. For a set of column indices I =
{i1,42,...,9,} and a set of row indices J = {ji1,ja,...,Jk}, a filled subdiagram
of D induced by (I, J), denoted DI x J], is the filled diagram with cells in [m] x [k]
such that, for every a € [m] and b € [k],

e (a,b) € D[I x J] if and only if (i4, ) € D
o if (a,b) € D[I x J], then D[I x J](a,b) = D(ia, is).

It is not hard to see that if F' is a filled Ferrers diagram, then F[I x J] is
also a filled Ferrers diagram for any set of column indices I and any set of row
indices J.

Definition 36. Let A be a filled Ferrers diagram. We say that a filled diagram D
contains A if there exists a set of column indices I and a set of row indices J such
that

A < DI[I x J].

The filled subdiagram D[I x J] is called a copy of A in D induced by (1,J). If D
does not contain A, we say that D avoids A.

More specifically, we say that D contains a copy of A induced by (I,J) or
(I,J) induced a copy of A in D if D[I x J] is a copy of A in D induced by
(I,J). Intuitively, D contains a copy of A induced by (I, J) if we can erase all
columns from D except those whose indices are in I and all rows from D except
those whose indices are in J to obtain a diagram D’ of the same “shape” as the
“shape” of A and, moreover, every cell in D’ contains a number that is not smaller
than the number in the corresponding cell in A. For example, the transversal in
Figure contains a copy of the rectangular diagram in Figure induced by
({1,2,3,4,5},{2,3,4}) (i.e., we erase the first and last rows). In our settings,
a filled Ferrers diagram A in Definition [36 is always a quasi-permutation matrix
considered as a filled rectangular diagram and it is sometimes called a pattern.
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Later it will be useful to construct from a filled diagram smaller filled diagrams
by removing cells from the diagram that do not satisfy certain conditions. For
two filled diagrams D and D’, we say that D’ is a filled subdiagram of D if

D' C D and Y(a,b) € D': D'(i, ) = D(i,j).

We use this notion to introduce new filled diagrams—for a diagram D, by saying
“let D" be a filled subdiagram of D with the underlying diagram C” (we assume
that C' C D) we define the unique filled diagram D’ such that D’ is a filled
subdiagram of D and the underlying diagram of D’ is C.

3.2 Shape-Wilf equivalence

In this section, we define shape-Wilf equivalence as an analogy of Wilf equivalence
for transversals. Then we state known results about shape-Wilf equivalence that
we use to classify small patterns into partial Wilf equivalence classes in Chapter [4]

For a Ferrers diagram F' and a pattern A, let Tr(A) be the set of all transver-
sals with the underlying diagram F' that avoid A. We say that two quasi-
permutation matrices A and B considered as filled rectangular diagrams are
shape-Wilf-equivalent, written A & B, if for every Ferrers diagram F, we have
Te(A)] = [T(B)

Since the transversals of square Ferrers diagram F' are exactly permutation
matrices of order ¢(F) = r(F), if two patterns are shape-Wilf-equivalent, then
they are also partially Wilf-equivalent.

Observation 37. Let A and B be quasi-permutation matrices. Then
AXB = ALB.

Theorem 38 ([4]). Let A and B be two shape-Wilf equivalent permutation ma-
trices, and let C' be an arbitrary permutation matriz. Then

(26)~(3%6)-

A careful examination of the proof of Theorem 38 by Jelinek in [5, Proof of
Proposition 1] shows that we can replace the permutation matrices A, B, and C
by quasi-permutation matrices to obtain the following theorem.

Theorem 39. Let A and B be two shape- Wilf-equivalent quasi-permutation ma-
trices, and let C' be an arbitrary quasi-permutation matriz. Then

P
(26)~ (35
We remark that in the previous theorem, we can strengthen the conclusion

by replacing X by ~. However, we do not need this added generality. The proofs
of Theorems [3§| and [39 are omitted because they follow similar ideas as the proof
of Theorem [42] proved in Section

Let Ij be the identity matrix of order k£ and Ji be the anti-identity matrix of
order k. Formally,

1 ifi=y 1 ifi+5=k+1
1) = and Ji)is =
(Ir) J {0 otherwise (/i) 7 {0 otherwise.
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1] 1] i [ 1] I 1]
1 [] 1] 1] 1] 1] | 1] |
Figure 3.4: The first 6 transversals contain X = (¢2¢) and the last 9 transver-
sals contain Y = (294) . Since we consider all transversals of the underlying

diagram, it implies that X and Y are not shape Wilf-equivalent.

The theorem by Backelin, West, and Xin [4] says that I and J; are shape Wilf-
equivalent.

Theorem 40 ([4]). For all k € N, we have
Iy R Ty

For future reference, we prove here that X = (¢22) and Y = (22 ¢) are not
shape Wilf-equivalent. It is sufficient to find a single Ferrers diagram F' for which
| Fr(X)| # | Fr(Y)|. See Figure 3.4 for a proof.

Observation 41. The patterns (322) and (23 ¢) are not shape Wilf-equivalent.

3.3 Nice filled Ferrers diagrams

Through this section, let X := (22¢%) and Y := (22¢). We aim to prove the
following theorem.

Theorem 42. Let A € Q,, 10 be a quasi-permutation matriz. If there there exists
t € [k] such that Ay = 1, then

($8)~(24)-

We remark that this theorem does not follow from Theorem B8 because X
and Y are not shape-Wilf-equivalent as we have seen in the last section. Moreover,
the assumption that the first column of A is nonzero cannot be ommited because
the patterns

wom (33552 vm (35502)

are not partially Wilf-equivalent since pf (X') = 434 and p{(Y’) = 430 (these
values were computed by our program [3]).

Let us first prove Thereom 42| for A = (). In other words, we want to prove
that

X (335) v = (3350)

are partially Wilf-equivalent. The first step is to give a right characterization
of permutation matrices avoiding X+ and Y, respectively (see Observation .
For that, we restate the definition of right-to-left maxima of permutation in terms
of permutation matrices.

25



Definition 43. Let P € P, be a permutation matrix. A pair (a,b) is a right-to-
left mazimum of P if P,y =1and P,; =0foralla<i<mnandb<j<n.

We denote by RL(P) the set of all right-to-left maxima of P. Observe that
(n,j) € RL(P) for any permutation matrix P € P,, where j € [n] is an index
such that P, ; = 1. For a permutation matrix P, let F'(P) be a filled subdiagram
of P with the underlying diagram

{(4,7) | I(a,b) € RL(P) : i<aandj <b}.

We claim that F'(P) is a filled Ferrers diagram. Indeed, if (i,57 + 1) € F(P),
then (4,j) € F(P). And if (i +1,j) € F(P), then (i,j) € F(P). It implies that
conditions (i) and (ii) in Definition [32] are satisfied. We have the following sim-
ple characterization of permutation matrices avoiding the patterns X+ and Y,
respectively.

Observation 44. A permutation matriz P partially avoids X+ (or Y1) if and
only if F(P) avoids X (orY ).

Let P be a permutation matrix of order n and let F' := F(P). We claim
that if ¢;(F) > ¢;11(F), then the column C; i (F) is zero. It is enough to show
that (i + 1,¢; + 1) is a right-to-left maximum of P, where ¢; := ¢;(F). Since
(i,¢;) € F(P) and (i,¢; + 1) ¢ F(P), there exists a right-to-left maximum (a, b)
of P such that @ > ¢ and b = ¢; + 1. Moreover, since (i + 1,¢;) ¢ F, we have
a =1+ 1. Hence (a,b) = (i + 1,¢; + 1) is a right-to-left of maximum of P. It
follows that C;y1(F') is zero because (i + 1,¢; + 1) ¢ F is the only nonzero entry
in Cyy1(P). In general, we call any filled diagram with such property “nice”.

Definition 45. A filled Ferrers diagram F' is called nice if, for every i € [¢(F)—1],
the column Cj;1(F) is zero whenever ¢;(F) > ¢;11(F).

For a Ferrers diagram G, let Ng be the set of all nice filled Ferrers diagrams
with the underlying diagram G. And for a pattern A, let Ng(A) be the set of
all nice filled diagrams from Ng that avoid A. Although the patterns X and Y
are not shape-Wilf-equivalent, they are “nice-Wilf-equivalent” if we consider nice
filled Ferrers diagrams. More precisely, we prove the following lemma.

Lemma 46. Let G be a Ferrers diagram. Then there exists a bijection
U: Ng(X) — Ng(Y)
preserving the position of zero columns and zero rows.

We are now ready to sketch the proof that X and Y+ are partially Wilf-
equivalent. We use Lemma {6 to find a bijection ®: PY(X+) — PP(YT) .
Take P € PY(X™T) and construct F(P). Let G be the underlying Ferrers di-
agram of F(P). Since F(P) € Ng(X) by Observation [44] we replace F(P)
in P by W(F(P)) to obtain a permutation matrix P’. It can be shown that
F(P') = U(F(P)). Since F(P") € Ng(Y), we know that P’ partially avoids Y *
by Observation [#4] Using a similar idea we prove Theorem [42] in full generality
in the next section. The rest of this section is devoted to the proof of Lemma [46]
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Figure 3.5: The partition of columns and partition rows of given filled nice Ferrers
diagram H by their sizes. The shaded cells form a filled subdiagram H|sy>3.

The crucial step in our proof of Lemma is to find an appropriate char-
acterization of nice filled Ferrers diagrams avoiding X and Y, respectively (see
Lemma and Lemma . For that, we need to partition the set of columns
and the set of rows of a (filled) Ferrers diagram by their sizes.

For a Ferrers diagram G, we define an equivalence relation ' on the set of all
nonempty columns of G as follows: C; M C; if and only if ¢; = ¢; (i.e., C; and C;
have the same size). We denote by C1(G),...,C,(G) the partition of the set of all
nonempty columns of GG induced by . Moreover, we assume that this partition
is ordered decreasingly; that is, if C; € C,(G) and C; € Co(G) for a < b, then
¢; > ¢;. We refer to this ordered partition simply as the partition of columns
of G by their sizes. In a similar way, we define the partition of rows of G by
their sizes into R1(G), ..., Re(G). However, contrary to the order of partition
of columns, we assume that the partition of rows is ordered increasingly; that is,
if R, € Ro(G) and R; € Ry(G) for a < b, then r; < r;. Moreover, for a € [(], let
I(C,(G)) be the set of all indices of columns in C,(G). Formally,

I(Ca(G)) := {1 | Ci € Ca(G)}.

For a filled Ferrers diagram F', we define the partition of columns (or rows)
of F' by their sizes to be the partition of columns (or rows) of the underlying
diagram of F' by their sizes. See Figure for an illustration.

Two following remarks are worth mentioning. First, we have ¢ = ¢’ for every
Ferrers diagram G. Second, if F' and F’ are two filled Ferrers diagrams with the
same underlying diagram, the partition of columns (rows) of F' by their sizes is
the same as the partition of columns (rows) of F’ by their sizes.

Unless otherwise stated, till the beginning of the proof of Lemma |46}
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let I’ be an arbitrary but fixed nice filled Ferrers diagram with the par-
tition Cy, ..., Cy of columns of F' by their sizes and partition Ry, ..., Ry
of rows of F' by their sizes.

We characterize nice filled Ferrers diagrams avoiding X by looking only at
columns in C,_; and C, for every a € [¢] \ {1}. Before that, we introduce a few
more definitions. For a,b € [¢], we denote by F|.x>p a filled subdiagram of F
with the underlying diagram

4
Fnc,n Ry
k=b

See Figure for an example. We say that F|,x>p is zero if F|,x>4(i,7) = 0 for
every cell (i,7) € Flax>p and F|,x>p 18 nonzero if it is not zero. Moreover, let
H,»(F) and L,,(F) be the highest and lowest index of nonempty row of F|,x>s,
respectively. Formally,

Hop(F) :=max{j | (4,5) € Flax>p and F(i,j) # 0}

and
Lop(F) :=min{j | (i,7) € Flax>p and F(i,j) # 0}.

If Flox>p is zero, then H,,(F') and L, ,(F') are undefined.

Unless otherwise stated, till the beginning of the proof of Lemma [46]
we assume that for every a € [{], F'|,x>, is nonzero.

Note that by the assumption H, ,(F') and L, (F) are always well-defined for
every a € [{]. Moreover, it also says that every column partition C, contain at
least one column that is nonzero in F'. We are now ready to give a characterization
of nice filled Ferrers diagrams avoiding X.

Lemma 47. The nice filled Ferrers diagram F' avoids X if and only if, for all
a € [{], the following two conditions hold

(1) Flax>a avoids X and
(i1) if a > 2, then either F|,—1x>q s ze10 01 Lo_14(F) > Hq o F).

Proof. Suppose first that F' avoids X. For all a € [{], F|,x>a avoids X be-
cause F|,x>q is a filled subdiagram of F. For the sake of contradiction, assume
that there exists a € [¢] \ {1} such that F|,_ix>, is nonzero and L, 1 ,(F) <
H,.(F). It follows that there exist two nonzero cells (i1,71) € Fla—1x>a and
(i2,J2) € F|ax>a such that i; < ip and j; < jo. Let m be the index of the leftmost
nonempty column in F|,x>4. Since F' is a nice filled diagram, the column C,,(F)
is zero. Hence i1 < m < iy. It implies that F' contains a copy of X induced by
({i1,m,i2}, {J1,72}), a contradiction. Thus, the conditions (i) and (ii) are true
for all a € [£].

On the other hand, suppose that F' contains X. Let F[I x J] be a copy of X
in F' induced by (I, J) for some set of column indices I = {iy, 2, i3} and some set
of row indices J = {ji, jo} such that the difference i3 — i, is as small as possible.
If I C I(C,) for some a € [{], then also F|,x>, contains X. Otherwise, i; € I(C)
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and i3 € I(C,) for 1 < b < a < ¢. We consider two cases. First, suppose that
b=a—1. Since F(i1,51) = 1 and F(i3, j2) = 1, we have L,_1,(F) < j; and
H,.(F) > jo. Hence

La—l,a(F) S jl < j2 S Ha,a(-F)

and so the condition (ii) is not true for some a € [¢].

Second, suppose that b < a — 1. If F|,_1x>, is zero, then let (i}, 75) be
a nonzero cell in F|,_1x>q—1 (remember that F|,—1x>q—1 is nonzero). Observe
that j5 > jo. Moreover, let i}, be the index of the leftmost nonempty column in
Fla-1x>a—1. Since iy < ih < iy < iz and j; < jo < jy, F[{i1,45,45} x {j1,j5}] is
a copy of X in F such that i; — i} < i; — i3, a contradiction with the choice of I.

We can now assume that F'|,_;x>, is nonzero. If there exists a nonzero cell
(i%,7%) € Fla—1x>aq such that 75, > jo, then we reach a contradiction in the same
way as in the previous paragraph. Otherwise, all cells (4,j) € Fl|s—1x>q such
that j > jo are zero. In particular, L,_14(F) < j2 . On the other hand, clearly
H,o(F) > jo. Hence Loy 4(F) < Hyo(F). Thus, at least one condition (i) or (ii)
is not true for some a € [{] as required. O

Along the same line, we characterize nice filed Ferrers diagrams avoiding Y,
however, it is not sufficient to look only at the columns in C,_; and C, for every
a € [(]\ {1}. For a € [{]\ {1}, let b(F,a) € [a — 1] be the largest number such
that F|ypa)x>a is nonzero. If no such number exists, we set b(F, a) := 0.

Lemma 48. The nice filled Ferrers diagram F avoids Y if and only if, for all
a € [{], the following two conditions hold

(i) Flox>a avoids Y and
(it) if a > 2 and b(F,a) > 0, then Hypa)o(F) < Lao(F).

Proof. We omit the proof of the forward implication since it is similar to the
proof of forward implication of Lemma

For the backward implication, suppose that F' contains Y. Let F[I x J] be
a copy of Y in F' induced by (I, .J) for some set of column indices I = {iy,is, i3}
and some set of row indices J = {ji, jo} such that the difference i3 —i; is as small
as possible. If I C I(C,) for some a € [{], then F|,x>, contains Y. Otherwise,
iy € I(Cp) and i3 € I(C,) from some a, b € [(] such that b < a. By the choice of I,
we have b = b(F, a). Observe that Hy,(F') > jo and L, o(F) < j;. Hence

Hb,a<F) Z j2 > jl Z La,a<F)-
Thus, the condition (i) or the condition (ii) is not true for some a € [¢]. O

Suppose for a moment that F' avoids X. In other words, F satisfies the
conditions (i) and (ii) in Lemma[47]for every a € [{]. Roughly speaking, the main
idea of proof of Lemma [46| is transform F' into a nice filled Ferrers diagram F”
in ¢ successive steps while keeping the following invariant: after each step ¢ € [¢],
F’ satisfies the conditions (i) and (ii) in Lemma 48| for every a € [t] and the
conditions (i) and (ii) in Lemma [47]for every a € {t+1,t+2...,¢}. After the last
step, notice that F” avoids Y by Lemma [48] We now describe the transforming
operations.
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Figure 3.6: Recall the nice filled diagram H from Figure [3.5] In this figure, we
see the nice filled diagram ¢o(H) obtained from H by reverting the ordered of
nonzero row in H |y >o.

Fix a,b € [¢]. We denote by F|<,x>p a filled subdiagram of F' with the
underlying diagram

a L
FnlJGn U Re

k=1 k=b

A row R;(F) of F is said to be zero in F|ox>p if Rj(Flax>p) is a zero row, and
nonzero in F|,x>, otherwise. Similarly, a row R;(F') of F' is said to be zero in
Flcaxsp if Rj(Fl<ax>p) is a zero row, and nonzero in F|<,x>p otherwise. Let

Ea(F) :={j € [r(F)] | the j-th row R;(F) is nonzero in F|ox>q}
and
E<o(F) :={j € [r(F)] | the j-th row R;(F') is nonzero in F|<,x>q}-

Let G be the underlying diagram of F. Note that the partition of column
of G by their sizes is Cy,...,C; and the partition of rows of G by their sizes is
Ri,...,Re. For a € [¢], the first transforming operation

goa:./\/'g%./\/’g

is defined as follows. Given a nice filled Ferrers diagram F' € Ng, the operation ,
reverts the order of nonzero rows in F'|,x>,. Suppose that E,(F) = {j1, ja, .- -, Jk}-
Formally, F’ = ¢, (F") is a nice filled Ferrers diagram with the underlying G such
that

o Vi € [(Ca), VJt S ga(F) . F/(i,jt) = F(i,jk,t+1) and
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o V(i,j) e F i g I(Ca) V¢ E(F) = F'(i,]) = F(i,).

See Figure [3.6] for an illustration. Note that this transforming operation pre-
serves the positions of zero columns and rows. Since Rj, (F') is nonzero in F'|,x>q
if and only if R; (F") is nonzero in F’|,x>q, we have E,(F") = &,(F). It implies
that

k—t+1

F(Zajt) = F/(Z-ajkft+1) = Fl/@ajk—(k—t—l—l)—l—l) = F,/(iajt)a

where F” := @ (F") = @u(va(F)). Hence F' = @,(p,(F)) and so ¢, is a bijection.
We summarize this results in the following observation.

Observation 49. Let a € [¢]. The transforming operation ¢,: Ng — Ng is
a bijection preserving the positions of zero columns and zero rows. Moreover, for
every F € Ng and b € [{], the following holds:

(i) if b# a, then F'|px>p = Flox>p,
(ii) E(F') = E(F),
(177) Flox>a is zero if and only if F'|px>q 1s zero,
(iv) Lyp(F) = Lyp(F') and Hyp(F) = Hyp(F').
where F' = p,(F).

Proof. To see the case (i), take (i,j) € F such that i € I(Cy) for some b # a and
observe that F'(i,j) = F(i,j) by definition.

For a = b, we have already observed that &(F') = &(F). For b # a, this
equality holds by the case (i). The cases (iii) and (iv) directly follow from (ii). [

By reverting the order of nonzero rows in X we obtain Y and vice versa. In
other words, we have ¢1(X) =Y and hence the following observation.

Observation 50. Let F' be a nice filled Ferrers diagram. For a € [{], F|ox>a
avoids X if and only if p,(F)|ax>a avoidsY .

For a € [¢] and m € {0,1,...7(G)}, the second transforming operation
¢a,m: NG — NG

is defined as follows. Given a nice filled Ferrers diagram F € Ng with E<,(F) =
{j1.72, -, jr}. For 0 < m < k, the operation 1,,, swaps the block of nonzero
rows {R;, (F),...,R;, (F)} and the block of nonzero rows {R;, ,,,..., R; (F)}
while keeping the order inside of each block. Formally, F’ := 1,,,(F) is a nice
filled Ferrers diagram with the underlying diagram G such that

o Vie U, I(C), V€ {L,.c,m} ¢ F/(iije) = Fliy jernm),
o Vie UZ:l [(CS)’ vt e {m+ 17 c 7k} : F/(iajt) = F<i7jt—m)a
i \V/(l,j) S F o ¢ ngl ](Ct) \/.] ¢ SSG(F> = F/(Za.]) = F(Zaj)
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Figure 3.7: Recall the nice filled diagram ¢,(H) from Figure [3.6] In this figure,
we see the nice filled diagram ¥, 3(p2(H)).

For m > k, we define ¢, (F) = F.

See Figure for an illustration. Observe that also the second transforming
operation preserves the position of zero columns and rows. Moreover, we claim
that E<,(@am(F)) = E<4(F). For m = 0 or m > k, the equality holds trivially.
For 0 < m < k, it follows from the fact that the function f: [m] — [m] defined
as

f(t) = {t—l—k: m %ftgm,
t—m itt>m

is a bijection.

Finally, we prove that 1, ,, is a bijection. It is sufficient to show that g,
is injective. Let F; and F, be different nice filled Ferrers diagrams with the
same underlying diagram G. If E<,(F)) = E<,(F2), then ¥y, (F1) # Yam(F2) be-
cause 9, ,, swaps the same two blocks of rows in both nice filled Ferrers diagrams.
Otherwise, E<,(F1) # E<4(F3). In this case, we also have ¢, ,,(F1) # Ygm(F2)
because E<,(Vam(F;)) = E<q(F;) for i € {1,2}.

Observation 51. Fora € [{] and m € {0,1,...,r(G)}, the transforming opera-
tion g m: Ng — Ng is a bijection preserving the position of zero columns and
TOWS.

Proof of Lemma[40. Let G be a Ferrers diagram with the partition Cy,C,...,C;
of columns by their sizes and the partition Ry, R, ..., Ry of rows by their sizes.
For k € [(+1], let N& be the set of all nice filled diagrams F' with the underlying
diagram G such that F|,. >, is nonzero for every a € [(] and satisfies the following
three conditions:
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(i) Ya € {1,2,...k — 1} : Flax>q avoids Y and if a > 2 and b(F,a) > 0, then
Hb(F,a),a(F> < La,a(F)a

(i) Ya € {k,k+1,...0} : Flax>q avoids X and if a > 2, then either F|,_1x>,
is zero or L,_14(F) > Hqo(F),

(iii) let a(F,k) be the smallest number such that F|,prx>r is nonzero; if
(I(F, k’) <k S f, then La(F,k),k(F) > H]ﬁk(F)

For every k € [{], a(F, k) is well-defined because F'|iy>) is nonzero, and it
satisfies 1 < a(F,k) < k. Note that the condition (i) above is equivalent to
the assumption that F' has no copy of Y in F|<;_1x>1, while the conditions (ii)
and (iii) together guarantee that F' has no copy of X whose rightmost column is
in Ut_, C;.

The main step of the proof is to construct a bijection x%: NE — NEFL pre-
serving the position of zero columns and zero rows for every k& € £. If no confusion
can arise, we drop the lower index in N and x%.

To properly refer to the conditions (i), we say that a nice filled Ferrers dia-
gram F' satisfies the condition (i) for k' (or k = k') if the condition (i) is true
for ' and k = k’. Similarly, F' satisfies the conditions (ii) and (iii) for k' (or
k=FK).

If k =1, we define x;: N1 — N? as follows

VE € N 1 xi(F) == ¢1(F).

By Observation [49] we know that y; is injective and preserves the position of zero
columns and rows. We claim that x;(F) € N for every F € N''. Let F € N be
arbitrary and let F' := y;(F'). Since F|;x>; avoids X, by Observation , F'lix>1
avoids Y. Hence F’ satisfies the condition (i) for & = 2. By Observation [49]
F’ satisfies the condition (ii) for k = 2. Moreover, the condition (ii) and (iii)
are equivalent for k = 2. Hence F” satisfies the condition (iii) for k¥ = 2 and
so F' € N2 Tt remains to show that y; is surjective. Take F’ € N? and
let F':= ¢i(F’). We claim that I € N''. Note that F trivially satisfies the
conditions (i) and (iii) for & = 1. Moreover, it satisfies the condition (ii) for
k =1 by Observation 9] Finally, recall that x1(F) = ¢1(F) = ¢1(¢1(F')) = F.
Thus, x; is a bijection from N to N'? preserving the position of zero columns
and zero rows.

Let k € [¢] \ {1} be arbitrary. We first explore the structure of nice filled
Ferrers diagrams in A*. Take an arbitrary nice filled Ferrers diagram F from

F e N*,

Claim 1. Let {aj,ag,...,an} be the set of all numbers such that F|g,x>k is
nonzero and a; < k. Then

Lahk(F) < Lag,k:(F) < e K Lamk(F)'

Proof. There is nothing to prove for h < 1. If h > 2, take an arbitrary number i
such that 2 <4 < h. Since a; < k and F satisfies the condition (i) for k, we know
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that b(F,a;) = a;—1 and so Hy, | 4,(F) < Lg,; a0, (F). Hence Hy, | k(F) < Lg; x(F)
because F'|,,_,x>r and F'|,, x>, are both nonzero. Thus,

Lai—lak(F) < Hai—l,k(F> < Lai,k(F)

as required. O
If a(F, k) < k </, then a(F, k) = a; and
Hk,k(F) < La(F,k:),k(F> < LQQ,k(F) < e K Lah,k(F>

by previous claim. Suppose that E<x(F) = {j1,j2,...J¢:}. The direct conse-
quence of the chain of inequalities is that there exists a unique m € [t] such
that E(F) = {j1,J2, .-, Jm}. For future reference, let & := E<x(F) \ E(F) =
{Gmats Jmaas - -5 jet. We construct x*: N* — NFF1 as follows

VE € N* 0 XF(F) i= tpm(or(F)).

We remark that the exact value of 'm’ depends on F and k. We claim that
X*(F) € N*1. We first discuss the properties of F’ := oy (F).

Claim 2. The nice filled Ferrers diagram F’ satisfies the condition (i) and (iii)
for k and satisfies the condition (ii) for k 4+ 1. Moreover, E(F') = Ex(F) and
E<i(F') = E<x(F). In particular, & = E<(F') \ EL(F").

Proof. Directly follows from Observation {49} O

Second, we show that F" := iy ,,(F') = x*(F) satisfies the conditions (i), (ii),
and (iii) for k£ 4 1. Recall that E<x(F") = E<x(F"). Moreover, we have
gk<F”) - {jt—m+l7jt—m+27 SR >jt}'
Let & = E,(F")\ E(F") = {j1, J2s - - - Jt—m }-

Claim 3. For every a € [k]\ {1}, if b(F",a) > 0, then Hypr g),a(F") < Lgo(F").

Proof. First, take a € [k — 1]\ {1} arbitrary such that b(F”,a) > 0. Observe that
b:=b(F",a) = b(F', a). Suppose that L,,(F') = j and H,,(F) = j'. Since F’
satisfies the condition (i) for k, we know that j° < j. We consider three cases:

e j.j7 €& let s, € {m+1,m+2,...,t} besuch that j = j, and j' = js.
Clearly, s’ < s. Notice that Ly o(F") = js—m and Hpo(F") = jy_m. Since
s'—m < s—m, we have Hy,(F") < Lo o(F").

e j ¢ & and j' € &; from the previous case we know that Hy o(F") = jo_m.
Moreover, L, q(F") = La.(F") because nonzero rows in F'|,x>, are not
reordered. Hence

Hb,a(FH) = js’fm < jt < La,a<F,) = La,a<F//)'

e j,j' ¢ &; from the previous case we know that L, ,(F") = L, .(F"). For all
i € [r(G)]\ &, the i-th row of F’ is nonzero in F'|,x>, if and only if the
i-th row of F” is nonzero in F"|,x>, Moreover, since E<,(F") = E<,(F'),
we have H,, ,(F") = Hy,(F"). Hence

Hyo(F") = Hpo(F') < Loo(F') = Lao(F").
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Second, suppose that a = k and b(F” k) > 0. Again observe that b :=
b(F" k) = b(F', k). Hence a(F' k) < k. Since F’ satisfies the condition (iii)
for k, we have Lqpr )1 (F') > Hpi(F). By Claim 1 and Observation |49}

Hy w(F') < Loy k(F') < Loy i (F') < -+ < Lg, x(F').
Observe that ay; = a(F’, k) and a5 = b. In particular,
L p(F') < Hip(F') < Lyp(F') < Hy i (F').
Hence Hy ,(F") < Ly 1 (F"). O

Claim 4. For every a € [k], F"|ax>q avoids Y.

Proof. Since F’ satisfies the condition (i) for k, F'|,x>, avoids Y for every a €
[k —1]. Moreover, I’|p«x>, avoids Y by Observation |50 because F'|gy 5 avoids X.
Let a € [k] be arbitrary. Note that F”|,«>, also avoids Y because only the
positions of nonzero rows in F’|,x>, are changed but not their order. O

Claim 5. The nice filled Ferrers diagram F" satisfies the condition (i) for k+ 1.
Proof. Combine Claim 3 and Claim 4. O
Claim 6. The nice filled Ferrers diagram F" satisfies the condition (i) for k+1.

Proof. Since F”|,x>q = F'lax>q for every a € {k + 1,...,¢} and I’ satisfies

condition (ii) for k41, we know that F"|,.>, avoids X for every a € {k+1,...,/(}

and, if F'|,—1x>q is nonzero, L,—14(F") > H,o(F") for every a € {k+2,...,(}.
It remains to verify that

L1 (F") > Hipr o1 (F") = Hypa o (F)

if F"|px>k41 is nonzero. Suppose that F”|pyx>k+1 is nonzero. Observe that
F'|kx>k+1 is nonzero. Hence Ly i1 (F") > Hypq 41 (F') because F” satisfies the
condition (ii) for k + 1. Clearly, Ly x11(F") > Ly 41 (F”'), which completes the
proof. O]

Claim 7. The nice filled Ferrers diagram F" satisfies the condition (iii) for k+1.

Proof. Let a := a(F",k + 1) be the smallest number such that F”|,x>r+1 is
nonzero and a < k + 1 < /. We claim that

Lop(F") > Hiy a1 (F").

Observe that a = a(F’, k) because F"|px > is zero for all b < a by Claims 1 and 2.
Hence L, (F") = Ly, (F"). It follows that F’|;x>k+1 is nonzero. Since F” satisfies
the condition (ii) for k£ + 1, we know that Ly j+1(F") > Hyiq 41 (F”). Hence

Lop(F") = Ly x(F') = Ly g1 (F') > Hyy1 541 (F') = Hyy1501(F").
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Thus, x* is a mapping from N* to N*1. Moreover, it preserves the position
of zero columns and rows because ¢, and 9 ,,, also preserve the position of zero
columns and rows. We claim that x* is injective. Let F, H € N* be two distinct
nice filled Ferrers diagrams. Moreover, let m = |E(F)| and m' = |E(H)].
Recall that

XHE) = Y (on(F)) and X*(H) = Y (9i(H)).

Since ¢y, is a bijection, we know that i (F) # op(H). If m = m/, then x*(F) #
X*(H) because ¥y, is a bijection. If m # m/, then x*(F) # x*(H) because
both g, ¥ preserve the number of nonzero rows in F|ix>x and both ¢p, ¥
preserve the number of nonzero rows in H|jx>. Hence x* is injective as claimed.

The next part of the proof shows that y* is surjective. This part should be
considered as a new proof and, unless noted otherwise, the objects introduced
here have no connection to the object introduced so far. Let F” € N*+L. Our
goal is to find F' € N* such that x*(F) = F”.

Claim 8. Let {aj,as,...,an} be the set of all numbers such that F"|,, x>k s
nonzero and a; < k. Then

Lal,k(F”> < LQQ,]Q(F”) < -0 K< Lah,k(Fﬂ).

Proof. Almost identical to the proof of Claim 1. ]

Since F"|jx>k is nonzero, we have a, = k. Suppose that

Exn(F") = {1, J2s -, Ji}-

It follows that there exists a unique m € [t] such that E(F") = {jm, Jmt1, - - -, Jt }-
For further reference, let £ = E<1(F") \ E(F") = {J1,J2,- -+ Jm-1}. We claim
that

F = op(§rm-1(F"))

belongs to N'*. Observe that x*(F) = F”. Let us first consider F’ := by 1 (F").

Claim 9. The filled nice Ferrers diagram F' satisfies the condition (iii) for k.

Proof. Suppose that a(F" k) < k. Since E<x(F") = E<x(F'), we know that
a = a(F' k) = a(F", k). Clearly, ay = a and a, = k. Hence L,x(F") <
Lk,k(F”) < Hk’k(F”) by Claim 8. Thus, La’k(F/) > Hk,k(F/) as claimed. ]

Claim 10. The filled nice Ferrers diagram F' satisfies the condition (i) for k+1.

Proof. By slightly adjusting the first paragraph in the proof of Claim 6, it is
enough to verify that

Li k1 (F/) > Hyq1 141 (F/),

if F'|px>k+1 is nonzero. Recall that Hy i g1(F') = Hgr1 p+1(F”).
Suppose that F'|;x>k41 is nonzero. It follows that a(F”, k+1) < k+ 1. Since
F" satisfies the condition (iii) for k41, we have Lo jy1) o1 (F") > Higr o1 (F7).
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Note that Ly (F') = Lok (F") . Moreover, Ly py1(F') = Ly i (F') because
F'|gx>k+1 is nonzero. Hence

Likr(F') = Lk (F') = Lo gy 1 (F") > Higa k1 (F”) = Hgpa g1 (F).
[
Claim 11. For every a € [k] \ {1}, if b(F,a) > 0, then Hypr q),a(F') < Lao(F").

Proof. Analogous to the first paragraph in the proof of Claim 3. The only differ-
ence is that the nonzero rows in F”|<;_1x> are moved up and not down. O

Claim 12. For every a € [k], F'|ox>a avoids Y.

Proof. Let a € [k] be arbitrary. Since F”|,x>, avoids Y, F'|,x>, also avoids Y

because only the positions of nonzero rows in F”|,x>, is changed but not their
order. O

Claim 13. The filled nice Ferrers diagram F' satisfies the condition (i) for k.
Proof. Combine Claim 11 and Claim 12. O]

Finally, we show that F' satisfies the conditions (i), (ii), and (iii) for k.

Claim 14. The filled nice Ferrers diagram F satisfies the condition (i) and (iii)
for k.

Proof. Since F’ satisfies the condition (i) and (iii) for &, the claim directly follows
from Observation (49 O

Claim 15. The filled nice Ferrers diagram F satisfies the condition (ii) for k.

Proof. Since F'|ix> avoids Y, F|ix>k avoids X by Observation Recall that
Flaxsa = F'|lax>a for every a € {k+ 1,k + 2,...,¢}. Hence F|,x>q avoids X
for every a € {k,k + 1,...,¢} because F’ satisfies the condition (ii) for k + 1.
Moreover, since F” satisfies the condition (ii) for k& + 1, we have L,_14(F) >
H,o(F) for every a € {k+ 1,k +2,...,¢} whenever F|,_ix>, is nonzero.

It remains to verify that if F|;_;x>k is nonzero, then

Lk—l,k(F> > Hk’k(F)

Suppose that F|i_1x>k is nonzero. It implies that F”|;_;x>) is nonzero. Hence
Lk—l,k(F”) < kak(F//) < Hk7k(F//) by Claim 8. Hence Lk—Lk(F/) > Hkyk(F/) and
s0 Ly—1,(F) > Hy i (F) as required. n

Thus, x% is a bijection from M& to N&E™ preserving the position of nonzero
columns and rows. Hence, for every Ferrers diagram G, there exists a bijection x¢;
from NZ to NG preserving the position of nonzero columns and rows of G.
Observe that Vg C Ng(X) and NS € Ne(Y) by Lemma 47 and Lemma 48]
respectively. However, both sets N and NM5™ do not contain nice filled Ferrers
diagrams F' (with the underlying diagram G) such that F|,x>, is zero for some
a € [f]. Let us define the size of the partition C;(G),Co(G), ..., Ce(G) of columns
of G by their sizes to be . For a Ferrers diagram G, we define a bijection
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Xa: Na(X) = Ng(Y) by induction on the size ¢ of the partition of columns of G
by their sizes.

Let G be a Ferrers diagram and let Cy(G),Cy(G), . ..,Ci(G) be the partition
of columns of G by their sizes. If £ = 1, we define x¢ as follows

VF € No(X) : xa(F) = ¢1(F).

Note that x¢ has the required properties by Observations [49] and [50}

Suppose that ¢ > 2 and take F' € Ng(X) arbitrary. If F|,x>, is nonzero for
every a € {, we define xg(F) := x&(F). Otherwise, let a € [(] be the smallest
index such that F|,x>q is zero. We temporarily erase the zero columns in F|,x>q.
Formally, we consider the following nice filled Ferrers diagram

F' o= Flle(@)] N\ 1(Ca(@)) x [r(G)]].

Let G’ be the underlying diagram of F”. Note that the partition of columns of G’
by their sizes is

CI<G)7 ce 7Ca—1(G)JCa+1(G)7 ce 7CZ(G)

Hence, by induction hypothesis, there exists a bijection xg : Ng/(X) — Ng (V)
preserving the position of zero columns and rows. Let yg(F) be a nice filled
Ferrers diagram obtained from x¢ (F”) by inserting back the zero columns so
that its underlying diagram is G. Lemma [52] and Lemma which are stated
and proved after the end of this proof, ensure that this construction is correct: F’
avoids X and yg(F') avoids Y. Moreover, notice that yg preserves the position
of zero columns and rows by the construction.

Finally, we claim that x¢ is invertible. Take F' € Ng(Y) arbitrary. If F|ox>q
is nonzero for every a € [{], then xg'(F) = (x&) }(F). Otherwise, let a € [¢] be
the smallest index such that F|,x>, is zero. Again, consider

F' o= Flle(G)]\ 1(Ca(@)) x [r(G)]].

Let G’ be the underlying diagram of F'. Then xz'(F) is obtained from yg/ (F")
by inserting back the zero columns so that its underlying diagram is G. Lemma
ensures that F’ avoids Y and Lemma [52| ensures that yg'(F) avoids X. There-
fore, yg is a bijection from Ng(X) to Ng(Y) preserving the position of zero
columns and zero rows. O

Finally, we state and prove two lemmas used in the proof of Lemma 46| For
a filled Ferrers diagram F' with the partition Cy,Cs,...,Cp of columns of F' by
their sizes, let F'\ C, be a shorthand for F[[c(F)] \ I(C,) x [r(F)]]. Intuitively,
F\C, is a filled Ferrers diagram obtained from F' by erasing all its columns in

Ca.

Lemma 52. Let F' be a nice filled Ferrers diagram and let Cq,...,Cyp be partition
of columns of F' by their sizes. If F|,x>q is zero for some a € [{], F' avoids X if
and only if F'\ C, avoids X.

Proof. 1If F avoids X, then F'\ C, avoids X as well.
On the other hand, suppose that F' contains X. We claim that F'\ C, also
contains X. To see this, it is sufficient to find a copy of X in F induced by (I, J)
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for some set of column indices I and some set of row indices J such that i ¢ 1(C,)
for every ¢ € I.

Let F[IxJ] be acopy of X in F'induced by (1, J), where I = {iy, 12,13} is a set
of columns indices and J = {j1, j2} is a set of rows indices such that the difference
i3 — 19 is as small as possible. We claim that ¢ ¢ I(C,) for every i € I. Since
Flax>a is zero, we know that i1, i3 ¢ I(C,). For the sake of contradiction, suppose
that io € I(C,). Let b > a be an index such that i3 € I(Cy) and let i}, € 1(Cp)
be the index of the leftmost nonempty column in F|yx>p. Since F' is a nice filled
Ferrers diagram, we have F(i},j) = 0 for every j such that (i,j) € F. Hence
iy, < ig. Let I' := {iy,ib,i3}. Thus, F[I' x J] is a copy of X in F' induced by
(I',J). This contradicts the choice of I and J because iy < . O

The same lemma is true if we replace X by Y. The proof is a verbatim copy
of the previous proof and it is omitted.

Lemma 53. Let F' be a nice filled Ferrers diagram Cq,...,C, be partition of
columns of F' by their sizes. If F|ox>q is zero for some a € [(], then F avoids Y
if and only if F'\ C, avoids Y .

3.4 Matrix bottom-left corner extension

oo e ® O O

As in the previous section, let X := (g92) and YV := (22¢). Our aim is to
prove Theorem [42] which says that if A is a quasi-permutation matrix whose first
column is nonzero, then

($8)~ (38

For a permutation matrix P considered as a transversal and a cell (a,b) € P,
let F,,(P) be a filled subdiagram of P with the underlying diagram

{({,j) |a<i<mand b<j<n}.

Proof of Theorem[{3 Let A € Q,, 1, be a quasi-permutation matrix whose first
column is nonzero. It follows that there exists a row index ¢ € [k] such that
Ay = 1. Moreover, for the rest of the proof, let

XTi=(44) and V' = (94).

Note that X+, Y+ e Qm+3,k+27£+2-
For every n € N, our goal is to show that pt' (X*) = pP' (V™). For that, we fix
n € N and construct a bijection

o: PP(XT) — PP (V).

Let P € P’(X™T) be an arbitrary permutation matrix of order n that partially
avoids X *. Recall that we look at permutation matrices as transversals and vice
versa.

The initial step is to extract a filled subdiagram of P that avoids X. Let us
color the cells of P by either green or red as follows—a cell (a,b) € P is colored
green in P if F,;(P) contains A; otherwise, the cell (a,b) is colored red. We say
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that a cell (a,b) is green (or red) in P if it is colored green (or red) in P. Let
F¢ := Fg(P) be a filled subdiagram of P with the underlying diagram

{(a,b) € P | (a,b) is colored green}
and let Fr := Fg(P) be a filled subdiagram of P with the underlying diagram
{(a,b) € P | (a,b) is colored red}.

The notions defined for P in this paragraph are defined in the same way for
any other permutation matrix of order n. We remark that if A = (), then
Fg = F(P), where F(P) is defined in the previous section.

We now prove several claims about the coloring and the filled diagrams Fg
and Fg. The following claim is a simple observation.

Claim 0. If (a + 1,0+ 1) is a green cell in P, then (a + 1,b) and (a,b+ 1) are
green cells in P.

Claim 1. The filled diagram F{ is a nice filled Ferrers diagram.

Proof of Claim 1. By Claim 0, Fy is a filled Ferrers diagram. It remains to prove
that Fg is nice. Let i € [¢(Fg)—1] be a column index such that ¢;(Fg) > ¢;1(Fg).
We claim that C;,1(Fg) is a zero column. Let ¢; := ¢;(Fg). Since (i,¢;) € Fg and
(1+1,¢) ¢ Fg, every copy of A in F;.,(P) induced by (I, .J) contains (i + 1)-th
column of P (i.e., i+1 € I). Since the leftmost column of A is nonzero, there must
exist a row index j > ¢; such that P(i + 1,7) = 1. In particular, P(i +1,5') =0
for every j' < j. Hence Ci;1(Fg) is a zero column. ]

Claim 2. The nice filled Ferrers diagram Fg avoids X.

Proof of Claim 2. We proceed by contradiction. Suppose that Fi; contains a copy
of X induced by (I, J) for some I = {iy,i2,i3} and J = {j1,j2}. Since (i3, J2)
is a green cell in P, the filled diagram Fj, ;,(P) contains a copy of A induced by
(I',J"). Observe that i3 < ¢’ for every ¢ € I’ and j, < j’ for every J'. Hence
P contains a copy of X induced by (I UI',JU J'), a contradiction (here it is
crucial that we require only that X* < P[IUI' x JU J'] and not equality). O

Claim 3. If (a,b) € P is a green cell in P, then there is a copy of A in Fy,(P)
induced by (I,J) such that, for every i € I and j € J, the cell (i,7) is red in P.

Proof of Claim 8. Let F,,(P)[I x J] be a copy of A induced by (,J) for some
I ={iy,i9,...,in} and J = {j1, Jo, ..., jr} such that i; is a large as possible. We
claim that (iy,71) is a red cell in P. If not, we can find a copy of A in F}, ; (P)
induced by (I’,J’), a contradiction because i; < i’ for all ' € I'. Moreover, for
every i € [ and j € J, the cell (i, j) is red in P by Claim 0 because (i1, j1) is red
in P and iy < 1,77 < 7, which finishes the proof of this claim. O

Let G be the underlying Ferrers diagram of F. Note that Fg € Ng(X) by
Claims 1 and 2. Let P’ be a permutation matrix of order n obtained from P
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by replacing Fg(P) by W(Fg(P)), where U: Ng(X) — Ng(Y) is the bijection
from Lemma 6] Formally,

P'(a,b) P(a,b) if (a,b) € Fr(P)
a? = .
U(F(P))(a,b) if (a.b) € Fu(P).

Observe that P’ is indeed a permutation matrix because W preserves the position
of zero rows and zero columns.

Let us color the cell of P’ by either green or red using the same rule as we
color the cells of P. Moreover, define Ff, := Fg(P') and F}, := Fgr(P’) in the
same way as we define F(P) and Fg(P).

Claim 4. Fj, = Fj.

Proof of Claim 4. We need to only verify that the underlying diagram of FJ, is
the same as the underlying diagram of Fr. If (a,b) is a red cell in P, then (a,b)
is also a red cell in P’ because F,,(P) = F,,(P') by definition. On the other
hand, if (a, b) is a green cell in P, there is a copy of A in F, ,(P) induced by (/, J)
such that, for every ¢ € I and j € J, the cell (7, ) is red in P by Claim 3. Since
red cells in P are also red in P, F,;(P’) contains a copy of A induced by (I, .J).
Hence (a,b) is a green cell in P’ O

It implies that the underlying diagram of F{, is the same as the underlying
diagram of Fg;. Hence, V(Fy) = F{.

Claim 5. P' € PP(Y™).

Proof of Claim 5. We proceed by contradiction. Suppose that P’ contains a copy
of Yt induced by (I, J) for some I = {iy,49,...,imis} and J = {j1,J2, ..., igs2}-
In particular, P’ contains a copy of Y induced by ({ii,42,43},{J1,72}). Since
V(Fg) = F{, and Fg avoids X by Claim 2, we know that FY, avoids Y by
Lemma [46] It implies that (a,b) is a red cell in P’ for some a € {i, 45,73} and
b € {j1,72}. However, F,;(P’) contains a copy of A induced by ({is, 5, .., %m+3},
{Js,Ja»- -, Jk+2}), a contradiction because (a,b) is a red cell in P’. ]

We define the bijection ®: PY(XT) — PY(Y™) by letting ®(P) := P'. Tt
remains to show that ® is indeed a bijection or, equivalently, that ® is invertible.
The latter one follows from two facts: first that W is invertible and second that &
preserves the color of cells (see Claim 4). Our proof of Theorem is now
complete. O
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4. Classification of small patterns

Recall that
given by A ~ B if and only if pF'(A) = pP(A) for every n. The equivalence X
is called partial Wilf equivalence and A and B are said to be partially Wilf-

is an equivalence on the set Q of all quasi-permutation matrices

{o T

equivalent if A X B. For a pattern A € Q, we denote by
(A" :={Be Q| AX B}

the partial Wilf equivalence class of A.

In this chapter, we utilize the results from previous chapters to classify pat-
terns of size at most 4 x 4 into partial Wilf equivalence classes—for every pattern
A€ Qnke, where 1 <m,k <4 and 0 < /¢ <min{m, k}, we determine its partial
Wilf equivalence class [A]F. Since A and AT are symmetric, their partial Wilf
equivalence classes are the same.

Observation 54. Let A € Q,, 1, be a quasi-permutation matriz. Then
[A]” = [AT]".

Hence it is sufficient to determine only the partial Wilf equivalence classes of
patterns that have at least as many columns as rows. In the following observation,
we reduce the number of patterns that can belong to the partial Wilf equivalence
class of A.

Observation 55. Let A € Q¢ and B € Q¢ be quasi-permutation matri-
ces. If max{m, k} # max{m’, k'}, then A and B are not partially Wilf-equivalent.

Proof. Without loss of generality, we can assume that max{m,k} = m and
max{m’, k} = m’ (otherwise we consider AT or BT). Moreover, we can also
assume that m < m’ (otherwise we interchange the role of A and B).

Every permutation matrix P of order m partially avoids B because B has
too many columns. On the other hand, there exists a permutation matrix P’ of
order m that partially contains A. We construct P’ from A by adding m — k zero
rows and after that m — ¢ ones so that every column and row contains exactly
one nonzero entry. Hence p! (A) < pF (B) = m!. O

Let Q%,, < be the set of all quasi-permutation matrices of size at most m x k
that have at least as many columns as rows. Our goal is to determine the partial
Wilf equivalence class of every pattern A € Q%, -,. By Observation , no pattern
with more than 4 columns or more than 4 rows is partially Wilf-equivalent to
a pattern of size at most 4 x 4. Thus, it remains to decide which patterns
in Q%, ., are partially Wilf-equivalent to A.

We have created a computer program [3] that enumerates the number p}, (A4) of
permutation matrices of order n that partially avoid a given pattern A € Q%,
for every n € [8]. With this data (see Table [A.1] in [Appendix)), we easily identify
pairs of patterns of size at most 4 x4 that are not partially Wilf-equivalent. On the
other hand, the data suggest which patterns might be partially Wilf-equivalent.
Trivially, symmetric patterns are partially Wilf-equivalent (see Observation .
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The interesting part is to prove or disprove that nonsymmetric patterns A and B
are partially Wilf-equivalent if pF'(A) = pf'(B) for every n € [8]. Using the results
from the two previous chapters, we prove that all such patterns A and B are
indeed partially Wilf-equivalent.

The plan of this chapter is as follows. In Section 4.1} we introduce a “one-line”
representation of quasi-permutation matrices, which is a more compact represen-
tation than a 2-dimensional array for listing a large number of patterns. In
Section 4.2 we determine the partial Wilf equivalence class of zero pattern 0.,y
for arbitrary m and k, where 0, is the unique pattern in Q,, ro. Moreover, we
determine the partial Wilf equivalence classes of patterns of size at most 4 x 4
with exactly one nonzero entry. Finally, in Section 4.3, we determine the partial
Wilf equivalence classes of the remaining patterns of size at most 4 x 4.

4.1 Linear representation of quasi-permutation
matrices

It is not practical to draw hundreds of patterns as 2-dimensional arrays because
each of them occupies a nontrivial space on a printed page. For this reason, we
introduce a “one-line” representation of quasi-permutation matrices. This repre-

sentation is used in Section [4.3]and [Appendix] We represent a quasi-permutation
matrix @) € O, x¢ as a sequence of numbers (ay, as, ..., ap) |k, where

j  if there exists j € [k] such that Q;; =1
a; =
0 otherwise.

If £ is clear from the context, we write (a1, as, . .., a,,). Observe that the sequence
(ay,ag,...,a,)|x contains m — ¢ zeros and ¢ distinct numbers from [k]. On the
other hand, every such sequence represents a unique quasi-permutation matrix.
For example, (222 3) is represented by (2,0,0,1)|2 but (2,0,0,1)|3 represents

(222).

If we write a sequence (aj,as, ..., ay)|k, we automatically assume that 0 <
a; < k for every i € [m]. Since every sequence (ay, as, . . ., ay)|r denotes a unique
quasi-permutation matrix ), we can write (aj,as,...,any)|; anywhere we can
write (). For example, we say (a1, as, ..., ay)|x and (b1, bs, ..., by )|k are partially
Wilf-equivalent meaning that the quasi-permutation matrices represented by the
sequences are partially Wilf-equivalent.

[l e}
[eXyelye}

o
(o]
o

® OO0

Reformulation of theorems

For the reader’s convenience, we restate some theorems from previous chapters
in the “one-line” representation.

Theorem 56 (Theorem (18| restated). Let

(al,az, e ,am)|k

be a quasi-permutation matriz. Then

(0,a1,ag,...,am)k L (a1, a9, ...,0m,0).
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For the next set of theorems, it is useful the introduce the following notion.
The direct sum of quasi-permutation matrices

(al,(lg, Ce ,am)|k and (bl,bg, ey bm’)'k'

is the quasi-permutation matrix

(a17 ag, ... 7am)|k ©® (b17 b27 ) 7bm’>|k/ - (Cla Coy ... 7Cm+m’)|k:+k’a
where
a; ifi<m
¢ =Sbi_pm+k ifi>mandb_, >0
0 otherwise.

Theorem 57 (Theorem 3§ restated). Let (a1, as, ..., am)|m and (b1,ba, ..., by)|m
be shape- Wilf-equivalent permutation matrices. For any quasi-permutation matriz
(c1,Cy oy Cot) |1, we have

(a1, 0z, am)|m ® (c1, oy oy )iy 2 (b1, b2y oo b)) @ (€1, Cos ey Cot -
Theorem 58 (Theorem (42| restated). Let
(a1, a9, ... am)|k
be a quasi-permutation matriz such that ay # 0. Then
(1,0,2) @ (a1, az, - - ., am) | 2 (2,0,1) @ (ay, az, . - ., am)|s.
Theorem 59 (Theorem {40  restated). For any k € N, we have

(1,2, k) 2 (kk—1,..., .

4.2 Zero and single-one patterns

Let us denote by 0,,x; the unique pattern in Q,, ;0. It is easy to compute
the number of permutation matrices partially avoiding O,,xx and A € Q,, 11,
respectively.

Observation 60. If k < m, then

n! ifn<m

0  otherwise.

pS(Oka) = {

Observation 61. Let A € Q,, 11 be a quasi-permutation matriz. Then

PP(A) = {n! if n<m

0  otherwise.

Proof. Let i € [m] be a column index such that A;; = 1. We claim that any
permutation matrix P of order n > m partially contains A. Indeed, let j € [n]
be a row index such that P, ; = 1. Then P contains a partial copy of A induced

by ([m], {j})- =
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We show that patterns of the same shape with exactly one nonzero entry are
partially Wilf-equivalent.

Lemma 62. Let A, B € Q,, 11 be quasi-permutation matrices. Then A £ B.

Proof. Let ¢ € [m] and j € [k] be such that A; ; = 1. The first ¢ — 1 columns of A
and the first j — 1 rows of A are zero. Let C' € Q,,11 be a quasi-permutation
matrix obtained from A by moving the first i—1 columns of A after the last column
and moving the first j — 1 rows of A after the last row. Note that C}; = 1. By

Theorem |18 and Corollary , we have A X C.
Analogously, we deduce that B X C. Thus, AX B as required. O

Next, we claim that if a nonzero pattern has at least two columns and two
rows, then the pattern is avoided by a sufficiently large permutation matrix. Let
Lixk € Qmia be a quasi-permutation matrix such that (1,,xx)1% = 1.

Observation 63. Let A € Q,, ¢ be a quasi-permutation matriz with ¢ > 1. If
2 <k <m, then pt (A) > 0.

Proof. Let B € Q,, 11 be a partial copy of A with exactly one nonzero entry (B
is obtained from A by changing some ones to zeros). By Lemma , we know

that pb (B) < pP' (A). And by Lemma @, we know that B ~ 1. Moreover,
P (Luxk) > 0 because any permutation matrix P of size m x m with P; = 1
partially avoids 1,,xx. Hence

0 < ph(Lnxk) = pr(B) < pr(A).
0

We are finally prepared to determine the partial Wilf equivalence classes of
zero patterns. Let Q,, <m0 = Uyt Qmpo and Q<pmo = Upeq Qa,m,0-

Theorem 64. For every m,k € N such that k < m, we have
(0]’ = Q<m0 U Q<crmimo U Qi U Qi
Proof. By Observations [60] and [61], we have
Qim<moU Qi1 C [Omxi]t
Moreover,

QSm,m,O U Ql,m,l g [Omxk]P

because symmetric patterns belong to the same partial Wilf-equivalence class.

Let A € Qv ¢ be a pattern. Without loss of generality, we can assume
that & < m/. If m" # m, then A and 0,,x; are not partially Wilf-equivalent
by Observation [55] From now on, we assume that that m’ = m. If ¢ = 0, or
if ¢/ =1 and &' = 1, we know that A € Q<o or A € Q,11. Otherwise,
¢ >1and k' > 2. In this case, A and 0,,,«, are not partially Wilf-equivalent by
Observation [63 Therefore,

[Omxk’]P = Qm,gm,O ) ng,m,O U Qm71,1 U Ql,m,l-
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Recall that a pattern A € Q,, 11 is partially Wilf-equivalent to every pattern
B € Q,, 1. Hence A is also partially Wilf-equivalent to every pattern B € Qy, , 1.
In general, we do not know whether A is partially Wilf-equivalent to some pattern
with at least two nonzero entries. Nevertheless, for 2 < m < 4 and 2 < k < 4,
we prove that [A]" = Q.51 U Qg

Theorem 65. Let A € Q,, ;1 be a quasi-permutation matriz. If 2 <m < 4 and
2 < k<4, then
[A]P == Qm,k,l U Qk,m,l'

Proof. Tt follows from Observation [55], Lemma [62] and the computer enumeration
(see Table [A.1] in [Appendixl). O

By Theorem (64} we have [A]" = [0,,xm|" for every pattern A € Q,,11. Thus,
we determine the partial Wilf-equivalence classes of every pattern of size at most
4 x 4 with exactly one nonzero entry.

4.3 Small patterns with at least two ones

For every m, k,¢ € N such that 2 < ¢ < k < m < 4, the computer enumeration
(see Table [A.1] in [Appendix|) shows that the partial Wilf equivalence class of
A € Q,, 1 satisfies

[A)” C Qmkr U Qkme

We have seen in the previous section that the inclusion is not true for all patterns.
Hence, for each m,k,/ € N such that 2 < ¢/ < k < m < 4, we describe all
partial Wilf equivalence classes on Q¢ U Qkme as follows. Since a partial
Wilf equivalence class consists of more than one symmetry class in general (see
Observation , we describe the partial Wilf equivalence class by listing the
representatives of these symmetry classes. It is tedious but not hard to verify
that every pattern of size at most 4 x 4 with at least two nonzero entries belongs
to one of the listed symmetry classes. Moreover, for each partial Wilf equivalence,
we give eight numbers

pr(A).p3(A), ... ps(A),

where A is an arbitrary pattern from the partial Wilf equivalence class. Using
this sequence, the reader can easily verify that every two partial Wilf equivalence
classes are different. For each partial Wilf equivalence class, we only verify that
the listed representatives of symmetry classes indeed belong to this partial Wilf
equivalence class. For a partial Wilf equivalence class A, let pf(A) := pP(A),
where A € A is chosen arbitrarily.

More exactly, we describe all partial Wilf-equivalence classes on Q,, 1. ¢/U Qg 1m0
by a table that has as many rows as the number of partial Wilf equivalence classes
on 9, k.rUQg m . For each partial Wilf equivalence class, we describe its elements
by listing the representatives of the symmetry classes, which form the partial Wilf
equivalence class. Moreover, we give a reference to the theorem from which it
follows that the representatives are indeed partially Wilf-equivalent.

Recall that Q,, ., are exactly the permutation matrices of order m. Since
[A]” C Qymm for any permutation matrix A of order 2 < m < 4, the partial Wilf
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equivalence class of any permutation matrix of order m contains only permutation
matrices and hence [A]Y is well-known (for example, see [I, Chapter 4]). From
now on, we only deal with patterns that contain at least one zero column or zero
row

In Tables 4.3 and [4.4] we sce partial Wilf equivalence classes of
Q322U Q329, Q339 ,Q420U g9, and Qy39U Q349,

respectively. We remark that pf(Bse2) = F,i1, where F,,; is the (n + 1)-th
Fibonacci numbe Hence pl (By22) = n - F, by Corollary Since these results
are not necessary to determine the partial Wilf equivalence classes, we do not
prove them.

271\;1812 Representatives of symmetry classes Ref ()
17 27 37 4, 5, 6
e 30 7,8, ...
oo e 1;2,3,578,13
- o) 21,34, ...

Table 4.1: Partition of Q329 U Q39 into partial Wilf equivalence classes. By
Theorem , we have p, (Asz2) = n for every n € N.

(\:ﬁisli Representatives of symmetry classes Ref PP()

(59) (223 | 2T
o
oo (59 i

Table 4.2: Partition of Qs 35 into partial Wilf equivalence classes. By Theorem 28]
we have pF'(A332) =1+ (n —1)? for every n € N.

I'The Fibonacci numbers F,, are defined as follows: Fy = F» =1 and F,, = F,,_1 + F,,_ for
n > 3.
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Zl\;iii Representatives of symmetry classes Ref pi’(,)

for| | Gmmemn | mep) Mg
|
1) e

Table 4.3: Partition of Qg9 U Q49 into partial Wilf equivalence classes. By
Corollary , we have pl(Ay22) =n-(n—1) for n > 2.

(Yl\;ii Representatives of symmetry classes Ref P (+)

A | (3359) (3359) (3339) T | 16y ag5,
oo G280 it | 35
Cn | (3239) (552) Thanltg |
Pus | (3550
b | (31
Fua | (252%) 1723’562’,19%04,%}29

Table 4.4: Partition of Q432 U Q34 into partial Wilf equivalence classes.

(\:Zl\gsli Representatives of symmetry classes Ref PP ()
coeo0\ 0080\ [O0®O0O0 1,2,6,20,70,252
Avsa (3332) (2222) (38:¢) Thm 1 |00 3430,
1,2,6,20,71,264
Buiss (s50¢) (2522) (s5c2) Thm (66 | 015 4002,

Table 4.5: Partition of Qg3 U Q343 into partial Wilf equivalence classes. By

Theorem , we have p, (Asz3) = (n+1)-c, = (

is the n-t

atalan numer.
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In Tables and we see partial Wilf equivalence classes of

Qu33U 343, Quao, and Qua3U Q3 49,

respectively. The following four theorems clarify that the representatives listed
in Byss, Asa2, Biao, and By 43, respectively, are partially Wilf-equivalent.

Theorem 66. The following patterns
Bl = (27 Oa ]-) 3)|3a BZ = (]-a O) 27 3)|3) B3 = (27 17 07 3)’3
belong to the partial Wilf equivalence class By s 3.

Proof. By Theorem B, X B,. Moreover, note that By =~ (1,2,0,3)|3. Since
(1,2,0,3)]3 X By by Theorem , we have By ~ Bj. ]

Theorem 67. The following patterns
Al = (07 17 27 O)|47 AQ = <1a 27 07 0)|47 A3 = (07 3a 27 O)|4a A4 = (07 07 1a 2>|4
belong to the partial Wilf equivalence class Ay 4.

Proof. By Theorem , we have A; L9 Ay and A Y A,. Observe that A; ~
(3,2,0,0)|4. Hence (3,2,0,0)|4 E Az by Theorem |56/ and so A; x As. O

Theorem 68. The following patterns
By =(2,4,0,0)|4, By =1(0,2,4,0)|4, B3 =(1,3,0,0)|4,
belong to the partial Wilf equivalence class By .

Proof. By Theorem , we have A, ~ A,. Observe that Ay (0,1,3,0)|4. Hence
(0,1,3,0)|4 ~ A3 by Theorem [56/ and so Ay ~ As. O

Theorem 69. The following patterns

By =1(1,2,4,0)|4, By =1(0,1,2,4)|4, B3 =1(0,1,4,3)|4,
B4 — (2,4, 1,0)|4, B5 — (1,4,3,0)'4, BG — (0,2,4, ]_)|4

belong to the partial Wilf equivalence class By 3.

Proof. 1t is sufficient to show that the given patterns are pairwise partially Wilf-
equivalent. By Theorem [I8] we have

By X By, By X Bs, and By ~ Bg.

Note that Bs ~ (2,1,4,0)|4. Moreover, B; A (2,1,4,0)|4 by Theorem . Hence
B, X B Finally, observe that By ~ (1,0,2,3)]4; and By =~ (2,0, 1,3)|4. Since
(1,0,2,3)4 X (2,0,1,3)|4 by Theorem , we have B, ~ By, which completes the
proof. O
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271\;152 Representatives of symmetry classes Ref PP
cooo) (ocoo) (oeac) (cocs 1,2,6,22,74,210
Auia | (3350) (se02) (2222) (5550) | o | "0 s
cooo) (ecsa) (oece 1,2,6,22,74,216
Bua | (2355) (5522) (535¢) Thin 68 | pes aza, |
cooo o000 1,2,6,22,74,218
e | (5353) (5555) Thin 18 | 608 1756, .
cooo) (oooe 1,2,6,22,75,232
Daaz (:Ziiﬁ) (8288) Thm 181629 1978, ..
£ (2838) 1,2,6,22,75,236
R S 728,2228, . ..
Fuaa | (555) 1,2,6,22, 75,241
Rt NS 772, 2488, . ..

Table 4.6: Partition of Q442 into partial Wilf equivalence classes.

271\;152 Representatives of symmetry classes Ref PP ()
(2823) <8;22> <;222) (8232) 1,2,6,23,94, 392
Asa () () Cor 3 1644, 6897, . ..
(3228) <8322) <8‘.’28) (28‘.’2) 1,2,6,23,94, 396
Buas () () Thm 69 1704, 7442, . ..
2928\ (2928 [ 1 1.2,6,23, 94, 401
Cuus | (2232 (222) Thm@ 1764, 7951, ...
> (g;gg) 1,2,6,23,95,407
4,4,3 2 g g ; 1795, 8109, .
coos) (coos 1,2,6,23,95,407
fus | (2222) (220) Thm@ 1797, 8135, ..

Table 4.7: Partition of Q443 into partial Wilf equivalence classes.
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5. Conclusion

In this thesis, we studied two generalizations of the concept of avoidance of per-
mutation matrices: a permutation matrix P partially (or exactly) avoids a quasi-
permutation matrix A if there is no submatrix P’ of P such that A < P’ (or
A = P’). We showed that partial avoidance and exact avoidance agree not
only on the set of permutation matrices but also on the set of row- or column-
permutation matrices. From this point forward, we worked only with partial
avoidance of quasi-permutation matrices. Our main motivation was to classify
all 371 patterns (i.e., quasi-permutation matrices) of size at most 4 x 4 into par-
tial Wilf equivalence classes, which we did successfully in Chapter 4l During this
journey, we developed some general results showing how to create from one or two
quasi-permutation matrices more quasi-permutation matrices that are pairwise
partially Wilf-equivalent. In Chapter [2, we proved that patterns obtained from
a pattern by appending a zero column or a zero row (to any side of the pattern)
are partially Wilf-equivalent. Next, in Chapter [3|, we showed that the direct sum
of X and @ is partially Wilf-equivalent to the direct sum of Y and @, where
X =(322),Y =(229), and @ is any quasi-permutation matrix such that its
first column is nonzero (and this assumption cannot be omitted). A straightfor-
ward continuation of our work is to determine the partial Wilf-equivalence classes
of patterns that have at least 5 columns or 5 rows.

By looking at the Tables [4.1] [4.2] M.4] and [£.6] it seems that a pattern
avoids more permutation matrices if the ones are “far” from each other than
a pattern whose ones are “close” to each other. Formally, for a quasi-permutation
matrix Q,, 2, we define a distance of A as

d(A) =i =i+ 15— 7',
where (4, j) and (7', j') are two distinct entries such that A;; =1 and Ay ; = 1.

Question 1. Let A, B € Q,, 12 be quasi-permutation matrices. It is true that if
d(A) < d(B), then pP(A) < pP(B) for alln € N?

Moreover, we can ask the same question for patterns of different shape. The
answer will somewhat depend not only on the distance but also on the shape.
The first step might be to study patterns whose nonzero entries are in the corners.
Formally, for m,k € N, let A,,x € Q.12 be a quasi-permutation matrix such
that Ay =1and A,,;, = 1.

Question 2. It is true that if d(Ayx) < d(Apy i), then there exists N € N such
that p,(Ap i) < pY(mpr) for alln > N?
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A. Appendix

The partial avoidance sequence of a pattern A is a sequence of numbers

PY(A), py(A), p5(A),

and the exact avoidance sequence of a pattern A is a sequence of numbers

PY(A), py(A), p5(A),

In order to classify patterns of size at most 4 x 4 into partial Wilf equivalence
classes, we created a program [3] that, for each pattern A of size at most 4x4, com-
putes either the partial or exact avoidance sequence of A up to a given number n
(the choice of partial or exact avoidance is fixed throughout the computation).
We print both outputs of the program for n = 8 (see Table and Table [A.2)).
Both outputs are sorted lexicographically according to the partial/exact avoid-
ance sequences and the patterns are written in the “one-line” notation introduced

in Section [4.11

Table A.1: Partial avoidance sequence of each pattern of
size at most 4 x 4.

Patterns Partial avoidance sequence (from 1 to 8)
(0)1 0, 0, 0, 0, 0, 0, 0, 0
(1)1 0, 0, 0, 0, 0, 0, 0, 0
(0,0)4 1, 0, 0, 0, 0, 0, 0, 0
(0,0)2 1, 0, 0, 0, 0, 0, 0, 0
(0,1), 1, 0, 0, 0, 0, 0, 0, 0
(1,0), 1, 0, 0, 0, 0, 0, 0, 0
(0,1)2 1, 1, 0, 0, 0, 0, 0, 0
(0,2)2 1, 1, 0, 0, 0, 0, 0, 0
(1,0)2 1, 1, 0, 0, 0, 0, 0, 0
(2,0)9 1, 1, 0, 0, 0, 0, 0, 0
(1,2), 1, 1, 1, 1, 1, 1, 1, 1
(2,1), 1, 1, 1, 1, 1, 1, 1, 1
(0,0,0), 1, 2, 0, 0, 0, 0, 0, 0
(0,0,0), 1, 2, 0, 0, 0, 0, 0, 0
(0,0,0)3 1, 2, 0, 0, 0, 0, 0, 0
(0,0,1), 1, 2, 0, 0, 0, 0, 0, 0
(0,1,0), 1, 2, 0, 0, 0, 0, 0, 0
(1,0,0), 1, 2, 0, 0, 0, 0, 0, 0
(0,0,1)9 1, 2, 2, 0, 0, 0, 0, 0
(0,0,2)9 1, 2, 2, 0, 0, 0, 0, 0

Continued on next page
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Patterns Partial avoidance sequence (from 1 to 8)

(2,1,0,0)3 1, 2, 6, 18, 44, 90, 162, 266
(2,3,0,0)3 1, 2, 6, 18, 44, 90, 162, 266
(3,2,0,0)3 1, 2, 6, 18, 44, 90, 162, 266
(0,0,1,3)3 1, 2, 6, 18, 44, 102, 222, 466
(0,0,3,1)3 1, 2, 6, 18, 44, 102, 222, 466
(0,1,3,0)3 1, 2, 6, 18, 44, 102, 222, 466
(0,3,1,0)3 1, 2, 6, 18, 44, 102, 222, 466
(1,3,0,0)3 1, 2, 6, 18, 44, 102, 222, 466
(3,1,0,0)3 1, 2, 6, 18, 44, 102, 222, 466
(0,1,0,2)3 1, 2, 6, 18, 45, 108, 241, 518
(0,2,0,1)5 1, 2, 6, 18, 45, 108, 241, 518
(0,2,0,3)3 1, 2, 6, 18, 45, 108, 241, 518
(0,3,0,2)3 1, 2, 6, 18, 45, 108, 241, 518
(1,0,2,0)3 1, 2, 6, 18, 45, 108, 241, 518
(2,0,1,0)5 1, 2, 6, 18, 45, 108, 241, 518
(2,0,3,0)3 1, 2, 6, 18, 45, 108, 241, 518
(3,0,2,0)3 1, 2, 6, 18, 45, 108, 241, 518
(1,0,0,2)3 1, 2, 6, 18, 45, 114, 288, 704
(2,0,0,1)3 1, 2, 6, 18, 45, 114, 288, 704
(2,0,0,3)3 1, 2, 6, 18, 45, 114, 288, 704
(3,0,0,2)3 1, 2, 6, 18, 45, 114, 288, 704
(0,1,0,3)3 1, 2, 6, 18, 48, 124, 315, 786
(0,3,0,1)3 1, 2, 6, 18, 48, 124, 315, 786
(1,0,3,0)3 1, 2, 6, 18, 48, 124, 315, 786
(3,0,1,0)3 1, 2, 6, 18, 48, 124, 315, 786
(1,0,0,3)3 1, 2, 6, 18, 48, 129, 352, 960
(3,0,0,1)3 1, 2, 6, 18, 48, 129, 352, 960
(0,1,2,3)3 1, 2, 6, 20, 70, 252, 924, 3432
(0,1,3,2)3 1, 2, 6, 20, 70, 252, 924, 3432
(0,2,1,3)3 1, 2, 6, 20, 70, 252, 924, 3432
(0,2,3,1)3 1, 2, 6, 20, 70, 252, 924, 3432
(0,3,1,2)3 1, 2, 6, 20, 70, 252, 924, 3432
(0,3,2,1)3 1, 2, 6, 20, 70, 252, 924, 3432
(1,2,3,0)3 1, 2, 6, 20, 70, 252, 924, 3432
(1,3,2,0)3 1, 2, 6, 20, 70, 252, 924, 3432
(2,1,3,0)3 1, 2, 6, 20, 70, 252, 924, 3432
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Patterns Partial avoidance sequence (from 1 to 8)

(2,3,1,0)3 1, 2, 6, 20, 70, 252, 924, 3432
(3,1,2,0)3 1, 2, 6, 20, 70, 252, 924, 3432
(3,2,1,0)5 1, 2, 6, 20, 70, 252, 924, 3432
(1,0,2,3)3 1, 2, 6, 20, 71, 264, 1015, 4002
(1,0,3,2)3 1, 2, 6, 20, 71, 264, 1015, 4002
(1,2,0,3)3 1, 2, 6, 20, 71, 264, 1015, 4002
(1,3,0,2)3 1, 2, 6, 20, 71, 264, 1015, 4002
(2,0,1,3)3 1, 2, 6, 20, 71, 264, 1015, 4002
(2,0,3,1)3 1, 2, 6, 20, 71, 264, 1015, 4002
(2,1,0,3)3 1, 2, 6, 20, 71, 264, 1015, 4002
(2,3,0,1)3 1, 2, 6, 20, 71, 264, 1015, 4002
(3,0,1,2)5 1, 2, 6, 20, 71, 264, 1015, 4002
(3,0,2,1)3 1, 2, 6, 20, 71, 264, 1015, 4002
(3,1,0,2)3 1, 2, 6, 20, 71, 264, 1015, 4002
(3,2,0,1)5 1, 2, 6, 20, 71, 264, 1015, 4002
(0,0,1,2)4 1, 2, 6, 22, 74, 210, 502, 1046
(0,0,2,1)4 1, 2, 6, 22, 74, 210, 502, 1046
(0,0,2,3)4 1, 2, 6, 22, 74, 210, 502, 1046
(0,0,3,2)4 1, 2, 6, 22, 74, 210, 502, 1046
(0,0,3,4)4 1, 2, 6, 22, 74, 210, 502, 1046
(0,0,4,3)4 1, 2, 6, 22, 74, 210, 502, 1046
(0,1,2,0)4 1, 2, 6, 22, 74, 210, 502, 1046
(0,2,1,0)4 1, 2, 6, 22, 74, 210, 502, 1046
(0,2,3,0)4 1, 2, 6, 22, 74, 210, 502, 1046
(0,3,2,0)4 1, 2, 6, 22, 74, 210, 502, 1046
(0,3,4,0)4 1, 2, 6, 22, 74, 210, 502, 1046
(0,4,3,0)4 1, 2, 6, 22, 74, 210, 502, 1046
(1,2,0,0)4 1, 2, 6, 22, 74, 210, 502, 1046
(2,1,0,0)4 1, 2, 6, 22, 74, 210, 502, 1046
(2,3,0,0)4 1, 2, 6, 22, 74, 210, 502, 1046
(3,2,0,0)4 1, 2, 6, 22, 74, 210, 502, 1046
(3,4,0,0)4 1, 2, 6, 22, 74, 210, 502, 1046
(4,3,0,0)4 1, 2, 6, 22, 74, 210, 502, 1046
(0,0,1,3)4 1, 2, 6, 22, 74, 216, 586, 1474
(0,0,2,4)4 1, 2, 6, 22, 74, 216, 586, 1474
(0,0,3,1)4 1, 2, 6, 22, 74, 216, 586, 1474
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Patterns Partial avoidance sequence (from 1 to 8)

(0,0,4,2)4 1, 2, 6, 22, 74, 216, 586, 1474
(0,1,0,2)4 1, 2, 6, 22, 74, 216, 586, 1474
(0,1,3,0)4 1, 2, 6, 22, 74, 216, 586, 1474
(0,2,0,1)4 1, 2, 6, 22, 74, 216, 586, 1474
(0,2,0,3)4 1, 2, 6, 22, 74, 216, 586, 1474
(0,2,4,0)4 1, 2, 6, 22, 74, 216, 586, 1474
(0,3,0,2)4 1, 2, 6, 22, 74, 216, 586, 1474
(0,3,0,4)4 1, 2, 6, 22, 74, 216, 586, 1474
(0,3,1,0)4 1, 2, 6, 22, 74, 216, 586, 1474
(0,4,0,3)4 1, 2, 6, 22, 74, 216, 586, 1474
(0,4,2,0)4 1, 2, 6, 22, 74, 216, 586, 1474
(1,0,2,0)4 1, 2, 6, 22, 74, 216, 586, 1474
(1,3,0,0)4 1, 2, 6, 22, 74, 216, 586, 1474
(2,0,1,0)4 1, 2, 6, 22, 74, 216, 586, 1474
(2,0,3,0)4 1, 2, 6, 22, 74, 216, 586, 1474
(2,4,0,0)4 1, 2, 6, 22, 74, 216, 586, 1474
(3,0,2,0)4 1, 2, 6, 22, 74, 216, 586, 1474
(3,0,4,0)4 1, 2, 6, 22, 74, 216, 586, 1474
(3,1,0,0)4 1, 2, 6, 22, 74, 216, 586, 1474
(4,0,3,0)4 1, 2, 6, 22, 74, 216, 586, 1474
(4,2,0,0)4 1, 2, 6, 22, 74, 216, 586, 1474
(0,0,1,4)4 1, 2, 6, 22, 74, 218, 628, 1756
(0,0,4,1)4 1, 2, 6, 22, 74, 218, 628, 1756
(0,1,4,0)4 1, 2, 6, 22, 74, 218, 628, 1756
(0,4,1,0)4 1, 2, 6, 22, 74, 218, 628, 1756
(1,0,0,2)4 1, 2, 6, 22, 74, 218, 628, 1756
(1,4,0,0)4 1, 2, 6, 22, 74, 218, 628, 1756
(2,0,0,1)4 1, 2, 6, 22, 74, 218, 628, 1756
(2,0,0,3)4 1, 2, 6, 22, 74, 218, 628, 1756
(3,0,0,2)4 1, 2, 6, 22, 74, 218, 628, 1756
(3,0,0,4)4 1, 2, 6, 22, 74, 218, 628, 1756
(4,0,0,3)4 1, 2, 6, 22, 74, 218, 628, 1756
(4,1,0,0)4 1, 2, 6, 22, 74, 218, 628, 1756
(0,1,0,3)4 1, 2, 6, 22, 75, 232, 689, 1978
(0,2,0,4)4 1, 2, 6, 22, 75, 232, 689, 1978
(0,3,0,1)4 1, 2, 6, 22, 75, 232, 689, 1978
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Patterns Partial avoidance sequence (from 1 to 8)

(0,4,0,2)4 1, 2, 6, 22, 75, 232, 689, 1978
(1,0,3,0)4 1, 2, 6, 22, 75, 232, 689, 1978
(2,0,4,0)4 1, 2, 6, 22, 75, 232, 689, 1978
(3,0,1,0)4 1, 2, 6, 22, 75, 232, 689, 1978
(4,0,2,0)4 1, 2, 6, 22, 75, 232, 689, 1978
(0,1,0,4)4 1, 2, 6, 22, 79, 236, 728, 2228
(0,4,0,1)4 1, 2, 6, 22, 75, 236, 728, 2228
(1,0,0,3)4 1, 2, 6, 22, 75, 236, 728, 2228
(1,0,4,0)4 1, 2, 6, 22, 75, 236, 728, 2228
(2,0,0,4)4 1, 2, 6, 22, 79, 236, 728, 2228
(3,0,0,1)4 1, 2, 6, 22, 75, 236, 728, 2228
(4,0,0,2)4 1, 2, 6, 22, 75, 236, 728, 2228
(4,0,1,0)4 1, 2, 6, 22, 75, 236, 728, 2228
(1,0,0,4)4 1, 2, 6, 22, 79, 241, 772, 2488
(4,0,0,1)4 1, 2, 6, 22, 79, 241, 772, 2488
(0,1,2,3)4 1, 2, 6, 23, 94, 392, 1644, 6897
(0,1,3,2)4 1, 2, 6, 23, 94, 392, 1644, 6897
(0,2,1,3)4 1, 2, 6, 23, 94, 392, 1644, 6897
(0,2,3,1)4 1, 2, 6, 23, 94, 392, 1644, 6897
(0,2,3,4)4 1, 2, 6, 23, 94, 392, 1644, 6897
(0,2,4,3)4 1, 2, 6, 23, 94, 392, 1644, 6897
(0,3,1,2)4 1, 2, 6, 23, 94, 392, 1644, 6897
(0,3,2,1)4 1, 2, 6, 23, 94, 392, 1644, 6897
(0,3,2,4)4 1, 2, 6, 23, 94, 392, 1644, 6897
(0,3,4,2)4 1, 2, 6, 23, 94, 392, 1644, 6897
(0,4,2,3)4 1, 2, 6, 23, 94, 392, 1644, 6897
(0,4,3,2)4 1, 2, 6, 23, 94, 392, 1644, 6897
(1,2,3,0)4 1, 2, 6, 23, 94, 392, 1644, 6897
(1,3,2,0)4 1, 2, 6, 23, 94, 392, 1644, 6897
(2,1,3,0)4 1, 2, 6, 23, 94, 392, 1644, 6897
(2,3,1,0)4 1, 2, 6, 23, 94, 392, 1644, 6897
(2,3,4,0)4 1, 2, 6, 23, 94, 392, 1644, 6897
(2,4,3,0)4 1, 2, 6, 23, 94, 392, 1644, 6897
(3,1,2,0)4 1, 2, 6, 23, 94, 392, 1644, 6897
(3,2,1,0)4 1, 2, 6, 23, 94, 392, 1644, 6897
(3,2,4,0)4 1, 2, 6, 23, 94, 392, 1644, 6897
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Patterns Partial avoidance sequence (from 1 to 8)

(3,4,2,0)4 1, 2, 6, 23, 94, 392, 1644, 6897
(4,2,3,0)4 1, 2, 6, 23, 94, 392, 1644, 6897
(4,3,2,0)4 1, 2, 6, 23, 94, 392, 1644, 6897
(0,1,2/4)4 1, 2, 6, 23, 94, 396, 1704, 7442
(0,1,3,4), 1, 2, 6, 23, 94, 396, 1704, 7442
(0,1,4,2), 1, 2, 6, 23, 94, 396, 1704, 7442
(0,1,4,3)4 1, 2, 6, 23, 94, 396, 1704, 7442
(0,2,1,4)4 1, 2, 6, 23, 94, 396, 1704, 7442
(0,2,4,1)4 1, 2, 6, 23, 94, 396, 1704, 7442
(0,3,1,4)4 1, 2, 6, 23, 94, 396, 1704, 7442
(0,3,4,1)4 1, 2, 6, 23, 94, 396, 1704, 7442
(0,4,1,2)4 1, 2, 6, 23, 94, 396, 1704, 7442
(0,4,1,3)4 1, 2, 6, 23, 94, 396, 1704, 7442
(0,4,2,1)4 1, 2, 6, 23, 94, 396, 1704, 7442
(0,4,3,1)4 1, 2, 6, 23, 94, 396, 1704, 7442
(1,0,2,3)4 1, 2, 6, 23, 94, 396, 1704, 7442
(1,0,3,2)4 1, 2, 6, 23, 94, 396, 1704, 7442
(1,2,0,3)4 1, 2, 6, 23, 94, 396, 1704, 7442
(1,2,4,0)4 1, 2, 6, 23, 94, 396, 1704, 7442
(1,3,0,2)4 1, 2, 6, 23, 94, 396, 1704, 7442
(1,3,4,0)4 1, 2, 6, 23, 94, 396, 1704, 7442
(1,4,2,0)4 1, 2, 6, 23, 94, 396, 1704, 7442
(1,4,3,0)4 1, 2, 6, 23, 94, 396, 1704, 7442
(2,0,1,3)4 1, 2, 6, 23, 94, 396, 1704, 7442
(2,0,3,1)4 1, 2, 6, 23, 94, 396, 1704, 7442
(2,0,3,4)4 1, 2, 6, 23, 94, 396, 1704, 7442
(2,0,4,3)4 1, 2, 6, 23, 94, 396, 1704, 7442
(2,1,0,3)4 1, 2, 6, 23, 94, 396, 1704, 7442
(2,1,4,0)4 1, 2, 6, 23, 94, 396, 1704, 7442
(2,3,0,1)4 1, 2, 6, 23, 94, 396, 1704, 7442
(2,3,0,4)4 1, 2, 6, 23, 94, 396, 1704, 7442
(2,4,0,3)4 1, 2, 6, 23, 94, 396, 1704, 7442
(2,4,1,0)4 1, 2, 6, 23, 94, 396, 1704, 7442
(3,0,1,2)4 1, 2, 6, 23, 94, 396, 1704, 7442
(3,0,2,1)4 1, 2, 6, 23, 94, 396, 1704, 7442
(3,0,2,4)4 1, 2, 6, 23, 94, 396, 1704, 7442
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Patterns Partial avoidance sequence (from 1 to 8)

(3,0,4,2)4 1, 2, 6, 23, 94, 396, 1704, 7442
(3,1,0,2)4 1, 2, 6, 23, 94, 396, 1704, 7442
(3,1,4,0)4 1, 2, 6, 23, 94, 396, 1704, 7442
(3,2,0,1)4 1, 2, 6, 23, 94, 396, 1704, 7442
(3,2,0,4)4 1, 2, 6, 23, 94, 396, 1704, 7442
(3,4,0,2)4 1, 2, 6, 23, 94, 396, 1704, 7442
(3,4,1,0)4 1, 2, 6, 23, 94, 396, 1704, 7442
(4,0,2,3)4 1, 2, 6, 23, 94, 396, 1704, 7442
(4,0,3,2)4 1, 2, 6, 23, 94, 396, 1704, 7442
(4,1,2,0)4 1, 2, 6, 23, 94, 396, 1704, 7442
(4,1,3,0)4 1, 2, 6, 23, 94, 396, 1704, 7442
(4,2,0,3)4 1, 2, 6, 23, 94, 396, 1704, 7442
(4,2,1,0)4 1, 2, 6, 23, 94, 396, 1704, 7442
(4,3,0,2)4 1, 2, 6, 23, 94, 396, 1704, 7442
(4,3,1,0)4 1, 2, 6, 23, 94, 396, 1704, 7442
(1,0,2,4)4 1, 2, 6, 23, 94, 401, 1764, 7951
(1,0,4,2)4 1, 2, 6, 23, 94, 401, 1764, 7951
(1,3,0,4)4 1, 2, 6, 23, 94, 401, 1764, 7951
(1,4,0,3)4 1, 2, 6, 23, 94, 401, 1764, 7951
(2,0,1,4)4 1, 2, 6, 23, 94, 401, 1764, 7951
(2,4,0,1)4 1, 2, 6, 23, 94, 401, 1764, 7951
(3,0,4,1)4 1, 2, 6, 23, 94, 401, 1764, 7951
(3,1,0,4)4 1, 2, 6, 23, 94, 401, 1764, 7951
(4,0,1,3)4 1, 2, 6, 23, 94, 401, 1764, 7951
(4,0,3,1)4 1, 2, 6, 23, 94, 401, 1764, 7951
(4,1,0,2)4 1, 2, 6, 23, 94, 401, 1764, 7951
(4,2,0,1)4 1, 2, 6, 23, 94, 401, 1764, 7951
(1,4,0,2)4 1, 2, 6, 23, 95, 407, 1795, 8109
(2,0,4,1)4 1, 2, 6, 23, 95, 407, 1795, 8109
(3,0,1,4)4 1, 2, 6, 23, 95, 407, 1795, 8109
(4,1,0,3)4 1, 2, 6, 23, 95, 407, 1795, 8109
(1,0,3,4)4 1, 2, 6, 23, 99, 407, 1797, 8135
(1,0,4,3)4 1, 2, 6, 23, 95, 407, 1797, 8135
(1,2,0,4)4 1, 2, 6, 23, 95, 407, 1797, 8135
(2,1,0,4)4 1, 2, 6, 23, 95, 407, 1797, 8135
(3,4,0,1)4 1, 2, 6, 23, 95, 407, 1797, 8135
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Patterns

Partial avoidance sequence (from 1 to 8)

(4,0,1,2)4
(4,0,2,1)4
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Table A.2: Exact avoidance sequence of each pattern of

size at most 4 x 4.
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Patterns Exact avoidance sequence (from 1 to 8)

23, 103, 512, 2740, 15485
23, 103, 512, 2740, 15485
23, 103, 512, 2740, 15485
23, 103, 512, 2740, 15485
23, 103, 512, 2740, 15485
23, 103, 512, 2740, 15485
23, 103, 512, 2740, 15485
23, 103, 512, 2740, 15485
23, 103, 512, 2740, 15485
23, 103, 512, 2740, 15485
23, 103, 513, 2761, 15767
23, 103, 513, 2761, 15767
23, 103, 513, 2761, 15767
23, 103, 513, 2761, 15767

)

(0,2,1,3) 1, 2, 6, 20, 70, 252, 924, 3432
(0,2,3,1)5 1, 2 , 20, 170, 252, 924, 3432
(0,3,1,2)3 1, 2 , 20, 70, 252, 924, 3432
(0,3,2,1)3 1, 2 , 20, 70, 252, 924, 3432
(1,2,3,0)3 1, 2 .20, 170, 252, 924, 3432
(1,3,2,0)3 1, 2 , 20, 170, 252, 924, 3432
(2,1,3,0)3 1, 2 , 20, 70, 252, 924, 3432
(2,3,1,0)3 1, 2 , 20, 70, 252, 924, 3432
(3,1,2,0)3 1, 2 .20, 70, 252, 924, 3432
(3,2,1,0)3 1, 2 , 20, 70, 252, 924, 3432
(1,0,2,3)3 1, 2 , 20, 7L, 264, 1015, 4002
(1,0,3,2)3 1, 2 .20, 7L, 264, 1015, 4002
(1,2,0,3)3 1, 2 .20, Tl 264, 1015, 4002
(1,3,0,2)3 1, 2 .20, 71, 264, 1015, 4002
(2,0,1,3); 1, 2 , 20, 71, 264, 1015, 4002
(2,0,3,1)3 1, 2 , 20, 7L, 264, 1015, 4002
(2,1,0,3)3 1, 2 .20, Tl 264, 1015, 4002
(2,3,0,1)3 1, 2 .20, 71, 264, 1015, 4002
( 1, 2 20, 71, 264, 1015, 4002
(3,0,2,1)3 1, 2 , 20, 7L, 264, 1015, 4002
(3,1,0,2)3 1, 2 .20, Tl 264, 1015, 4002
(3,2,0,1)3 1, 2 .20, Tl 264, 1015, 4002
( 1 2
( 1 2
( 1 2
( 1 2
( 1 2
( 1 2
( 1 2
( 1 2
( 1, 2
( 1 2
( 1 2
( 1 2
( 1, 2
( 1 2
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Patterns Exact avoidance sequence (from 1 to 8)
(0,2,0,3)3 1, 2, 6, 24, 51, 121, 264, 561
(1,0,2,0)3 1, 2, 6, 24, 51, 121, 264, 561
(3,0,2,0)3 1, 2, 6, 24, 51, 121, 264, 561
(0,0,1,2)3 1, 2, 6, 24, 52, 100, 174, 280
(0,0,2,1)3 1, 2, 6, 24, 52, 100, 174, 280
(0,0,2,3)3 1, 2, 6, 24, 52, 100, 174, 280
(0,0,3,2)3 1, 2, 6, 24, 52, 100, 174, 280
(1,2,0,0)5 1, 2, 6, 24, 52, 100, 174, 280
(2,1,0,0)3 1, 2, 6, 24, 52, 100, 174, 280
(2,3,0,0)3 1, 2, 6, 24, 52, 100, 174, 280
(3,2,0,0)3 1, 2, 6, 24, 52, 100, 174, 280
(0,0,1,3)3 1, 2, 6, 24, 52, 120, 254, 526
(0,0,3,1)3 1, 2, 6, 24, 52, 120, 254, 526
(1,3,0,0)3 1, 2, 6, 24, 52, 120, 254, 526
(3,1,0,0)5 1, 2, 6, 24, 52, 120, 254, 526
(0,1,0,2)5 1, 2, 6, 24, 52, 124, 268, 568
(0,3,0,2)3 1, 2, 6, 24, 52, 124, 268, 568
(2,0,1,0)3 1, 2, 6, 24, 52, 124, 268, 568
(2,0,3,0)3 1, 2, 6, 24, 52, 124, 268, 568
(1,0,0,2)5 1, 2, 6, 24, 52, 127, 326, 782
(2,0,0,1)3 1, 2, 6, 24, 52, 127, 326, 782
(2,0,0,3)3 1, 2, 6, 24, 52, 127, 326, 782
(3,0,0,2)3 1, 2, 6, 24, 52, 127, 326, 782
(0,1,0,3)3 1, 2, 6, 24, 60, 156, 416, 1068
(0,3,0,1)3 1, 2, 6, 24, 60, 156, 416, 1068
(1,0,3,0)3 1, 2, 6, 24, 60, 156, 416, 1068
(3,0,1,0)3 1, 2, 6, 24, 60, 156, 416, 1068
(1,0,0,3)3 1, 2, 6, 24, 64, 174, 496, 1465
(3,0,0,1)3 1, 2, 6, 24, 64, 174, 496, 1465
(0,1,3,2)4 1, 2, 6, 24, 97, 401, 1672, 6987
(0,2,1,3)4 1, 2, 6, 24, 97, 401, 1672, 6987
(0,3,4,2)4 1, 2, 6, 24, 97, 401, 1672, 6987
(0,4,2,3)4 1, 2, 6, 24, 97, 401, 1672, 6987
(2,3,1,0)4 1, 2, 6, 24, 97, 401, 1672, 6987
(2,4,3,0)4 1, 2, 6, 24, 97, 401, 1672, 6987
(3,1,2,0)4 1, 2, 6, 24, 97, 401, 1672, 6987
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Patterns Exact avoidance sequence (from 1 to 8)

(3,2,4,0)4 1, 2, 6, 24, 97, 401, 1672, 6987
(0,1,4,2), 1, 2, 6, 24, 97, 406, 1740, 7577
(0,4,1,3)4 1, 2, 6, 24, 97, 406, 1740, 7577
(2,0,1,3)4 1, 2, 6, 24, 97, 406, 1740, 7577
(2,4,0,3)4 1, 2, 6, 24, 97, 406, 1740, 7577
(2,4,1,0)4 1, 2, 6, 24, 97, 406, 1740, 7577
(3,0,4,2)4 1, 2, 6, 24, 97, 406, 1740, 7577
(3,1,0,2)4 1, 2, 6, 24, 97, 406, 1740, 7577
(3,1,4,0)4 1, 2, 6, 24, 97, 406, 1740, 7577
(0,1,2,3)4 1, 2, 6, 24, 98, 405, 1685, 7028
(0,2,3,4)4 1, 2, 6, 24, 98, 405, 1685, 7028
(0,2,4,3)4 1, 2, 6, 24, 98, 405, 1685, 7028
(0,3,1,2)4 1, 2, 6, 24, 98, 405, 1685, 7028
(0,3,2,1)4 1, 2, 6, 24, 98, 405, 1685, 7028
(0,4,3,2)4 1, 2, 6, 24, 98, 405, 1685, 7028
(1,2,3,0)4 1, 2, 6, 24, 98, 405, 1685, 7028
(2,1,3,0)4 1, 2, 6, 24, 98, 405, 1685, 7028
(2,3,4,0)4 1, 2, 6, 24, 98, 405, 1685, 7028
(3,2,1,0)4 1, 2, 6, 24, 98, 405, 1685, 7028
(3,4,2,0)4 1, 2, 6, 24, 98, 405, 1685, 7028
(4,3,2,0)4 1, 2, 6, 24, 98, 405, 1685, 7028
(0,2,3,1)4 1, 2, 6, 24, 98, 406, 1692, 7062
(0,3,2,4)4 1, 2, 6, 24, 98, 406, 1692, 7062
(1,3,2,0)4 1, 2, 6, 24, 98, 406, 1692, 7062
(4,2,3,0)4 1, 2, 6, 24, 98, 406, 1692, 7062
(0,1,3,4)4 1, 2, 6, 24, 98, 410, 1755, 7635
(0,1,4,3), 1, 2, 6, 24, 98, 410, 1755, 7635
(0,4,1,2)4 1, 2, 6, 24, 98, 410, 1755, 7635
(0,4,2,1)4 1, 2, 6, 24, 98, 410, 1755, 7635
(1,2,0,3)4 1, 2, 6, 24, 98, 410, 1755, 7635
(1,2,4,0)4 1, 2, 6, 24, 98, 410, 1755, 7635
(2,0,3,4)4 1, 2, 6, 24, 98, 410, 1755, 7635
(2,0,4,3)4 1, 2, 6, 24, 98, 410, 1755, 7635
(2,1,0,3)4 1, 2, 6, 24, 98, 410, 1755, 7635
(2,1,4,0)4 1, 2, 6, 24, 98, 410, 1755, 7635
(3,0,1,2)4 1, 2, 6, 24, 98, 410, 1755, 7635
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Patterns Exact avoidance sequence (from 1 to 8)

(3,0,2,1)4 1, 2, 6, 24, 98, 410, 1755, 7635
(3,4,0,2)4 1, 2, 6, 24, 98, 410, 1755, 7635
(3,4,1,0)4 1, 2, 6, 24, 98, 410, 1755, 7635
(4,3,0,2)4 1, 2, 6, 24, 98, 410, 1755, 7635
(4,3,1,0)4 1, 2, 6, 24, 98, 410, 1755, 7635
(0,1,2,4), 1, 2, 6, 24, 98, 411, 1759, 7647
(0,4,3,1)4 1, 2, 6, 24, 98, 411, 1759, 7647
(1,0,2,3)4 1, 2, 6, 24, 98, 411, 1759, 7647
(1,3,4,0)4 1, 2, 6, 24, 98, 411, 1759, 7647
(2,3,0,4)4 1, 2, 6, 24, 98, 411, 1759, 7647
(3,2,0,1)4 1, 2, 6, 24, 98, 411, 1759, 7647
(4,0,3,2)4 1, 2, 6, 24, 98, 411, 1759, 7647
(4,2,1,0)4 1, 2, 6, 24, 98, 411, 1759, 7647
(0,2,1,4), 1, 2, 6, 24, 98, 411, 1762, 7671
(0,2,4,1)4 1, 2, 6, 24, 98, 411, 1762, 7671
(0,3,1,4)4 1, 2, 6, 24, 98, 411, 1762, 7671
(0,3,4,1)4 1, 2, 6, 24, 98, 411, 1762, 7671
(1,0,3,2)4 1, 2, 6, 24, 98, 411, 1762, 7671
(1,3,0,2)4 1, 2, 6, 24, 98, 411, 1762, 7671
(1,4,2,0)4 1, 2, 6, 24, 98, 411, 1762, 7671
(1,4,3,0)4 1, 2, 6, 24, 98, 411, 1762, 7671
(2,0,3,1)4 1, 2, 6, 24, 98, 411, 1762, 7671
(2,3,0,1)4 1, 2, 6, 24, 98, 411, 1762, 7671
(3,0,2,4)4 1, 2, 6, 24, 98, 411, 1762, 7671
(3,2,0,4)4 1, 2, 6, 24, 98, 411, 1762, 7671
(4,0,2,3)4 1, 2, 6, 24, 98, 411, 1762, 7671
(4,1,2,0)4 1, 2, 6, 24, 98, 411, 1762, 7671
(4,1,3,0)4 1, 2, 6, 24, 98, 411, 1762, 7671
(4,2,0,3)4 1, 2, 6, 24, 98, 411, 1762, 7671
(1,0,2,4)4 1, 2, 6, 24, 98, 417, 1830, 8238
(1,3,0,4)4 1, 2, 6, 24, 98, 417, 1830, 8238
(4,0,3,1)4 1, 2, 6, 24, 98, 417, 1830, 8238
(4,2,0,1)4 1, 2, 6, 24, 98, 417, 1830, 8238
(1,0,4,2)4 1, 2, 6, 24, 98, 418, 1840, 8312
(1,4,0,3)4 1, 2, 6, 24, 98, 418, 1840, 8312
(2,0,1,4)4 1, 2, 6, 24, 98, 418, 1840, 8312
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Patterns Exact avoidance sequence (from 1 to 8)

(2,4,0,1), 1, 2, 6, 24, 98, 418, 1840, 8312
(3,0,4,1)4 1, 2, 6, 24, 98, 418, 1840, 8312
(3,1,0,4)4 1, 2, 6, 24, 98, 418, 1840, 8312
(4,0,1,3)4 1, 2, 6, 24, 98, 418, 1840, 8312
(4,1,0,2), 1, 2, 6 24, 98, 418, 1840, 8312
(1,4,0,2), 1, 2, 6, 24, 100, 430, 1908, 8682
(2,0,4,1), 1, 2, 6, 24, 100, 430, 1908, 8682
(3,0,1,4)4 1, 2, 6, 24, 100, 430, 1908, 8682
(4,1,0,3)4 1, 2, 6, 24, 100, 430, 1908, 8682
(1,0,3,4), 1, 2, 6, 24, 100, 430, 1910, 8707
(1,0,4,3), 1, 2, 6, 24, 100, 430, 1910, 8707
(1,2,0,4)4 1, 2, 6, 24, 100, 430, 1910, 8707
(2,1,0,4)4 1, 2, 6, 24, 100, 430, 1910, 8707
(3,4,0,1)4 1, 2, 6, 24, 100, 430, 1910, 8707
(4,0,1,2), 1, 2, 6, 24, 100, 430, 1910, 8707
(4,0,2,1), 1, 2, 6, 24, 100, 430, 1910, 8707
(4,3,0,1)4 1, 2, 6, 24, 100, 430, 1910, 8707
(0,0,0,0)5 1, 2, 6 24, 120, 0, 0, 0
(0,0,0,1)3 1, 2, 6 24, 120, 0, 0, 0
(0,0,0,2)3 1, 2, 6 24, 120, 0, 0, 0
(0,0,0)s 1, 2, 6 24, 120, 0, 0, 0
(0,0,0,3)3 1, 2, 6 24, 120, 0, 0, 0
(0,0,1,0) 1, 2, 6 24, 120, 0, 0, 0
(0,0,2,0)3 1, 2, 6 24, 120, 0, 0, 0
(0,0,3,0)3 1, 2, 6 24, 120, 0, 0, 0
(0,1,0,0)3 1, 2, 6 24, 120, 0, 0, 0
(0,2,0,0)3 1, 2, 6 24, 120, 0, 0, 0
(0,3,0,0)3 1, 2, 6 24, 120, 0, 0, 0
(1,0,0,0)5 1, 2, 6 24, 120, 0, 0, 0
(2,0,0,0)5 1, 2, 6 24, 120, 0, 0, 0
(3,0,0,0)3 1, 2, 6 24, 120, 0, 0, 0
(0,2,3,0)4 1, 2, 6, 24, 120, 252, 572 1152
(0,3,2,0), 1, 2, 6, 24, 120, 252, 572 1152
(0,1,3,0)4 1, 2, 6, 24, 120, 260, 702 1711
(0,2,0,3) 1, 2, 6, 24, 120, 260, 702, 1711
(0,2,4,0)4 1, 2, 6 24, 120, 260, 702 1711
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Patterns Exact avoidance sequence (from 1 to 8)

(0,3,0,2)4 1, 2, 6, 24, 120, 260, 702, 1711
(0,3,1,0)4 1, 2, 6, 24, 120, 260, 702, 1711
(0,4,2,0)4 1, 2, 6, 24, 120, 260, 702, 1711
(2,0,3,0)4 1, 2, 6, 24, 120, 260, 702, 1711
(3,0,2,0)4 1, 2, 6, 24, 120, 260, 702, 1711
(0,0,2,3)4 1, 2, 6, 24, 120, 262, 586, 1170
(0,0,3,2)4 1, 2, 6, 24, 120, 262, 586, 1170
(0,1,2,0)4 1, 2, 6, 24, 120, 262, 586, 1170
(0,2,1,0)4 1, 2, 6, 24, 120, 262, 586, 1170
(0,3,4,0)4 1, 2, 6, 24, 120, 262, 586, 1170
(0,4,3,0)4 1, 2, 6, 24, 120, 262, 586, 1170
(2,3,0,0)4 1, 2, 6, 24, 120, 262, 586, 1170
(3,2,0,0)4 1, 2, 6, 24, 120, 262, 586, 1170
(0,1,4,0)4 1, 2, 6, 24, 120, 267, 754, 2144
(0,4,1,0)4 1, 2, 6, 24, 120, 267, 754, 2144
(2,0,0,3)4 1, 2, 6, 24, 120, 267, 754, 2144
(3,0,0,2)4 1, 2, 6, 24, 120, 267, 754, 2144
(0,0,2,4)4 1, 2, 6, 24, 120, 270, 714, 1736
(0,0,3,1)4 1, 2, 6, 24, 120, 270, 714, 1736
(0,2,0,1)4 1, 2, 6, 24, 120, 270, 714, 1736
(0,3,0,4)4 1, 2, 6, 24, 120, 270, 714, 1736
(1,0,2,0)4 1, 2, 6, 24, 120, 270, 714, 1736
(1,3,0,0)4 1, 2, 6, 24, 120, 270, 714, 1736
(4,0,3,0)4 1, 2, 6, 24, 120, 270, 714, 1736
(4,2,0,0)4 1, 2, 6, 24, 120, 270, 714, 1736
(0,0,1,2)4 1, 2, 6, 24, 120, 284, 612, 1200
(0,0,2,1)4 1, 2, 6, 24, 120, 284, 612, 1200
(0,0,3,4)4 1, 2, 6, 24, 120, 284, 612, 1200
(0,0,4,3)4 1, 2, 6, 24, 120, 284, 612, 1200
(1,2,0,0)4 1, 2, 6, 24, 120, 284, 612, 1200
(2,1,0,0)4 1, 2, 6, 24, 120, 284, 612, 1200
(3,4,0,0)4 1, 2, 6, 24, 120, 284, 612, 1200
(4,3,0,0)4 1, 2, 6, 24, 120, 284, 612, 1200
(0,0,1,3)4 1, 2, 6, 24, 120, 284, 752, 1796
(0,0,4,2)4 1, 2, 6, 24, 120, 284, 752, 1796
(0,1,0,2)4 1, 2, 6, 24, 120, 284, 752, 1796
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Patterns Exact avoidance sequence (from 1 to 8)

0,4,0,3) , , 6, 24, 120, 284, 752, 1796
2,0,1,0)4 , , , 24, 120, 284, 752 1796
2,4,0,0)4 , , , 24, 120, 284, 752 1796
3,0,4,0), , : .24, 120, 284, 752 1796
3,1,0,0)s , , .24, 120, 284, 752 1796
0,0,1,4), , , .24, 120, 284, T84, 2208
0,0,4,1), , : .24, 120, 284, 784, 2208
1,0,0,2)4 , : .24, 120, 284, 784, 2208
1,4,0,0), : : .24, 120, 284, 784, 2208
2,0,0,1), , , .24, 120, 284, T84, 2208
3,0,0,4), , , .24, 120, 284, 784, 2208
4,0,0,3) , : .24, 120, 284, 784, 2208
4,1,0,0)4 : , .24, 120, 284, 784, 2208
0,2,0,4), , , , 24, 120, 304, 907, 2696
0,3,0,1) , , , 24, 120, 304, 907, 2696
1,0,3,0)4 : : , 24, 120, 304, 907, 2696
4,0,2,0)4 : : .24, 120, 304, 907, 2696
0,1,0,3)s , , 24, 120, 321, 938, 2785

: 24, 120, 321, 938, 2785
2,0,4,0)4 , : .24, 120, 321, 938, 2785
3,0,1,0), : : .24, 120, 321, 938, 2785

0,1,0,4)4
0,4,0,1),
1,0,0,3)4
1,0,4,0)4
2,0,0,4),
3,0,0,1)
4,0,0,2),
4,0,1,0),
1,0,0,4),
4,0,0,1),
0,0,0,0)5
0,0,0,1),
0,0,0,2),
0,0,0,3)s
0,0,0,4)4

24, 120, 341, 1044, 3339
24, 120, 341, 1044, 3339
24, 120, 341, 1044, 3339
24, 120, 341, 1044, 3339
24, 120, 341, 1044, 3339
24, 120, 341, 1044, 3339
24, 120, 341, 1044, 3339
24, 120, 341, 1044, 3339
24, 120, 374, 1219, 4121
24, 120, 374, 1219, 4121
24, 120, 720, O
24, 120, 720, O,
24, 120, 720, O,
24, 120, 720, O
24, 120, 720, O, 0

)

o O O O

)

)

G VG VG VLG O T G T L (NG LG VUL G VUG VG O O T T G GG (NG (NG VUG VTG VA G O T G R U O G G UG VUG VU G NG Wy

( 2
( ) 2
( ) 2
( ) 2
( ) 2
( ) 2
( ) 2
( ) 2
( ) 2
( ) 2
( ) 2
( ) 2
( ) 2
( ) 2
( ) 2
( ) 2
( ) 2
( ) 2
(0,4,0,2) 2
( ) 2
( ) 2
( ) 2
( ) 2
( ) 2
( ) 2
( ) 2
( ) 2
( ) 2
( ) 2
( ) 2
( ) 2
( ) 2
( ) 2
( ) 2
( ) 2
( ) 2

R S e R e R 2 N N e R e R e R e R 2 N = N = R e R N = N =2 B = R e R e N N =2 N =2 I = B = B =P R e R e R N N =2 B =2 B = B =

)
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