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Introduction

Over the last few decades, various definitions of the so-called statistical depth
function have been introduced. In essence, a statistical depth function is a tool
used to determine how “central” a particular point in R? is with respect to a
probability distribution in the same space. The function assigns greater values to
points that are situated nearer to the distribution’s center, while smaller values are
assigned to points that are further from the center. The rationale for introducing
a depth function is to extend the idea of quantiles beyond one-dimensional data
and into multi-dimensional spaces. This extension is driven by the need to identify
central tendencies within datasets that have multiple dimensions, similar to how
quantiles are used to identify central tendencies in one-dimensional data.
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Figure 1: The figure displays a sample of 100 points randomly drawn
from a standard bivariate normal distribution. The assigned value of the
simplicial depth function for each point is represented by its z-coordinate.
Points with higher depth are considered to be more centrally located,
whereas those with lower depth are positioned towards the distribution’s
periphery. The point with the greatest depth can be viewed as a
generalization of a median to higher dimensions.



Bearing in mind the importance of quantiles in nonparametric statistics, it
is of no surprise that this generalization has become increasingly pursued over
the years. The quantile function in R relies on the ordering of data, a concept
that is relatively straightforward to define in the one-dimensional case due to
the natural ordering of real numbers. However, there is no equivalent canonical
ordering in the multivariate scenario, which makes the generalization of quantiles
for multivariate data more challenging and allows for multiple definitions to be
introduced. One such definition is the simplicial depth, to which this work is
dedicated.

The simplicial depth function was first introduced in 1988 by Liu [11]. Since
then, multiple attempts have been made to alter and revise Liu’s original definition
of simplicial depth. In Chapter 1 we will discuss and compare a few of them.
Naturally, there are some essential properties which are desired for a depth
function to possess, and so our assessments will be based on these properties.
Since the concept of simplicial depth is fairly geometrical, theorems and definitions
will be often times accompanied by illustrations to enhance understanding.

In Chapter 2, our focus shifts towards exploring the characteristics of a revised
definition of the simplicial depth function. Specifically, we examine the sample
simplicial depth that was initially proposed by Burr, Rafalin and Souvaine in [5].
However, our investigation revealed an error in their work that led to several
unpleasant consequences regarding their findings. Thus, our objective is to rectify
their reasoning and, in some instances, even expand the theory further.

Lastly, in final Chapter 3 we unveil a relationship between simplicial depth
and Sylvester’s four-point problem. Consequently, we discuss a minor paradox
that we came across during our investigation. This requires us to present our
findings on the computation of population simplicial depth. To be more specific,
we provide the exact value of the simplicial depth of the centroid of a triangle
in R?, with respect to the uniform continuous distribution on that triangle in the
same space. To the best of our knowledge, such result is original.



1 Simplicial depth

The purpose of this chapter is to summarize some of the main definitions
that have arisen along the way of fiddling with the simplicial depth function.
Each of these definitions is essentially a variation of the original concept with
minor alterations. In spite of that, their behavior may differ greatly, as will be
demonstrated on examples. Then, after introducing all the necessary terminology,
we will provide rigorous proofs for the four primary properties of a depth function.

1.1 (General depth function

If not stated otherwise, consider d to be a natural number. All random
variables in the thesis are defined on a common probability space (£2,.4,P). By
P(R?) we will understand the class of all distributions on the Borel sets in R?
and by Px the distribution of a given random vector X. In the introduction
we slightly touched what the general notion of statistical depth means. For
further analysis, however, it is important to formulate it more precisely. Several
intuitively desirable properties were formulated by Zuo and Serfling [19] in a
general definition of depth function. In their work, the attention was confined to
depth functions that are nonnegative and bounded. For such functions were then
formulated the following four properties:

(P1) Affine invariance. The depth of a point x € R? should not depend on the
underlying coordinate system.

(P2) Maximality at center. For a distribution having a uniquely defined point of
symmetry (with respect to some notion of symmetry), the depth function
should attain maximum value at that point.

(P3) Monotonicity relative to the deepest point. As a point x € R? moves away
from the point with the maximal depth function value along any fixed ray
through the “deepest” point, the depth at = should decrease monotonically.

(P4) Vanishing at infinity As ||z| approaches infinity, the depth of a point x
should approach zero.

Putting all four main properties together, we arrive at Zuo’s and Serfling’s
general notion of a depth function.

Definition 1 (statistical depth function). Let the mapping D(-;-) : R¢x P(RY) —
R! be bounded, non-negative, that satisfies the following conditions:



(i) D(Az + b; Pax,s) = D(x; Px) holds for any random vector X in R, any
non-singular matric A € R™? and any vector b € R%;

(1) D(6; Px) = supgega D(z; Px) holds for any Px that is symmetric about
0 € RY;

(iii) For any Px having the deepest point (point with the highest depth) 0 and
any A € [0,1], we have D(x; Px) < D(Axz + (1 — \)6; Px);

(iv) hmHz||—>oo D(x; PX) = 0.
Then D(-; Px) is called statistical depth function.

In Definition 1 we used the term “symmetric about .” Since multiple notions
of multi-dimensional symmetry are possible, we introduce three that are of our
highest interest.

Definition 2 (halfspace). Let u € R be an arbitrary unit vector (that is ||ul| = 1)
and ¢ € R a constant. The set of points H,, = {x € RY : w'z < ¢} defines
a closed halfspace in RY. Its interior is an open halfspace, and its boundary
{x: u'x = c} defines a hyperplane.

Definition 3 (multivariate symmetry). Let 8 € R? and let X be a random vector
in RY. Its distribution is said to be:

(i) centrally symmetric about 0 if P(X — 0 € H) = P(X —0 € —H), for all
H C R? His a closed halfspace;

(ii) angularly symmetric about 0 if P(X —0 € H) = P(X — 0 € —H), for all
H C RY, His a closed halfspace with the origin on its boundary;

(iii) halfspace symmetric about 0 if P(X € H) > 1/2 for all H C R?, H is a
closed halfspace with 6 on its boundary.

The definitions of central and angular symmetry are not in their original form.
However, the conditions above are equivalent to the original ones as was shown
for central symmetry by Zuo and Serfling in [20, Lemma 2.1] and indirectly® for
angular symmetry by Rousseeuw and Struyf [16, Theorem 1]. We opt to use
these alternative definitions, since it is now straightforward to see the following
implications:

C-symmetry = A-symmetry =— H-symmetry,

where C,A,H will abbreviate central, angular and halfspace, respectively. The
converse implications do not hold as can be seen in Figure 1.1.

'Even though it was not stated explicitly, it follows from their work, which can be seen
in [21, Theorem 7].
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Figure 1.1: H-symmetry, not A-symmetry (left; d = 2): consider
a discrete probability distribution Py, whose support is comprised of
points A,B,C' and D as in the figure, with the corresponding probability
displayed above each point. Then, Py is trivially H-symmetric about the
origin D. However, Py is not A-symmetric; for u = (=1, — 1)T we have
P(X € H,p) = 5/6, while P(X € —H, ) = 4/6.

A-symmetry, not C-symmetry (right; d = 2): take a uniform discrete
probability distribution Py at points E,F,G and H arranged as in the
figure. Then Py is A-symmetric, while not C-symmetric (about the
origin). For v = (=1, — 1)" we have P(X € H, 1) = 0 # 1/4 =
P(X € —H, 1), contradicting the definition of C-symmetry.

1.2 Definitions and terminology

At first, let us start with defining the notion of a simplex upon which the
whole concept of simplicial depth stands.

Definition 4 (affine and convex hull). For K C R4, K # () we define an affine
hull and convex hull as

aff(K) = {Z M)z : Y Mz)=1,0£ICK, I is ﬁm’te},

zel zel

conv(K) = {Z)\(x)a: Mz)>0Ve eI, d Na)=1, 0#ICK, I is ﬁm’te},

zel zel

respectively.

Definition 5 (simplex). By k-dimensional simplex (k-simplex for short) S with
vertices 1, . .., xps1 € RY, where k < d, we understand the convex hull of the set
of points {x1, ..., xps1}. We denote it by S(z1, ..., xx11). Additionally, by writing
simplex we will always understand a d-simplex.

- — A

0-simplex 1-simplex 2-simplex 3-simplex



Definition 6 (simplicial depth). The simplicial depth of a point x in R? with
respect to Px € P(R?) is defined to be the probability that x belongs to a random
simplex in R?, that is,

SD(Z';P)():P($€S(X1,...,Xd+1)), (11)
where X1, ..., Xqv1 is a random sample from Px.

Definition 6 is the original population notion of the simplicial depth introduced
by Liu [11]. Note that with this definition we use the word population. One of
the main motivations to define the depth function was to find the multivariate
median of some given dataset. The probability measure from which our dataset
comes is often unknown and only a sample of points z1,...,x, is observed. To
help us define the sample version of simplicial depth we represent the distribution
of our data by an empirical measure P, € P(R%). The probability distribution
P, corresponds to n (possibly repeated) points zy,...,r, € R? with mass 1/n
attached to each of them.

Definition 7 (sample simplicial depth). Let xy,...,r, € R? be observed data
points and let P, € P(R?) denote the corresponding empirical measure. The
sample counterpart to the population simplicial depth is then defined as

« 1
SDZIOS@d(l'; Pn) — W Z ]I(ZL’ c S(xila . ,xid+1))7 (12)
d+1

1<i1 <-<igi1<n
where T denotes the indicator function.

From here we can see that the sample simplicial depth of a point is basically
the proportion of simplices that contain x to the total number of < dil) simplices,
where we only consider simplices generated by distinct sample points (which may
nonetheless repeat, if the location of several sample points is the same). The
reason for including the term “closed” in reference to S D,, will become clearer in

what follows later in this chapter.

Notation. Occasionally, we may only be concerned with the relative order of the
sample simplicial depth of points. In such scenarios, we can disregard the fraction
1/((121) in (1.2), as it is the same for every point. To denote this modified depth
function, we use a distinct font type:

n

SDclosed Pn _
e = ()

> - SDIo (g Py).

If it is clear from the context, we will refer to this modified sample simplicial
depth simply as to the sample simplicial depth.

Next, in order to prevent any potential confusion, we introduce a set of
supplementary definitions that will help to disambiguate certain concepts later
on.

o To a point that is part of a dataset is referred to as a data point.

« To a non-dataset point is referred to as a position.



o A convez polytope of dimension k (or shortly k-polytope) is a bounded
non-empty intersection of finitely many closed halfspaces in R, where
the dimension refers to the dimension of the smallest affine subspace of
R? that contains the entire polytope. One example of a k-polytope is a
non-degenerate k-simplex.

e A face of a d-polytope D is defined as either D itself, or a non-empty
subset of D of the form D N h, where h is a hyperplane such that D is fully
contained in one of the closed halfspaces determined by h. Observe that
each face of D is a convex polytope of some dimension less than or equal
to d. This is because D is a bounded intersection of finitely many halfspaces
and h is the intersection of two halfspaces.

o By a k-dimensional face (k-face for short) of a d-polytope D for 0 < k < d
we understand a face of D of dimension k, where the dimension of a face
is the dimension of the smallest affine subspace that contains it. Notice,
that the k-face of a d-simplex is always a k-simplex. For this reason, terms
k-face of a d-simplex and k-simplex can be used synonymously.

Figure 1.2: The illustrations of a 2-polytope D and its 1-face (left, bold
line segment) and O-face (right, cross).

o A facet of a d-polytope D is defined as a (d — 1)-face of D.

« Let S be a dataset of n points in R? in general position,? where n > d + 1.
All possible (d— 1)-simplices, defined by d data points from S, subdivide R?
into regions. And so, last but not least a cell is the set of all positions inside
the convex hull of S that can be connected by a line segment which does
not intersect any (d — 1)-simplex induced by the observed data points. The
closure of a cell classifies as a d-polytope. On the other hand, a cell can be
viewed as the interior of some d-polytope. For illustrations see Figure 1.3.

Before we proceed to the revised definitions of the sample simplicial depth, we
may want to look at a motivation for why were these other definitions proposed
in the first place. Among the problems that arise with Liu’s definition of depth
function in the finite sample case is the (sometimes) unwanted discontinuity. It
is not difficult to see that the depth of all positions on the boundary of a cell
is at least the depth of a position in its interior. In fact, it is usually the case
that the depth values on the boundaries are higher than the depth in each of the
adjacent cells. To demonstrate why this might be a problem we use the examples
presented in Figure 1.4 below.

2A set of at least d + 1 points in R? is said to lie in general position if no d + 1 of these
points lie on the same hyperplane.
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Figure 1.3: Terminology introduced above depicted in 2-dimensional
space (left) and 3-dimensional space (middle and right). A facet of
a simplex for d = 2 is a line segment with data points as endpoints
(displayed in a red ellipse), whereas a facet of a simplex for d = 3 is a
closed triangle with data points as vertices (displayed in red). In these
illustrations, a cell for d = 2 is an open triangle and a cell for d = 3 is
an open tetrahedron (both displayed in orange). For clarity, all of the
cells in the middle picture were split apart in the right hand panel of the
figure.

facet «— data point

Figure 1.4: (left; d = 1): Consider a dataset {—3,—1,1,3}. The
corresponding empirical measure Py s C-symmetric about 0 and
an easy calculation gives SDY°°4(0; P,) = 4, SD¢***d(1;P,) = 5,
violating both (P2) and (P3). The sample simplicial depth of points
is displayed in red and by the convention below Definition 7 the
fraction 1/ (;1) is not included. (right; d = 2): Consider a dataset

{(-1, O)T,A(l, 0)",(0,—1)T,(0,1)"}. Then, the corresponding empirical

measure P is C-symmetric about (0,0) " and, as can be seen in the figure,
both (P2) and (P3) are satisfied.

After viewing the example depicted on the left in Figure 1.4, one could inquire
whether open simplices would not be a more suitable option compared to closed
ones. In fact, several authors argue that a depth based on open simplices is to
be preferred [6, 7]. Thus, the definition changes to

spgpen(x;ﬁn):(}l) Y Iweint(S(zi,...,7,,,)),  (13)
d+1

1<y <<igp1<n

where by the interior of S C R, denoted by int(.S), we understand the union of all
subsets of S that are open in R?. Analogously to the notation below Definition 7

we define
n

SDPe" (x; Pn) = <d—|—1

) . SDPe(x; P,).

9



To see how using open simplices behaves in the counterexamples from Figure 1.4
we refer to Figure 1.5.

4 2 3 0
— O —X—O—X—0—
-3 -1 0 1 2 3 1

Figure 1.5: This time we used SD{’" to calculate the corresponding
depth. Apparently, the use of open simplices fixed property (P2) in our
counterexample on the left. However, (P3) still does not hold. What is
worse, the example on the right now violates both (P2) and (P3).

Figures 1.4 and 1.5 suggest another solution to this problem. Using closed
simplices resulted in the depth of positions lying on the boundary of a cell being
greater or equal to those lying inside that cell. Meanwhile, using open simplices
did the opposite. That is, the depth of positions inside the cell was greater than
or equal to those lying on the boundary of that cell. In [4, 5], Burr, Rafalin and
Souvaine came up with an idea to combine both definitions in order to cancel
out the above mentioned inconveniences. Their idea was based upon a simple
averaging of open and closed simplices:

L1 A ;
SD(; Pa) = 5 (SR (s Po) + SDIF (5 Po)); (1.4)
n
d+1

In Figure 1.6, we revisit the counterexamples presented earlier, but this time we
use SD;"9.

SD™9(x; P,,) = ( ) . SD™9(z; P,).

—_

Figure 1.6: Indeed, the behavior of SD3" in the given examples seems
promising, since (P2) and (P3) are satisfied in both of them.

To wrap up this section we formulate the following observation.

Observation 1. Consider a set of observed data points and the corresponding
empirical measure P,. Regardless of the type of the sample simplicial depth used,
i.e., SDclosed gporen G Davd the sample simplicial depth of any position x within
a cell remains the same, that is SDesd(z; P,) = SD%e"(z; P,) = SD™9(x; P,,).

10



Proof. From the definition of a cell, we have that any position x inside a
cell does not intersect any (d — 1)-simplex induced by the observed data points.
Alternatively, we can say that no facet of any simplex contains x. Thus, the
simplices containing the position x must contain it in their interior. From that
follows SDesed(; P,)) = SD%"(x; P,,) and therefore by the definition of SD9,
also SDosed(g: Py = SD™I(z: P,).

0

1.3 Properties

In this section, we summarize several proven properties that indicate the
relevance of using simplicial depth. Our starting point is to verify the consistency
of the sample simplicial depth. Afterwards, we prove the four main properties
(P1)-(P4) from Section 1.1 for the population simplicial depth.

1.3.1 Consistency

Probably the most important aspect of any depth function is whether its
sample version converges to the population counterpart. In our case, it is indeed
possible to prove that the sample simplicial depth is uniformly consistent and
to show that, we will help ourselves with known results. However, in our first
theorem below, the notion of a random empirical measure is used, and so we need
to define it beforehand.

Definition 8 (random empirical measure). Let Xi, Xs,..., X, be a random

sample from Px € P(R?). The random empirical measure P, is a mapping from
B(R?) x Q to [0,1] defined as

n

Y oxw(4), A€BRY), weq,

=1

1

where &, is the Dirac measure at y € R and B(R?) denotes the Borel o-algebra
on RY.

Note. The difference between ]Sn and P, is in randomness. While the empirical
measure P, was deterministic (non-random), constructed from one realization
of a random sample, the random empirical measure P, is constructed using the
random sample “directly.” Apart from this, notice that for each w from €2 the
map P, (-;w) is a probability measure. That follows from the fact that a Dirac
measure is a probability measure and the average of a finite number of probability
measures is also a probability measure. Further in this subsection, the notation
P,(w) is used as a shorthand for P,(-;w).

Theorem 1. Let X, Xs,..., X, be a random sample from Px € P(R?) and
P, € P(R?) the corresponding random empirical measure. Then the following
holds:

P ({w € Q: sup |SD(x; Py(w)) — SD(x; Py)| 2225 O}) .

z€R4

11



Theorem 2. The following statement holds true:

sup sup | SDZ(a; B,) — SD(x; B,)| = O(1/n),

P, zeR?

where the first supremum is taken over all empirical measures P, e P(RY) and
O refers to the “big O notation.™

The proof of Theorem 1 can be found in Diimbgen’s paper [9, Corollary 1]
and Theorem 2 was proven by Nagy in [14, Theorem 1]. Although not explicitly
stated by Diimbgen in [9], the following corollary can be easily derived from his
work.

Corollary. The sample simplicial depth is uniformly consistent, meaning

P ({w € Q: sup |SD* (g; P,(w)) — SD(x; Px)| e 0}) =1.  (L.5)

rcR4

Proof. (Corollary) From Theorem 2 we have

sup |SDZo(z; P,) — SD(x; P,)| X

zcRd

for all empirical measures P, € P(R?). Now, as stated earlier, P,(w) is a
probability measure for all w € 2. More specifically, it is an empirical measure
corresponding to n points in R%. Therefore, by Theorem 2, for every fixed w €
and thus a fixed sequence of empirical measures {P,(w)} ~, we can write

sup | SDIosed (g P (w)) — SD(z; Py (w))] 2= 0. (1.6)

z€ERY

Using the triangle inequality we obtain that

sup [SDE (x; B (w)) — SD(x; Px)| < sup |SDI**!(z; P, (w)) — SD(x; P, (w))]

xcRd zcR4

+ sup |SD(x; Po(w)) — SD(x; Px)|

z€ER4

for all w € . And finally, by Theorem 1 and (1.6), the right-hand side of the
triangle inequality equation goes to 0 almost surely. This completes the proof.
O

1.3.2 Affine invariance

Proving the first of our four main properties in its full generality can be done
without great difficulties. The idea of the proof of Theorem 3 was outlined in [12].

Theorem 3. Let A € R¥™? be a non-singular matriz and b € R%. Then for all
r € R? and any random vector X in RY we have

3By a, = O(b,) as n — oo we mean that the sequence {a,/b,}°; is well defined and
bounded.

12



Proof. A point x € R? is contained in a simplex S(x1,...,2441) if 2 can be
written as convex combination of the given simplex vertices. Therefore, by the
definition of a convex combination, checking whether or not a point x is contained
in a simplex S(z1, ..., Z4y1) amounts to solving the following system of d+1 linear
equations for a;, i € {1,2,....d + 1}

T = a1+ A2%2 + - - + Ag41Td41,
l=ar+ax+ -+ a4, (1.7)
a; >0, 1€{1,2,...,d+1}.

Consequently, we claim that the following equivalence holds
r e S(xy,....xq0) = Av+be S(Axy +0b,..., Azr4q + D). (1.8)
To prove our claim, let us write

Az +b=a;(Azy +b) + ag(Axze + ) - - - + agy1(Axgir + )
= A(CL1$1 + oo + -+ + adedH) + b(a1 + -+ ad+1)
= A(a1x1 + asxe + + -+ + agy1Tq41) + b.

Subtracting b from both sides of the equation and then multiplying by A~! from
the left gives
T =121+ a2To + - + Qg+1Td+1-
From here we can see that whenever = belongs to S(z1,...,Z4.1), meaning that
there exists a set of coefficients {a;}%*] satisfying the conditions in the box
(1.7), then the same set of coefficients can be used to write Az + b as a convex
combination of the points Ax; +b,..., Axg. 1 + b, meaning that Ax + b belongs
to S(Axy +0b,...,Axqs1 +0b). Thus, we have proven one implication of the
equivalence (1.8) and by the same line of reasoning, the converse implication holds
true as well. Hence, by the definition of the simplicial depth (1.1) it follows that
SD(Ax + b; Pax4s) = SD(x; Px) and the proof of (P1) is therefore complete.
0

1.3.3 Maximality at center and monotonicity

Properties (P2) and (P3), in contrast to (P1), were only proved for absolutely
continuous and angularly symmetric distributions in [12]. However, as mentioned
in [14], the proof can be generalized to all distributions Px satisfying the so called
smoothness condition

Px(h) =0, for every h C R% h is a hyperplane, (1.9)

along with A-symmetry. To all distributions Py satisfying (1.9) is further referred
to as smooth distributions. Moreover, it is sufficient to require only H-symmetry.
Let 0 be the center of H-symmetry. Indeed, by the definition of H-symmetry and
the assumption of smoothness (1.9), we have

1
PX-0cH)=P(X—-0€c—-H)= 5 for all halfspaces H € R¢,
which by Definition 3 implies A-symmetry.

13



Theorem 4. If Px € P(R?) is smooth and halfspace symmetric about the origin,
then SD(ax; Px) is a monotone non-increasing in o > 0 for all x € R%.

Proof.  Let d = 2 for simplicity. The object of our interest is the difference
SD(z; Px)— SD(azx; Px), where a > 1. Only two types of events (see Figure 1.7)
contribute to this difference:

A, = [arrow from = to ax enters the random simplex S(X1,X5,X3)],

Ague = [arrow from x to ax leaves the random simplex S(X7,X5,X3)].
Making our argument precise requires additional notation (for illustrations see

event Ayt event A;,

X3

r Xy
0 X 0
both A, and A;, neither A,,; nor A;,
]
X, X,
[ ]
/?;x o
L
/ .
° ) X3
z X3 Xs z
0 0 & Xs

Figure 1.7: Some examples of the notation A;, and Ag,y.

Figure 1.8). We write a, b for the line segment from a to b and m for the line

containing two distinct points a,b € R? (in this proof d = 2). The line m
divides R? into two halfplanes. If that line does not contain the origin, we call

the closed halfplane with the boundary cﬁ which contains the origin the “inner
side,” denoted by I(a,b). Let x and o > 1 be fixed. Let us denote by C' the set
of all possible pairs (a,b) € R? x R? whose line segment intersects T, oz, that is

C ={(ab) : a,bNw oz #0}.

Let us further define events Azfl and AY, for i,j.k € {1,2,3}, i # j # k:
A = [{(Xi, X;) € C} N { Xy ¢ int(1(X,, X))},
Agu = [{(X5, X;) € Cyn{Xy, € I(X;, X;) .

Instances of events A2, Al2 Al3 can be seen in Figure 1.7, more precisely in
the subfigures: top left, top right, bottom left, respectively. Clearly, A;, is a

subset of A2 U A2 U Al3. Only those events, where all three points X, Xo, X3

14



ax

bl\ !

| /
0 <& ‘\ ,’
\ !

Figure 1.8: To clarify the notation, the pair (a;,b;) belongs to the set
C', while the pair (as, by) does not, since the line segment as,by does not

—
intersect the line segment Z,aZ . The line aq,b; divides the plane into two
halfplanes, where I(a;,b;) denotes the one containing the origin (blue
arrows).

lie on a hyperplane (a line in this case) containing x, contribute to the union
while not to the set A;,. Therefore, using the assumption of smoothness, we get
P(A;,) = P(A2U A2 U Al3). Similar remark holds for the set A,y;.

Let 4,7 and k continue to refer to the same values as before. Then,

AG N AL = [{(X0, X;) € CYN{ X, & int (X, X;)}
A{(X;, Xi) € C} N {X: & int I(X;, X)),
This means that in order for an event to belong to this intersection, the only

possible configuration of points X;,X;, X}, is for them to lie on a line, with X;, X;
and X, X}, intersecting Z,az. And so, using the assumption of smoothness and

neglecting sets with zero probability, the events Ai; and Af,’f are disjoint for all
possible combinations of 7,7,k.

The three events A” are equally probable since the orders of observations
X, Xj, Xj are also equally probable. The same remarks (disjunction and equal
probability) hold for the three events A9 as well. Now, with @ > 1 and z € R2
fixed, the event A,y \ Aji, includes those random simplices that contain = but
do not contain ax and the event A;, \ A, includes those random simplices that
contain ax but do not contain x. Let us additionally abbreviate the random
simplex S(Xi, X2, X3) by S. Finally, using all of our notation, we may now

15



rewrite the difference SD(x; Px) — SD(ax; Px) in the following manner:

SD(z; Px) — SD(az; Px) =

=P(x € S)—Plaxr €59)
=PzeSar¢S)+PxeS,ares)—(Plare S,x¢S)+Plax e S,zeSs))
=Pz e Sar¢S)—Plar e S,z ¢ 5)
- P( out \ Azn) - (Am \ Aout)
- P(Aout) - P(Aout N Azn) - (P(Am) - P(Am N Aout))
= P(Ag U AT, U AL, — P(AR U AR U AR
= 3P(As,) — 3P(A4;)
=3 ( ec P(Xg - [(1’1,332)) — P(Xg g_ﬁ int [(.231,332)) dPX(ZL’l) dpx($2)
=3 ( o <2P(X3 € I($1,$2)> — 1) dpx(xl)dpx(lQ),

where in the last equality we used the assumption of smoothness (1.9) in order
to write

P(Xg % int I(l’l,l’g)) = P(Xg ¢ I(l‘l,l‘g)) =1- P(Xg S ](ZEl,ZEQ)).

The last integral is greater than or equal to 0 thanks to the assumption of
H-symmetry which gives P(X5 € H) > 1/2, for any closed halfspace H with origin
on its boundary. Indeed, there exists H C I(a,b), for all a,b € R? a # b and for
such H we obtain P(X3 € I(z1,22)) > P(X3 € H) > 1/2. This proves the
assertion.

O
Note that in the original version of Theorem 4, the assumption of absolute

continuity of the distribution was used when neglecting null sets in order to split
Agp and Ay into A}2 A23 A3 and AL%, A2, Al3. respectively, and to show

mno L in) out’ “ “out’ “ ~out?

that these triplets are disjoint. As was seen in the proof, however, replacing the

condition of the absolute continuity by the condition of smoothness preserved the
correctness of the proof.

Moving on to property (P2), we start by proving an auxiliary lemma, whose

proof was not included in Liu’s papers.

Lemma 5. Let X1, Xs, ..., Xg11 be random vectors from smooth distribution
Px € P(RY) and fori=1,2,...,d+ 1 denote X; = X;/ || X;||. Then, except for
zero probability sets, the following four events are equivalent

(i) {(X1,..., Xap1) : 0€ S(Xy,..., Xap1) };
(it) {(X1,...,Xas1): 0€ S(XT,.... X 1)}

(ii7) {(X1,...,Xa41): 0€ S(er,...,eq, V)}, wheree; is the i-th canonical vector
in R and V = [X7|- | X571 X}, where [X}|---|X}] is the matriz with
columns X7, ..., X};

(i) {(X1,...,Xaqp1): VIV <0,..., V@D <0}; where VW is the i-th component
of the vector V.

16



OGS(Xl,Xg,Xg) OES(X%X;,X;) UES(Cl,CQ,V)

[ )
X1 X7 [
° - e TN
X . ‘o X3 Y |
T ¢ } N Py
0 Q 0 // \\ i 0 // e
» X%A\;i// ¢
X3 : 14

Figure 1.9: To gain an intuitive understanding of the equivalences, we
provide illustrations of the first three events in Lemma 5.

Proof. (i) <= (i)
It is sufficient to establish the implication

0e S(Xl, N ,Xd+1) = 0 € S(CXl,XQ, N ,Xd+1), for any c > 0.

The actual equivalence from the lemma then follows by induction and by setting
¢ appropriately. Note that due to the assumption of smoothness (1.9) we have
P(||X:|| # 0) = 1, and so we only consider events where all the points X7, ..., X441
are non-zero. Assume that 0 € S(Xi,...,X4y1). Then, for Xi,..., X411 as
vertices, there exists a set of coefficients {a;}&] fulfilling the conditions in the
box (1.7). We aim to find a set of coefficients {b;}=7 that satisfies these conditions
for c Xy, Xo, ..., Xgqi1. Let us set

bh=a, bj=c-a;, i=2,...,d+1.

Now the sum Z?ill b; is equal to some K > 0. We claim that by setting b; = b;/ K

forv=1,...,d+1 we obtain the correct set of coefficients. We indeed have b; > 0
and Y%!'b; = 1. To prove that 0 can be expressed as a convex combination of
points ¢X1, Xo, ..., Xqp1 with coefficients {b;}&1}, we use the assumption 0 €

S(X1,...,X441) and write

d+1

0= Z CLZ'XZ‘
=1
d+1 a;c
d+1
0= bchl + Z bzXz
=2

(i) < (iii)
This equivalence follows from (1.8) with A = [X7]---|X;]"! and b = 0 € RY,
where again, assuming smoothness (1.9) gives P(A is non-singular) = 1.
—(iv) = —(iii)

We aim to prove that when at least one V) > 0, then 0 is not contained
within the simplex S(ey,...,eq, V). Note that we do not need to consider the
case where V(W = 0 for any i = 1,...,d, since from smoothness (1.9) we have
P(UL,[V® = 0]) = 0. Without loss of generality, let V() > 0. Take a convex
combination

W =aie; + -+ + ageq + agi1 V. (1.10)
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In order for the first element of W to be zero, the coefficients a; and a4 must
be zero. Furthermore, in order for the j-th element (j = 2,....d) of W to be
zero, the coefficient a; must be zero. Therefore, in order for W to be 0 € RY, we
obtain a; = 0 for all ¢ = 1,...,d+ 1, which results in a contradiction with {a; arl
being coefficients of convex combination as > a; = 0 # 1.

Set a; = —V@ fori=1,...,d and aqy; = 1. It is not difficult to see that

aier + -+ aqgeq + (Id_HV = 0.

Now, Zfill a; = K > 0. By dividing all of the coefficients a; by K, we get

d+1

a1 Qq Ad+1
CLZ/KZO, Za,/Kzl, —e1+ -+ —=eq+ V:O,
—~ K K K

which implies the statement given in (7i7).
0

Theorem 6. If Px € P(RY) is smooth and halfspace symmetric about € RY,
then SD(0; Px) = 27%.

Proof. Using the already proven affine invariance in Theorem 3, we might
without loss of generality assume that Py is H-symmetric about the origin. As
stated at the beginning of this subsection, under the conditions of this theorem
H-symmetry implies A-symmetry. With the use of the original definition® of
A-symmetry (as listed in [11]) we know that X and —X; are identically distributed,
where X} = X,/ || X;||. Then, as we proved in Lemma 5, the following two events
are (except for sets with zero probability) equivalent:

° {(X17"'7Xd+1): OES(XIW"’X(H-I)};

o {(X1,...,Xaqp1): VI <0,...,V@ < 0}; where V@ is the ith component
of the vector V = [X{|-- | X371 X},

In the next step we demonstrate that by changing X to —X, the random vector
(VO VEYT changes to (V... V=D @ vy oy @)T,
Without loss of generality let ¢« = 1, then

(= XFIXG]-- 1XG) X = (X [ XG] diag(—1,1,..., 1)) 71 Xy,
= diag(—1,1,..., 1) [X7[ -+ [ X3 7" X,
= diag(—1,1,...,1)V,

where diag is a diagonal d x d matrix. Thus,

[ X313 |X;]71 Xo = .
V()

4A random variable X € R? or its distribution Px is said to be angularly symmetric about
0 € RY if and only if (X —0)/[|X — 0| and —(X — )/ || X — || are identically distributed. In
case of Py ({6}) > 0 we use the convention 0/0 = 0.
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from which we obtain that the probability of (Vi,...,Vy)T is the same as the
probability of the same random vector with the signs of its coordinates arbitrary
changed. This further implies that each orthant® has an equal probability which
must be 279, since there are precisely 2¢ possible orthants. Therefore,

SD(O7 Px) = P({(Xl, .. ,Xd+1) : 0€e S(Xl, ce ,Xd+1)})
=P({(X1,..., Xas1): Vi <0,...,Vy<0})
=274

O
Theorems 4 and 6 yield the following.

Corollary. Given a smooth and halfspace symmetric distribution Py, it follows
that SD(z; Px) is at most 27¢ for any € R%.

It is worth noting that the tight upper bound for the simplicial depth of any
absolutely continuous probability distribution in R? is still an open problem for
d> 2.

1.3.4 Vanishing at infinity

To conclude this section, we establish the last of the main properties, whose
proof is once again sourced from [12]. Note that property (P4) “vanishing at
infinity” is proven in its full generality as it was with the affine invariance (P1).

Theorem 7. For any Px € P(RY), we have that sup SD(x; Px) nree ),

llzl|>n

Proof.  Given z € RY, we observe that the event [z € S(Xi,...,Xq41)] is
contained in the event [3 € {1,...,d+ 1} : ||X;|| > ||z]|]. This can be shown
using the triangle inequality for the norm and a fact that whenever x belongs to
a simplex S, it can be written as a convex combination of its vertices. Formally,

|zl = flaa Xy + -+ aan Xan |l < an [ Xl 4+ agen [Xa] < _max |G

for some a; > 0,4 € {1,...,d+ 1}, =% a; = 1. Thus, we obtain

)

o€ S(Xa, .., Xanr)] € [D (X = ||xu>] .

i=1
Let us denote by A,, the event [ XG> n)}, where n € N. Then we have

A} D Ay D -+ and lim,— o A, =N, A, = 0. For each x such that ||z]| > n, n €
N we can write

Px € S(X, ., Xasr)) < P (U (1% HxH))

=1

<p (Ui =m) == pw o

=1

5An orthant is a region of space that is defined by the signs of its coordinates. In two
dimensions, an orthant is one of the four quadrants of the coordinate plane.
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The convergence in the second line of the equation follows from the fact that a
probability measure is continuous from above [8, Theorem 3.1.1]. Since it holds
for each x with norm greater than or equal to n, it also holds for the supremum.
The claim follows.

O
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2 Averaged simplicial depth

The main objective of this chapter is to examine the averaged simplicial
depth (1.4). As was suggested in Figure 1.6, the averaged simplicial depth indeed
alleviated some of the problems that arose with Liu’s original definition. The
revised definition appeared to smooth out the irregularities created at boundaries
which caused property (P3) not to be satisfied. As a result, the concept of
simplicial depth could now seem more appealing for statistical analysis. However,
despite these improvements, there are still counterexamples where (P3) or even
(P2) is not satisfied. Furthermore, there may be cases where the use of S D¢osed
from (1.2) could yield better results.

In the following counterexample to (P3), we will use an averaged analogue of
the population simplicial depth (1.1) which we define under the circumstances of
Definition 6 as

SD™(z; Px) == (P(x € S(X1,...,X441)) + P(x € int S(X1,..., X411))).

(2.1)

Ezample 2.1 (Violation of (P3)). To show that SD® does not fix the problem
with the monotonicity property (P3), we borrow a counterexample presented in
Zuo’s and Serfling’s work [19, Counterexample 3]. Originally, the counterexample
was used to show that Liu’s simplicial depth fails to be maximized at the center of
H-symmetry. However, their calculation of depth of points (as we will see later)
was inaccurate, leading to false conclusions.

N | —

1
w0 ® B

Figure 2.1: Ilustration of the distribution described in Example 2.1.
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Let d = 2 and let Py € P(R?) be a distribution (see Figure 2.1) such that
Px({0}) = 19/40, Px({A}) = 3/40, and Px({B}) = Px({C}) = 1/40, where
0 =(0,0)7" A= (-1,1)", B=(-1,—-1)", C = (1,0)". The last point is
to be taken arbitrary from the open triangle with vertices 6, A and D, where
D= (é,%)T is the intersection point of lines B,# and jﬁ So, forany 0 < & < 1/2,
we set our last point as M, = (0,¢e) ", with Px({M.}) = 16/40. The distribution
Px is H-symmetric about 6. Besides, by calculating all of the possible simplicial
depth values it can be shown that the maximum simplicial depth of Py is attained
only at #. These calculations are straightforward but lengthy and similar to those
given below; we do not include them. Choose and denote any point inside the
line segment @, M, by N. In order for (P3) to be fulfilled, the simplicial depth of
N must be greater than or equal to the simplicial depth of M., while, at the same
time, less than or equal to the simplicial depth of 8. The calculation of simplicial
depth of these three points using Liu’s depth (1.1) gives

SD(6; Py) = ;’0!3(3“6) +3Lb§9(1+3+3+16+16+3-16)
3I(P(S(A,B,C))+P(S(Me,B,C))) 3IP(S(0,Y,2),Y#Z,Y,Ze{A,B,C,Mc})
2 3
+ o AL H16%) + = (14 143 416)+
3P(S(0,Y)Y), Ye{A,B,C,M:}) 3P(5(0,0,Y), Ye{A,B,C,M:}) P(S?HTG/,G))
54853
DT
SD(N; Py) = 430!3(3+16+3-19)+3!'ig19(1+3+3)
3.16-19° 3-162-19
107 4
41496
VTR
SD(M.: Px) = = (3+3-19)+ -0 (1 134341941943 19)
! 403 403 2 3
+34O£6 (1+1+432+19%) + 34336 (1+1+3+19)+3£3
50536
=

The mistake in [19] was due to not considering degenerate simplices, which
resulted in M, having greater SD than 6, contradicting (P2). Despite that not
being the case, it is clear that the simplicial depth of N is less than the simplicial
depth of M., and so our depth function is not monotone on that particular ray.

The first summands in each of the formulae above correspond to the triangles
that contain the reference point in their interior. Halving all the terms of the
equations, except those first summands, allows us to derive S D9 for these three
points. This fact becomes clearer with the upcoming observation. We thus have

27483.5 20976 25448
D*(0; Px) = ————, SD"(N;Px)=——, SD"(M,.;Px) = ———,
S ( ) X) 403 ) S ( ) X) 403 ) S ( X) 403
which means that property (P3) remains violated even for SD9. A
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In spite of SD*Y not being successful in this case, we can observe that the
difference was a little less extreme compared to SD. This raises another question:
could we potentially employ a weighted average, rather than an unweighted one,
to scale down the depth of point M, to a level where monotonicity is satisfied?
To further elaborate upon this idea, it is beneficial to introduce the rephrased
definitions presented in [4, 5]. We formulate them as an observation.

Observation 2. The averaged population simplicial depth SD*9 from (2.1) can
be rewritten as

1
SDavg(ZL';Px) = P(ZE € int S(Xl, . ,Xd+1)) + §P(ZL' € de(Xl, ce ,Xd+1)),

where the symbol bd stands for the boundary of a set. Similarly, the averaged
sample simplicial depth SD9 from (1.4) can be expressed as

SD(z; ) = 1) (o5 Ba) + 50w £) (2:2)

(a1 2

where p(x; pn) is the number of data-determined simplices which contain z in
their interior, and o(z; P,) is the number of data-determined simplices which
contain x in their boundary.

With the use of Observation 2, we can now reformulate the problem as finding
a fitting constant ¢ € (0,1) so that the depth function

SD9¢(z; Px) = P(x € int S(Xy,...,Xgq41)) +¢- Pz € bd S(Xy, ..., Xas1))

fulfills (P3). Let us explore this idea further using our example.

Ezxample 2.2 (Example 2.1 continued). In our specific scenario, we are basically
looking for ¢ such that

50176 360 41040 456 54739 114
7403 'C+4703 < 7403 'C—FT()?) < 7403 -C+ Tog
Unfortunately, a constant ¢ € (0,1) that would satisfy both of the inequalities
does not exist. This means that even a weighted average is not sufficient to scale
down the depth of these points appropriately.
It is also important to point out, that the constant ¢ would depend on the
geometry of the points. Changing M, to M_, (with the mass 1¢) and consequently

PO 40
N to lie inside 8,M_. would result in a system of inequalities

50176 132 - 41040 . 420 - 54739 L+ 306
— =< —— < —Ct —.

403 403 403 403 403 403
In this altered case, any ¢ € (%, %) would satisfy both of the inequalities,

meaning that SD*9%¢ would be monotonous on that part of the ray. JAN
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2.1 Properties of averaged simplicial depth

As we saw in the previous example, the simplicial depth function applied to
finitely atomic® distributions appeared to be problematic. Aside, we may ask,
whether or not it even makes sense to scale down the depth of the atoms of
the distribution. For this reason, our focus in this section will be exclusively
on probability distributions that are smooth (in the sense of (1.9)). For such
distributions and any = € R?, the probability of z lying on the boundary of a
random simplex would always amount to zero. This means that SD*9 in (2.1)
would reduce to Liu’s original simplicial depth SD from (1.1). Thus, we shall
only work with its sample counterpart SD&9 from (1.4) and consider only data
points sampled from smooth probability distributions. Nevertheless, for all the
assertions stated in this section, the condition of smoothness may be relaxed to
a requirement of points lying in general position.

The most essential properties/advantages of averaged sample simplicial depth
were formulated in [4, 5]. Nonetheless, the proof of their first proposition was
based on an incorrect argumentation. We demonstrate this in a counterexample,
which can be also considered an example of SD*d providing more plausible
results when compared to SD?"9. Similarly, the two propositions [4, 5, Corollary 1
and Proposition 2] that followed the first (incorrect) one, were consequently also
inaccurate, as their proof was based on the first proposition. We will therefore
try to reformulate and partly extend the original assertions from [4, 5]. As we
will be relying mostly on the averaged sample simplicial depth, we will at times
abbreviate it and call it a depth (in this chapter only). For brevity, we will write
SD&9(x) with the second argument in the depth function omitted. We begin by
stating the following lemma, borrowed from [4, 5, Lemma 1], which will prove
useful in the proofs presented in this section.

Lemma 8. For any version of the sample simplicial depth ((1.2), (1.3), (1.4)),
the depth of any two positions in the same cell is equal.

Proof. Let A be a cell defined by d-dimensional data points z1,...,xr, and let y
and z be two positions in A. The conclusion drawn in Observation 1 states that
all variants of the sample simplicial depth are identical for positions inside any
cell. By the definition of a cell, the line segment L = 7,z lies entirely within A
and no (d — 1)-simplex defined by d data points intersects L.

Assume that y does not have the same sample simplicial depth as z. Without
loss of generality, let the depth of y be greater than the depth of z. Consequently
there exists a simplex which contains the point y but not z. Therefore, the
segment L must then intersect the boundary of this simplex (its (d — 1)-face),
giving a contradiction as no (d — 1)-simplex can intersect the segment L.

]

6A measure Px € P(R?) is said to be finitely atomic if the support of Py is finite, meaning
that there exists an integer m > 1 and points z1, ...,z such that Px ({z1,...,z,}) =1. We
call each such x; with Px({z;}) > 0 an atom of Px.
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2.1.1 A counterexample

For contradictions to be seen more clearly, we paraphrase the propositions
from [4, 5] prior to our counterexample. While we have adjusted the phrasing
to match our own terminology, the intended meaning remains unchanged. In
addition, the last proposition requires us to define the term opposite cells. However,
it is crucial to point out that the original definition of opposite cells was not precise
enough and will be corrected along with the propositions in Section 2.1.2. Lastly,
the term sample simplicial median refers to a point or a set of points with the
greatest depth.

Proposition 9 (incorrect). Let x1, ... ,x, € R? be observed data points in general
position. The averaged sample simplicial depth of a position on a facet between
two cells is equal to the average of the depths of positions in the two adjacent
cells.

Proposition 10 (incorrect). Let x1,...,7, € R? be observed data points in
general position. The mazimum averaged sample simplicial depth is attained in a
cell or at a data point.

Definition 9 (opposite cells, incorrect). Two cells whose boundaries both contain
a position 0 lying on the intersection of two or more hyperplanes induced by the
observed data points are opposite cells if and only if the two cells lie on opposite
sides of every facet that contains 6. It can be shown that every cell has a unique
opposite.

Proposition 11 (incorrect). Let xy,...,7, € R? be observed data points in
general position. The averaged sample simplicial depth of the position at the
intersection between two or more facets is equal to the average of the depths of
two opposite cells of the intersection point.

Example 2.3 (Counterexample for SD&9). For any integer d > 3 consider the
following dataset of d + 2 points:

O0=1(00,...,0)" eRLV =(1,1,..., 1) e R D; =¢;, foralli =1,2,...,d,

where e; denotes i-th canonical vector in R¢.

Figure 2.2: The illustration for the situation d = 3.
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Clearly, such points lie in general position. Thus, by Proposition 9 we should
get that SD3%, of a position on a facet between two cells is equal to the average
of the depths of positions in the two adjacent cells; and by Proposition 10 that
the sample simplicial median is attained either in the interior of a cell or at a
data point. Neither of that happens to be the case in our setup.

For simplicity, let d = 3 first. We have (i) = 5 simplices and 6 cells. There
are precisely 3 simplices with vertices O,V to which will be referred to as vertical
simplices. As for the remaining two simplices, one of them has V as a vertex
while not O and the other has O as a vertex, while not V. We will call them
upper and lower simplex, respectively.

°<

@)

@)

I I
3 D, | D,
I

Vertical simplex Upper simplex Lower simplex

As a reminder, we note that the use of different fonts (SD vs. SD) indicates
whether or not the depth is normalized by the factor 1/ ( dL). Calculating the
depth of any position inside an arbitrary cell is straightforward, since it must be
contained in exactly one interior of a vertical simplex and also in the interior of
either the upper or the lower simplex. This means that SD5"Y of any point in any
cell is the same and equal to 2. The depth SD5" of all data points is also the
same, and takes value 2. This follows from the geometry of data points, as each
one of them is part of the boundary of the convex hull of all data points, thus
cannot be contained in any open simplices. We get

1 (/4
SDz"(data point) = 3 (3) = 2.

Denote X = (3,3,5)" and Y = (e,e,€)" for e € (0,3). Both X and Y lie on
the line segment O,V which is part of the boundary of every vertical simplex.
Position Y is also contained in the lower simplex and position X was chosen so

that it lies on the boundary of the upper and the lower simplex. That leads to

1 1
SDEY(X) = 5.5:2‘5; SDXI(Y) = 14_5.3:2'5'

Our computations have the following consequences:

e The depth of the positions X and Y is not equal to the average depth of
their two adjacent cells, as it is strictly greater than the depth of any cell.

o The sample simplicial median is attained neither in a cell nor at a data
point, but in a 1-face instead.

o It is not possible for the depths of both X and Y to be equal to the
average depth of two opposite cells. Additionally, it is unclear which cells
are considered “opposite” in this context.

26



Another noteworthy observation is that by the depth calculated above, any
point near O or near V' that lies on the line segment O,V is considered a simplicial
median. This version of simplicial median is not an optimal representation of the
“hypothetical center” of all data points. Let us therefore compare it with S Dglesed
in Figure 2.3.

Figure 2.3: The three “bottom” cells (split apart) from Figure 2.2. Depth
evaluated using SD$"Y (left), and depth evaluated using SDE°*? (right).
In both pictures, the point Z represents any position within any cell.

As can be drawn from the picture, X is the only point at which the simplicial
median is attained when considering the depth SDg°*¢?. This might be viewed as
a more desirable outcome, especially when looking only for the simplicial median.

In order to define simplicial median in the case of SD;" more appropriately
we may have the following idea: define the simplicial median to be a barycenter”
of M, where M is the set of all points with the greatest depth. Nevertheless,
such an idea would consequently make our median sensitive to extreme values in
the data. Changing V to k -V in our previous example, where k£ > 0 is some
large constant, would result in the “simplicial barycenter median” to be at % -V,
which is far from all the points near the origin. On the other hand, the simplicial
median for SDg*d would stay unchanged at X.

In an analogous manner we now derive all of the above, but for a general
dimension d > 3. Together there are d+ 2 simplices of which d are vertical. Again
there is 1 upper and 1 lower simplex. We have 2-d cells and they all have the same
depth. This time, we set X = (£, ... 1)T e R and Y = (e,¢,...,€e)" € R,
for any e € (0,%). Formulae for calculating SD3% of points of our interest are
displayed in Table 2.1.

To get formulae for SDZli‘;ed we can simply omit all the fractions § in Table 2.1.
As SD%(X) = 1(d + 2) is strictly greater than SD3'%(Z) = 2 and SD3\%(0) =
%(d + 1), we arrive at the same contradictions with Propositions 9, 10 and 11 as
before. A

"The barycenter of a compact set K in R? is the expectation of the uniform distribution
on K.

27



\dimension 3 4 5 ... d

point
X 25 3 35 - i(d+2)
Y 25 3 35 - 1+3d
A 2 2 2 ... 9
O 2 25 3 - id+1)

Table 2.1: SD'Y, of points in different dimensions.

2.1.2 Reformulations and extensions

To lay ground for the reformulated theorems, we begin this subsection with an
extended version of the definition from (2.2) and a corrected version of Definition 9.
In addition, it is essential to introduce the concept of relative interior. The relative
interior of a set S C R? (denoted by relint S) is defined as its interior within the
smallest affine subspace of R? that contains S.

Definition 10. In the situation from Definition 7, the averaged sample simplicial
depth can be expressed as

A 1 A 1 A 1 A
SD;(x; P,) = 7< - ) <P(ZU; P+ §0d—1($5 P+ + 500(93; Pn)) ’
d+1

where p(x; 13”) is the number of data-determined simplices which contain x in their
interior, and o;(z; ]5”) for j €{0,1,...,d— 1} is the number of data-determined
simplices which contain x in the relative interior of some of their j-face. For
brevity, we further omit the second argument of p and o;. Clearly, o(x) from

formula (2.2) is equal to the sum Z?;é o;(x).

SDI™(x) = p(x) + 301(x) + 300(x)
A avg o 1 1
SDy™(A)=0+3-0+43-3
SDY™(B)=1+3-2+3-0
SDY(C)=0+4-4+43-0

Figure 2.4: Definition 10 in practice.

To shed some light on the upcoming definition of opposite cells and to compare
it with the original one, we demonstrate its application in Figure 2.5 in the setup
of Example 2.3.
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Definition 11 (opposite cells - corrected). Let x1,...,x, € R? be observed data
points in general position. Let 6 be a position that satisfies the following two
conditions:

(C1) the position 0 lies in at least one (d — 1)-simplex induced by the observed
data points.

(C2) the position 6 does not lie in any k-simplex induced by the observed data
points for all k < d—1.

Two cells whose boundaries both contain the position 0 are called opposite cells
around 0 if and only if the two cells lie on opposite sides of every (d — 1)-simplex
that contains 6.

Figure 2.5: For a dataset of 5 points in R® we have (g) (d — 1)-simplices

which partition the convex hull of the dataset into six cells. Consider
first the positions Y and X which lie at the intersection of three and four
(d—1)-simplices (facets in the original definition), respectively. According
to Definition 9, the orange cell whose boundary contains both X and Y
should have a uniquely defined opposite cell. Nevertheless, such a cell
in this case does not exist. According to our definition, none of these
points satisfy (C2) as they lie on (d — 2)-simplex S(O,V). Therefore,
the term opposite cell around X and around Y is not defined. Consider
now the positions # and . The position 6 fulfills (C1), as it lies at the
intersection of (d — 1)-simplices S(D;,D4,D3) and S(D1,0,V), but also
the condition (C2). Since the boundary of the red cell contains 6, the
opposite cell to the red cell around @ is well defined. As the red cell lies
below S(D1,D5,D3), the opposite cell must lie above. As the red cell
lies behind S(D;,0,V), the opposite cell must lie in front of it, which
results in the uniquely defined opposite cell depicted in yellow. Lastly,
the position ~ lies exactly in one (d — 1)-simplex S(D;,0,V), thus fulfills
(C1) as well. Since also (C2) is fulfilled, the opposite (adjacent) cell to
the red cell around the position v is well defined and depicted in orange.

29



Note. The notion of opposite cells is now correctly defined. First of all, notice
that the definition of opposite cell depends on the considered position 6. For two
different positions in the boundary of some cell, the opposite cells around these
positions may differ. Secondly, to ensure the accuracy of the definition of opposite
cells, we had to impose an additional condition (C2) on the considered position.
Lastly, the term adjacent cells in Proposition 9 can be viewed as a special case
scenario in our definition of opposite cells. That is, two cells are adjacent around
0 if 0 lies in the boundary of both of these cells and @ lies in the relative interior
of precisely one data-determined (d — 1)-simplex.

Theorem 12 (Propositions 9 and 11). Let xy, ... .z, € R? be observed data points
in general position. Let 6 be a position that satisfies conditions (C1) and (C2).
Then, the depth of 0 is equal to the average of the depths of any pair of opposite
cells around 6.

Proof. Consider any two opposite cells around 6 and denote them by A and B.
Let x4 be a position in cell A and xg be a position in cell B. As both x4 and
xp are positions in cells, they can be only contained in an interior of any simplex
determined by data points. Hence, we can write

SD(xa) = p(za),

SD;(xp) = p(),

SD™9(9) = p(6) + ;0(0).

A simplex with  in its interior: For any data-determined simplex S which
contains @ in its interior, there exists € > 0 such that the ball B(0,¢€) is also
contained by S. Since € lies on the boundary of cells A and B, the ball B(f,¢e)
must contain some points from both of these cells. By Lemma 8, this implies
that the simplex S contains cells A and B, thus contributes to p(x4) and p(zp).
A simplex with 0 in its boundary: Consider now a data-determined simplex T’
which contains 6 in its boundary. The (d—1)-simplex from (C1), which includes 0
must be some (d — 1)-face of T. Therefore, the interior of the simplex 7" lies to
one side of this facet and the exterior to the other. By the definition of opposite
cells, exactly one of A or B lies inside T

Now, let p*4 () be the number of simplices which contain both ¢ and x4 in
their interiors and let 0”4 (6) be the number of simplices which contain € in their
boundary and x4 in their interior. Define p*2(#) and o”2(f) similarly. By the
above argument, we have

Finally, consider a simplex U, which contains cell A. Then, the point § must be
also contained in the simplex U (either on a boundary or in interior), since for all
e > 0 the ball B(6,€) contains some points of cell A and by definition, a simplex
is a closed set. Thus,

SD(xa) = p™(0) + 0™4(0),
SO (xp) = p™(0) + 0™ (0).
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The depth of 0 is therefore

SD0(6) = 5(20(6) + o (6))

B ;W(e) + " (0) + 074(0) + 0™ (0))

1
= §(SDZU9(37A) + SDI" (zg)).

]

Note. The requirement of cells A and B to be opposite around 6 in Theorem 12
was crucial. Otherwise, the underlined statement in the proof would not hold.
In the original proof of Proposition 9, the same statement was made. In their
case, however, any position in the shared facet of two cells could be considered,
which consequently made the claim of Proposition 9 not true for general d (see
Figure 2.6).

B

Figure 2.6: If the cells A and B are opposite around 6 (left) then every
simplex which contains 6 in its boundary, contains exactly one of the cells
A and B. Whereas, if we only require that the cells share the same facet,
there can be simplices with # in its boundary that contain both of the
cells A and B (middle), as well as none of them (right).

For d = 2, their assertion in Proposition 10 remains valid since the situation is
simplified. For this reason we formulate it individually in the following theorem.

Theorem 13 (Proposition 10, d = 2). Let z1,...,2, € R%, n > 3 be observed
data points in general position. Let H denote the convex hull formed by these
points. Then the following statements hold true:

(i) There either exists a data point, or a position in a cell, where the mazimum
averaged sample simplicial depth is attained.

(i) The mazimum averaged sample simplicial depth is never attained at the
boundary of H.

Proof. (i) As d = 2, every position satisfies (C2). Moreover, there are only two
“types” of position: a position satisfying (C1), and a position in a cell. Whenever
the maximum sample simplicial depth is attained in a position satisfying (C1),
Theorem 12 guarantees that it is also attained at some cell.

(77) The depth SD:"? of any position from the boundary of H equals %(n —2),
while SD" of any data point from the boundary of H (boundary data points for
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short) equals %(n;) Since the latter is always greater than the former for all

n > 3, the maximum sample simplicial depth is not attained at any position from
the boundary of H. Now, let k& < n be the number of boundary data points.

If k < n, then there exists an index ¢ such that z; is contained in the interior
of H. By the Carathéodory theorem [18, Theorem 2.2.4], at least one simplex
with boundary data points as vertices contains x; in its interior. Hence,

1 1 /n—1 1 1 /n—1
D9 (x;) > 1 —. - —. - = SD®9 (x;
SD(z;) > +35 0 +2< 5 >> 0 +5- 0 +2< 2) SD9(z;),
~—

p(xi) o1 () oo(x;) p(x5) o1(zy) ao(z;)

where z; is an arbitrary boundary data point. Note that o on both sides is zero
thanks to the assumption of general position.

If k£ = n, then every observed data point is a boundary data point and we
need to find a position in the interior of H with SD;"? greater than %(”;1) Let n
be even. Take an arbitrary data point x. For this x there always exists some data
point y such that half of the remaining data points lie on one side of the line 0,
while the other half lie on the other side. We denote one of these groups of data
points by S and the other one by S>. We have that |S;| = [S,| = %52, where
|S| is the cardinality of S. Any line segment 37,53, where s; € Sy, sy € Sy, must
intersect the line segment Z.57. Otherwise, for a pair §, $» that would not intersect
7,y we would have that either z lies inside the simplex S(y,s1, $3) or y lies inside
the simplex S(z,s1, $3). This results in a contradiction with k& = n. Lastly, denote
by z any position lying on 7,7y, that is in between x and the closest intersection
point of line segments 7,y and 57,53, for any s; € 51, so € S5. Position z is on

Si .

the boundary of every possible simplex having two of the vertices x and y. At
the same time, it is inside of every simplex S(z, s1, $2), for any s; € Sy, s3 € Ss.
The corresponding depth is thus

n—2\2 1(n-2 n?—2n 1/n-1
Davg — ( ) - — _
5D, (2) > +2<1> 1 >2<2>’
where the last inequality holds for n > 2.

If n is odd, for an arbitrary data point z we find a data point y (not uniquely
n—3

defined) so that |S)| = 25* and |S5| = 252, In an analogous manner we arrive at

avg(y _ n—l)_(n—S) 1(n—2 :n2—2n—1 1(n—1
SD"(Z)(2 2 )2l 1 a2l 2 )

where the last inequality holds for n > 3. This proves our assertion.
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The set of propositions from [4, 5] aimed to simplify the search for the
maximum value of SD9 by reducing the number/types of points that need
to be considered. If Proposition 10 were true for all dimensions d, we could limit
our attention to data points and positions within the cells. In other words, when
looking for the maximum depth, we could omit all the calculations of depth of
positions lying on the boundaries of cells. Unfortunately, we had to impose an
additional condition (C2) on positions for which the statements in Propositions
9 and 11 hold true. As a result, in dimensions d > 3, there is no relationship
between the positions lying in data-determined k-simplices for k < d — 1 and the
positions in the cells. Hence, these positions cannot be excluded when searching
for the maximum value of SD"9.

Although Proposition 10 does not hold as it was initially thought, we were
able to establish a relationship between certain types of positions located in
data-determined k-simplices, where k < d—1. This relationship will be detailed in
Theorem 17 (addition to Theorem 12), and its implications will help us reinforce
the correct version of Proposition 10. In order to formulate a follow up to
Theorem 12 however, we need a few additional lemmas. We start by formulating
an extended version of Lemma 8 for the faces of the closure of a cell.

Lemma 14. Choose any version of sample simplicial depth ((1.2), (1.3), (1.4)).
Then, fork =1,...,d—1, the chosen sample simplicial depth of any two positions
in the relative interior of the same k-face of the closure of a cell is the same.

Proof.  The closure of a cell is a d-polytope. Any k-face of a d-polytope is
a k-polytope, thus convex. Moreover, the relative interior of a convex set is a
convex set. Denote by F' the relative interior of a k-face and let x; and x5 be
two positions in F. From the convexity of F', the line segment L = 71,73 lies
entirely within F. Any (d — 1)-simplex that intersects the line segment L must
contain the whole line segment. Otherwise, the (d — 1)-simplex which intersects
L but does not contain it entirely, must also intersect the neighboring cells. That
contradicts the definition of a cell. The proof can be now carried out in a similar
manner as the proof of Lemma 8. Finally, the version of the sample simplicial
depth used does not impact the argumentation above.

O

For the next lemma we delve into the intersection theory. Consider a set of
observed data points in R? in general position. Then, the intersection of any two
different data-determined 1-simplices (line segments) is an empty set. Otherwise,
the observed data points would not lie in a general position (the endpoints of the
line segments would lie in the same hyperplane). In Lemma 15, we show that
this observation can be extended to higher dimensions.

Lemma 15. Let x1,...,x, € R? d > 3 be observed data points in general
position. Let U be a data-determined k-simplex, T' be a data-determined m-simplex
and let yy,...,ye be their common wvertices, where { € {0,...,min(k,m)} and

k+m—0<d—1. ThenUNT =conv({y1,...,ye}).

Proof. Tt is clear that conv({y;,...,y:}) € U NT. Suppose, for the sake of
contradiction that conv({yy, ...,y }) SUNT.
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Take an arbitrary point z from the difference (UNT) \ conv({yi,...,ye}).
Since z lies in the intersection of the k-simplex U = S(y1,...,Ye, 21, - - Zkt1-0)
and the m-simplex T' = S(y1,...,Ys, W1, ..., Wmi1—¢), it can be written as two
different convex combinations

2= Myr o Ay + Az o Ak Zeg—o,
2=y + - Yo + e + o 1 W10,

where
k+1

M>0 forallt=1,....,k+1, Y A=1, and
t=1
m—+1

s >0 foralls=1,... m+1, Z,uszl.
s=1

As z ¢ conv({y1,...,ye}), at least one p; for t = £+ 1,...,m + 1 is greater
than zero. Without loss of generality let py.1 > 0. Then w; can be expressed as
an affine combination of the other vertices as follows

A\ — Ao — A A
w = 1 M1y1+_”+ ¢ Wymt z+121+.__+ k+1zk+1_é
Mot et He+1 Pt (2.3)
Het2 Hm+1
- Wy — - — Wim41—¢
Het1 e+

The coefficients of each term in expression (2.3) must sum to 1 in order for it to
be classified as an affine combination. This criterion is met, which can be verified
by the following computation

k+1 )\t m+1 LLs 1

2 Hm+1 _ Het1

= =1.
t=1 Mo+l ooy goqq Mo+l Her1 Hegn et Het1

Finally, denote by M the set of all vertices in U and T. Then M is a set of
k+m—{+2<d+1 points and conv M = conv(M \ {w;}). In order for points
r1,...,T, to be in a general position, no N of them lie in a (N — 2)-dimensional
subspace, where N = 23,...,d + 1. In other words, any subset of N points
must span an (/N — 1)-dimensional subspace. However the set M \ {w;} , a set of
k 4+ m — £ + 1 points, can span at most a (k + m — ¢)-dimensional subspace.
Consequently, we arrive at a contradiction with points zy,...,x, being in a
general position, as set M can span at most a (k+m — ¢)-dimensional subspace.

[]

The subsequent lemma is essentially a corollary of the previous lemma, phrased
in terms of Definition 10.

Lemma 16. Let z1,...,xz, € R%, d > 3 be observed data points in general
position. Suppose we have a point x € R with the depth

SD™9(z) = (1) (p(x) + ;adm T ;ag(x)) ,

where og(x) is nonzero for some fived k = 0,1,2,...,d — 1. Then o,,(z) =0 for

allme{0,....d—k—1}m#k. Ifm=Fk andm € {0,...,d —k — 1}, then
on(z) = (")
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Proof. Let first m # k. In order to reach a contradiction, assume that there
exists k € {0,1,...,d — 1} and m € {0,...,d — k — 1} such that ox(x) > 0
and o,,(z) > 0. By the definition of o; (Definition 10), we have that there
exists a data-determined k-simplex U which contains x in its relative interior, and
that there exists a data-determined m-simplex 7" which contains z in its relative
interior. Let 1,...,y, be their common vertices, where ¢ € {0,... min(k,m)}.
By the definition of the relative interior it follows that x must belong to the set
(UNT)\ conv({y,...,ye}). However, by Lemma 15 no such z exists.

Now, let m = k. As oy(z) is nonzero, then oy(x) > ("g’f;l) Assume that

or(z) > (”;f;l) Then there exists two different k-faces (k-simplices) U and T
with ¢ common vertices yi, ..., y,, where £ € {0,...,k}. The point x belongs to
the relative interior of U and T', thus it follows that x € (UNT')\conv({y1,...,y¢})
which again contradicts Lemma 15.

O
To elucidate the meaning of the statements in Lemmas 15 and 16, we may look

at the situation in R*.

Ezample 2.4. Let us have data points in R* in general position. Consider a
1-simplex T} and a 2-simplex T, induced by some of these data points. In terms
of Lemma 15 we have k =1, m =2,d =4, ¢ € {0,1,2}, and

k+4m—-0=14+2—-0<3=d-—1, forall?e{0,1,2}.

Thereby, the intersection of 77 and T, is either equal to the convex hull of
their common vertices or an empty set. This further implies that (relint 77) N
(relint Ty) = (. Thus, for any position z; € relint 7} we would have oy(z1) > 0
and therefore oy(z1) = 0.

Consider now two data-determined 2-simplices with no common vertices. Here
we have k =2, m=2,d=4, { =0 and

k+m—-(=2+2-0£3=d—1.

Conditions in Lemma 15 are not satisfied, thus we cannot assume that the
intersection of the relative interior of these two data-determined 2-simplices is
an empty set. Indeed, there exists a configuration of 6 vertices in R* which lie in
general position such that the relative interior of the corresponding 2-simplices
intersect. Take for instance 2-simplices S; and S, where

1 0 —1 0 0 0
0 1 -1 0 0 0
Sl _S 0 9 0 ) 0 ) SQ_S 1 ) O ) _1
0 0 0 0 1 —1

Then, S; NSy = (0,0,0,0) ", but also (relint S;) N (relint S5) = (0,0,0,0) 7. Besides,
all of n = 6 vertices of S7 and S5 lie in a general position. In terms of Lemma 16,
for a dataset comprised of the vertices of S; and S, and a position o = (0,0,0,0)"
we have that 0,(0) is nonzero as o belongs to the relative interior of both 2-simplices

Sy and Sy. Lemma 16 could yield ox(0) = o03(0) = (62351) = (”;f;l) if its

conditions were satisfied. However, in this case, those conditions are not met
since m =k but m ¢ {0,1} = {0,...,d — k — 1}. And indeed we can write

wo=esoz (120 < (1200~ (320 = ()

35



where the first inequality follows from the fact that there are (6131) different
6—2—1

4-2
with three of its vertices from Sy and all such simplices contribute to o5(0). A

simplices with three of its vertices from Sy, and similarly ( ) different simplices

As Theorem 17 is also rather technical, we will endeavor to illuminate the
idea behind its formulation in advance. Consider again Example 2.3 for d = 3,
where we had a dataset {O,V,D1, Do, D3}. The only positions that will be of our
interest this time are those lying in the line segment O,V. We will add one and
then two data points to the original dataset (see Figure 2.7) and recalculate the
new depth of these positions (see Figure 2.8). The points are added so that the
general position is maintained and so that the data points O and V remain as
extreme points of the convex hull of all data points. To clarify, an extreme point
of a convex set is a point that lies on the boundary of the set and cannot be
expressed as a convex combination of any other points in the set. As this is just
a motivation for the upcoming theorem, the details, such as the exact location
of the added points, will not be discussed. Note that thanks to Lemma 16 and
Lemma 14 we only need to calculate the depth of

(i) positions lying at the intersection of some (d — 1)-simplex and O,V;

(ii) one representative of the positions lying between the intersections from (i).

before adding points after adding points

1
. 1

5 points ! 6 points 7 points
1

D3 1 D3 D3
1
1
1
1
I
1

DQ ! Dl D2 Dl DZ

I
1

Figure 2.7: The original dataset with a different point of view, so that
data points O and V overlap (left) and the new dataset after points
“around” the line segment O,V have been added (right). Whether the
new points are added within or outside the convex hull of the previous
points is irrelevant to the observation.

To calculate the depth of positions of our concern, we use both SD¢osed
and SD9. However, only the results, not the actual calculation is provided
in Figure 2.8. The sole purpose of including the depths calculated with SD¢sed
was to compare them to those obtained using SD9. Although SD°*¢d provided
a more appropriate sample simplicial median for the dataset with 5 points, adding
more points to the dataset seemingly (Figure 2.8) favored the use of SD9. In
conclusion, while there may be situations where SD°**d produces better results,
we conjecture that SD%9 would be generally more suitable for most applications.

The main purpose of this motivation, however, was to outline an interesting
observation. The first thing to note is that none of these considered positions
fulfills (C2) as they lie in (d — 2)-simplex (line segment) S(O,V). Therefore,
Theorem 12 does not apply to them in any way. In spite of that, it appears that
SD9 of positions at the intersections can be obtained by averaging the depths
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5 data points 6 data points 7 data points

1 intersection 2 intersections 5 intersections
V 1% \%
® ®
15¢ 10
KON 18 x 11
4 0 25 170 12
10 X 5.5 19 X 12
170 12
5 % 2.5 996 19 X 12
170 12
10 X 5.5 19 % 12
4 @ 25 170 12
8PS 18 x 11
150 10
® ®
@) 0] 0]

Figure 2.8: The depth of positions in the line segment O,V calculated
using SD**? (red) and with SD*? (blue). The number of points in the
dataset is displayed above each line segment. The cross symbols denote
the intersections described in (i). Circles refer to the representatives
from (ii).

of the closest representatives, one above and one below. The fact that this is
not a coincidence is supported by the following theorem, which formalizes the
generalization of this observation.

Theorem 17 (Addition to Theorem 12). Let x1,...,x, € R? be observed data
points in general position. A hyperplane induced by some data-determined (d —
1)-simplex D defines two open halfspaces Hy and Hy. Let K be a data-determined
k-simplex such that

I, = (relint K)NHy # 0, I, = (relint K)NHy # (0, I = (relint K)N(relint D) # 0,

where k € {1,2,...,d — 2} (if such K exists). Additionally, let us assume the
following

(A1) Forallnelletos1(n)=n—d;
(A2) Ifk > 2, forallne I leto;(n) =0 forallje{d—Fk,...,d—2}.

For e > 0, let us denote I° = U,e; B(x,€), where B(x,€) is an open ball in R?
centered at x with radius €. Then there exists € > 0 small enough so that the
depth of any position n € I is equal to the average of the depths of positions
U1 el Nk (Z?’Ldyg e IfNIs.

Proof. By assumption (A1) we have that o4_1(n) = n — d which means that
there is only one data-determined (d—1)-simplex that intersects I. There are only
finitely many data-determined m-simplices Dy,..., Dy, N € N (other than D)
form=d—k,...,d—1. Set

1
=g min{dist(Dy,]),...,dist(Dy,I)},
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where dist(A,B) = inf{||jz — y|| : © € A,y € B} denotes the distance between
sets A and B. The assumption (A1) cannot be satisfied if € is zero, thus € > 0.
For this € we have 04_1(y1) = 04-1(y2) = 0, for y; and ys as in the statement

of the theorem. By Lemma 14, Lemma 16 and assumption (A2) we have that
ox(n) = ox(yn) = ox(p) = (",5,") and also that o3(n) = oi(y1) = oi(y2) = 0
for all i € {0,1,2,....d — 2} \ {k}. Now we continue in a fashion similar to the
proof of Theorem 12. Every simplex contributing to p(n) also contributes to p(y;)
and p(y2). Every simplex contributing to o4_1(n) contains either y; or y, in its
interior. Finally, every simplex which contribute to SD%"(y;) or SD3"?(y,) must
also contribute to SD;"(n). Putting everything together and using the same
notation as in the proof of Theorem 12 we get

SDY () = 5(20(n) + 0 +(n) + 7x(1)
= S0P )+ ) + o) 0 () + 5 (onla) + 0k (02))
= (5D (ya) + DL (30),

which completes the proof.

Figure 2.9: Theorem 17 applied on our motivational example in Figure 2.8
(6 data points) with d = 3: The (d — 1)-simplex D (orange triangle)
intersects the 1-simplex K = S(O,V) in . Thus, in this case I = {n}
is a singleton. Open halfspaces H; and H, are above and below D,
respectively (orange arrows). Consequently, I; and I, are also above and
below, respectively (red curly brackets). Note that both conditions (A1)
and (A2) are satisfied. Condition (A2) is trivially true since k = 1.
Thus, Theorem 17 can be applied, which gives a general version of the
observation from Figure 2.8.

The combination of Theorems 12 and 17 enables us to derive a weakened
generalized version of our Theorem 13, or conversely, an enhanced accurate
version of the incorrect Proposition 10.
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Theorem 18 (Proposition 10, d > 2). Let z1, ... ,x,, € R? be observed data points
in general position. Let H denote the convex hull formed by these points. Then
the following statements hold true:

(i) In order to find the maximum averaged sample simplicial depth, it is not
necessary to calculate the depth of these types of positions: 6 in the sense
of Theorem 12, and n in the sense of Theorem 17.

(i) If the observed data points are not in a convex position®, then the mazimum
averaged sample simplicial depth is not attained at the boundary of H.

Proof. (i) By Theorems 12 and 17, whenever the depth of a sample simplicial
median is attained at any of the positions of these types (6,7), then it must be
also attained at some positions which do not fall into these categories.

(77) The depth of any position from the boundary of H is always less then the
depth of any boundary data point. By the assumption that the observed data
points are not in a convex position, there exist an index ¢ such that x; is contained
in the interior of H. By the Carathéodory theorem [18, Theorem 2.2.4], at least
one simplex with boundary data points as vertices contains z; in its interior. We
can write

1/n—1 1/n—1
avg (. > - - — avg(,..
SD"(z;) > 1+ 2( p ) > 2( p ) SD;9 (),

where z; is an arbitrary boundary data point.
O

Note. In contrast to Theorem 13 (i7), for general d, we only managed to prove
a similar assertion for data points that are not in convex position. Even though
the problem for data points in convex position may seem intuitively trivial, we
were not able to come up with any formal proof.

One of the ideas to approach that problem was to apply the so called first
selection lemma from discrete geometry [13, Chapter 9] which in our case can be
formulated as follows.

Lemma 19 (First selection lemma). Consider a dataset of n points in R?. Then

there exists a point p € R? contained in at least cg - ( dL) data-determined
simplices, where cq > 0 is constant depending only on the dimension d.

It should be pointed out that the best possible value for ¢y is not known,
except for d = 2. For d > 3 only bounds are available. Let us look at the
situation in d = 3. It was proved in [1] that for a set M of n points in R3 there
exists a point p € R? contained in at least 0.00227 - n* simplices spanned by M.
In our case, however, we need to differentiate between simplices which contain
p in their interior and those which contain p in their boundary. To do so, we
can use a lemma from [13, Lemma 9.1.2] which states that for set N of n points
in general position, no point in R? is contained in more than dn?! hyperplanes

8 A set of points is said to lie in a convex position if none of the points can be represented
as a convex combinations of the others.
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induced by N. The lower bound derived from these assertions would lead to the
following inequality

3 1/n—1
0.00227-n4—3~n2+2~n2>2<n3 )

which holds true for n > 46. Consequently, for d = 3 and n > 46, we can
guarantee that the maximum averaged sample simplicial depth is not attained at
the boundary of H from Theorem 18. The problem of determining whether there
exists a configuration of n data points in R? with n < 46, where the maximum
averaged sample simplicial depth is highest at the boundary, remains unresolved.
During the search for such configuration, we explored the following idea.

FExample 2.5. Consider general dimension d > 3 and a simplex S. Let us have
(d+1) groups of k data points, where each group is situated in the neighborhood
of one of the vertices of S, so that the data points lie in convex position (for d = 3
see Figure 2.10). Together we have n =k - (d + 1) data points.

e
- - X
centroid

Figure 2.10: Situation in Example 2.5 for d = 3 and k = 12.

In this specific configuration we can easily determine the depth SD}" of

 any data point D: SDI" (D) = %(";1) _ %((dﬂik—l);

o any position M in the “middle” cell: SD*"9(M) = k%*! where by the middle
cell we understand the cell which contains the centroid of S.

The latter follows from the observation that M is contained in exactly those
data-determined simplices whose all vertices belong to different k-element groups.
Notice, that SD"(D) is O(n?), while SD"9(M) is O(n®™). Hence, for n large
enough we have SD;"(D) < SD;"(M), which corresponds to the first selection
lemma, as we would expect. However, for n small enough we have SD;"(D) >
SD"(M). For instance, in dimension d = 3, the inequality

SDe9(D) = ;(‘%3_ 1) > k= SD™9( M)

holds for k = 2 or k = 3. Meanwhile, in dimension d = 25, the inequality

1<26]<: -1

S =5 g

) > k2 = SD29 (M)
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holds for every k& < 7632345541. Due to these calculations we had a hypothesis
which goes as follows: For each d > 3 there exists n > d + 1 such that for less
than n observed data points in convex position, there exists a configuration such
that the maximum averaged sample simplicial depth is attained in a data point.

It is important to note that the depth of position M being smaller than the
depth of data point D does not necessarily mean that the maximum averaged
sample simplicial depth is attained in D. Therefore, to test our hypothesis we
have to calculate the depth of other positions as well. In order to do so, we
use the “easiest to compute” situation. That is, a dataset of 8 points in R?
located as described in the beginning of this example (Figure 2.10 with k£ = 2
instead of £ = 12). At first, in order to compute SDg" in each (most) of the
cells, we randomly generated 10000 positions inside the convex hull of all 8 data
points. The maximum SDg" of these generated positions was 17 which is less
than SDg" (D) = 17.5. Thus, it is highly unlikely there is a cell with greater
depth than the depth of a data point. By Theorem 12, the same remark can
be made for positions in the relative interior of some data-determined 2-simplex.
The only positions left, whose depth we need to evaluate, are those lying in
data-determined 1-simplices. Due to the general position of data points, no
two data-determined 1-simplices intersect. Besides, thanks to Theorem 17 we
do not need to calculate the depth of positions which have nonzero both o,
and o;. This enables us to bypass the need to search for intersections among
data-determined 1-simplices and 2-simplices. By randomly generating positions
within data-determined 1-simplices we found that the maximum SDg"? value was
21.5, exceeding 17.5. As a result, we ended up not being able to support our
hypothesis in this particular case, but our general hypothesis remains open. A
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3 A paradox

While writing this thesis we stumbled upon an interesting problem which
goes by the name Sylvester’s four-point problem [17, 10]. It can be stated as
follows: “What is the probability that four randomly chosen points in R? create a
conver quadrilateral?” Due to the inaccurate phrasing of the original question,
many inconsistent results were published throughout the years. For an overview
see [15]. Clearly, the question depends on the considered probability distribution,
or the shape of the subset of R? from which the points are randomly sampled if the
distribution is uniform. Most of the results focus on points sampled independently
from continuous uniform distribution defined on some convex compact subset of
R? with non-empty interior. Not so long ago, results concerning a Gaussian
distribution were published as well [3]. For some of the most recent results,
regarding a discrete uniform distribution defined on an n x n net in R? we refer
to [10].

For the purposes of this chapter, only continuous uniform distributions defined
on a convex compact subset K of R? are of our concern and we will denote them
by Px € P(R?). Let us further denote the following complementary events

CQx = [random sample X, Xy, X3, X4 from Py created a convex quadrilaterall;
NQk =Q\ CQk.

In order to find the probability P(CQf), it is sufficient to determine the
expected value of the area spanned by three random points from Pr. We can see
that from

P(CQk)=1-P(NQk)
=1—-P(X; € S(X2,X3,Xy)) — P(X3 € S(X1,X3,X4))
— P(X3 € S(X1,X2,X4)) — P(X4 € S(X1,X2,X3))
=1 —4P(X4 € S(X1,X5,X3))
B xS (X1, X5, X3))]

—1-4
N(K) ’

where A\?(-) denotes Lebesgue measure. In the last equality we used a geometric
interpretation of the continuous uniform distribution Pg. This allows us to
establish a connection with the simplicial depth from Definition 6

Ex,[SD(Xy; Px)] = E x,[P(Xy € S(X1, Xo, X3))]
“E, E x, 30,5 [N (S (X1,X2,X3))]
’ A (K)
_ EX17X27X3[Az(S(X17X2aX3))]
N (K)
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To put this in words, the expected value of simplicial depth SD(X; Pk) is the
same as the expected value of the area spanned by three random points from Pk,
all that divided by the area of K.

Interestingly enough, Blaschke in [2] managed to prove that for all convex
compact K C R?

35 1
E X4 [SD(X47 Pellipse)] = M < E X4 [SD(X47 PK)] < E =E X4 [SD(X4a Ptriangle)]-
Here P.j;pse stands for the uniform distribution defined on (any full-dimensional)
ellipse in R?, and Priangle analogously for a triangle. As we can see, the mean
value of the simplicial depth is maximal for Pjigngie, While minimal for Pypse.
On the other hand, if we now compare the maximum simplicial depth of Pyangic

and Py;pse instead, we conjecture that

3
max  SD(x; Pyriangle) = === (18 +40 - log(2) + 5 - log(16)) ~ 0.245222, (3.1)

z€ triangle 729

which would result in a converse inequality as it is less than

1
max  SD(x; Pujipse) = —

z€ ellipse 4 )

(3.2)

Equation (3.2) follows from Theorem 6 as Peipse is C-symmetric about the
center of the considered ellipse. The distribution of Pjange, however, is not
even H-symmetric about any point. Therefore, Theorem 6 cannot be used.
Naturally, one would expect the simplicial median of the distribution Py jqngie
to be located at the centroid of the considered triangle. First of all, let us
mention that in order to show that simplicial median is attained in the centroid
of a triangle, it is immaterial what non-degenerate triangle we consider. This
claim follows from the affine invariance in Theorem 3. Therefore, we proceed
1 1

by considering an equilateral triangle T with vertices A = (-3, — ﬁ)T, B =

(3,— ﬁ)T, C = (O,%)T. The length of the side of 7" is 1 and the centroid M of

T is located at (0,0)". By the statement (1.5) in the corollary of our treatment
of consistency of the simplicial depth, we know that SD°d(z; P,(w)) converges
to SD(z; Pr) almost surely. Thus, to support our hypothesis of SD(M; Pr) =
max,er SD(z; Pr), we randomly generated 10000 points uniformly inside 7" and
calculated SD¢sed (.. P1oqo) for all generated points, where P is the empirical
measure induced by the generated points. The maximum sample simplicial
depth was attained at the point p &~ (0.000,0.005)T with SDgsed(p: Piog) &
0.2454. To increase our level of certainty even further, we randomly generated
additional 2500 points uniformly in a circular disk centered at M with radius
0.07. After computing the corresponding depth of these 2500 points with respect
to Pmooo, we again obtained nearly identical results as before. For a visualization
of this simulation exercise, see Figure 3.1. Unfortunately, as we were not able to
rigorously prove that the centroid of the triangle is the point where the simplicial
median is attained, we were bound to use the word “conjecture.”

Before we proceed to the value of the depth presented in the equation (3.1),
it is worth noting that computing the simplicial depth SD with respect to a
probability measure P € P(R?) is a challenging task. As far as we are aware,
there are only three types of probability distributions P whose simplicial depth
has been exactly determined in the literature:
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0.6

0.4-
SD_10000
0.2 0.20
> 0.15
0.10
0.0- 0.05
0.2
-0.50
0.04 1
SD_10000
0.245
0.240
> 0.00
0.235
0.230
-0.041

Figure 3.1: The top figure displays 10000 randomly generated points.
The depth of these points is represented with colors, according to the
legend to its right. The bottom figure displays another 2500 randomly
generated points, where again, their depth is represented with colors
corresponding to the legend to its right. Clearly, the simulation suggests
that the simplicial median is indeed attained at M.
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o One-dimensional measures P € P(R);
« Finitely supported measures P € P(R?);

« Several specific measures P € P(R?), whose support is a one-dimensional
subset of RY.

For more detailed discussion we refer to [14, Chapter 3]. The complexity of
determining the probability in (1.1) (for d > 2) stems from the involved integrals
being too complicated to be solved directly. However, during our research, we
developed a method in R? to reduce this problem to evaluating a single integral
of a function with one variable. Although this simplification is rather intriguing,
we will not include it due to time and space constraints of this work. Hopefully,
we will be able to provide a detailed explanation elsewhere.

Thanks to this method, we were able to determine the exact simplicial depth
of several points lying on the median (in the sense of a median line of a triangle)
of T" with respect to Pr. The results are plotted in Figure 3.2. Besides, the results
support our conjecture of centroid M being the point with the greatest depth.

T p20f
015}

010

L L
-02 02 04

Figure 3.2: (left): triangle T depicted in a 3-dimensional space (cyan).
The z coordinate of 46 dark blue points represents the simplicial depth
of the corresponding points lying on the medians of T". The points were
connected for visualization purposes. (right): Here, the value = on the
horizontal axis determines point (0,x)", and the value y on the vertical
axis represents a simplicial depth with respect to Py.

Hence, according to our calculations, if we were to assume that M is the
simplicial median, we could write

3
max SD(x; Pr) = SD(M; Pr) = @(18 +40 - log(2) + 5 - log(16)).

Finally, as the inequalities

E Xy [SD(X4, Pellipse)] < E X4 [SD(X4, Ptriangle)];
max SD(z; Paipse) > max  SD(x; Pyriangle),

€ ellipse z€ triangle

seems counter-intuitive at the first glance, we decided to label them as a paradox.
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Conclusion

In this work, we introduced and thoroughly examined the concept of simplicial
depth, providing detailed proofs of its four main properties. Our proofs were
accompanied by illustrations, making them more accessible.

In the second part of the thesis we explored various definitions of sample
simplicial depth and focused primarily on the averaged sample simplicial depth.
We corrected and reformulated several original propositions while extending parts
of the related theory further.

Our efforts led us to an intriguing problem: Is there a configuration of data
points in dimension d > 3 in convex position such that the mazimum averaged
sample simplicial depth is attained in a data point? Although this problem may
appear simple at first, we were unable to uncover a solution. Furthermore, we
proposed that this problem is closely tied to the unsolved first selection lemma
for d > 3, or a version of it, where we only consider points in convex position.

Quite recently, we discovered a potential original link between the simplicial
depth and Sylvester’s four-point problem. That novel aspect of simplicial depth
could be promising for determining the exact simplicial depth for absolutely
continuous distributions in R?. However, due to time limitations, we were unable
to fully explore the practical implications of this connection, and only presented
an interesting paradox that we encountered.

In any case, the study of simplicial depth still holds many unanswered questions,
and we plan to pursue further investigations in this area in the near future.
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