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Introduction

Systems with boundary or point control are an important class of controlled
distributed parameter systems. They represent, for instance, plate equations
with distributed noise which are accessible (controllable) only at certain points
in the domain or in terms of boundary conditions, for example

wy(t, 1) — Awy(t, z) + A%w(t, z) = L—pou(t) +1(t,z), (t,7) ERLxG, (1)

w(0,x) = wy, wy(0,2) =wy, x € G,
w(t,z) = wy(t,x) =0, (t,z) € Ry x IG,

where G C R", zy € G, [ formally stands for the noise and u for the control.
Another example is heat equation

y(t,x) = Ay(t,x) + U(t, z), (t,z) € Ry x G, (2)

yo(t, ) + h(x)y(t,x) = u(t,x), (t,x) € Ry x 9G,
y(owx) = yO(x)v T € G7

where y,(t,z) is normal derivative of y in (¢,x) € Ry x G in direction v, v
being the outward normal to G, G C R", zy € GG, [ denotes the noise. Ergodic
(and adaptive) control for such systems have been studied in numerous papers
in case when [ is white in time, possibly correlated in space, Gaussian noise.
The first results in this direction have been obtained in [5], the main idea of
which already appeared in [I1] where the (technically easier) distributed control
of linear distributed parameter systems has been studied. Adaptive control for
such systems dependent also on an unknown parameter was further investigated
in [7]. Let us also mention analogous results for the case of semilinear (typically,
stochastic reaction-diffusion) systems [12], [8], [14] and [13]. In all these papers the
noise term is a (space-dependent) Brownian motion. There are a few papers where
other types of noise are considered, like the fractional noise type disturbances in
[10] and [9]. All previous control results are proved path-wise sense and some of
them are proved in mean-value sense as well.

We are not aware of any earlier result for Lévy noise for this problem. There-
fore, the goal of this Thesis is to study the ergodic control of the diffusion pro-
cesses with the Lévy noise. As these results in the case of the Brownian motion
are already known, we focus on the pure jump Lévy noise.

The original results summarized in this Thesis are published in the papers
[17], where the square integrable Lévy process is considered, and in [I8], where
we can find the result for more general cylindrical Lévy process.

The Thesis is divided into five chapters. The original result with proofs are
covered by the chapters [2] - [5

Chapter [1] contains some preliminaries as

1. strongly continuous and analytic semi-groups, some useful properties of
these semi-groups,



2. square integrable Lévy process and its characteristics,

3. square integrable martingales, their basic properties and the stochastic in-
tegration with respect to the square integrable martingales,

4. cylindrical Lévy process, its characteristics and stochastic integration with
respect to the cylindrical Lévy process.

Chapter [2] is devoted to controlled stochastic evolution equations in the general
form, the concepts of the solutions and the hypotheses imposed on the coeffi-
cients as well as on the process representing the noise in the controlled stochastic
evolution equations.

In chapter |3| the control problem is formulated, including the optimality cri-
terion as well as the assumptions on the corresponding coefficients. Some known
results on operator-valued Riccati equations are recalled.

Chapter {4 is devoted to the Itd6 formula in mean value, applicable to the
stochastic evolution equations defined in the chapter 2| and for the quadratic
forms with the operators defined in the chapter [3| (Lemma [§). Note that the
solutions are not strong in general - the driving Lévy process is merely cylindrical
and both the drift term and the control operator are in general unbounded and
only densely defined. When we add the assumption on the noise term to be
Hilbert-Schmidt, we have the path-wise version of this It6 formula (Lemma
as well.

Chapter [5| contains the main results of the paper - the optimal control is
found in feedback form in a certain natural class of stabilizing controls, and the
formula for the optimal cost is given in terms of the solution to appropriate
operator-valued "algebraic” Riccati equation. The control is optimal in the mean
for the cylindrical Lévy process (Theorem as we apply the Ité formula in the
mean value sense, proved in the previous section in this case. This control is
optimal path-wise as well (Theorem if we add some technical assumptions on
the diffusion operator as well as on the coefficients of the cost functional. Most
importantly, we need that the coefficient in the noise term is Hilbert-Schmidt,
to be able to apply the path-wise It6 formula in this particular case. Some
applications to ergodic adaptive control problem are summarized in section [5.3
(Theorem . The examples of specific controlled SPDEs satisfying the above
imposed conditions are given in this chapter as well (section|5.4). These examples
are given:

1. boundary control for stochastic heat equation,
2. ergodic point control of stochastic plate equation with structural damping,

3. ergodic point control of stochastic Kelvin-Voigt plate equation.



1. Preliminaries

1.1 Strongly continuous semigroups

In this section, we introduce the theory of the strongly continuous semigroups
as well as we summarize basic results related to these semigroups based on [24].
Proofs of the results stated in this section can be found in [24].

Let H = (H,| - |g) and Y = (Y,]| - |v) be real separable Hilbert spaces. We
define the semigroup of bounded linear operators on H as the family S(¢), t > 0
such that

1. S(t) € L(H), s >0,
2. 5(0) = Iy,
3. S(s+t)=25(s)S(t), s,t >0,

where L£(H) denotes the set of bounded linear operators on H and Iy denotes
the identity operator on H. If there is no danger of confusion, we simply write I
instead of Iy. Note that the condition |3| above is called semigroup property. The
semigroup S can be characterized by the infinitesimal generator of S. We say
that the operator A is the infinitesimal generator of the semigroup S if

(S(t) — S(0))x . Sr—=z

Az = lim = lim
t—04 t t—04 t

for all € D(A), where D(A) denotes the domain of A and in this case

D(A):{xGH;EIyGH:tlimW:y}.

—>0+

We say that the semigroup S of bounded linear operators on H is strongly con-

tinuous if
lim S(t)r =z, = € H.

t—04

We state some key properties of the strongly continuous semigroup S with the
infinitesimal generator A.

1. There exist M > 1 and w > 0 such that

1S(t)|m < Me**, t>0.

2. S(-)x : Ry — H is continuous, z € H.

3. Forx € D(A), t > s> 0:

/t S(r)xdr € D(A),

A (/St S('r)xdr) = S(t)x — S(s)x.



4. For x € D(A),t > 0:
S(t)x € D(A),
AS(t)x = S(t)Ax.

5. A is the closed linear operator and D(A) = H .

6. S is given uniquely by A. It means that if T is a strongly continuous
semigroup with the infinitesimal generator A, then S(t) = T'(¢), t > 0.

Remark. We can see from the properties above that S(t)x can be interpreted as
the solution of the deterministic evolution equation

y=Ay, y(0) ==z (1.1)
if x € D(A). We show an example of a strongly continuous semigroup on the
finite dimensional H = R as a motivation of (1.1).

FEzample. Consider the equation ((1.1)) with A on H = R. In this case, the linear
operator A can be interpreted as multiplication by a € R. We can rewrite the
equation (|1.1f) as

iy =ay, y(0)=u, (1.2)

where € R. It is well known that the solution to the equation [I.2] is the
exponential function
y(t) = ez, t>0.

Therefore, the strongly continuous semigroup generated by the operator A can
be interpreted as the semigroup of linear operators S(t), t > 0, defined as the
multiplication by the numbers e, ¢t > 0. This means that

St)r =ez, zeR, t>0. (1.3)

Remark. Another motivation is the equation (I.1)) with the bounded operator A.
In this case, the solution is similarly intuitive as in the finite dimensional case
(1.2)) as we can see in the example below.

Ezample. Assume the equation (1.1)) with A € L(H). It is known that:

1. A generates an uniformly continuous semigroup, that means

lim S(t) = S(0)

t—04

in L(H). Note that this property is much stronger than the property of
strongly continuous semigroups.

2.
S(t) = et = i (t:')n, t>0. (1.4)

Remark. The sum in (|1.4)) is defined only for the bounded operator A in general
Hilbert spaces. Therefore, to get the correct definition of the more general con-
cept of the evolution equations in the Hilbert spaces, the concept of uniformly
continuous semigroups is extended to strongly continuous semigroups.



We define the resolvent set p(A) of the operator A as the set of all A € C such
that
(Mg — A)~! € L(H)
and denote
RN A) = A=A X e p(A).

The set {R(\, A); X € p(A)} is called the resolvent of A.
We say that S is a semigroup of contractions iff My = 1 in (1.1]). This means
that there exists w > 0 such that

1S(t)|m < €', t>0.

We use later the following properties of the resolvent set and the resolvent of
A generating a semigroup of contractions:

L Ry C p(A),
2. For A > 0:

[AR(A, A)|cmy < 1. (1.5)
3. For x € D(A):

Jim AR\, A)z = . (1.6)

The inequality (1.5) is implied by the Hille-Yosida Theorem:

Theorem 1. Let A be a linear operator on H. A generates a strongly continuous
semigroup of contractions S on H if and only

1. A is closed and D(H) = H,
2. Ry C p(A) and for all A > 0:

R\, A)|cany < (1.7)

> =

For us is important the implication that for A a generator of a strongly con-
tinupus semigroup of contractions holds.

In the definition of the general strongly continuous semigroup, we require the
semigroup property only on R,. We introduce the analytic semigroups as the
family of the bounded linear operators with the semigroup property on larger
subset of C, a cone around the R,. More precisely, S is an analytic semigroup
on

Q[¢17¢2 = {Z S C7 arg(z) € (_¢17¢2)}a ¢17¢2 > 07
if
1. S(-) is analytic on g, 4,
2. 5(0) =1,



3. for each z € H
lim  S(z)x ==,
Z%O,Z€m¢1’¢2

4. S(Zl + Zz) = S<21)S<Z2>7 21,22 € Ql¢>17¢>2'

The semigroup S is analytic if S is analytic on 2, 4, for some ¢, 92 > 0. The
analytic semigroups have some key properties listed below:
It is known that there is a constant My > 0 such that for all ¢ > 0 we have

M,
AS(®)]cay < =

Before further description of the properties of the analytic semigroups, we
define the fractional power of the operators. Let A be a densely defined closed
linear operator and there exist a neighborhood of zero V' and M > 0 such that

Po C P(A)7

M
AR(\, A < —7 A€ o,
where
po=4N 0<w<]arg\| <7}UV.

If M =1and w = 7, Ais the infinitesimal generator of a strongly continuous
semigroup. If w < 7, A is the infinitesimal generator of an analytic semigroup.
We further assume w < 7.

We can define for a > 0:

Joe oS (r)dr

.

as the integral converges in the uniform operator topology. I' denotes the Gamma
function. Further we define for a = 0: (—A)™% =1y, (—A)? = Iy and for a > 0:

It is known that

1.
D((-A)") =R((-4)™),
where R ((—A)™%) denotes the range of the operator (—A)™,

APy = A°APg, 2 €D (Amax{o‘*ﬁ’“’ﬁ})
for a, 5 € R.

We continue with the list of properties of the analytic semigroup S with the
infinitesimal generator A.

1. There exists a constant ¢ such that

“—Arﬂ <e¢, acl0,1].

L£(H)

7



2. If «Q

0 < 1 and B : H — H is a closed linear operator such that
D((—A)")

<
C D(B), then there is a constant ¢ such that

|Bx|lg < c|(—=A)%x|lm, = € D(A?).
3. S(t) maps H to D((—A)*), t >0, a > 0.
4. For x € D(A%) and « € R, we have
(—A)*S(t)x = S(t)(—A)%, t>0.
5. For t > 0 and a € R, the operator (—A)*S(t) is bounded on H.

6. For o € R, we have constants § > 0 and M, such that

M, e Pt
tO{

[(=A)*S(t)| ey < , t>0.

1.2 Square integrable Lévy process

In this chapter, we summarize some properties of the square integrable Lévy
process based on [25]. We can find the corresponding proofs in [25].

Let (Q, A, F,P) be a complete filtered probability space. We start with the
definition of the H-valued martingale. We say, that the H-valued stochastic pro-
cess M on I, I C R, is H-valued martingale with respect to the filtration F
if

1. M is F-adapted,
2. M(t) is integrable for each t € I,

3. forallt>s, s,t € I:

E[M(t)|Fs) = M(s),, P —a.s.,

where P-a.s means almost surely with respect to the probability measure P (fur-
ther, we can write a.s. instead of P-a.s.). If there is no danger of confusion,
we simply write martingale instead of H-valued martingale. This definition is a
straight generalization of the analogous one in finite dimension. Therefore, the
properties are similar as in the finite dimension.

1. If we have a H-valued integrable process Z on I, I C R, such that Z(t)—Z(s)
is independent of F,, t > s, s,t € I, then the process M defined as

M(t)=2Z(t)—-EZ(t), tel,
is a martingale.

2. Any stochastically continuous square integrable H-valued martingale M has
a version with cadlag trajectories. We denote this version M as well.



Remark. Note that the naming cadlag is taken from French "continue a droite,
limite a gauche” which we can translate as "right continuous with left limits”
or as “continuous on (the) right, limit on (the) left”. Therefore, the namings
"RCLL” ("right continuous with left limits”) or sometimes "corlol” (”continuous
on (the) right, limit on (the) left”) are used in some papers and books as well.
Nevertheless, the most popular is the French naming ”cadlag”. Therefore, we use
it in this Thesis.

We define the Lévy process L in H as the H-valued stochastic process L on
R, such that

1. The increments L(t;) — L(t;—1), i = 1,...,n, are independent for each 0 <
tiy<ti,i=1,....,n,n €N,

2. The increments L(t) — L(s), 0 < s < t, are stationary,
3. L is stochastically continuous.

Example. An important particular case of the Lévy process is the Wiener process.
We define the Wiener process W in H as the Lévy process in H with continuous
trajectories and zero mean. It is known that W is Gaussian and square integrable,
which means that there exists a positive semi-definite trace-class operator QQy on
H such that for all t; >0, x; e H, i € {1,...,n}, n € N:

(<W(t1>7 xl>H7 SR <W(tn>7 xn>H) ~ N(OR”7 Qn)7
where Q" is an n X n matrix with the cells ); ; given by
Qi,j = mln{tl,t3}<Q.’E“ I‘j)H, Z,j = 1, oo,

and (-)g denotes the scalar product in H.

The general Lévy process L has a version with cadlag trajectories. We consider
this version. Denote AL(t) = L(t) — L(t—) . The Poisson random measure
corresponding to L is defined as

N(t,A)=#{s <t;AL(s) € A}, t>0, AcB(H), A0y =0,

where B(H) denotes the Borel o-algebra of the space H. Since the trajectories
are cadlag, N(t, A) is finite for each ¢t > 0 and A € B(H), AN0yx = 0. It is known
that

EN(t,A) =tEN(1,A) = tv(A), t>0, AcB(H), ANOy=10

where v is finite for A € B(H), AN 0 = (). The measure v is called the Lévy
measure or the intensity jump measure of the Lévy process L and satisfies

/H (min {|z|]%1, 1}) dv(z) < 0. (1.8)

The compensated Poisson random measure corresponding to L is defined as the
compensated measure N (t, A), that is

N(t,A) = N(t,A) —tv(A), t >0, AecB(H), An0g=70.

9



The characteristic function ¢, of the Lévy process L at time ¢ > 0 is given by

1

log ¢L(t) (I) = t(i(a, x)H - §<QW33> x)H

+AK%”W—1—M4@mmMm@medm@,
where I4(x) is defined as 1 if x € A else 0, log denotes the natural logarithm and
1. a € H,
2. Qw is a symmetric positive semi-definite trace-class operator on H and

3. v is a non-negative measure concentrated on H \ {Og} such that (1.8) is
fulfilled.

The measure v is the Lévy measure of L defined above and the triple (a, Qw,v) is
called the characteristics of L. The formula describing the characteristic function
of the Lévy process L is known as the Lévy-Khinchin formula. Note that in the
Lévy-Khinchin formula, we can use any open bounded set containing Og instead
of the open sphere |z|g < 1 if we modify the vector a accordingly.

Remark. 1f the integral
/ (€525 _ 1)du(2)
|zlm<1

exists, we can use () instead of |z|y < 1 in the Lévy-Khinchin formula and adjust
<CL, I>H by
- (z, x)pdv(2).

‘Z|]H[<1

In this case, we can rewrite the log ¢ 1 () formula as:

log ¢r(x) = t(i{a, x)m — ;<QW§U,$>H + /}}H(ei<z’m>H — 1)dv(z),

where

<@@H:mwm—/i (z, 2)mdv (2).

|Z‘H<1

On the other hand, if the integral
/ (z, x)gdr(2)
|ze>1

exists, we can use R instead of |z|g < 1 in the Lévy-Khinchin formula and adjust
<a7 z >H by

/IZH21<Z’ 2)udv (z).

In this case, we can simplify the log ¢ (z) formula to:

log ¢y (x) = t(i{a, v)m — ;<le‘, T)m + /H (ei<z,x>H —1—i(z, xm) dv(z),

where
(a,z)g = (a, )y + (z, z)gdr(z).

|2lg>1

10



The Lévy process can be decomposed in distribution ([25], chapters 4.5, 4.6,

6.3)

as

L(t) =at + W(t +// N(ds,dz) —i—// N(ds,dz), t>0,
|Z‘H>1 ‘|IHI<1

where
1. W is a Wiener process in H with the covariance operator Qyy,
2. N is a Poisson measure with the intensity measure dt x dv(z),
3. Ly given by
Lo(t) =at, t >0,
has the characteristic function
log (bLo(t)(x) = ?:t<CL,IE>H7 T c H7
4. L, given by
Ly(t) = W(t), t >0,
has the characteristic function
1
lOg ¢L1(t)(x) = _t§<QWxax>Ha S ]HL
and is a martingale,
5. Lo given by
t
:/ / zN(ds,dz), t >0,
0 J|zlg>1
has the characteristic function
log o1, (x) = / (ei(z’xm — 1) dv(z), = €H,
|zl =>1
6. L3 given by

/ / N(ds,dz), t>0,
Z|H<1

has the characteristic function

log ¢, () = /

lzlm<1

(ei<z7m>H . 1 _ Z<Z7~r>H) dl/(Z), T &€ H7

and is a martingale.

Note that multiplying the characteristic functions of L, Ly and L3, we easily
obtain the characteristic function described by the Lévy-Khinchin formula.
We consider square integrable Lévy process. We know that we have a vector

T

H and a positive semi-definite operator @ on H such that for s, > 0,

xz,y € H:

1.

E<L(t)7 x>H = <:u7 x>Ht>

11



B(L(t) — it, a){L(s) — s, y) = mins, £}{Qa, )i

We define the mean and the covariance operator of L as p and Q with the
properties defined above. It is known that

= (a + /|z|H>1 zdu(z)) t,

/ |z|3dv(2) < oo
H

and we can decompose the operator Q to Q = Qw + @, where

1.

(@)= [ (@2l 2hud(2).

We define the stochastic integral with respect to the general H-valued square
integrable martingale M as in [25].

Remark. As mentioned in the previous paragraphs, the square integrable H-valued
Lévy process in the form

L(t) = W(t) +/0t/HzN(ds,dz), £>0,

is a H-valued square integrable martingale.
We consider the version of M with the cadlag trajectories. We denote (M)
the compensator of (M)%. It means that

(M(t)z — (M), t>0,

is a martingale. Such process (M) exists and is unique in the class of predictable
processes with locally bounded variation. There exists so called martingale co-
variance () that is a nuclear positive semi-definite operator process and for all
z,y € H) s, t,u,v € Ry, s <t <u<wvwe have

E[<M(t) - M<S)7x>H<M(t) - M(S)a y>H|~F5] =E {/:<era y>Hd<M>7”|‘FS (19)
and
E[(M(t) = M(s), x)u(M(v) — M(u), y)u|F.] = 0. (1.10)

Based on the equations and , we get an [t6 isometry for simple pro-
cesses and we can follow the standard steps of the construction of the stochastic
integral.

We start with the simple Hilbert-Schmidt stochastic process ® on [0,T], T' >
0, as

(I)(t) = ZIAiIti—lﬁtSti(I)iv (111)

=1

12



where T > t; > t,.1 >0, A, € F,_,, 0(P;) C Fi,_,, i€ {1,...,n}, n € N. The
family of processes in the form ((1.11)) will be denoted as S. We can define the
stochastic integral for ® € S,

I (@)(T) =D L, ®i(M(t;) — M(tior)). (1.12)
i=1
Applying (1.9) and ((1.10)), we obtain the isometry
2
d(M),, . (1.13)
HS

Bl (®)(T)E =B [ [2()0]

where | - |gs denotes the Hilbert-Schmidt norm.
For the stochastic process of Hilbert-Schmidt operators Y on [0, T, we denote
the norm:

(M), (1.14)

T 112
|y@:E/‘y@Q3 d
0 HS

Define H as the space of all F-predictable stochastic process of Hilbert-Schmidt
operators Y on [0, 7] such that |- |y < co. We know by that for ® € S,
|®|yy < oo. Iy(-)(T) defined on S by can be uniquely extended on H.
By this extension, we obtain the stochastic integral for all stochastic process of
Hilbert-Schmidt operators Y € H.

We have for all Y € H:

1. I(Y)(+) is the square integrable martingale which is mean-square contin-
uous and has a cadlag version.

2. For a bounded operator C' on H, CY € ‘H and CIy(Y) = I,,(CY).

1.3 Cylindrical Lévy process
Define the cylindrical subsets of H as the sets of the form
CH{h1,....,h};B)={he€H: ((h,h)m,...,(h, h,)u) € B},
where {hq,...,h,} CH, B € B(R™), n € N. For arbitrary V' C H,
C(vV)={C(V,B); BeB([R")}

and denote C(V) = o(C(V)). A function v : C(H) — R is a cylindrical measure
on C(H) if it is a measure on C(K) for each K finite subset of H. Let K be a
finite subset of H and let f : (H,C(K)) — (C,B(C)). The integral

[ FEv(z)

is well defined as a complex valued Lebesgue integral if it exists (v is a measure
on C(K)). For more details cf. [26], p. 4.

We define a cylindrical random variable Z on (€2, A,P) in H as a linear and
continuous map H — L%(Q, A, P), where L°(Q, A) (or simply %) is a set of real
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valued random variables on (2,.4). Set Z(u) = (Z,u). A cylindrical process
Z on (2, A,P) in H is a family (Z(¢),t > 0) of cylindrical random variables on
(Q,A,P) in H. The characteristic function of cylindrical random variable Z is
defined as

bz (h) = RelZhu  p e H.

A cylindrical process L on (2, A, F,P) in H is a cylindrical Lévy process if
the stochastic process

(((L(t)a h1>7 R <L(t)7 hn>)7 t Z 0)

is a Lévy process on (2, A, F,P) in R" for each {hy,..., h,} C H, n € N. We
have

log dn0 () = ¢ (iw(h) ~ 5a(h))

[ 1= iz, B (2, ) du(2),
where
1. p: H — R is a continuous mapping,
2. ¢ : H— R is a quadratic form and

3. v is a cylindrical measure on C(H) such that vo (h, )" is the Lévy measure
on B(R) of the scalar Lévy process (L, h) = ((L(t), h),t > 0) for each h € H.

The cylindrical measure v is called cylindrical Lévy measure of L and (p, q,v) are
called cylindrical characteristics of L.
The cylindrical process Z has weak second moments if

(Z,h) = ((2(t),h), t=0)

has finite second moments for all h € H. The cylindrical process Z is a cylindrical
martingale if (Z, h) is a martingale for all h € H.

For each Hilbert-Schmidt operator ¢ on H and each ¢ > 0 exists a square
integrable random variable Ly such that for all h € H

<L(t)7 ¢*h> = <L¢>(t)’ h>H’

where ¢* denotes the adjoint operator of the operator ¢ .
For simplicity we write ¢L = L.
For each T': Ry — L(H) and ¢ > 0 we have that

/ T(s)pdL(s) = / "T(s)dL(s), (1.15)

where the first integral is defined as in [26] and the second integral is defined
as in [25]. This can be shown by the standard approximation approach as both
integrals are defined as limits in L? of the same approximating random sequence.

We define the stochastic integral with respect to the cylindrical Lévy process
with weak second moments following the steps in [26].
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For each 0 < s <t and Hilbert-Schmidt operator ¢ on H, there exists a square
integrable random variable Zy on H such that for all h € H:

(L(t) = L(s), 6°h) = (Z, ). (1.16)

We define the simple random Hilbert-Schmidt operator ® on H as

n

P(w) => Iy (w)gs, weQ, (1.17)

i=1

where A; € A, i € {1,...,n}, are disjoint sets, ¢; are Hilbert-Schmidt operators
on H, ¢ € {1,...,n}, n € N. Using (1.16]), we can define the square integrable
random variable I;,(®) on H for @ in the form (|1.17)) as

L,(®) =142, (1.18)
=1

and combining ([1.18]) with (1.16]), we define
(L(t) — L(s),®"h) = (Is4(®), h),

where
n n

<Is,t(q>)> h> = ZIAi <Z¢i7 h> = ZIAi <L(t) - L(3)7¢:h> )

i=1 i=1
for all h € H.

Note that I, is a linear operator from the space of the simple random Hilbert-
Schmidt operators on H, Syg(H), in the form to the space of the square
integrable random variables L?((2, A, P),H) (or simply L*(H)). As the space
Sus(H) is dense in the space of random Hilbert-Schmidt operators on H, Lyg(H),
the operator [; can be uniquely extended on Lyg(H). Then, we can correctly
define for ® € Lyg(H) and h € H:

(L() — L(s), ®°h) = (L.,(®), h). (1.19)

We define the simple Hilbert-Schmidt stochastic process Y on [0,7], T > 0,
as

J(t) = T i< @i, (1.20)

i=1

where T' > t; > t;_1 >0, o(®;) C Fi,_,, i € {1,...,n}, n € N. Denote the space
of the processes in the form (1.20) by S. For J € S, we define

](J) = Z Iti—hti(q)i) (121>
i=1
and using this in combination with ((1.19)

(), 1) = 30 (T (B0, ) = 3T, (L(0) = L(s), @)

=1

for all h € H.
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We define for the stochastic process of Hilbert-Schmidt operators Y on [0, T'):

T
Y =E [ Y (s)lsds. (1.22)

where | - |gg denotes the Hilbert-Schmidt norm. We define H as the space of all
F-predictable stochastic process of Hilbert-Schmidt operators Y on [0, 7] such
that |- |3 < oco. Note that for J € S, |J|% < 0o. It is known from [26] that I is
continuous on S and S is dense in ‘H with respect to | - |. Therefore, I can be
uniquely extended on H and we can correctly define for Y € H:

T
/ Y(s)dL(s) = I(Y).
0
It is proved in [26] that for Y € H:

1. There exists a version with strong second moments and cadlag trajectories
of the process

/OtY(s)dL(s), te0,T].

2. If L is a cylindrical martingale, then

/OtY(s)dL(s), te0,T].

is a cylindrical martingale.
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2. Controlled stochastic
evolution equation

In this chapter, we introduce two different settings describing the controlled dy-
namic systems we focus on in this Thesis. We summarize basic properties of these
dynamic systems as well. We start with the more general one.

We are concerned with the controlled stochastic evolution equation (SEE)

dxV(t) = (AXY(t) + BU(t)) dt + ®dL(t), XY(0) ==, (2.1)

where x € H. A is the infinitesimal generator of an analytic semigroup S on H.
For some fixed 8 > 0 the operator —A + I is strictly positive (in the sequel,
p > 0 is fixed). For @ > 0 we denote by DY the domain of the fractional power
(—A + BI)* equipped with the graph norm [y|pe = [(=A + BI)*z[y and D3.
the domain of the fractional power (—A* + SI)® equipped with the graph norm
ylpg. = [(—A" + BI)*z[a.

We assume:

A1) ® € £(H) and there exists § € (0, 2] such that ®*(—A*+ I ~3+9 is Hilbert-
(A1) ' 3
Schmidt.

(A2) B:D(B) C Y — D(A*), the dual of D(A*) with respect to the topology
of H, and (81— A)*"'B € L(Y,H), for a given € € (3, 1].

(A3) We have that
U e LY(R.,Y),

where L%*“(R_, Y) denotes the space of all F-progressively measurable pro-

cesses from L2¢(R,Y) , where

LQ’ZOC(R+, Y)

t
= {Y Ry x 2 — Y measurable; vVt >0 : E/ Y (s)|3ds < oo} :
0

U has the meaning of control process and U = L3*“(R,,Y) is the space of
admissible controls.

(A4) L is a cylindrical Lévy process on (92,4, F,P) in H with weak second
moments and cylindrical characteristics (p, 0, ) such that

ph) = = [ ({2 Wslg (2 hm)) dv(2),

where B denotes the complement of the set Bg in the set R. Note that
the integral exists as L has weak second moments (and therefore weak first
moments). The characteristic function of L is

EeiCth) = ofple M E-1-ilehmdv(s) - py
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It means that L has zero Gaussian part and its Lévy measure v is cylindrical.
L is a cylindrical martingale as (L, h) is centered for all h € H and we can
write for all h € H

3 ~
(L) my = [ [ uNu(ds,du), teR,,
0 JR\{0}
where N, is compensated Poisson measure of (L(t), h) with Lévy measure
vo (u,-)~* (cf. [26], p. 10, 11).

As we mentioned in the previous section, the process Ly, = (Ly(t), ¢t > 0) is
a cadlag square integrable martingale ([26], Corollary 4.4., p. 16) for a Hilbert-
Schmidt operator ¢. We are using characteristic function of ¢L for each h € H
and t > 0:

Eei0LOhe _ FeilL®)0h) _ o [ (!0 ME—1—i(z,"h)u)du(2)
_ (M1 By d(wos ) (2)

(the integrals of cylindrical measurable functions with respect to v are the stan-
dard Lebesgue integrals). It means that ¢L is Lévy process in H without Gaussian
part and with Lévy measure vy, = vo ¢~ (v o ¢! is indeed a Radon measure
with strong second moments, cf. [26], p. 15). We can write

3 ~
L¢(t):/0 /HzN¢(ds,dz), teRy,

where N ¢ is a compensated Poisson measure of L.

Remark. The most intuitive concept of the solution of ([2.1)) is the strong solution,
which is defined by the equation

XU(t) =z + /Ot (AXY(s) + BU(s)) ds + /Ot ®dL(t), t >0,

if we suppose additional assumptions:
1. XY(s) e D(A), s >0, as.,
2. U(s) e D(B), s >0, a.s.,

3. AXY(s) + BU(s) is a.s. integrable:
¢
/ [AXY(s) + BU(s)|ds < 00, 120
0

4. ® is a Hilbert-Schmidt operator on H.

But the assumptions above are fulfilled only for limited set of equations (2.1)).
Therefore, we work with the concepts of mild or weak solutions as defined below.
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The mild solution X € L%“(R., H) of the stochastic evolution equation (2.1)
is defined by the equation

XV(t) = S(t)x+/ot S(t—s)BU(s)ds+/0tS(t—s)(I)dL(s), £>0,  (2.2)

where the stochastic integral [j S(t — s)®dL(s), t > 0, is defined as in [26]. Due

to we may write
/ " S(t — s)BdL(s) = / "S(t— 8)(— A" 4 BT Vd(— A" + BI)AHDL(s), >0,

c.f. [25]. We can easily see that both integrals in (2.2)) exist. In fact, we have the
following.

Lemma 2. Let

t
2(t) = [ S(t = r)®dL(r),
0
. ¢
Z(t) = / S(t — r)BU(r)dr,
0
t>0. Then Z,Z € LY*(Ry, H) and, consequently,
XV e LZ(R,, H).
Proof. The fact that Z(-) = [; S(- — r)BU(r)dr € L3**(R, H) has been proved

in [5], Lemma 2.1.
Let t € R,. It follows that

E|Z(t) = /Ot S(t = r)(—A+ B A+ g1 o0l dr
<|(ar+pmral LS4+ i

t 1
< -
=a /0 (t —r)t=2

for each t € [0,7] and therefore we have ¢y > 0 such that

T 9 T t 1

The weak solution of (2.1)) is defined by the equation

(a, XY())

= (a,2)y + /0 t (A%, XV(s)), ds + /O (B, U(r)y dr + (L(t), B*a)

a € D(A*), t € R;. Similarly as in Theorem 9.15 in [25] we obtain the following
equivalence:

Proposition 3. XY is the mild solution of if and only if XY is the weak
solution of (2.1)).

19



Proof. Firstly, we suppose XV to be the weak solution of . For all a € D(A*)
and t € R, we can approximate (S(t — -))*a in the space C}(R,,H) (C'(R,,H)
denotes the space of continuously differentiable functions on R in H) by functions
Jn, n € N, in the form

k'n
)= f e,
=1
where o\ € D(A%), £ € CHR,) (CHR,) = CY(R,,R)), i =1,... kn, kn € N,

n € N. Therefore using Proposition 9.16 in [25] we obtain for all a € D(A*) and
teR,

(Jn(0), XV (8)), = (Jn(0), )y
= 35 (570 (o X0, 100) (o))

kn

=3 (/Ot ((f}"’)/(S) <al(n)’XU(S>>H + ™ (s) <A*a§n)7XU(S)>H) ds)

i=1

3 ([ 506 (B 0, sk [ 106 (o vancs),)

Passing to the limit it follows that
(a, X(1))g — (@, S()z)y = ((5(0))"a, X (1))y — ((S(t))"a, x)y

_ /t (—A%(S(t = ) a+ A*(S(t = 5))"a, XU(s))._ ds
+/ (B*(S(t — 8))*a, U(s d5+/ S(t — ) a, DdL(s))y

— <a,/0 S(t — s)BU(s)ds>H + <a,/0 S(t— s)@dL(s)>H.

As we obtained a continuous linear functional of @ on the right side and D(A*)
is dense in H, we have for all a € H

<a, XU(t)>H
(a4, S(t)z)y + <a, / "S- s)BU(s)ds>H + <a, / "S- s)(I)dL(s)>

or equivalently

H

XU(t)=S({t)r + /Ot S(t — s)BU(s)ds + /Ot S(t — s)PdL(s).

To get the second implication, we suppose XV to be the mild solution of (2.1)).
We apply the Fubini Theorem on

A(r,s)(w) =T 4(r)S(s = r)BU(r)(w), s,r€[0,t], we.

As S is strongly continuous, the assumption of Stochastic Fubini Theorem in [19]
are fulfilled and we can apply this theorem on

U(r,s) =1pq(r)®*S*(s —r)A%a, s, €[0,t].
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This theorem is formulated in Appendix A. Note that the stochastic integral of
Lo (r)®*S*(s — r)A*a, s,r € [0,], is defined in [I9] in such way that

/ Lo, (r)®*S™(s — r)A%adL(s) <A a / To,5(r)S(s — T)(I)dL(S)>

H

For all t € R, and a € D(A*), we obtain

/ " Ata, X(5)y ds

_ /Ot (A0, S(s)a)y ds + | t <A*a, / Al s)dr>Hd5
+/ <A* / (r, 5)BAL(r )>Hds
< / S(s)* A*ads x> 4 / < / 1,.4(s)B*(S(s — )" A*ads,U(r)>Hds
+ /0 /0 T (s)®*(S(s — r))* A*adL(r)ds

= ((S(0)) asa) — {a,2h + [ (B =)0, U0 s
_/Ot (B*a,U (1)) dr+< /S(t—r)(I)dL > < /(I)dL >
:<a,X(t)>H—<ax +/ dr+< /<I>dL >H>

and X is the weak solution of (2 . O]

Now we define an alternative set of assumptions on the coefficients of the
equation which will be used selectively and are more restrictive than the
original conditions - . As in the previous setting, we suppose that
(A2) and |(A3)|holds. The main difference is given by replacing the assumption
(A1) by the stronger alternative

(A1*) @ is Hilbert-Schmidst.

However, instead of [(A1%*) - we will use the conditions |(A1**) and [(A4**) -

below, which are easier to handle and do not change the type of equation.
(A1**) & =1,

(A4**) L = Lg is the square integrable Lévy process defined on a stochastic
basis (€2, A, F,P) in H of the form

L(t):/ /ZN(ds,dz), teR,,
0, Ju

where N is the compensated Poisson measure with the jump measure v.
We denote the covariance operator of L(1) by Q = dd*.
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Obviously, [(A4™*) implies the weaker assumption |(A4)|
It means that we can rewrite the equation (2.1)) in the form

dxV(t) = (AXY(t) + BU(t)) dt + dL(t), X"(0)=a. (2.3)

The mild solution (2.2]) in the case of the stochastic evolution equation ([2.3))
takes the form

XU (1) :S(t)er/OtS(t—s)BU(s)der/OtS(t—s)dL(s), 10, (24)

where the stochastic integral [; S(t — s)dL(s), t > 0, is defined as in [25]. We al-
ready know from the Lemma |2 that both integrals in exist as the assumption
of the Proposition [3| are fulfilled for the equation as well.

As L is square integrable martingale (with the Hilbert-Schmidt covariance
operator Q), the following theorem is a simple consequence of the Theorem 9.24
n [25]. This theorem is formulated in the Appendix B.

Theorem 4. Assume that S is a strongly continuous semigroup of contractions
on H, which means that

1S(t)| ey < e, t>0, (2.5)
for w € R. Then there exists a cadlag version of X.

Therefore, we will impose (2.5)) and consider the cadlag version of the solution

X to (2.3)) in the following chapters.
The weak solution in the case of the stochastic evolution equation ([2.3)) takes

the form
(a, XY (1))

= (a,2)y + /Ot (4%, XV(s)), ds + /Ot (B*a,U(r))y dr + (a, L(t))y

a € D(A%), t € R,.. We already know from the Proposition [3|that XY is the mild
solution of if and only if XV is the weak solution of (2.3)) as the assumption
of the Proposition [3| are fulfilled for the equation as well.

In following chapters, we always start with basic results proved for the stochas-
tic evolution equation in the form (2.1)) with the corresponding assumptions
—|(A4)| Then, the results will be amplified for the stochastic evolution equation
in the form (2.3) with the alternative assumptions [(A1**)| [(A2)| [(A3), [(A4™*)|
and as the setting for the equation is stronger then the setting for the
equation and provides us with stronger tools. We specify which form of
the stochastic evolution equation we consider at the beginning of each chapter or
paragraph.
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3. The control problem

In this chapter, we introduce the control problem to be studied. More precisely,
we define the notions of the optimal control as well as the corresponding optimal
cost. In fact, we have two concepts of the control problem. We start with the
concept in the mean value sense and then, we formulate the concept in the path-
wise sense.

Set

Jw=[ " ((QXY (), XV (5)), + (RU(s), U(s)),) ds. (3.1)

where T > 0, XY is the solution of (2.1), @ € L(H) is a symmetric positive
semi-definite operator and R € £(Y) is a symmetric positive definite operator, i.
e.

(Ry,y) >rlyl*, y >0, (3.2)

holds for a constant r > 0.
In the case of the mean value control, the ergodic cost functional is defined
as the "mean average cost per time unit in long run”, that is

- E t
Tp(0) = Tim inf B2 ey (3.3)
t—o0 t
To solve the ergodic control problem is to find D € R and Uy € U such that
Je(U)>D, U €U, (3.4)
and
lim 2/t _ (3.5)
t—o0 t

Then Uy and D are called the optimal control and the optimal cost, respectively.

Under some stronger assumptions, we are able to prove that D is the optimal
cost and Uj is the optimal control in the path-wise sense. In the case of path-wise
control, the ergodic cost functional is defined as the path-wise ”average cost per
time unit in long run”, that is

J(U, 1)

J(U) = Jim inf ===, U e, (3.6)
and D € R and Uy € U have to fulfill:
JU)>D, as., Ucl, (3.7)
and
lim JWo. 1) =D, a.s. (3.8)

t—o0 t

Consider the stationary Riccati equation
* * —1 px* * _
(@, AV + (AVa, b)y + (Qa, b)y — (R B*Va, BVb) =0, (3.9)

a,b € D(A*).
As usual, we impose the standard stabilizability and detectability conditions.
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Definition 1. Let A € L(H) and B € L(Y,H). The pair (A, B) is said to be
stabilizable iff there exists H € L(H,Y) such that the semigroup generated by the
operator A+ BH is exponentially stable.

Definition 2. Let A € L(H) and Q) € L(H), Q is symmetric positive semi-
definite. The pair (A, Q) is said to be detectable iff there exists K € L(H) such
that the semigroup generated by the operator A + K+/Q is exponentially stable.

Then, as we can see in [20]:

1. The equation (3.9) has a unique solution in the class of non-negative and
self-adjoint linear operators on H and, moreover, V € £(H, D).

2. The semigroup Sy generated by Ax = A — BR™'B*V is exponentially
stable, more specifically, there exist constants My > 0, w > 0, such that

Sk ()] ey < Moe™", (3.10)
for each t > 0.

By (3.9) there exists h(-), a continuous extension of (A*V-, )y on H such that for
some ¢ € R,

Ih(y)| < clyli (3.11)

holds for all y € H.
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4. Ito formula

In our general case [(A1){(A4), we aim at verifying the formula:
E(XY(1), VXU (1)), — (2, Va)y

t t
- 2E/ h(XU(s))ds+E/ 2(BVXY(s),U(s)), ds + 1
0 0
for all ¢ € [0, T, where we assume:

Il = lim Tr(VR*(\)®®*(R*(\))*) < oo, (4.1)

A—00

where T'r denotes the trace and h : H — R satisfies and extends the
function (A*V-, ).

The standard 1t formula (Theorem D.2 in [25]) may be used for the processes
which are strong solutions of Lévy-driven SEEs. However, in the present case

1. the noise in SEE is a general cylindrical Lévy process,
2. operators A and B are not bounded.

Therefore the strong solutions generally do not exist. In this chapter, we prove a
modification of Itd formula which fits our needs related to the main results, more
specifically:

1. It is applicable to weak/mild solutions.

2. The functional takes the form (-, V'-);; where V' is the solution to the Riccati
equation.

The proof is based on approximation of SEE by SEEs which have strong so-
lutions and which fulfill the assumptions of the standard It6 formula. To this end
we use the resolvent R(\, A) and define R(A) = AR(A, A) for A > 3. Due to our
assumptions, R(A\)279® is Hilbert-Schmidt, therefore R(\)® is Hilbert-Schmidt
and Ly(-) = R(A\)®L(-) has the nuclear incremental covariance R(\)PP*(R(A))*.
Our approximate SEE takes the form:

dX{(t) = (AXY(t) + RO\ BU(t))dt + R(A)dLyx(t), X(0) = my, (4.2)

where z) = R(A\)z and A > (.
The proof has four steps:

1. We approximate the solution of the equation (2.1 (and specifically (2.3)))
by solutions of the equations (4.2)) (with & =1I for (2.3))).

2. We state the existence of the strong solution of the equation (4.2)) (equation
(4.2) with & =T in the case of ({2.3)), respectively).

3. We apply the standard Itd formula to the equation (4.2)) (equation (4.2)
with ® =T in the case of ([2.3), respectively).

4. We pass to the limit in the formulae obtained in the step [3
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Firstly, we consider the equation ([2.1)) with pure jump cylindrical Lévy process
with weak second moments to obtain our most general result. In the case of the
general cylindrical Lévy process that we consider, we are not able to apply the
path-wise limit theorems on the stochastic part of the equation obtained in the
step (3). Therefore we have to apply the mean value on the equation obtained
from (3]) prior to (4) and we obtain only the It6 formula in the the mean value
sense.

In this general case, the four steps of the proof are realized by four Lemmas:

1. Lemma [5| allows us to approximate the solution of the equation (2.1)) by
solutions of the equations (4.2]).

2. Lemma @ states the existence of the strong solution of the equation (4.2)).

3. In Lemma [7] we apply the mean value version of the standard It6 formula

to the equation (4.2)).

4. In Lemma |8 we apply limit theorems to the formula proved in the Lemma

[

Lemma 5. 1. There exists the sequence {\, }nen, such that A, — 0o, n — oo,
and for all t € [0,T] lim,,, X (t) = XY(t) a.s.,

2. for each T > 0 there exists a constant C' > 0 such that

sup sup E|X)\(¢)|* < C. (4.3)

neN t€[0,T]

Proof. 1. Since R(A) — I strongly as A — oo, we have that ), — z and there
exists ¢ > 0 such that [R(\)|[zm) < ¢, A > 0. As in Lemma 3.2. in [5] we

have that

li tS B tS B

Jim. /0 (t — $)R(\)BU(s)ds — /0 (t = 5)BU (s)ds|_

t
— lim /S(t—s)(R(A)—]I)BU(s)ds —0, as, tel0,7],

A—o0 |Jo H

and .
sup / S(t — s)R(\)BU(s)ds| < oo as.
A>pB,te[0,T] 1/0 H

For fixed ¢t > 0 we have :

2

6|/ "S(t - r)®dL(r) — / " S(t = P)ROVALA(r)

H

2

—E /Ot S(t —r) (1— R*(\)) ®dL(r)

H

<o /Olt - ([1-r) o _dr

HS

= ey [ 180 =) (A B)E (= A+ 1) (1— R(N)) Bfeds
<o [ [s—r)-a+ i
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(~A+ 1Y 21— RV dr

< ¢ /Ot (t_ldr (~A+ B3 - R0

r)1-28 HS
= ciTr (A + 8172 (1 R*(V)) @0 (1— R*(N)) (A + 8D’ "%)) |

for some constants ¢y, 9, c3,¢4 > 0. This converges to 0 for A\ — oo (cf.
Lemma 3.2. in [5]). Therefore, there exists a sequence {\,}nen such that
Ap — 00, n — 00, and

t

lim [ S(t—r)ROW)AL, (r) = /OtS(t—r)dL(r), as.

n—0o0 Jo

. For t € [0,T] we have that

2

B " S(t — $)R(\) BU(s)ds

_ 2
< o1 RO 2 |(BT = A) ' B|

L(Y,H)

B (/Ot S(t — s)(B1 - A)' |U(s)|Yds)2

E t d
Cjz (/0 (t 8)1_6’ (SMY S>

- T T 2 o
< c3 /0 mds /o E|U(s)|yds < ¢

for a universal constant ¢ > 0 (which may be different from line to line).
Here we used the already mentioned fact that the operators R(\,) are
uniformly bounded in £(H). Also, similarly as in the proof of lemma [2| we

get
2

E /D "S(t = $) ROy (5)

H

< c/Ot St — $)(B1 - APBTRE) (BT — Ay Hof ds

HS

_1 2 1
<c|(BI—A) o[ \RQ(An)\ﬁ(H)m sc¢

for a universal constant ¢ > 0 independent of n € N and ¢ € [0, 7] which

completes the proof of (4.3).
O

We can prove the following Lemma similarly as Lemma 3.1 in [5].

Lemma 6. For A > 3 the equation has the unique strong solution.

27



Proof. As in Lemma 3.1 in [5] we can prove that a.s.

/OT /Ot |AS(t — s)R(A)BU(s)|gdsdt < oo.

Moreover

T )
/ /’AS(t—s)RQ(/\)<I>§2 dsdt
0 0 HS

T rt 1
< [ 1AS(E = )y dsatl ROV s [0

therefore we can use the Theorem 8.14 in [25] to obtain

< 00,
HS

/0 L AXY (1)t — /0 " AS ()t + /0 A /0 " S(t — )R\ BU (s)dsdt
+/0TA/OtS(t— S)R(N\) DALy (s)dt
— S(T)z -z + /O ' / " AS(t — $)dtR(\)BU (s)ds

+ / ’ / g AS(t — s)dtR(N)DdL,(s)

x—x—i—/ (A\)BU (s )dS—/OTR(/\)BU<S)dS
+ / (\) DALy (s) — /0 L ROBAL(s)
= —a:—/ ds—/OTR()\)@dL,\(s).

]

Now we can apply the standard Itd formula to the strong solutions of (4.2)).
We use this fact in the following lemma.

Lemma 7. Assume V € L(H, D) is non-negative and self-adjoint
operator on H. Then

E (XY (6), VXY (1)), — (o0, Var), = E/Ot2 (VX{(s), AX{(s)), ds

+E /Ot 2 <B*R*(A)VX§(5), U(s)>Y ds + Tr(VR*(\) @D (R*(\))").

Proof. X, is the strong solution of (4.2)), therefore using Theorem D.2 in [25] we
obtain

(X0, VXY ), — (on Vs = [ 2 (VXY (s0),dXV(s)),
+ 32 (X (9, VXY (), = (XX (5). VXY (52)), = 2(V XY (50), XY (s)) )
_ Otz (VXY (), AXY (s)), ds + /0t2<VX§f(s),R2(A)<I>dL(s)>H
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+ /0 P (VX{(s2), RVBU(s)), ds+ > (AX{(s), VAX{(s))

s<t

_ /Ot 2(VXY(s), AXY(5)) ds + /Ot 2(*(R*(N)' VXY (s.),dL(s))

4 /Ot 2(BR NV X (s), U(5)), ds + )3 AviR(eL(s) .
where AXV(s) = XV(s) — XY(s_) and

AVEIR*(N)®L(s) = VIR*(A\)®L(s) — VZR*(A\)®L(s_)

= V2(R*(N)PL(s) — R*A)®L(s_)) = VIAR*(A)®L(s).
Note that V2 R2(\)®L(s) is a square integrable Lévy processes. As

E

/OtQ<CI>*(R2(/\))*VX)(\](S_),dL(s)>H‘ <o,

we obtain

E/Ot 2(®°(R* (V) VXY (s-), dL(s)), = 0.

We can see that

EY [AVERY(NOL(s)| = Tr(VR* (NS (R(N)))

2
H
s<t

and the result follows. O

In the following Lemma, we approximate this result on the weak/mild solution

of (2.1). Here, we use Lemma 5

Lemma 8. Assume V € L(H, DY) s non-negative and self-adjoint
on H and let hold. Assume further that there exists a continuous function
h : H — R satisfying extending the function (A*V-,-)y. Then for all
t €10,7T] we have

E(XY(), VXU(t)), — (2, Va)y
— 2E/0 h(XU(s))derE/O 2(BVXY(s),U(s)), ds + 1L
Proof. By Lemma [7| we have:

B(XV(0, VXY (1), (or,Varg = B [ "2 (VXY (s), AXY (), ds

+E /0 " (B*R'(WVXY(5),U(s)), ds +Tr(VR (NS (R*(N))7).  (4.4)

Lemma 5| yields a sequence {\,}nen, such that A, — oo, n — oo, and for all
t€[0,7T)] a.s.

lim (X7 (), VXY, (1)), = (XY (t), vXU(t))

n—oo
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and

lim h(XY () = h(XV(1)).

n—oo

Also,
(B"R* WV XS (5),U(s)), — (BTVXY(s),U(s))

~— =
=

< (B R WVXY(5),U(s)), — (BVXY(s),U(s)
+ (B RNV XY (5),U(s)) — (B*R'WVXY(s),U(s))_|
= [(B*(R*(\) =DV XY(s),U(s))_| + [( BRI MVV(X] (s) = XY(5)), U(s)),|
for s € [0,7]. As
lim [(R*(A) = D)VX"(s)prc =0,

A—00

and B* € L(D).¢,Y), we have

lim |(B*(R*(\) =)V X" (s), U(s))

A—00

< lim |B*(R*(\) — DVX(s)|y|U(s)]y = 0.

A—00

y

It is easy to see that for each y € H
lim [ (B R*(A)V (= — ). U(s))ye | = 0
uniformly with respect to A > . Therefore we obtain

lim | (B*R*(A)V(XY, (s) = XV(s)),U(s)), | =0, as.

n—o0

Furthermore, taking into account (3.11]), we may use Lemma [5| (4.3)) to conclude
that the sequences of functions

= (X010, VXL (1), s (X] (), AXY ()

are uniformly integrable on Q and (0,t) x , respectively. Let us show that the
family
s 2(B"R'(\)VXY (5),U(s)),

is uniformly integrable on (0,¢) x €2 as well. We have that

(B R OAVXY, (), U(s), |

< ’B*’L(D;E,Y)‘R*()\n)‘c(ﬂ);ﬂ V‘c(H,D;E) X)KL(S)|H|U(S)|Y
< KIXX, (8)mlU ()],

€ [0,t], n € N, for a constant k > 0. Using Holder inequality we obtain

E/ XY (s) des<< /|XA Hds) ( /\U Yds) ,

which is bounded by a constant independent of n € N in virtue of Lemma
(4.3). Therefore, recalling the assumption (4.1), we may pass to the limit as
A =\, — oo in all terms in the formula (4.4), which completes the proof. m
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The above Lemma completes the proof of the mean value It6 formula.
In the following proposition, we illustrate some cases in which are the assump-
tion (4.1)) of the mean value It6 formula fulfilled.

Proposition 9. Let V € L(H, DY) be non-negative and self-adjoint on H and
let one of the following conditions be satisfied.

1. ® is Hilbert-Schmidt,

2.V is nuclear,
3. Ve oDz, D).
Then is fulfilled, where 11 = Tr(V®®*) in case of and (@ and
= Tr((R(5))° 2V Oe™ (R(5)*)
in case of (@

Proof. This Proposition is a simple consequence of Proposition 3.4 in [5]. O

Recall that in the case of (1), the equation (2.1)) can be rewritten using ([L.15)
as

dxV(t) = (AXY(t) + BU(t)) dt + dLe(t), XV(0) ==, (4.5)

where Lg is a square integrable Lévy process. It means that the proved mean
value It0 formula is applicable to the equation .

We can obtain stronger result for the equation in which we assume
[(AT*¥)| [[A4¥¥)|and (2.5). The equation (2.3) still does not have strong solution
as the operators A and B still are not bounded. Therefore, the standard Ito
formula (Theorem D.2 in [25]) is still not applicable. Again, we can use the
Yosida approximations (® =1) and apply the steps . But in the case of
the square integrable Lévy process, we can apply limit theorems path-wise to the
stochastic parts of the equation obtained in the step (3)) and we do not need to
apply mean value functional to the equation before the step (4)). Therefore, we
obtain the path-wise result in this case:

(XV(), VXU(1), — (2, V),
_ 2/0th(XU(s))ds+/0t2<B*VXU(s),U(s)>Yds

+2 /Jt (VXY(s2),dL(s))  + ; )V%AL(S)(;, a.s.,

for all ¢t € [0,T], where AL(s) = L(s) — L(s-), s > 0.
We already know from the Lemma |5| that for all ¢ € [0, T
lim X} (t) = XY(t) as.

n—oo

and by Lemma [6] for A > 3 (£.2) has the unique strong solution (® = I and we
have square integrable Lévy process in both cases). Therefore, for the steps
and , it is enough to prove the path-wise version of the upper bound (4.3]).
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Lemma 10. There exists a sequence {\, tnen, such that A, — 0o, n — oo, and

sup | XY (t)|m < o0, a.s.
neN,t€[0,T)

Proof. Since R(\) — I strongly as A\ — oo, we have a ¢ > 0 such that |R(\)| < ¢,
A > 0. As in Lemma 3.2. in [5] we have that

/0 t S(t = s)R(A\)BU(s)ds — /0 t S(t — s)BU(s)ds

lim
A—00

H

=0, as., tel0,T],
H

= lim
A—00

/0 "S(t— $)(R(A) — ) BU(s)ds

and
/ " S(t — s) RO\ BU(s)ds

sup <00 a.s.

A>6,t€[0,7T
By Corollary 2.14 in [I5] we have a ¢; > 0 such that

H

2

su tS —r)dL(r) — tS —r)R(AN)dLy(r
Ete[og] /0 (t ) L( ) /0 (t )R( ) L)\( )H
=E sup /tS(t—T’)(]I—RQ()\))dL(T)
tef0,7] 1V/0 H

<e /H/OT 1S(t — 1)(I — R*(\))z[Adrdv(2).

As we have co, c3 > 0 such that
T
L] 18t =m@= R0z drav(z)
0

T
= /H/o [5(t = r)’%(H)m - RQ(A”%(H)‘Z%CZ?‘dV(z)

< 02/ |z|3dv(2) < oo
H
for all A > 5 and
lim [S(t — 7)1 — R*(\))z|u < /\lim 1St —7)|can| (T — R*(N))z2|w = 0,
—00

A—00
we obtain
t t 2
lim E sup / S(t — r)dL(r) — / S(t — ) RON\)ALx(r)| = 0.
A—00 te[0,7) 0 0 H
Therefore, there exists a sequence {\, },en such that
t t
lim sup / S(t —r)R(A\,)dLx(r) —/ S(t—r)dL(r)] =0, as.
%% ¢efo,1] 1V0 0 H

It follows that .
{/ S(t — VROW)ALA(r), t € [o,T]}
0 neN

is a.s. uniformly bounded sequence of cadlag functions which means

/0 " S(t — P ROW)LA(r)

sup sup
neN t€[0,T]

< 00, a.s.
H
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In the following Lemma, we merge the steps (3]) and . and prove the path-
wise It6 formula for weak solutions.

Lemma 11. Assume [(A1**), [(A2){(A3), |(A4**) and let V € L(H, DY) be
non-negative and self-adjoint on H. Assume further that there exists a continuous
function h : H — R satisfying extending the function (A*V-,-)y. Then for
all t € [0,T] we have

(xV(p), VXU(t)>H — (z, Vi)
_ 2/0th(XU(s))ds+/t2<B*VXU(s),U(3)>Y ds

+2/0t<VXU( 1), dL(s)), +Z)v S AL )] . a.s.,

where AL(s) = L(s) — L(s_), s > 0.

Proof. X, is the strong solution of (4.2) in virtue of Theorem |§| Therefore, we
obtain (cf. Theorem D.2 in [25])

(X0, VXL ©), — (on Vs = [ 2 (VXY (s0),dXV(5)),

+§:«XW)VXR)>—KXR&%VXH&DH—NVXH&%AXﬂﬁm)

S

H

—/ L), AXY(s)) Hds+/0t2<VX§](s),R(A)dLA(s)>
+ /0 2<vx§’(s,),R(A)BU(s)>H ds+Z<AX§ (5), VAXY (5))
_ / VXY (5), AXY (s)), ds + / ((R(0) VXY (s),dL(s)),,
+/0 2<B*R*(A)V}(§J(s),U(s)>Y ds+§\V$R2(A)AL(S)!;

We can prove in the same way as in Lemmalg] that there is a sequence {\, }nen,
such that A\, — oo, n — oo, and for all t € [0, T

lim (x¥ (1), VXY @) = (XV0),vxU®),

lim h(XY (1)) = h(X" (1)),
and
lim (B*R*(A)V XY (5),U(s)), = (BVXY(s),U(s)), as.

n—o0 Y
Next we show that
t

lim | h(X{.(5)) + (B"R*(A\)V XY, (), U(s)), ds

n—oo n

_ /0 h(XY(s)) + (B'VXY(s),U(s)) ds. (4.6)

+
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Indeed, by first part of Lemma [5{ and continuity of A we have

lim h (X,\ (s )) + <B*R*(/\n)VX,{Jn(S)7U(S)>Y

=1 (XY(9)) +(BVX"(5),U(s)),, as.

for each s € (0,t). Hence (4.6]) follows by the Dominated Convergence Theorem
as

(XY ()| + [(B R M)V XY (5),U(s)), |

<k sup |XY + | B*| imi—e s [ R (M) | 2 |V 1-e
neN,r€|0, T]’ An ‘ | |£(DA* ’Y)| ( )| (H)| |L(H’DA*)

X3 ()l U ()]

2
<o s LORs s XLORUGN)

neN,re(0,7] H " peNreo,1]

for a constant c¢; > 0, which is an integrable majorant due to second part of
Lemma [5l

Next,
E /0t2<(R2()\))*VXg(s_),dL(s)>H—/Ot2<VXU(s_),dL(s)>H
<E /Ot2<(R2()\)—]I)*VX§J(s),dL(s)>H2
\E /Otz ((BEN) V(XY (s2) = X(s2)),dL(s)),,
—E/ (Q8) (R~ 1) VXU(s)| ds
+E [ 2](Q4) (ROV VXY () - XV () ds
Obviously, N .
(@) (o) v
< Jim Q%] (R~ 1) VXY(s)] =0
and
2|(Q2)" (R2(V) 1) VX (s)|
<4|Qif, | (@ + DIVEw X ()L,
therefore, .
lim E [ 2](0})" (r20n) ~ 1)’ VXU(s)[ ds = 0.
Moreover,

lim B 2 \(Q%)* (R*N) V(XY (s) — XV (s))] ds

A—00

< lim 2¢

A—00

04!V!i(H>Ess€1[10pt] 1XV(s) — XU(s)[2ds =0
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as in the proof of Lemma[5] As a consequence we obtain

2

lim E =0.

A—00

/Ot2<(R2(A))*vng(s_),dL(s)>H _ /Ot2<VXU(s_),dL(s)>H

Thus we can find a sequence {\, }en, such that A, — oo, n — oo, and

lim t2<<R2(/\n))*VXAUn(s_),dL(s)>H:/Ot2<VXU(s_),dL(s)>H, a5,

n—oo Jo

Finally for all z € H

lim [(VE2(\)z, RX(N)2) — (V2 2]

= (PO 1) 2V ), (- 7°00) 2v2),
< Jim (PO 1) 2V, |+ (- ) 2v2),)

< lim |(R*(N) = Dz| [V]ea [V 2l + [(T= B2 N) 2|, [V |2

L(H)
< lim [(R*(\) =) 2|_|V]zen (e + 1)]zla = 0

and

(N, R(N)z), N(ds, dz) —/Ot/H<Vz,z>HN(ds,dz)

A—00

< lim t/HKVR?(A)z,R2(A)z>H — V2, 2)g| di(z) = 0

n—o0

by Dominated Convergence Theorem.
Hence there is a sequence {\, },en, such that A, — oo, n — oo, and a.s.

lim 3" [VER*(A)AL(s)[ = lim / (VR* Az, R¥(A,)2), N(ds,dz)

n—oo n—oo

_/ / (Vz,2)yuN(ds, dz) ’V 2 AL( )’ a.s.,
s<t

which completes the proof.
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5. Optimal control results

5.1 Mean value optimal control result

As in the previous chapter, we start with the equation with pure jump
cylindrical Lévy process with weak second moments. As we mentioned, the key
tool in the proofs is the 1t6 formula. In the case of cylindrical Lévy process, we
have only the It6 formula in mean value sense (Lemma [8)) and we prove only
the mean value optimal control for the ergodic problem —. For such
ergodic problem, we assume that [(A1){(A4), the standard stabilizability and
detectability conditions (Definitions [l|and [2) and the assumptions of Proposition
are satisfied.
We consider a process

K(w,"):R— L(H,Y)

that is progresively measurable, P-a.s. continuous in the operator topology and
such that
lim K(t) = Ko = —R'B*V

t—00
P-a.s. in L(H,Y), where V' is the solution to the Riccati equation ({3.9)).
The main result for the equation (2.1]) and the ergodic problem (3.7) and (3.8))

is stated below.

Theorem 12. Assume|(A1){(A4) and stabilizability and detectability con-
ditions from Definitions[1, [3, let K be deterministic. Then the feedback control

Up(t) = K(H)X (), t>0,

s an optimal control for the ergodic problem - in the class of all controls
from the space U satisfying
E(VXY(t), XV(t))

; B0, t— o0, (5.1)

The optimal cost is D = 11I.

The three steps of the proof of the theorem Theorem [12| can be reformulated
as follows:

1. We have that
EJ(U,t)

lim inf
t—o0

for all controls U from the space U satistying (5.1)).

> 11 (5.2)

2. The feedback control Uy satisfies (|5.1]).

3. The feedback control U, is an optimal control for the ergodic problem ({3.4))
- (3.5)), that is
EJ(Uy,t)

lim
t—o0

=1 (5.3)
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We prove these three facts in three separate lemmas.

Lemma 13. Let V' be the solution of the Riccati equation (@) Then holds

true.

Proof. Using Lemma |8 we obtain
E(XY(),VXU(t)), — (z,Va)y

_9E /Ot (XY (s))ds + E[Jt 2(BVXY(5),U(s)), ds+ 1L
We have, using ,
(XV(s),VXY(s)) = (&, Va)y

E
t
! v S U S S S S
Gk ((xU(s),Qx <>>E§+<U< ), RU(s))y ) d .
+Eh<X@%VBR:BﬂEY(@%Ms
+2 Ji ((XV(s),VBU(s)), + (U(s), RU(s))y) ds
t
J(U, 1)

= _E I

G (RTBVXY () + U(s). RGBT BVXY(s) 4 U(s))), ds
t |

+
Since

E [ (R7'B*VXY(s) + U(s), RGR™' B'VXY(s) + U(s))), ds

>0, t>0,
t
we obtain (5.2)) by (5.1)). O

As the next step, in the following lemma we prove that the feedback control
Up satisfies (5.1)), that is Uy is in the set of controls where we want to find the
optimal one.

Lemma 14. We have that

B (XU(t), VXY (t))
t

B 50, t— o0 (5.4)
Proof. Take ¢ > 0 such that
0 =0 = (3¢T (€))7 < w.

Since K (t) converges to Ky in the uniform operator topology as t — oo, we can
find r > 0 such that for all s > r:

|K@)—Amaﬂm<ef (5.5)
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Using the Proposition [3| we can see that X is the mild solution of
dxYo(t) = (AXY(t) + BK(£) X" (1)) dt + ®dL(t), X"(0) =, (5.6)
iff XY satisfies the mild formula

XUo(t) = Sy (t — r) X 0(r)

+ / Sy (t — ) B (1) — Ko)XU(s)ds + / Sylt - S)RAL(s), 127, (57)
(recall the notation in (3.10))). By (3.10) we obtain
E (XY (t), VXY (1), <EBIXP0)EV]cm
<3V eqam [Sv (t = )| BIXP (1)
+3|V @ E ( / ISt — $)Bl oy 1K (8) = Kolegy) | X U°<S)\Hd5>2

2

YPdL(s)

H
w(t—s)

t 2
< 3Mpe “DE| XV (1) +3/ - K(s) — Kolan B [X(s)[ ds + e

(ts

< ¢y + 3€* /

L G ’XUO ‘ds+c1

for some constants ¢; and ¢y dependent only on 7.
Following the same steps of as in the proof of Lemma 7.1.1. in [I6], we obtain:

t
E ‘XUO (t)‘;l <+ 03/ E'(0(t — s))e ) ds + ¢y,

for a constant c3, where E’(2) is asymptotically

-1
€
— 2—0
F<€>7 +
e?
—, Z — OQ.
€

Therefore we can find ¢ty > r such that for all ¢t > t:

) S(6-)(t-9)
EV%@BSQ/ _ds + o5 < cg (5.8)

ro(t—s)1

for some constants ¢4, ¢5 and cg dependent only on r. Therefore

B (XU(t), VXY (t))
t

H 50, t— o0,
which concludes the proof. O]
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It remains to show that Uj is the optimal control for this ergodic problem.
This last step is formulated now.

Lemma 15. Let the assumptions of Theorem[19 be satisfied. Then

EJW0. ) _yp, (5.9)

lim
t—o00

Proof. Recall that Uy(t) = K(t)X(t) where K(t) — Ky in L(H,Y). Following
the steps of the proof of Lemma we obtain

(XV0(s5), VXUo(s))  — (,Va)y

E
t
= —E‘](U;O’ Dyt
E [§ (=KX (s) + K(5)X"(s), R(—K XY (s) + K (s)X"(s)))_ ds
. .

By (5.8) it is easy to see that

. E J3 (=KX (s) + K(5)X"(s), R(—K XY (s) + K (s)X"(s)))_ds

t—o0 t

2
E J3 |[K — K(5)[2 00 [ X7(5)] ds

= lim ¢ H__ —0.
t—o0 t
Hence in virtue of Lemma |14 we obtain ([5.3). [

Let us remind that in the case of the equation (2.3)), the assumptions
as well as the assumptions of Proposition [0 are satisfied. Therefore, for the
equation (2.3, the optimal cost is IT = Tr(V®®*) and the optimal control is Uy

for the ergodic problem (3.4))-(3.5]).

5.2 Path-wise optimal control result

In the previous chapter, we proved the path-wise It6 lemma [11] for the equation
(2.3)). Using this version of the It6 lemma, we can obtain a path-wise result for
the equation if we add the assumption of strict positivity of the operator
Q@ in . Therefore, in the rest if this chapter, we assume () in to be the
positive operator, which means that

(Qu,y) = slyl’, y >0, (5.10)

holds for a constant s > 0. Moreover, suppose |(A1**)| [(A2)i(A3)| and [(A4**)|
are fulfilled. Recall the operator-valued process K introduced in the section [5.1

The main result for the equation (2.3) and the control problem (3.7))-(3.8))
follows.
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Theorem 16. Assume|(A1){(A4) and stabilizability and detectability con-
ditions from Definitions[1], [ Then the feedback control Uy(t) = KX (t), t > 0, is

an optimal control for the ergodic problem , (@ in the class of all controls
from the space U satisfying

2
[HXY(s)| ds
lim sup w < 00, a.s. (5.11)
t—o0 t
and
(VXU(t), XU(t))
B 50, t— o0, as. (5.12)

t
The optimal cost is D = Tr(V Q).

In this case, the three steps of the proof of the theorem (12| have the following
form:

1. We have that

EJUD S 1rvo) (5.13)

lim inf
t—o0

for all controls U from the space U satisfying ((5.11)) and (5.12)). This will
be proved in the Lemma (19|

2. The feedback control Uy(t), t > 0, satisfies (5.11)) and (5.12)). These two
assumptions will be verified in the Lemmas 20 and [21] respectively.

3. The feedback control Uy(t), t > 0, is an optimal control for the ergodic

problem (3.7) - (3.8]), that is

lim

t—o0

This step will be proved in the Lemma [22]

J(i?t)——Tra/Q). (5.14)

In the rest of the section the assumptions of Theorem [16] are supposed to

hold.
Before proving this final result, the following two Lemmas will be useful.

Lemma 17. Suppose that holds. Then we have a.s.

Js (VXU(s-),dL(s))
t

B 50, t— o0 (5.15)

Proof.
Js (VXY(s),dL(s))
t
Js (VXU (s ),dL(s)), (f (VXY (s-),dL(s)).)
(Jo (VXU(s-),dL(s))g), t

x 1
[limt_>oo<f;<VXU(s,),dL(s)>H> =00]

t

t
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J (VxU(so), dL<S)>HI
+ [\ﬁe]Rg;(fo'(VXU(s,),dL(s)>H>tSC]»

where C' depends only on w € 2 and (-) denotes the quadratic variation. Now we
compute

(s (VXU (). dL(s)) ), (@) VXY (s ) ds

which converges by ((5.11]). Since <VXU(S_), dL(s)>H is a cadlag martingale,
we obtain

i (VXY(s2),dL(s)), : .
00 (Jo (VXU(s_),dL(s))y), i oo { [ (VXU (s),dL(s))) ,=00]

a.s. (cf. [28] or [22] ). Moreover, it is well known that

Jo (VXY (52),dL(5)), Tem ([ vt (s aiions) <c) B

lim sup 0,
t—o0 t
which concludes the proof. O]
Lemma 18. We have
Soee|VIAL(s)[]
= B _Tr(VQ)—0, t— o0, as. (5.16)

t
Proof. We can easily see that for all s,z € R,

) \V%AL(T)EH

r<s

and

> |vEALe)[

s<r<s+t

are independent,

S|vEare)|

r<t

and

> |viarLe)|

s<r<s+t

are equally distributed and

EY[VIAL()|, = Tr(VQ) < oo,

r<t

Therefore, using the law of large numbers for processes with stationary indepen-
dent increments (c.f. Theorem 2.1 in [27]), we obtain ([5.16)). O
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Lemma 19. Let V be the solution of the Riccati equation (@) Let U € U be
arbitrary such that -(5.19) are satisfied. Then we have

J((?t) >

lim inf
t—o0

Proof. By Lemma [11],

Tr(VQ), a.s. (5.17)

(XY (1), VXU (1), — (2, Va),

:2/0 h(XY(s) +/ (BVXY(5),U(s)),

+2 /0 (VXY(s_),dL(1)),,

+ ( SAL(s)| ~ tTr(VQ)) +Tr(V Q)

Then we have, using (3.9),

(XV(), VXU(t), — (2, V)
t
t U(s , U(s S), S))y)as
B ((XU6) @x <>>}£+<U< ), RU(s))y) d L Trro)

+fg (XV(s),VBR'B'VXV(s))_ds

t
2[5 ((BVXY(s),U(s)),, + (U(s), RU(s))y) ds
* t

2

(s)]H —tTr(VQ)
t
ol <VXU<st_>, AL(s))y

Zs<t
+

Hence,
(XY (1), VXU (1)), — (2, Vi),
t

= - J((t]7 ) +Tr(VQ)

+f(f<R‘lB*VXU(s) U(s), R(R'BVXY(s) + U(s))), ds

t
2

(s)|, —tTr(vVQ)
t

Zs<t
+

Ji (VXY(s),dL(s)),,
. .

(5.18)
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Since

(R BVX(s) TR B S UEDL S0 vs0

it suffices to use (5.12)) on the left side and Lemmas (17| and (18| on the right side
of the equality (5.18)). O

Lemma 20. We have that

[HXYo(s)| ds
lim sup & ‘ ) B <00, as. (5.19)

t—oo t

’ 2

Proof. Since Q and R™! are strictly positive definite and

(Q%) and v
are bounded, Lemma [11] yields

<XU0 (t), VX Vo (t)>H _ <$, V$>H
=9 /Ot h(XY(s))ds + 2 /Ot (B'VXY(s),Up(s)), ds +Tr(VQ)
+ (Z ViALE)| - tTr(VQ))

s<t

+ /0 t (VXU(s_).dL(s)),

=2 [(BVXU(8), (K(5) ~ Ko)X0(s)), ds — [ (X10(), QX"0(s))  ds
_ /Ot (B'VXY(s), R'BVXY(s)) ds+1Tr(VQ)

+ (Z ViALE)| - tTr(VQ))

s<t

+ [ (VXU(s_),dL(s)),

ds

‘ 2

¢ 2 t
< —co/o ‘XUO(S)’H ds +/0 (—01 + co| K (s) — KO|£(Y,H)) ‘XUO(S) -

t 1\* Uy 2 fg <VXUO(S_)’dL(S)>H
—2/0 (Q7) VXUo(s)| ds (02 TR (VXU0(8>,dL<S)>H>t)

+ (Z ’V%AL(S)’; — tTr(VQ)) +tTr(VQ),
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where

2
C1 ft —01+CQ|K(S) _KO|E Y, H XUO(S) ds
lim sup 0 ( ( )) ‘ ’H <0, a.s..

t—o00 t

Similarly as in the proof of Lemma [17| we obtain

1

Jy |(Q2) VXUo(s)| _ds Js (VXUo(s),dL(s)),,
(ﬂb+UMVX%@)dM$m2)SQ

lim sup
t—o0 t

Therefore by Lemma |18 we arrive at

i xvo(s)| ds
c1 lim sup H
t—o0 t
XU(s), VXU(s))

t
which completes the proof since V' is non-negative. O

<Tr(VQ)-— liginf B <Tr(VQ), as

Lemma 21. We have that
(XT0(t), VXU (1))
t

Proof. In virtue of Lemma , positivity of @Q and R~ and boundedness of V,
we obtain for all ¢ > 0:

B 50, t—o00, as. (5.20)

<XU° (1), VXUO(t)>H ~ <XU0(7~), VXUO(T)>H

—2 (BVXU(s), (K (5) — Ko)XU0(s)), ds — / H(XU0(5), QX 0(s))._ds

r

- / t (B'VX%(s), R BVXY(s)) ds+1Tr(VQ)

(Z]V 2 AL( )\ —tTr(VQ))

s<t

+/ (VXU(s_).dL(s)),

t
< / (—er + el K (s) = Koloovin) XU (s) s + elt — 1) + My (1)

< ey /: (XU0(s), VXUo(s))_ds + eslt — 1) + M (),

r > to, for some tg > 0, where

M) = Y \véAL(s)\;—(t—r>Tr(vg)+/: (VXU (s_),dL(s)), . 121,

r<s<t
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has cadlag trajectories, ¢y, co, c3,c4 > 0. We fix w € )y where

QO:{wEQ; limwzo}
t—o0 t

(5.21)

(note that due to Lemmas and |18 we have that P({y) = 1) and define

yo(t) = (X (1) (), VX (1) () ),
for t > t5. By (5.21)), we can prove similarly as in [5] that

lim A0 =0
t—oo ¢
and ((5.20)) follows.
Lemma 22. We have that holds.
Proof. As
Ko=—R"'BV,

we obtain by Lemma (11} and (3.9):

(XV(s), VXU (s))  — (&, V),
t

2f§ (BTVXU(s), K(5)XY0(s))_ds
t

Ji (X10(5), QX0 (s)) ds + [ (K (s)X (s), RK ()X (5))y ds

t

) Ji (K (s)X"(s), RK () XV (s)(s) ), ds . Ji (KoXP(s), RK X (5)(s))., ds

t t
Lo [VEALG)[, ~ T1(V Q)

+Tr(VQ) + ( ;

L <VXU°<st>, aL(s)),

_ _‘](U;”’t) +Tr(VQ)

+f0t ((K(s) — Ko) X (s), R(K(s) — Ko) X (s))y ds

i
S ViaL(s)| —iTr(V )
t
PV XUo(s_),dL
2fo< (St) (s))

+ H

We can simply prove that
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i (K () = Ko) X0 (5), RK (5) — Ko)X"(s))_ds
t

fé ‘K(S) - KO‘%(IHLY) ‘XUO(S)‘;IdS
t

Due to Lemma [21] left-hand side of the equality tends to zero a.s. as t — oo.
Similarly, the last two terms on the right-hand side converge to zero in virtue of

Lemmas , and , and follows. m

Remark. This section is focused on the square integrable Lévy proces. If we
assume the Lévy proces with finite p-th moments, p > 2, we can extend the
path-wise result in Theorem [16/to the equations with € € (%, 1] in the assumption
on the operator B. But the optimality is achieved on the smaller set of
admissible controls which are in addition in LP"¢(R,,Y).

More precisely, as in Theorem (16| assume [(A1**)| [((A2)H(A3)| and [(A4™*),

Moreover suppose that L has finite p-th moments, p > 2, and replace the as-

sumptions |(A2)| of Theorem (16| by the assumptions

(A2***) B : D(B) C Y — D(A*), the dual of D(A*) with respect to the
topology of H, and (81— A)“"'B € L(Y,H), for a given € € (]13, 1].

lim¢ — oo

<climt — oo =0.

(A3***) We have that
U e LY(R.,Y),

where LI}lOC(RJﬂ Y) is the space of all F-progressively measurable processes
from ILP¢(R | Y) , where
L7 (R, Y)

¢
= {Y Ry x Q@ — Y measurable; V¢t >0: E/ Y (s)|5ds < oo}.
0
and denote U, = L%'*°(R,,Y) the space of admissible controls.

Then the feedback control Uy(t) = KX(t), t > 0, is an optimal control for the
ergodic problem (3.7)), (3.8]) in the class of all controls from the space U, satisfying

2
J3IXY(s)| ds
lim sup @ < 00, a.s. (5.22)
t—o0 t
and
(VXU (), xV()
B 50, t—o00, as. (5.23)

t

The optimal cost is D = Tr(V Q).
Indeed, following the steps of the proof of Lemma 2.1. in [5] and applying the

assumptions (((A2***)) and ((A3***))), we obtain

t
/ S(t — r)BU(r)dr € LA (R, H).
0
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Furthermore, we can prove for the IL? Lévy proces L that
t
/ S(t — r)dL(r) € L*(R,, H).
0
Therefore,
XY e LB (R, H).
Then we can repeat the steps of the proof of Theorem [16]

5.3 Path-wise adaptive control

In this section, we apply the above path-wise control result to adaptive control
of parameter-dependent systems with an unknown parameter o € K, where K is
a compact metric space. We assume that we have

a=(a(t),t > 0) C K,

a strongly consistent family of estimators of a = oy € K, that is, a K-valued
progressive process such that
Jim at) = ap, a.s.

We prove that the path-wise adaptive control corresponding to & is optimal.
The controlled stochastic evolution equation dependends on a € K, that is

dxY(t) = (AaXY () + BaU(t)) dt + dL(t), XZ(0) =1z, (5.24)

where v € H, a € K. A,, a € K, are the infinitesimal generators of analytic
semigroups S, on H. For some 3 > 0 the operators — A, + S1, a € K, are strictly
positive (in the sequel, 8 > 0 is fixed).

As in the previous section, we suppose [(A1**) [(A3)] [(A4™**)l Moreover, we
add the assumptions

(B1) Foreach o € K: B:ID(B,) CY — D(A?), the dual of D(A}) with respect
to the topology of H, and (81 — A)* !B, € L(Y,H), for a given € € (£, 1].

(B2) For each ay,ap € Ki D(A,,) = D(Ay,), D, =D and ]D)i(i = D}g :

Similarly as in the Chapter 2, we set

J(U,t) = /O ! ((QxY(s), XU (s)),, + (RU(5), U(s))y ) ds, (5.25)

where T' > 0, XY is the solution of (5.24), Q € L(H) and R € L(Y) are symmetric
positive definite operators, i. e.

(Ry,y) > rly*, y >0, (5.26)

(Qu,y) > rlyl*, y >0, (5.27)

holds for a constant r > 0.

47



The corresponding Riccati equation takes the form
(a, ALVab)y + (ALVaa, by + (Qa, by — (R BiVaa, BiVab), =0, (5.28)
a,b e D(AL).
For a fixed d > 0 we consider the adaptive feedback control in the form
Ua(t) = Ka(t)X(t), t > 0, where
K4 (t) = _Rile(tfd)Vd(t—d)I[bd]7 t >0, (5.29)

The result for such adaptive control follows:

Theorem 23. Assume[(A1%¥), [(A3), [(A4*¥), [(B1), [(B2) and stabilizability
and detectability for all a € K. Let

aag({,r(lxeK ‘B:“ — B E(]D)XX; ,Y) =9 (5.30)
aﬂlaiggeK |Sa(t) — Say <t)|ﬁ(Df4;10 ﬂ) =0 (5.31)
for allt > 0. Then
Jim |Ka(t) = Kagoleyy =0, a.s., (5.32)
where Koy = —R™' B} Vo, and
lim Ja([t]“t) — Tr(V,,Q), as. (5.33)

Proof. Applying the Lemma 5.3 in [5], we obtain from (5.30)) and (5.31]) that

a_}lalggéEK |Va — VaO|L(H,D}4;EO) = O (534)

If we combine (5.34) with ([5.30]), we obtain (5.32). Therefore, we can apply the
Theorem 22] with A = A,,, B = B,, and

K(t) = K@(t), t> 0.
[l

Remark. Similarly as in the Remark [5.2] in the previous section, we can consider
LP-Lévy process in H, p > 2, and we can extend the path-wise result in Theorem
for the equations with € € (+, 1] in the assumption |(B1)lon the operator B.

1
p?
5.4 Examples
Ezxample (bundary control for stochastic heat equation). We consider the equation
bi(t,x) = ALb(t,x) +1(t,x), (t,x) € Ry x G, (5.35)

by(t, ) + h(x)b(t,x) = u(t,x), (t,z) € Ry x 0G,
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b(0,x) = bo(x), =€ G,

where b,(t,x) is normal derivative of b in (¢,z) € Ry X dG in direction v, v
being the outward normal to 0G, A, is the Laplace operator, G denotes the
boundary of the set G, G C R" is an open bounded domain with C*> boundary,
h € C*(0G), h > 0 and [ formally represents Lévy noise on L?(9G).

Set H =12(G), Y =1L*0G), A=A, on the domain

D(A) = {f € H*(G) : fo(x) + h(z)f(x) =0, x € G},

where H?(G) denotes the Sobolev space. As well known, A generates an analytic
semigroup and there exists § > 0 such that (A— 1) is strictly negative. To obtain
the infinite-dimensional form of the system ([5.35)) we follow the lines of the
standard approach developed for deterministic equations in [2] (see also [23], [9]
for various modifications in stochastic cases). Consider the elliptic problem

Ayz—Fz=0

on GG and
2y +hz=—g

on OG. The solution map M : g — —z belongs to L(L?(9G), DY) for € < 2. The

operator B is obtained as the composition B = AM , where A is the isomorphic
extension of the operator A into D%.

Then B € L(Y,D5"), € € (1,32), and the pairs (4, B), (A, Q) satisfy the
stabilizability and detectability considions, respectively. Therefore, all conditions
of Theorems (12| and |16|are satisfied for € € (%, %) and the optimal mean value as
well as path-wise ergodic control may be obtained following these Theorems. If
we take into account Remark , we have the path-wise result for € € (%, 3).

Now consider the equation ([5.35)) dependent on a parameter « in a compact

set KC R,
bi(t,x) = aAb(t,x) + U(t,z), (t,x) € Ry x G, (5.36)

by(t, ) + h(x)b(t,x) = u(t,z), (t,z) € Ry x 0G,
b(0,x) = bo(x), = €@,

where o € K, K C R, is compact, G C R" is an open bounded domain with C*>

boundary, i > 0, [ formally represents Lévy noise on L?(9G).
In this case H = L*(G), Y = L%*(0G), A, = aA,, a € K, on the domain

D(Aa) = {f € HG) : h(z) = fu(x) + h(x)f(x) = 0, z € G},

which does not depend on v € K. Also, B,, a € K, are obtained from A,, a € K,
by the same approach as above for € < %
Then
B, € L(Y,D%)) = L(Y, D))
and all conditions of Theorem are satisfied for € € (3,2). Therefore, the
adaptive feedback control defined by (5.29)) is optimal. We have the path-wise
result for € € (}%, %) applying Remark .
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Ezample (ergodic point control of stochastic plate equation with structural damp-
ing). Consider the problem

pu(t,z) — Aupy(t, ) + A2p(t, ) = Lp—pou(t) +U(t,2), (t,7) €ERL x G, (5.37)

p(()?m) = Po, pt(07x> =P, TE G7
p(t.2) = plta) = 0, (1.2) € B x OC,

where G C R" is an open and bounded domain with a sufficiently smooth bound-
ary 0G, n € {1,2,3}, o € G, [ formally represents a (space-dependent) Lévy
noise. Define the cost functional

7@, T) = [ (plt) ey + (0 + L0t

where H? denotes the Sobolev space {y € L?(G) : D*y € L*(G), |a| < 2}.
The deterministic case (I = 0) is analyzed in [3] and [20]. Let A = A2 on the
domain

D(A) = {h € H'(G) : h(z) = Ayh(z) =0, = € 9G}.
We rewrite the equation (5.37) in the form (2.1)),
dxV(t) = (AXY(t) + BU(t)) dt + dL(t), XY(0) ==

Here
H =D (A?) x L(G) = (H*(G) N H)(G)) x LA(G), Y =R,

0 I
‘4:<—A AQ’
0
Bu = (Hxazou> ,
0 0
o =7 a)

R=Q=T1,

where ®; € L(L*(G)) is Hilbert-Schmidt, X, = (vg,v1)” and L is a cylindrical
Lévy proces on H.

It is well known ([3]) that A generates an exponentially stable analytic semi-
group. In [20] it is shown that B € £(Y,D% ") for e € (0,1 — 2). In the case
of n = 1, all conditions of the Theorems (12| and [16| are satisfied for ¢ € (%, 2)

N

274
and the optimal mean value as well as path-wise ergodic control may be obtained
following these theorems. In the case of n = 2 we may choose € € (%, %), and

follow Remark [5.2] to find the path-wise ergodic control. Moreover, if we assume
p > 4 in Remark [5.2] we obtain the path-wise result for n = 3 by the choice

eec (b,
p’4
Consider parameter dependent equation ([5.37)). That is:
pu(t,z) — alup(t, z) + A2p(t, x) = L—pou(t) +U(t, ), (t,2) € Ry x G, (5.38)
p(O,LC) = Do, pt(oax> =p1, TC G7
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p(tax) :pt(taw) = 07 (t71’) < R-i- X aG?

where a € K, K C R, is compact, G C R" is an open and bounded domain with
a sufficiently smooth boundary 0G, n € {1,2,3}, o € G, [ formally represents a
(space-dependent) Lévy noise.

Now for all a € K

dX(t) = (AaXY(t) + BLU()) dt + dL(2)

= (AXU(t) + BU(t)) dt + dL(t), XV(0) =u,

where

H=D(A?) x LA(G) = (H*(G) N Hy(G)) x LX(G), Y =R,

1 0 0
o =0 4);

where ®; € L(IL*(G)) is Hilbert-Schmidt, X, = (vo,v;)? and L is a cylindrical
Lévy proces on H.
For all a € K, is well known ([3]) that A, generates a stable analytic semi-

group. As above
B, =B e L(Y,D}!)
@Q

for e € (0,1 —%). In the case of n = 1, all conditions of the Theorem [23| are

satisfied for € € (%, %) and the adaptive feedback control defined by 1) is
optimal. For n = 2 and n = 3 we again may follow Remark [5.3] and take p large

enough so that e € (%, 1—%).

Example (ergodic point control of stochastic Kelvin-Voigt plate equation). Con-
sider the problem

wy(t, 2) + A2w(t, ) + pA2wi(t, z) = Lu—pou(t) +1(t,x), (t,2) € R, x G,

(5.39)
w(0,x) = wy, wy(0,2) =wy, x € G,
Ayw(t,z) + (1 — p)Biw(t,z) = W + (1 —p)Byw(t,z) =0,

(t,l‘) € R+ X 3G,

where p € (0,3), p >0, 7o € G CR", n < 2. Note that the boundary operators
By and B, are given by

1. In the case of n =1: By = By, =0,
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2. In the case of n = 2:

2 2
Biw = 2110w,y — ViWyy — VoWy 4,

9 2 2

Bow = — (1/1 - y2) Wy + 1o (Wyy — Wy ),
where a% is tangential derivative.

[ formally represents a (space-dependent) Lévy noise. Define the cost functional

T T) = [ (b + @) + O de

where H? denotes the Sobolev space {y € L?(G) : D*y € L*(G),|a| < 2}.
The deterministic case (I = 0) is analyzed in [20]. Let A = A2 on the domain

D(A) = {h € HYG) :

_ M;}V‘(x) 4 (1 - p)Bih(z) = 0, x € dG).

We rewrite the equation ([5.39) in the form ({2.1)),

W)+ (1 - p)Bih(x)

dxV(t) = (AXY(t) + BU(t)) dt + dL(t), X"(0)= .

Here
H =D (A?) x LG) = (H*(G) N H)(G)) x LA(G), Y =R,

0 I
1= (5 o).
0
Bu = <H$:I0u> ,
0 0
Q= <O <I>1>’

R=Q =1,
where ®; € £(L?(G)) is Hilbert-Schmidt, X, = (wg,w;)? and L is a cylindrical
Lévy proces on H.
It is well known that A generates an exponentially stable analytic semigroup.
In [20] it is shown that B € L£(Y,D% ") for € € [3,1 — %), n < 3. Thus all
conditions imposed in the paper are satisfied and the optimal ergodic control
may be obtained following Theorems [12] and [16]

=
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Conclusion

In the Thesis, we are focused on the optimal ergodic control of processes in the
Hilbert space H described by the controlled stochastic evolution equation

dxV(t) = (AXY(t) + BU(t)) dt + ®dL(t), XY(0) ==, (5.40)

x € H, where A is the infinitesimal generator of an analytic semigroup S on
H. The control of the equation (5.40) was set up by the control process U on
(Q, A, P) in the Hilbert space Y with the coefficient operator B acting from Y
to H. As results related to ergodic control were already known in the case of the
continuous Gaussian noise, we assumed L(¢) in to be a pure jump noise
(Q, A, P) in H. The coefficient ® is assumed to be, in general, a bounded linear
operator on H. The optimality is defined by asymptotics of the cost in the form

Jw=[ QXY (), XU (9)), + (RU(s),U(s))y ) ds (5.41)

giving the weights to the value of the controlled process XV as well as to the
control process U by the operators @ € L(H) and R € L(Y). Roughly speaking,
the aim was to find the solution to the optimal control problem with the following
two particular goals:

1. Optimal control as the control process U in the set of the admissible controls
which minimize the asymptotic cost functional.

2. Optimal cost as the formula for the minimal value of the asymptotic cost
functional.

An important part of the work was the proof of the It6 formula and as the
consequence, the assumptions on the coefficients were driven by the assumptions
needed for proving the It6 formula.

We found two sets of meaningful assumptions for the ergodic control problem
and we found the optimal control as well as the optimal cost for both of them.

In both cases, we were able to cover the point and boundary control problems.
This means that the assumptions on the operator B in are the same:

(A2) B:D(B) C Y — D(A*), the dual of D(A*) with respect to the topology
of H, and (81— A)*'B € L(Y,H), for a given € € (0, 1].

In both cases, the coefficiens () in (5.41)) was needed to be positive semi-definite
and the coefficient R in ([5.41)) was needed to be positive definite. In both cases,
the set of admissible controls has to be the subset of L5 (R, Y).

The case of cylindrical Lévy processes

In the case of setting L in (5.40) as the cylindrical Lévy processes, we had to
consider the ergodic cost functional as the "mean average cost per time unit in
long run”, that is

~ EJ(U,t

Jg(U) = lim inf (t’) (5.42)

t—o00
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We were not able to prove the path-wise version of the [t6 formula as the diffusion
parts in the proof did not converge path-wise in the case of the cylindrical Lévy
processes. Therefore, we were not able to work with the path-wise version of
the ergodic cost functional. Note that the problematic diffusion part disappeared
in the case of the mean value versions of the ergodic cost functional and the
corresponding It6 formula.

Moreover, we had to add the following assumption on the diffusion coefficient

® in (5.40) and on the coefficient @ in (5.41)):
1. There exists § € (0, 3] such that ®*(—A* + BI)~=1 is Hilbert-Schmids.
The set of the admissible controls is the set of U € L%*“(R,,Y) such that

E <VXtU, XtU>H
t

— 0, t— oo. (5.43)

For the cylindrical Lévy processes and ergodic control functional in the form
(5.42) with the added assumptions on ® and () mentioned above, we proved that
(on the given set of the admissible controls):

1. The optimal cost equals to II given by the formula
1 2 * 2 *
= lim Tr (VR2(V)eer (R7(N)).

2. The optimal control is every feedback control process U(t) = K(t)X(t),
t € R, such that K(t) - —R'B*V, t — oo, is deterministic.

The case of the square integrable Lévy processes

When we wanted to consider the path-wise "average cost per time unit in long
run”, we had to strengthen the assumptions on L in to have the square
integrable Lévy processes as the noise or, equivalently, the assumptions on ® in
to have the Hilbert-Schmidt diffusion operator. The path-wise "average
cost per time unit in long run” is defined as

J(U) = lim inf JU.0).

t—00

(5.44)

We had to strengthen the assumptions to have @ in (5.41)) positive definite. The
set of the admissible controls is the set of U € L3**(R,,Y) such that

; —0, t—=o00, a.s., (5.45)

and

tvUl?
AL as

lim sup < 00 a.s. (5.46)
t—o00
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List of Abbreviations

a.s. almost surely with respect to the given probability measure
P-a.s. almost surely with respect to the probability measure P
B(S) Borel g-algebra of the space S

C(V,B) cylindrical subsets given by borel sets B and finit set of vectors V'
cadlag “continue a droite, limite a gauche”

corlol “continuous on (the) right, limit on (the) left”

C set of complex numbers

C>(9) infinitely differentiable functions on S

C!(9) space of continuously differentiable functions on S

D domain of operator or function

D% domain of (—A + pI)®

Af(t)  f6) = fto)

A, Laplacian operator

e’ exponencial function

EX Expected value of the random variable X

E[X|G] conditional expected value

r Gamma function

H space of I.? predictable stochastic process of HS operators 13
Y| norm of L? predictable stochastic process of HS operators
H} Sobolev space

HS Hilbert-Schmidt

|- s Hilbert-Schmidt (HS) norm

Is identity operator of the space S

I4(2) lifx e Aelse0
J(u,T)  cost functional

log natural logarithm

L2(Q, A) set of real valued random variables

Lo set of real valued random variables

L (H) space of random variables in H with finite p moment

L» space of random variables in given space with finite p moment
L(H) space of bounded linear operators on H

Lys(H)  space of random Hilbert-Schmidt operators
L2"“(R, Y)space of progressively measurable locally p-integrable processes

BHESEEEEENESFEEE R

LP¢(R, Y)space of locally p-integrable processes 46
N(t,A)  Poisson random measure 0
N positive integers 2
N normal (Gaussian) distribution 2
N(u, V) normal (Gaussian) distribution with mean p and covariance V. |2
v Intensity jump measure 9
10) characteristic function 1
oS boundary of S

R real numbers

R range of operator or function

RCLL "right continuous with left limits”

R()\) AR(), A) for a given operator A

o7



resolvent of the operator A

Eukleidean space

non-negative real numbers

resolvent set of the operator A

space of the simple random Hilbert-Schmidt operators
space of the simple random operator processes
stochastic evolution equation

trace of an operator

normal derivative of b in (¢, z) in direction v
fractional power of the operator

adjoint operator

dual space

left limit of the function f in ¢

Z(u) for a cylindrical random variable Z
scalar product in the space S

has distribution @)

closure of the set

o8
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A. Stochastic Fubini theorem

In this Appendix, we state the Stochastic Fubini Theorem for the case of the
stochastic integration with respect to the Cylindrical Lévy process L. This The-
orem was proved in [19] for more general integrators than we need, for so called
regulated functions. Therefore, we start with the definition of the regulated func-
tions.

We say that the function g on [0, 7] in H, T' > 0, is regulated if ¢ has only
discontinuities of the first kind. We denote the space of all regulated functions
on [0,7] in H as R([0, T, H).

Theorem 24. We assume a finite p-measure space (M, M, 1), a Bochner space
LZ(M, H) and T' > 0. Let g be a function from M x [0,T] to H such that

1. g is measureble with respect to M x B,
2. for p-almost all x € M, g(x,-) is requlated,
3. g € R(0,T), L2 (M, H)).
Then
1. [y 9(x,)du(z) is requlated,
2. [ g(-,t)dL(t) is a random variable in L2(M,R),

3. we have P-a.s.

// (a, )AL (t)dp(s // (2, £)dpu(s)dL(2).

Proof. This theorem is proved in [19]. O
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B. Regular modification

In this Appendix, we state the regular modification theorem for the case of the
contraction semi-group in the integrand. This theorem in [25] is more general as
it is proved for integrals with respect to square integrable martingales.

Theorem 25. We assume
1. S is a strongly continuous semi-group of contractions,

2. & is L(H)-valued process such that ®(-)z is F-predictable H-valued process
for each z € H,

3. M 1is a square integrable martingale with the martingale covariance Q,

/
E/O 1B(5)Q(s)[%,ds < 00, > 0.

Then the process

/' S(t — s)®(s)dM(s)
0
has a cadlag version in H.

Proof. This theorem is proved in [25]. O
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