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Abstract:

In this thesis, we explore classes of mappings suitable for models in Nonlinear
Elasticity. We investigate whether, given the presence of certain desirable proper-
ties, there exists an element within the class that exhibits pathological behaviour.
In the presented papers, we primarily focus on subclasses of Sobolev mappings,
particularly weak closures of homeomorphisms with additional properties. These
properties typically manifest themselves in the form of an additional term in the
energy functional.

We show that weak limits of Sobolev homeomorphisms in W"~! satisfy the so-
called (INV') condition if the integrability of the reciprocals of the Jacobians is
sufficiently high. This result is sharp and we present a counterexample for cases
of lower integrability. The (INV) condition is also preserved under weak limits
when we add a term dependent on the cofactor matrix of the derivative, as its
integrability provides some regularity for the inverses of the homeomorphisms
in the sequence. Furthermore, we show that assumptions on regularity of the
inverses can also ensure a.e. differentiability of the limit.

Other topics investigated in this thesis include the sizes of critical sets violat-
ing the Luzin (V) condition in the case of Sobolev homeomorphisms and the
(dis)continuity of mappings of generalized distortion, where we present both pos-
itive results and counterexamples in the planar case.

Keywords: approximation of functions, Sobolev homeomorphisms, Nonlinear
Elasticity
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Outline
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dently, and of introductory texts which set them into the wider context. The text
is divided into four units:

e Introduction gives the general background for Sobolev mappings, limits
of homeomorphisms and Calculus of Variations.

e On the Luzin (N) condition gives the background for

— Hausdorff measure of critical set for Luzin N condition; A. Dolezalova,
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e On the generalized distortion gives the background for

— Mappings of generalized finite distortion and continuity; A. Dolezalova,
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e On the (/NV) condition gives the background for
— Weak limit of homeomorphisms in WY1 and (INV) condition; A.
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morphisms; A. Dolezalova and A. Molchanova, preprint arXiv:2302.07578,

2023.
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Introduction

The key question investigated in this thesis is the following: Given a class of
mappings with nice properties, does there exist an element of the class which
exhibits a pathological behaviour of some kind? Questions of this type appear
naturally in Calculus of Variations and Nonlinear Elasticity, see the pioneering
work of Ball [2] and Ciarlet and Necas [7], among many others. In the research
presented in this thesis, we focus on (sub)classes of Sobolev mappings.

The motivation for such a question comes from the standard machinery of
Calculus of Variations. We take an open set 2 C R™ as our elastic body in
its original state and € C R™ in the deformed one. We seek for a mapping
f:Q — @ which describes the deformation of Q onto 2. Often we ask our
mapping to satisfy some boundary condition, which might correspond to the
observed behaviour of the material on the boundary of the body. The energy of
the deformation f is expressed as a functional in a form

E(f) = [ F(DF) da.

Such energy is independent of translations or rotations, i.e., F(RA) = F(A)
for every rotation R : R® — R™. Note that the energy does not depend only
on the norm of the derivative |Df|, but it can for example contains terms with
the Jacobian Jy of the mapping. We usually expect that F(Df) — oo when
|Df| — oo and also F(Df) — oo as J; — 0. This corresponds to the intuition
that both stretching and compressing the material should cost some amount of
energy.

When modelling an elastic deformation, there are several restrictions we want
to apply on our classes of functions so that the exhibited behaviour is reasonable
from the physical point of view. Such restriction might be for example that we do
not want to create any matter during elastic deformation nor lose it. That can be
mathematically formulated as the Luzin (N) and (N~!) condition. Similarly, we
want to keep the orientation of the material. We also want to prevent the inter-
penetration of matter or to keep the deformation reversible in some sense, leading
to different notions of invertibility. Whereas for diffeomorphisms we know that
the sign of the Jacobian and of the topological degree coincide [I7, Section 3.2],
that does not have to be true even for Sobolev homeomorphisms [5]. Therefore
it makes sense to both ask that our deformation has nonnegative Jacobian a.e.
as well as investigate the topological degree.

The standard process finds a sequence of functions f; which minimizes our
energy functional. If this sequence is bounded in the Sobolev space W?(Q, R™)
for p € (1,00), we can extract a weakly converging subsequence and find its weak
limit f. As the approximations fj are often nice (i.e., have the aforementioned
properties), we want to investigate whether the weak limit preserves these prop-
erties in order to have a physically relevant solution. One usual choice in our
work is to take fr € WHP(Q, R") to be homeomorphisms satisfying the Luzin (V)
condition with Jy, > 0 a.e. That is because such mappings should be in our class
of possible solutions as those are very reasonable deformations.

Another property that we would like our function spaces or classes to have is
the possibility of some discontinuities — but only of special kinds. Experiments
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showed that cavitations may happen in an elastic body [I6]. At the same time,
we do not want our body to be completely shattered. This balance lead to a
widespread use of Sobolev spaces.

In Chapter 1] we investigate the Luzin (N) condition. For p small enough, even
homeomorphisms from W1?(Q,R") can violate this condition, and thus create
matter. We study in the size of the critical set from which the new material is
created in Paper .

Chapter [2| is dedicated to mappings of generalized distortion. We search
for conditions under such mappings can exhibit discontinuities and when the
continuity is assured. Such conditions, as well as a conjecture closing the gap
between them, are presented in Paper II.

The last part of this thesis, Chapter [3] is dedicated to the (INV') condition.
Pioneered by Miiller and Spector [25] and later developed by Conti and De Lellis
[6], this property ensures, roughly speaking, that inside of a ball stays inside the
image of the sphere and, vice versa, the outside of the ball is mapped outside of
the image of the sphere. Whereas for p > n — 1 the class of WP-mappings satis-
fying the (INV') condition is weakly closed [25], it is not true for the borderline
case p =n — 1 [6]. In Papers III and IV we present sufficient conditions under
which all mappings from the weak closure of homeomorphisms satisfy (INV).
Paper III also provides a new counterexample, thus showing that the assump-
tion there is sharp. In Paper V, we investigate the differentiability of limits of
homeomorphisms in W1"~1(Q, R") under an assumption on the regularity of the
inverse mappings.



1. On the Luzin (N) condition

1.1 Introduction

Let Q C R™ be an open set and let f : 0 — R" be a mapping. We say that f
satisfies the Luzin (V) condition if

for every £ C Q2 with |E| = 0 we have |f(E)| =0
and that f satisfies the Luzin (N ') condition if
for every E C Q with |f(E)| = 0 we have |E| = 0.

These two conditions are important in models of Nonlinear Elasticity: The first
one prevents creation of matter, whereas the second one prevents its loss. (Note
that the Luzin (N~!) condition is often replaced by the assumption J; > 0 a.e.,
which is more suitable for the Calculus of Variations approach.) They also play
a crucial role in the abstract setting of Sobolev spaces, as they are tightly tied to
the validity of the area and co-area formula and the change-of-variables formula
(for details see [17), Section A.8]).

Similarly to the case of the continuity, if f € WP(Q,R™) for p > n, we know
that f satisfies the (V) condition (see Marcus and Mizel [24]). If we restrict
ourselves to homeomorphisms, this holds true even for f € W' (Q,R"™) (see
Reshetnyak [28]). Both of these results are sharp, as was shown in [27] and [23].
Moreover, Maly and Martio [23] and Kauhanen [22] studied the size of the critical
set of measure zero which is enlarged to a set of positive measure.

To compare sizes of sets of measure zero, we use general Hausdorff measures
determined by gauge functions. A continuous function h : [0,00) — [0,00) is
called a gauge function if it is nondecreasing and h(0) = 0. Such function then
defines the corresponding Hausdorff measure H” in the following way: Let E C
R™, then

h T . . . .
H'(E) = 515(% (mf{; h(diamU;) : E C LiJUi,dlam(Ui) < 5}) .
This allows us to compare sizes of sets on a finer scale than with the classical
Hausdorff measures. Note that we obtain the classical Hausdorff measure when
choosing h(t) = t*, so we indeed refine the classical scale of measures. In literature
there might be small differences in the definition, however, the difference lies only
in a multiplicative constant. Since we want to distinguish whether the set has
zero measure or finite positive measure, the precise choice plays no role.

Beside refining the scale for measuring sizes of sets, we can also get closer
to W1n(Q,R") than by just taking WP(Q,R"), p < n. One can for example
consider only functions f € ,, WtP. We go a step further and use the grand
Sobolev space WH™(Q,R"?) (see [15] and [20] for details). Where the Sobolev
space W'P(Q, R") uses the Lebesgue norm to have ||f||1, = ||f||, + [|Df||,, the
Grand Lebesgue space W) (0, R") uses the norm || - ||,) which is defined as

9 p—e
= su — pe :
Il =, s (i 1)
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We have Wi C W™ (Q, R") C Np<n WP, so this space indeed enables us to
get closer to the borderline case.

1.2 Results of Paper I

In Paper I, we studied the following questions: Given a homeomorphism f € Wt?,
p < n, we know that it can violate the (N) condition and that the Hausdorff
dimension of the critical set might be any number d € [0,n). If we refine the scales
both on the side of function spaces (and use the grand Sobolev spaces) and of
gauge functions, can we get similar results or is there a fundamental bound? This
is motivated by the fact that W'™-mappings satisfy the (N) condition outside of
a set of measure zero [23], so there is a kind of jump in the size of the critical set
when we take p = n.

We can look at the problem also in this way: We take a class of nice mappings
(homeomorphisms from the grand Sobolev space) and we want to know whether
we can find functions which behave badly. One type of bad behaviour is mapping
a very small set (i.e., not only of Lebesgue n-dimensional measure zero, but small
in the language of Hausdorff measures) onto a big set. Another type is that the
function is nice, but to obtain the () condition we need to omit a big set (again,
on the scale of Hausdorff measures), therefore there is no universal bound for the
size of omitted set as in the W™ case.

We approach this problem with the help of Ponomarev’s construction from
[27]. There are two main results, summarized in Theorems 1.1 and 1.2 in Paper II.
The first one constructs a mapping f € W™ which violates the () condition
on a set of big measure. In that case, our assumptions on the gauge function
h allow it to be e.g. t"logloglog...(1/t), and therefore in some sense we can
get as close to the Lebesgue measure as we wish. This shows that there is no
universal bound such that after omitting a suitable set of finite H" measure the
(N) condition would be satisfied.

Theorem A. Let Qy = [—1,1]", 7: (0,00) — [1,00) be a continuous decreasing
function such that lim;_,o, 7(t) = 0o and for all p € (0,1] there exists x, € (0,1)
such that for all t € (0,x,) we have

1

> ",
7(pt)

Let h : [0,00) — [0,00) be a gauge function, i.e., a continuous non-decreasing
function such that h(0) = 0, satisfying h(t) = t"7(t) on (0,00). Then there exists
a homeomorphism [ : Qo — Qo such that

1. f is the identity on the boundary of Qo,

2. f € Wh(Qo, Qo),

3. Jf >0 a.e inQ,

4. if E C Qo with HM(E) = 0, then |f(E)| =0,

5. there exists a set Cy such that H"(Cy) € (0,00), |Ca| =0 and | f(Ca)| > 0.



The second result holds for any gauge function h and shows that indeed we
can find f € W™ such that the Luzin (N) condition is violated on a set of zero
H" measure, and therefore f, despite being from a function space very close to
WLn stretches a very small set onto a set of positive Lebesgue measure.

Theorem B. Let Qg = [—1,1]" and let h : [0,00) — [0,00) be a gauge function,
i.e., a continuous non-decreasing function such that h(0) = 0. Then there exists
a homeomorphism [ : Qo — Qo such that

1. f is the identity on the boundary of Qo,
2. f € len)(Q(hQO);
3. Jf >0 a.e in Qy,

4. there exists a set Cy C Qo such that H"(Ca) =0, |Ca| = 0 and | f(C4)| > 0.



2. On the generalized distortion

2.1 Introduction

In this chapter, we consider f : R® — R" to be a mapping from the space
WL (R R™) which satisfies

[Df()]" < K(x)Jp(x) + X(x) (2.1)

for a.e. x € R™, where the assumptions on K : R" — [1,00] and ¥ : R" — [0, oo]
are to be specified. We call f a mapping of generalized distortion.

This topic was already investigated by Simon [29], Astala, Iwaniec and Martin
[1] and Kangasniemi and Onninen [2I]. The motivation for this property stems
from the well known results regarding each of the terms in the inequality: If we
consider

[ Df ()" < K(x)J¢(x)

and assume K to be finite a.e., we obtain mappings of finite distortion and there-
fore we have the continuity of mapping f (see [I7, Section 2.1]). Similarly, for

[Df(2)]" < %(x)

and X € L (R™), p > n, we also have the continuity of f as in that case

loc

f € WEP(R"). However, a combination of these two terms is not enough to
give us the continuity in the general case. This can be easily seen by taking

f:B(0,1/2) - R" as

flx) = f(z,...,2,) := <1ogloglog <1> ,O,...,O) .

]

We set K := 1 and X(z) := |Df(z)|" = [log (ﬁ) log log (ﬁ)rn This example
shows that we need to make stronger assumptions on K and X in order to have

continuous functions.

2.2 Results of Paper 11

In Paper II, we follow up on the work of Kangasniemi and Onninen [2I] and
investigate the assumptions on K and ¥ under which is f continuous.

The case with K € £°(R") and Xlogh(e+X) € L}, .(R™) is completely solved
as there is a sharp assumption on g under which f is continuous, see Theorem [C|
and Figure [A] The sharpness can be proven by taking f : B(0,1/2) — R" as the
triple logarithm mentioned above.

Theorem C. Suppose that f € WL (Q,R") satisfies [2.1) in Q, with

K e L. (9) and  Xlogh (e +X) € L, (),

loc loc

for some up>mn —1. Then f has a continuous representative.



—

NO YES
log log log proof

n—1 2

Figure A: Continuity in the case K € £i2(R") and Xlog"(e + X) € L,.(R™).

loc

When slightly relaxing the assumption on K, the situation becomes more
complicated. By having counterexamples for the planar case, we are able to
approach from both sides, however, there is still a gap remaining, see Section 1.2
in Paper II and Figure [C|

Theorem D. Let Q C R™ be a domain, and let f € WE'(Q,R™) satisfy (2.1)
with

exp(AK) € L, .(Q) and  Ylogh (e +X) € L}, (),

loc loc
for some up > X >n+1. Then f has a continuous representative.

Theorem E. For every p € (0,2), there exist a domain Q C R* and a Sobolev
map f € WH2(Q,R?) such that 0 € Q, f € C(Q\ {0},R?), lim, o |f(z)| =
satisfying (2.1)) with

exp(A\K) € L*(Q) and  Ylogh(e+X) € L'(Q)
for every A > 0.

This counterexample is based on dividing the circle into a cusp and the re-
maining part, see Figure[B]. On the cusp, we can ask for 3 being the leading term
and its higher integrability is ensured by the shape of the cusp (given by 7). On
the remaining part, K J; is the leading term. One can think of the mapping as
pinching the center of the disc and dragging it to infinity, while the rest of the
circle is stretched along accordingly.

Figure B: The regions in the cusp counterexample. The Jacobian is positive on
A; and A, and negative on B; and Bs.

The construction of the counterexamples is in detail described in Section 4
and 5 of Paper II. These examples are also used in the case that we loosen the
assumptions on K even more and ask it to be in L} . only. In that case, the
problem still stands open. We are at least able to formulate a conjecture and

support it by the counterexamples in the planar case (see Section 1.4 in Paper
I1).
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Figure C: Continuity in the case n = 2, exp(AK) € L},.(R") and Y logh(e + ) €
Lioe(RT).

Theorem F. Let p,q € (1,00). If p~' + ¢! > 1, then there exists a domain
Q C R? and a Sobolev map f € WH2(Q,R?) such that 0 € Q, f € C(Q\ {0}, R?),

lim, o |f(x)| = 0o satisfying (2.1)) with
Y
K € L*(Q) and % € LY(Q). (2.2)

Conjecture G. Let 1 < p,q < oo. Suppose that f € W,-"(Q,R") satisfies (2.1))
with K > 1, X >0,
X

1 1
KeLl (Q d — e Ll (Q here — +-< 1.
loc( )7 an K loc( )7 where P + q

Then f has a continuous representative.

Note that in the borderline cases p = 1,¢ = oo and p = 00, ¢ = 1 we have
discontinuous examples: the triple logarithm construction from above and the
spiral counterexample.

Figure D: The two spirals.

Roughly speaking, we cut the spiral in Figure[D|along the blue line and stretch
it (that creates the blow-up at 0). To preserve continuity elsewhere, we fold the
spiral along the red line and slightly stretch one side. The precise definition can
be found in Section 5 of Paper II.

We also investigate the following version of the inequality

[Df()]" < K(z)Js(x) + 5(2)|f(x) = yol,

where 3, € R”, and obtain analogies of the aforementioned results.
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3. On the (INV) condition

3.1 Introduction

To prevent the interpenetration of matter, we want to impose some assumptions
on our classes of mappings. A necessary assumption for using the Calculus of
Variations approach is that this class is weakly closed so that the minimizer is
still in the class. Optimally it would also allow for cavitations as they appear in
Nonlinear Elasticity. Therefore e.g. the class of Sobolev homeomorphisms is not
a good class, as it it nor weakly closed not it allows for cavitations. However, we
can find an inspiration in their properties as illustrated in Figure [E} Whenever
we take two disjoint closed balls, their images are also disjoint and the inside of
the ball is mapped into the image of the sphere. There are also no big jumps
on the boundary. This makes sense for homeomorphisms as they are very nice
mappings; we translate this property into more general language.

® 0Kk
® .

& &

Figure E: An illustration of the desired and undesired behaviour. It is possible
to create cavitations, but we don’t want to fill them with material from another
part of the body. Similarly we want to avoid big jumps on the spheres or spilling
out of the material.

To talk about the image of a ball and inside of the image of a sphere we use
the classical topological degree. We define the topological image of an open set
A under a continuous mapping f : Q2 — R" as

imr(f, A) = {y € R" : deg(f, A,y) # 0}.

For general Sobolev mappings f € WP(Q, R™), this is not enough. For p > n—1
we have continuity on almost every sphere, so in that case we can use the classical
degree. We then define the (INV') condition:

Definition H. Let f € W'P(Q,R") N L>®(Q,R"), p > n — 1. We say that f
satisfies (INV') in the ball B CC Q if

(i) its trace on OB is in WP N L>(0B,R");
(i) f(x) € imp(f, B) for a.e. x € B;
(iii) f(x) ¢ imp(f, B) for a.e. x € Q\ B.

11



We say that f satisfies the (INV') condition if for every a € ) there is v, > 0
such that for H'-a.e. r € (0,1,) it satisfies (INV) in B(a,r).

The theory for p > n — 1 was developed by Miiller and Spector in [25]. They
showed that the class of Sobolev mappings with (I NV') is weakly closed and that
mappings with nonzero Jacobian satisfying (I NV') exhibit other good properties
like being one-to-one a.e. or having degree only 1, 0 or —1 with respect to a.e.
sphere.

However, in some models the energy functional contains the term |D f|"~!
(the Dirichlet energy |D f|? in the physically most relevant case n = 3). This case
was studied by Conti and De Lellis in [6]. As we do not have continuity on a.e.
sphere, they used a generalization of the classical topological degree. For a ball
B C Qand f e Wm0 L°(Q,R") it is defined as the distribution satisfying

L Dee(f. Kppolw) dy = [ (wo f) - (AuaDofly dH!

for every test function ¢y € C®(R"™) and every C* vector field u on R" with
divu = . It is possible to show that it is actually a BV function. As it is
defined only up to a set of measure zero, we define the topological image as

imp(f, A) = {z € R": density of the set {y € R" : Deg(f, A,y) # 0} at z is 1}.

That enables us to work with the (I NV') condition even in the borderline case
p = n—1 when we replace deg by Deg. Conti and De Lellis showed that mappings
with (INV') and positive Jacobian a.e. again have many nice properties, but
the crucial one is missing: In W1"=1(Q R"), it is possible to find a sequence
of bilipschitz homeomorphisms which converges weakly to a mapping violating
the (INV) condition. Without the class being weakly closed we cannot use
the standard machinery of Calculus of Variations. The question of additional
assumptions which would define a weakly closed subclass of mappings with (INV)
in WHr=1(Q, R") gave rise to Papers III and IV. Another approach was taken in
the research of Barchiesi, Henao, Mora-Corral and Rodiac [3|, 4], where they
investigate axially symmetric mappings.

3.2 Results of Paper 111

In Paper III, we work with the following energy functional

&)= [ (1D +¢(7p)

where ¢ satisfies

¢ is a positive convex function on (0, 00) with lilgl+ o(t) =00, p(t) =00 for t <0
t—

and there exists A > 0 with
A () < p(2t) < Ap(t), t € (0,00).

The first condition corresponds to the intuition that squeezing material from
all sides and thus shrinking the body costs energy. As a special case of more

12



general setting, we show that for ¢(t) = ¢t~ there is a sharp exponent a such that
either the weak limit of homeomorphisms satisfy the (INV') condition (if we are
above the critical exponent) or that we have a counterexample which violates the
(INV) condition (below the critical exponent). Note that the assumptions Jy,, >
0 a.e. and the boundary condition makes intuitively sense as they correspond to
not changing the orientation of matter and to the observed data on the surface

of the deformed body.

Theorem 1. Letn > 3, a = nQ”gT}H and Q,€) C R™ be Lipschitz domains. Let

=1t fort e (0,00). Let f, €7W1’"71(Q,R”), m=0,1,2..., be a sequence of
homeomorphisms of Q onto Q' with Jt,, >0 a.e. such that

sup £(fm) < 0.

Assume further that f,, = fo on 0 for all m € N. Let f be a weak limit of f,,
in Whn=HQ,R"™) |, then f satisfies the (INV) condition.

Theorem J. Let n = 3 and a < 2. Then there exist homeomorphisms f,, of

B(0,10) to B(0,10) such that f,, € W'?(B(0,10), B(0,10)), fm is an identity
mapping on 0B(0,10) with Jg,, > 0 a.e. and

1
S.Elp/Q <]Dfm]"1 + 0, )a> dr < oo,

whose weak limit f does not satisfy the (INV') condition.

This counterexample is in principle different from the one in [6]. We also show
that the strong and weak closures of homeomorphisms in W2(Q, R") for n = 3
are different, which stands in contrast to the planar case (see [14] and [19]).

Theorem K. Let n = 3. There is a mapping f € W2(B(0,10), B(0,10)) which
is a weak limit of Sobolev W2 homeomorphisms f,, of B(0,10) to B(0,10) with
fm(z) =2 on 0B(0,10) and Jy,, > 0 a.e., but there are no homeomorphisms hy,
of B(0,10) to B(0,10) such that h,, — f strongly in W1%(B(0,10),R3).

3.3 Results of Paper IV

In Paper IV we continued our research of (/NV) in the case W'm=1(Q, Q). Both
known examples of limits of homeomorphisms which violates (INV) have in-
verses a.e., however, those are only BV mappings. Therefore we presented an
assumption on the adjoint of the derivative which ensures that the inverses of the
homeomorphisms converge weakly in WH1(€', Q). Namely we take the energy
functional

&)= [ (IS + Al cof DFY) + 2(Jp))

where A is a positive convex function on (0, 00) with superlinear growth and ¢
is as before, i.e. a positive convex function on (0, 00) which has a blow-up at 0.
We proved that if the energy of the sequence is bounded, the limit satisfies the
(INV) condition.
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Theorem L. Let n > 3 and Q, Q' C R" be bounded domains. Let ¢ and A
satisfy the conditions mentioned above. Let fy, € W' HQ,R"), m =0,1,2...,

be a sequence of homeomorphisms of Q onto ' with J;, > 0 a.e., such that f,
satisfies the Luzin (N) condition and

sup E(fm) < 0.

Assume further that f,, = fo on 02 for all m € N. Let f be a weak limit of f,
in WHn=1(Q R"™), then f satisfies the (INV') condition.
®(t)

Moreover, under the additional assumption lim; ,o, =~ = oo our f satisfies

the Luzin (N) condition and we have lower semicontinuity of energy

E(f) <liminf &(f,,).

m—o0

Assuming further that |0SY| = 0 we have
for a.e. x € Q we have h(f(x)) =z and for a.e. y € Q' we have f(h(y)) = v,

where h is a weak limit of (some subsequence of) i, in WE1(Q R™).

We also showed that with some additional assumptions on the energy func-
tional, the functional in question both in Paper III and in Paper IV is weakly
lower semicontinuous, and therefore we can use the standard methods of Calculus
of Variations.

3.4 Results of Paper V

In Paper V, we keep working with the regularity of the inverses. We proved
that if f,, are homeomorphisms in Wn=1(Q Q) and the inverses f,.! are in
WP(QY, Q) for some p > n — 1, the differentiability of both the weak limit and
its a.e. inverse is guaranteed. This result complements the already-known fact
that any Sobolev homeomorphism from WP for p > n — 1 is differentiable a.e.
(see [31] and [26]) and that in the borderline case p = n — 1 there are several sets
of assumptions which guarantee that, too (see [18], [30] and [32]). Notably, there
exists a Sobolev homeomorphism f such that both f and f~! are in W'"~! but
both of them are nowhere differentiable [§]. That justifies our stronger assumption
on the integrability of the inverse.

Theorem M. Letn > 2, p > n—1, Q, Q C R™ be bounded domains and
fm € WInLQ R™), m = 0,1,2..., be homeomorphisms of Q onto SV with
Jg, >0 a.e. and

SupE(fn) = sup [ |Dfu(@)"da+ [ |Df, )Py < oo.
Assume that f: Q — R™ is a weak limit of { fin }men in WHH(Q,R") with J; > 0
a.e. and h: Q" — R" is a weak limit of {f,;' }men in WHP(Q'\R™) with J, > 0

a.e. Then for a.e. x € Q we have h(f(x)) = x and for a.e. y € ' we have
f(h(y)) =y, and both f and h are differentiable almost everywhere.

14
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HAUSDORFF MEASURE OF CRITICAL SET FOR LUZIN N CONDITION
ANNA DOLEZALOVA, MARIKA HRUBESOVA, AND TOMAS ROSKOVEC

ABSTRACT. It is well-known that there is a Sobolev homeomorphism f € WP ([-1,1]",[-1,1]")
for any p < n which maps a set C of zero Lebesgue n-dimensional measure onto a set of positive
measure. We study the size of this critical set C' and characterize its lower and upper bounds
from the perspective of Hausdorff measures defined by a general gauge function.

1. INTRODUCTION

1.1. Motivation and history. By () C R" we denote a nonempty domain of finite measure, n
stands for dimension and £,, denotes Lebesgue n-dimensional measure. A function f: ) — R",
Q C R, is said to satisfy the Luzin N condition if, for every E C €2, we have

L,(E)=0 = L,(f(E))=0.
Analogously, f fulfils the Luzin N~ condition if, for every E C ), we have
Ly (f(E)) =0 = Ln(E) =0.

These are crucial properties in models of mechanics of solids and other physical models. The
Luzin N condition (also known as the Luzin property or the N property) prohibits the “cre-
ation of matter” by deformation and the Luzin N~! condition prohibits the “disappearance
of matter”. From the mathematical point of view, these conditions are bound to the ques-
tion of validity of the change of variables formula with minimal regularity requirements, see
[5, Theorem 8.4], [18, Theorem 2.5, Chapter 5] and [21]. Also, for Sobolev spaces the validity
of the Luzin N condition is equivalent to the validity of the area formula, see [49] and [39],
for connections of conditions with the co-area formula in Sobolev spaces see [38], [36] or [24,
Section A.§].

Concerning the characterization of the validity of the Luzin N condition, Reshetnyak [48]
proved the validity of the condition N for Sobolev homeomorphisms in W'", Marcus and Mizel
[40] proved its validity for Sobolev mappings in W'* for p > n. To show the optimality of these
results, Ponomarev [46] (see also the later paper [47]) provided a Sobolev homeomorphism
violating the Luzin N condition for W' 1 < p < n and Maly and Martio [37] used the older
Cesari construction [9] to get a continuous W™ mapping violating the Luzin N condition.
The results concerning validity of the condition NV on finer scales such as the Sobolev-Lorentz
spaces of the spaces with derivatives in Banach function spaces is studied in [27] by Kauhanen,
Koskela, and Maly.

The characterization of the validity of the Luzin N~! condition differs a lot from the N
condition case. It is possible to construct a homeomorphism that compresses a set in order
to map a set of positive measure onto a set of zero measure in any WP, i.e., to violate the
N~1 condition. The Sobolev norm is not crucial, so the concept of distortion and the class of
the mappings with finite distortion is needed. The positive result and its optimality are given
by Kauhanen, Koskela, and Maly in [26] and [32], some border cases are further covered by
Kleprlik in [30].

2000 Mathematics Subject Classification. 46E35.
Key words and phrases. Luzin condition, Hausdorff measure, gauge function.
The first author was partially supported by the grant GACR P201/18-07996S of the Czech Science Foundation
and by the Charles University, project GA UK No. 480120.
The third author was supported by the grant GA CR 20-19018Y.
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2 ANNA DOLEZALOVA, MARIKA HRUBESOVA, AND TOMAS ROSKOVEC

Let us mention that the counterexample constructions violating the Luzin N condition by
Ponomarev and by Cesari are fundamentally different. The counterexample violating the
Luzin N~ condition is based on the construction by Ponomarev.

1.2. Ponomarev construction and its refinements. We focus on the example given by
Ponomarev, i.e., the homeomorphism in W'?([—1,1]",[-1,1]") for p < n, which maps the
Cantor type set Cy of measure zero onto the Cantor type set Cp of positive measure. The
detailed construction is presented in Section 3. The original construction considers the Lebesgue
n-dimensional measure and the Sobolev space WP, However, this may be refined, we may ask
about the size of the small Cantor type set C'4 with respect to the Hausdorff measure " based
on a gauge function h. We also may consider homeomorphisms in some other spaces, in general,
in some spaces strictly bigger than W1 and defined in finer than Sobolev scales, such as grand
Sobolev spaces W™ (see 2. Preliminaries for its definition) or Sobolev-Orlicz spaces. The
choice of the grand Sobolev space W™ is optimal in some sense in the perspective of spaces
based on the integrability of weak derivative, see [26].

It is well-known that the Hausdorff dimension of C'y may be zero (see [37]), but Kauhanen
[28] also studied the largest possible dimension of Cy. Obviously, the Hausdorff measure for
the gauge function h(t) = t" should be still zero, otherwise the example does not violate the
Luzin N condition. It was shown in [37, Theorem G| that for a mapping in W'" we can
always find a critical set C' of Hausdorff dimension 0 such that outside of C' the Luzin N
condition holds. On the other hand, Kauhanen [28] showed that for any number d < n there
exists f for which it is necessary to omit a set of Hausdorff dimension d to be sure that the
Luzin N condition holds outside of this exceptional set. His homeomorphism f belongs to
the grand Sobolev space W™ and the result is obtained by the choice of the gauge function
hs(t) = t"log®log(4 + 1/t) for s > 0. No optimality of the choice of hy is discussed, but the
result still answers the question of the possible Hausdorff dimension of the exceptional set, as
there is no universal constant d < n such that for each f € W™ the Luzin N condition holds
if we omit a set of Hausdorff dimension d. We study the Hausdorff measure of the critical set
in more general scales, not only the powers, resulting in the following statement:

Theorem 1.1. Let Qy = [—1,1]", 7: (0,00) — [1,00) be a continuous decreasing function such
that limy_,o4 7(t) = oo and for all p € (0, 1] there exists x, € (0,1) such that for all t € (0,z,)
we have

> t".
7(pt)

Let h : [0,00) — [0,00) be a gauge function, i.e., a continuous non-decreasing function such that
h(0) = 0, satisfying h(t) = t"7(t) on (0,00). Then there exists a homeomorphism f : Qo — Qo
such that

(1) [ is the identity on the boundary of Qo,

(2) f € W (Qo, Qo),

(3) Jf >0 a.e. in Qy,

(4) if E C Qo with H'(E) = 0, then L,(f(E)) =0,

(5) there exists a set Ca such that H"(C4) € (0,00), L,(Ca) =0 and L,(f(C4)) > 0.

This is especially interesting for 7(¢) being a slowly decreasing function for small ¢, such as
logloglog...(1/t). We can get as close to the power-type gauge function h(t) = t" as desired.
This theorem extends the result from [28] in two ways: The statement holds for more general
gauge functions, and whereas the previous result does not rule out the possibility that there
exists a set of zero Hausdorff measure which is mapped onto a set of positive Lebesgue measure,
we show that this is not possible (cf. [28, Theorem 1.1, property (d)] and property (4) here).
In other words, we prove that there exists a mapping such that the set where the Luzin N
condition is broken must be of positive Hausdorff measure.

We also study the other endpoint of the Hausdorff scale. Past results claim the size of the
exceptional set to be possibly very small, but up to our knowledge, the results consider only
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gauge functions in the form of power h(t) = t*. We prove that the exceptional set C4 can be
small in any possible scale of gauge functions.

Theorem 1.2. Let Qo = [—1,1]" and let h : [0,00) — [0,00) be a gauge function, i.e., a
continuous non-decreasing function such that h(0) = 0. Then there exists a homeomorphism

f Qo — Qo such that

(1) [ is the identity on the boundary of Qy,

(2) F € W"(Qo, Q).

(3) Jf >0 a.e. in Qy,

(4) there exists a set Ca C Qo such that H"(Ca) =0, L,(Ca) =0 and L,(f(Ca)) > 0.

This theorem is interesting for h very rapidly increasing near 0, typically with a non-finite
one-sided derivative. We can construct a Ponomarev-type homeomorphism such that the critical
set violating the Luzin N condition is of measure 0 for the corresponding Hausdorff measure.
This theorem extends previously known result (see [37]) that the dimension of the critical set
may have Hausdorff dimension 0.

1.3. Further applications of the Luzin N condition and related questions. Let us
introduce some closely related topics, applications, and development. We intend to promote
papers and books that are essential for the topic, but we also point out some less known recent
results.

From the historical point of view, the Peano curve [45] presented in 1890 is probably the
oldest and the most known case of violating the Luzin N condition in some sense. The Cesari
construction [9] can be interpreted as the Peano curve.

A question close to the Luzin N~! condition is the validity of the Morse-Sard theorem in
various settings, based on works of Morse [42] and Sard [52]. In a simplified version, it states
that for a sufficiently smooth function, the image of the set where its Jacobian is zero has to
be of zero Lebesgue measure. This principle has been extended, relaxed, and developed in
many directions and applications. Naturally, one wishes to state the size of the image more
subtly using the Hausdorff dimension. One can transfer the case from the Euclidean space
into manifolds, see [53]. Also, the assumption of C* smoothness may be relaxed, so Lipschitz
mappings [2], Holder spaces [6], Sobolev spaces [10, 16], or BV spaces [7] are also studied. Note
that this list is picking just some highlights, and many other particular settings and applications
were published recently, such as the application to PDEs in chemistry [56] or the application
in studies of the Besicovitch-Federer projection theorem [17, 19].

The other closely related question is the problem of the composition of operators and the
regularity of the inverse operator. The composition may produce outcomes with unexpected
and unusual properties if the Luzin N or N~! condition is not met, as it is often exploited to
construct counterexamples. The boundedness and integrability of the distortion are studied to
provide the validity of the Luzin N~! condition. We recommend the following classical books
on this topic [3], [24], [50], [54], and [49].

Another topic involving the Luzin N condition is the question of the equivalence between
the pointwise Jacobian and the distributive Jacobian, first asked by Ball [4]. It is interesting
since this equivalence is often assumed. By its characterization, we may either replace this
assumption in a statement or alternate its proof. This question was addressed by Miiller [43],
by Iwaniec and Sbordone [25], and by Greco [20] mostly by integrability properties. The
integrability requirements may be significantly relaxed in case of the validity of the Luzin N
condition, as shown by D’Onofrio, Hencl, Maly, and Schiattarella [11] based on the previous
research by Henao and Mora-Corral [22].

There is also a very interesting way to fail both of these conditions with such a restrictive
setting as a Sobolev or even bi-Sobolev homeomorphism satisfying Jf = 0 a.e. Such examples
can map a full measure set to a zero measure set and a zero measure set to a full measure set.



4 ANNA DOLEZALOVA, MARIKA HRUBESOVA, AND TOMAS ROSKOVEC

Also, these mappings provide a tool to construct other homeomorphisms with highly counter-
intuitive properties concerning the preservation of matter or orientation, the change of the sign
of the Jacobian and others, see [23], [12], [8], [14], [44] or [35].

At the end of this section, we shortly present recent development concerning the research of
the Luzin N condition itself. For a survey of the development, see Koskela, Maly, and Ziircher
[33]. For refinement by studying the modulus of continuity and the size of the critical set, see
[34]. The paper concerning the failure of the Luzin N condition by Kauranen and Koskela [29]
extended the classical result [37] and it was also later used by Zapadinskaya [55] to transfer
the knowledge from the Euclidian case into more general metric measure spaces. Also, the
counterexample of Ponomarev is refined with additional regularity such that it still violates the
Luzin N condition (see [51]) or the N~! condition (see [31]). In papers studying the Luzin N
condition in view of Hausdorff dimension, the term (o — ) N condition is used, see [1, 15].

2. PRELIMINARIES

By a gauge function h : [0,00) — [0, 00) we denote a function satisfying
(1) h is non-decreasing,
(2) h(0) =0,
(3) h is continuous.

By the Hausdorff measure H"(A) of a set A C R™ we understand

h . . . . T
H'(A) = 51g(1)1+ <1nf {ZZI h(diam U;) : A C LZJU27 diam(U;) < 5}) :
The definition may slightly differ in literature. The limit can be replaced by the supremum
over positive . Some authors choose the covering system U; to consist of general open sets,
and others use the definition with the coverings just by open balls. Note that for the most
classical case h(t) = t* we write H® instead of H'".
By the Hausdorff dimension of a set A we understand

dimy (A) = (iigg{Hd(A) = 0}.

We claim that our examples belong to the grand Sobolev space W™, This space is intro-
duced in [25] by Iwaniec and Sbordone, we refer to [13] for a survey of the notion. The grand

Lebesgue norm 1s
f = sup a-¢ o .
|| Hq) O<e<q—1 (|Q| / |f| )

This norm defines the grand Lebesgue space L9 (), a Banach function space that is very close
to L9, the sharp inclusions explaining the relations between function spaces of interest are

L9(9) € Lo ™ (1)(9) € L) ¢ () Ilog (L)) ¢ ) 1@

for the proofs of the inclusions see [20, Section 3]. The last inclusion is not proven there, but it
may be easily proven by inequalities of the corresponding Young functions, the sharpness may
be verified by the choice of function such as f(t) = 77 on Q = (0,1). The grand Sobolev space
is a set of such functions that the function itself and all its partial derivatives up to the desired
rank belong to the corresponding grand Lebesgue space. We emphasize that usage of this
modern tool allows for sharpening our result and extending the possibilities of the Ponomarev
construction in the same way it was presented also in [28], as previously less fine Lebesgue
scales were used in the foundation papers [46, 48]. The finer Lorentz scale was used in [27] in
the study of the different case, the validity of the Luzin N condition for the Sobolev mappings.

In this text we use the notation A < B and A = B. By A < B we denote that there exists
a constant K independent of parameters and depending only on the dimension and the gauge
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function h such that A < KB. A ~ B denotes both A < B and B < A hold. We use the
notation ||z||o for the maximum norm of the vector z and Q,, = {r € R" : ||z — al|o < r} for
the open n-dimensional cube of center a and edge length 2r.

3. PONOMAREV CONSTRUCTION

We describe the Ponomarev construction in a general way with notation consistent with its
description in [24, Theorem 4.10]. We obtain a Sobolev homeomorphism f : (—1,1)" — (=1,1)"
with Jf > 0 a.e. violating the Luzin N condition.

Let V be the vertices of the cube [—1,1]". Let VF = V x V x ... x V, k € N, be a set of
indices and let us consider two strictly decreasing sequences a, and b, such that

(1) ag — 1, bo = 1,

(2) hmkﬁoo ap = 0,

(3) limg o0 b > 0.
Note that this setting aims to break the Luzin N condition. In order to break the Luzin N1
condition we demand limy_,, ax > 0 and limy_,., by = 0 instead. However, in order to make the
resulting mapping interesting, we have to set a; and by, carefully and check the crucial property,
the integrability of the distortion.

Let us define zg = Zy = 0 and

r. = 2 %a, and 7, = 27Fp;.

We start with Q(zg,79) = (—1,1)" and proceed by induction. For v = [vy, vy, v3,..., 0] € V¥
we denote w(v) = [vy,va,...,v5_1] € VE7T and we define

T ri—
ZVZZ(>+£’U]€—Z()+Z 1

For simplicity we write w instead of w(v). Around the center z, we define an outer and inner
cube

Q =« ( 5 1) and Qv = @ (2v,71) , respectively.

h
ala] | [a]s 0| O o
e ole] |, D T
ala| | [a]s e
SE SE DI T

FIGURE 1. First two steps in the Ponomarev construction of f. Above: f; maps
Usev @v onto [,y Q.. Below: f, maps Uveve @v onto [, cye Q..
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In the k-th step of the construction, we use indices v € V¥ and produce 2™ cubes @y, which
are copies of the same cube.
We get a Cantor-type set C'4 defined as

cAzﬁ U @v=CaxCax--xC,,

k=1veVk

where C, is a Cantor-type set contained in the line segment [—1, 1]. Its construction is illustrated
on the left-hand side of Figure 1. )
Analogously for the image we define the first cube as Q(zo,70) = (—1,1)" and centers as

Zy —zw+—vk zo+zrl Lo,
and we define a structure of cubes by
- P . o
Q= Q. —57) and Q, = Q2. 7).
We further define Cp as

e}
CB:m U @V:CbXCbX“'XCb,
k=1veVk
where () is again a Cantor-type set contained in the line segment [—1, 1].
Concerning the Lebesgue measure of both C'y and Cp, we obtain

Ln(CA) = klggo »Cn ( U Qv) hm 2nk(27“k) = hm 2nk nk2n = 0,

vevk freo
L,(Cp) = lim 2"k (274" = Jim gnk—nkgnpn — on( Jim b)" > 0.

Our goal is to define a sequence of homeomorphism f, : [—1,1]" — [—1, 1]” such that its limit
f is a homeomorphism mapping C'4 onto Cg, as we demonstrate in Figure 1. We start with
fo(z) = x. To define f;, we map @)y onto QV homogenously with respect to the centres z, and
zy for all v € V. We define f; from @7, \ @y onto @:, \ Q, radially for the supremum norm with
respect to the centres z, and Z,. In the general step, we keep fi = fr—1 on [=1,1]"\ (U, cyr Q%)
It remains to define f; inside the copies of Q.. We use the homogeneous mapping of @y onto
Q. and the radial mapping of Q’, \ Qv onto Q:, \ Q,, both with respect to centres z, and Z,
see Figure 2.

Jr

FIGURE 2. The mapping f;, transforms Q. onto Q) (the gray area) and @, \ Qs
onto @, \ O, (the white area), v € V*.

Formally, we define

fr-a(2) for z ¢ U, evr Q4
i) = 4 Feoa(s)  (oullr = sl BRI fore @,V Qv Y
fro1(zy) + - (1 — zy) for x € Qy,v € V¥,
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where ay, and B are chosen for fi to map the annulus @, \ @y onto the annulus Q/V \ @v, ie.,
such that

~ The Tl
(3.1) T, + By, = 71, and @k%‘{’ﬁk: %

Note that such f; maps

(3.2) U Qv onto U Q.

vevs vevs

for all 7 < k. Since f; is continuous and a one-to-one mapping between compact spaces, it is a
homeomorphism.

We need to estimate the derivatives of f;, in Q, and Q’, \ Q, for v € VX, For z € Q, we get

("

|Dfy| = —=—.

Tk Qy
For z € Q. \ Qv we should consider two possible directions of partial derivatives, based on
which coordinate determines the norm ||z — zy||~. Without loss of generality, suppose it is the
first coordinate, the set containing points with more coordinates like that is of zero Lebesgue
measure and does not change further calculations and estimates. For z € @}, \ )y we estimate

T — Zy
|D$1fk| = 'Dm <(aka - Zv”oo +6k)—)‘ S g,

T — 2y .
Do fil = 'D (<ak||x—zvuw m)—)\ Capt— i
Hx_zvuoo ||$_ZV||<><>

Therefore, each mapping fi, belongs to W1 (however, the sequence is not bounded there).

The limit mapping f is absolutely continuous on almost all lines which are parallel to the
coordinate axes, since almost all lines do not intersect the Cantor set C'4. Hence f is Lipschitz
on such lines. Also, f maps C4 onto Cp, based on (3.2). Its pointwise partial derivatives on
Q. \ Qy for v € V¥ are the same as those of fi. In the end, we estimate

=% [ 1o

k=1 veyk Y Qv\Qv

We should also check that the Jacobian is positive almost everywhere. Since J; is equal to Jy,
on the sets @, \ @y and the union of these sets has full measure, it is enough to verify the
positivity of Jy, , which can be done by a straightforward calculation.

Remark 3.1. The choice ay = 115 and b, = 3(1+15) provides a pointwise estimate | D f| < k
for z € Q,\ Qv, L,(Q, \ Qv) = 27" L+, and |Df| € LP if p < n. Note that these estimates

can be adjusted to the special choice of a; and by and they differ in literature.

4. PROOF OF THEOREM 1.1 AND THEOREM 1.2

We now present the estimate for the norm of the derivative for a fairly general choice of ay
and by. We show that for this choice, the resulting mapping belongs to the grand Sobolev space

W (Qo, Qo).

Let ax be an arbitrary monotone positive sequence with ag = 1 and limy_,, ar = 0 and set
1

This together with (3.1) implies

ap = 2_1 and ﬂk = 2_k_1
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for £ > 1. For further use we prepare the pointwise estimate of |D fy(x)| for z € Q) \ Qv,
v € V¥ based on (3.3). We get

.
|2 = 2lloo ] NIz — 20llo0
The following estimate is universal for both Theorem 1.1 and Theorem 1.2 and may be used
for any as, by, satisfying the properties above. Using the fact that for each k£ we have 2" annuli
with the same size, between which the function differs only by translation, we calculate

DA~ g (1D0il) = max {0+

sup 5/( | |IDf["¢ = sup g(ZZ/\ |ka\"_5>
_171n va

0<e<n—1 0<e<n—1 k=1 vevk

n—e
< nk Bk
~0§25522/ (nxu) o

< 2 )\Q(Ovrk) o0
- ng / (Q‘k‘l)"‘gtn—ldt
~ sup
9 t

0<e<n—1 Eqy
2 *a,_y
_ sup € E 2nk/ 2(—k—1)(n—a)t—1+£ dt
0<e<n—1 2—ka,
& o0
_ 27 Fap _
5 sup €§ :(z(k—i—l)a [5 1ta] 2—ka:: 1> = sup 2(k+1)a (2 aka e —ck k)
0<e<n—1 1 0<e<n—1 1
(o @]
= sup 2° E (a5, —ap) S sup <a‘8 — lim ai) = sup aj=1< oo,
O<e<n-1 1= 0<e<n—1 k—o0 0<e<n—1

since the limit of af is zero. Therefore f € W™ (Qy, Qo).

Proof of Theorem 1.2. We choose a;, satisfying the conditions above (i.e., monotone positive
with limit 0 and ag = 1) such that for every integer £ > 1 we have

h(ca2 *ay) < 272

where ¢, = 2y/n; we can do so, since h is non-decreasing continuous and lim,_,o, h(t) = 0. Set
by = (1+ax)/2 as before. The Ponomarev type construction described in Section 3 ensures the
properties (1) and (3) and the choice of parameters gives us (2). It remains to prove (4). Since

CAg UQV

vevk
for an arbitrary k, from the definition of Hausdorff measure we have

H"(C4) < limsup Z h(diam Q) = hm sup 2" h(cpry) < l1m 27"k = .

k—o0
vevk
Also £,,(C4) =0 and L,(f(C4)) = L,(Cp) > 0 as was shown in Section 3. O

Proof of Theorem 1.1. The proof is divided into several steps.
(i) Choice of ay,
We claim that we can find a decreasing sequence a; satisfying the properties from
Section 3 such that a?7(27%c,a;) ~ 1. Since 7 is continuous and bounded by 1 from
below, for every parameter p there has to be a point t, € (0, 1] such that 1/7(pt,) = ¢}
and 1/7(pt) >t on (0,t,). We set aj, = to—«. To show that it is a monotone sequence,
let us have p; > py and elaborate. From the monotonicity of 7 we have

1 S 1
T(pltm) T(thm)'

n o __
tpl_
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This implies that ¢,, must be smaller than ¢,,, since 1/7(pot) > t" on (0,t,,). Now
choose ¢ > 0 and find p small enough such that 1/7(pt) < &™ for t € (0,1]. Since
€ (0,1], we have ¢7 < ¢”. This ensures that the limit of ay is zero. With this choice

of the sequence ay, for any U subsystem of V¥ we obtain

Z h(dla’m Qu) #Uh( cnak) #UQ_nkaZT(Q_kcnak) ~ 2—nk#U7

uel

where #U denotes the number of elements of the system.

Properties (1) — (3)

By setting b = (1 4 ax)/2 and proceeding as in Section 3, we obtain a Sobolev homeo-
morphism f which satisfies properties (1) — (3).

0 < HMC,) < o0

We immediately see from (4.1) that the Hausdorff measure of C4 is finite, since

H"(Cy) < limsup Y h(diam Q) ~ lim 27 4VE = 1.
—00

k—o00 vevk

The other inequality is proven in several steps. We mimic the proof from [28, Lemma 3.2],
which is inspired by [41, Section 4.10]. Since C4 is a compact set, it is enough to prove
that for any finite open covering {U,} of C'y we have

Z h(diamU;) 2 1
J

We may assume that there exists z; € C'y N U; for each j. Therefore B(z;,diamU;) =
B; O U; and

Z h(diam U;) = Z h(diam B;/2) = Z 27"(diam B;)"7(diam B;/2)
> Z 27"(diam By) (diam Bj) = Z 27"h(diam B;),
J

so we may consider only coverings by balls in (4.2). We now wish to show that for every
[ € N and j we have

> h(diam Qy) < h(diam B;).

vevt,
QvCB;

This can be proven by taking Qy, C B; for some vo € V! and m the smallest integer
such that Qu, € B, for some uy € V™ (obviously, m <1). Set

U={ueV":Q.N B, #0}.
Since B, is centered at a point from Cy, from the definition of m we obtain
Iy S diam B S 1.

Therefore there exists an upper bound for the number of pairwise disjoint cubes of side
length 7,1, which have a non-empty intersection with B;, and this upper bound is
independent of j and m. Since the size of U is at most 2" times this number, we have
an (independent) upper bound for #U, too.
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Together with (4.1) it provides
h(diam B;) > h(diam Qu,) 2 Y h(diam Qu) ~ 27" #U

ucl

=2 Uv eV Qy C Qu,uc U}

~> Y h(diamQy) > > h(diam Q).
uel vevt, vevt,
QvCQu QVQB]'
Finally, since C is compact, there exists kg such that for every Q, € V¥, k > kq, we
can find j such that @)y C B;. For such k we have

D h(diamB;) 2 Y Y h(diam @Qy) > Y | h(diam Q) ~ 1
J J  vevk, vevk
QvCBj
This combined gives us the desired property that H"(C4) > 0. Combined with the
fact that f(C4) = Cp we have (5) (the Lebesgue measure properties are obvious from
previous sections).
Construction of mapping z
For each point # € C4 we can find v, from V" such that

r= ﬂ Qva);-
J

The correspondence between x and v, is one-to-one. Let m; denote the projection of
v € V to its i-th coordinate. Define ¢; : Cy — {—1, 1} which (in each coordinate) tells
whether we chose a cube “on the right-hand side or on the left-hand side”, i.e.,

ci(x) = {mi((va);) 1521,

Next consider a function Bin : {—1, 1} — [0, 1], which takes a sequence u and interprets
it as the number OulTH“QTH ... written in the binary system. This is obviously onto,
however, it is not injective (because for example both (0,1,1,1,...) and (1,0,0,0,...)

are mapped to 1/2). We denote
z(z) = (Bin(c¢y(z)), ..., Bin(c,(z))) : Ca — [0, 1]".
Then z is onto and it is injective outside of the set
= {r € C, : Bin(c;i(v)) = k/2’ for some i € {1,...,n},j € Ngand k € {0,...,2/}}
={z € Cy4 : ¢;(x) is constant from some index jo € N for some ¢ € {1,...,n}},
which consists of the preimages of boundaries of dyadic cubes in [0, 1]™.
Image of H" under z
We start with showing that #"(S) = 0 and £,,(2(5)) = 0. The second statement follows
simply from the fact that the boundary of a dyadic cube is a set of (Lebesgue) measure

zero and z(.S) is their countable union. The first statement is proven in a similar way
since S is a countable union of the sets in the form

Siir = {xr € C4:Bin(¢(z)) = k/27}

for i € {1,...,n},j € Ngand k € {0,...,27}. These are (up to a permutation of
coordinates and a translation) equal to {0} x C, x - - x C, and H"(S; jx) = 0, because
H"(C'4) < oo and Oy contains uncountably many pairwise disjoint copies of {0} x C,, x
e X Ca~

Now we show the equality of the measures

2(H") = (H"(Ca)) L.
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For any open dyadic cube D of edge length 277 take the corresponding v € V/. Then
L,(D) = 279" and H"(z7Y(D)) = H"(Qy N Ca) = 277"H"(C4), because z~'(D) =
QvNCa\ S, where S’ is a suitable subset of S.

The system

D ={DUS": D is an open dyadic cube and S’ is a measurable subset of S}

is closed under finite intersections and the sigma algebra generated by D contains all
Borel sets in [0, 1. Since z(H") = (H"(C4)) L, on elements from D, they are the same
on [0, 1]™.

(vi) Property (4)
We can analogously construct z : Cg — [0, 1]™ for which

2(Ln) = (L£n(CB)) Ln.

Then from the fact that f(Qy) = Q, for an arbitrary v it follows that % o f = 2, i.e.,
the following diagram commutes:

C

7N
—— [0,1]"

Ca

The injectivity of z is broken only on S and H"(S) = 0 and £,,(2(S)) = 0 (analogously
for Z). We conclude that for an arbitrary measurable £ C Cy we have

HYE) =0 <= Lu(2(B)) =0 <= Li(Z(f(E) =0 < Lu(f(E)) =0.

The Luzin N condition holds outside of Cy4 since f is locally Lipschitz there, and any
set with finite measure H" is of zero Lebesgue measure. Therefore property (4) holds.

O

ACKNOWLEDGEMENTS

We wish to thank Stanislav Hencl and David Hruska for inspiring discussions and valuable
comments on the topic of this paper. We would also like to thank the reviewer, whose careful
reading and comments improved the quality of the paper.

REFERENCES

[1] G. Alberti. Generalized N-property and Sard theorem for Sobolev maps. Atti Accad. Naz. Lincei Rend.
Lincei Mat. Appl., 23(4):477-491, 2012.

[2] G. Alberti, S. Bianchini, and G. Crippa. Structure of level sets and Sard-type properties of Lipschitz maps.
Ann. Sc. Norm. Super. Pisa Cl. Sci. (5), 12(4):863-902, 2013.

[3] K. Astala, T. Iwaniec, and G. Martin. Elliptic partial differential equations and quasiconformal mappings
in the plane, volume 48 of Princeton Mathematical Series. Princeton University Press, Princeton, NJ, 2009.

[4] J. Ball. Convexity conditions and existence theorems in nonlinear elasticity. Arch. Ration. Mech. Anal.,
63:337-403, 1977.

[5] B. Bojarski and T. Iwaniec. Analytical foundations of the theory of quasiconformal mappings in R™. Ann.
Acad. Sci. Fenn. Ser. AI Math., 8:257-324, 1983.

[6] B. Bojarski, P. Hajtasz, and P. Strzelecki. Sard’s theorem for mappings in Hélder and Sobolev spaces.
Manuscripta Math., 118(3):383-397, 2005.

[7] J. Bourgain, M. Korobkov, and J. Kristensen. On the Morse-Sard property and level sets of Sobolev and
BV functions. Rev. Mat. Iberoam., 29(1):1-23, 2013.

[8] R. Cerny. Bi-Sobolev homeomorphism with zero minors almost everywhere. Adv. Cale. Var., 8(1):1-30,
2015.

[9] L. Cesari. Sulle trasformazioni continue. Ann. Mat. Pura Appl. (4), 21:157-188, 1942.

[10] L. De Pascale. The Morse-Sard theorem in Sobolev spaces. Indiana Univ. Math. J., 50(3):1371-1386, 2001.



12
[11]
[12]
[13]
[14]
[15]
[16]
[17]

[18]

[19]

ANNA DOLEZALOVA, MARIKA HRUBESOVA, AND TOMAS ROSKOVEC

L. D’Onofrio, S. Hencl, J. Maly, and R. Schiattarella. Note on Lusin (N) condition and the distributional
determinant. J. Math. Anal. Appl., 439(1):171-182, 2016.

L. D’Onofrio, S. Hencl, and R. Schiattarella. Bi-Sobolev homeomorphism with zero Jacobian almost every-
where. Calc. Var. Partial Differential Equations, 51(1-2):139-170, 2014.

L. D’Onofrio, C. Sbordone, and R. Schiattarella. Grand Sobolev spaces and their applications in geometric
function theory and PDEs. J. Fized Point Theory Appl., 13(2):309-340, 2013.

D. Faraco, C. Mora-Corral, and M. Oliva. Sobolev homeomorphisms with gradients of low rank via lami-
nates. Adv. Calc. Var., 11(2):111-138, 2018.

A. Ferone, M. V. Korobkov, and A. Roviello. On the Luzin N-property and the uncertainty principle for
Sobolev mappings. Anal. PDFE, 12(5):1149-1175, 2019.

A. Figalli. A simple proof of the Morse-Sard theorem in Sobolev spaces. Proc. Amer. Math. Soc.,
136(10):3675-3681, 2008.

J. Gateski. Besicovitch-Federer projection theorem for continuously differentiable mappings having constant
rank of the Jacobian matrix. Math. Z., 289(3-4):995-1010, 2018.

V. M. Gol’dshtein and Yu. G. Reshetnyak. Quasiconformal mappings and Sobolev spaces, volume 54 of
Mathematics and its Applications (Soviet Series). Kluwer Academic Publishers Group, Dordrecht, 1990.
Translated and revised from the 1983 Russian original, Translated by O. Korneeva.

P. Goldstein and P. Hajlasz. C' mappings in R® with derivative of rank at most 3 cannot be uniformly
approximated by C? mappings with derivative of rank at most 3. J. Math. Anal. Appl., 468(2):1108-1114,
2018.

L. Greco. A remark on the equality det Df = Det D f. Differential Integral Equations, 6(5):1089-1100,
1993.

P. Hajlasz. Change of variables formula under minimal assumptions. Collog. Math., 64(1):93-101, 1993.
D. Henao and C. Mora-Corral. Lusin’s condition and the distributional determinant for deformations with
finite energy. Adv. Cale. Var., 5(4):355-409, 2012.

S. Hencl. Sobolev homeomorphism with zero Jacobian almost everywhere. J. Math. Pures Appl. (9),
95(4):444-458, 2011.

S. Hencl and P. Koskela. Lectures on mappings of finite distortion, volume 2096 of Lecture Notes in Math-
ematics. Springer, Cham, 2014.

T. Iwaniec and C. Sbordone. On the integrability of the Jacobian under minimal hypotheses. Arch. Rational
Mech. Anal., 119(2):129-143, 1992.

J. Kauhanen, P. Koskela, and J. Maly. Mappings of finite distortion: condition N. Michigan Math. J.,
49(1):169-181, 2001.

J. Kauhanen, P. Koskela, and J. Maly. On functions with derivatives in a Lorentz space. Manuscripta
Math., 100(1):87-101, 1999.

J. Kauhanen. Failure of the condition N below W™, Ann. Acad. Sci. Fenn. Math., 27(1):141-150, 2002.
A. Kauranen and P. Koskela. Boundary blow-up under Sobolev mappings. Anal. PDE, 7(8):1839-1850,
2014.

L. Kleprlik. Mappings of finite signed distortion: Sobolev spaces and composition of mappings. J. Math.
Anal. Appl., 386(2):870-881, 2012.

L. Kleprlik, A. O. Molchanova, and T. Roskovec. Example of a smooth homeomorphism violating the Luzin
N1 property. Sib. Math. J., 60(5):886-895, 2019.

P. Koskela and J. Maly. Mappings of finite distortion: the zero set of the Jacobian. J. Fur. Math. Soc.
(JEMS), 5(2):95-105, 2003.

P. Koskela, J. Maly, and T. Ziircher. Luzin’s condition (N) and Sobolev mappings. Atti Accad. Naz. Lincei
Rend. Lincei Mat. Appl., 23(4):455-465, 2012.

P. Koskela, J. Maly, and T. Ziircher. Luzin’s condition (N) and modulus of continuity. Adv. Calc. Var.,
8(2):155-171, 2015.

Z. Liu and J. Maly. A strictly convex Sobolev function with null Hessian minors. Calc. Var. Partial
Differential Equations, 55(3):Art. 58, 19, 2016.

J. Maly. Coarea properties of Sobolev functions. Function spaces, differential operators and monlinear
analysis (Teistungen, 2001), pages 371-381. Birkh&user, Basel, 2003.

J. Maly and O. Martio. Lusin’s condition (N) and mappings of the class Wi, J. Reine Angew. Math.,
458:19-36, 1995.

J. Maly, D. Swanson, and W. P. Ziemer. The co-area formula for Sobolev mappings. Trans. Amer. Math.
Soc., 355(2):477-492, 2003.

J. Maly. The area formula for W -mappings. Comment. Math. Univ. Carolin., 35(2):291-298, 1994.

M. Marcus and V. J. Mizel. Transformations by functions in Sobolev spaces and lower semicontinuity for
parametric variational problems. Bull. Amer. Math. Soc., 79:790-795, 1973.

P. Mattila. Geometry of sets and measures in Euclidean spaces, volume 44 of Cambridge Studies in Advanced
Mathematics. Cambridge University Press, Cambridge, 1995. Fractals and rectifiability.



HAUSDORFF MEASURE OF CRITICAL SET FOR LUZIN N CONDITION 13

[42] A. P. Morse. The behavior of a function on its critical set. Ann. of Math. (2), 40(1):62-70, 1939.

[43] S. Miiller. Det = det. A remark on the distributional determinant. C. R. Acad. Sci. Paris Sér. I Math.,
311(1):13-17, 1990.

[44] M. Oliva. Bi-Sobolev homeomorphisms f with Df and Df~! of low rank using laminates. Calc. Var.
Partial Differential Equations, 55(6):Art. 135, 38, 2016.

[45] G. Peano. Sur une courbe, qui remplit toute une aire plane. Math. Ann., 36(1):157-160, 1890.

[46] S. P. Ponomarev. An example of an ACTL? homeomorphism that is not absolutely continuous in the sense
of Banach. Soviet Math. Dokl., 12:1788-1790, 1971.

[47] S. P. Ponomarev. On the N-property of homeomorphisms of the class W, . Sibirsk. Mat. Zh., 28(2):140-148,
226, 1987.

[48] Yu. G. Reshetnyak. Some geometrical properties of functions and mappings with generalized derivatives.
Sib. Math. J., 7(4):704-732, Jul 1966.

[49] Yu. G. Reshetnyak. Space mappings with bounded distortion, volume 73 of Translations of Mathematical
Monographs. American Mathematical Society, Providence, RI, 1989. Translated from the Russian by H. H.
McFaden.

[50] S. Rickman. Quasiregular Mappings, volume 26 of A Series of Modern Surveys in Mathematics. Springer-
Verlag, Berlin Heidelberg, 1993.

[61] T. Roskovec. Higher order Sobolev homeomorphisms and mappings and the Lusin (V) condition. Rev. Mat.
Complut., 31(2):379-406, 2018.

[52] A. Sard. The measure of the critical values of differentiable maps. Bull. Amer. Math. Soc., 48:883-890,
1942.

[53] A. Sard. Hausdorff measure of critical images on Banach manifolds. Amer. J. Math., 87:158-174, 1965.

[64] J. Viisala. Lectures on n-Dimensional Quasiconformal Mappings, volume 229 of Lecture Notes in Mathe-
matics. Springer-Verlag, Berlin Heidelberg, 1971.

[65] A. Zapadinskaya. Holder continuous Sobolev mappings and the Lusin N property. Illinois J. Math.,
58(2):585-591, 2014.

[56] E. Zatorska. On the flow of chemically reacting gaseous mixture. J. Differential Equations, 253(12):3471—
3500, 2012.

FACULTY OF MATHEMATICS AND PHYSICS, CHARLES UNIVERSITY, SOKOLOVSKA 83, PRAHA, CZECH
REPUBLIC
Email address: dolezalova@karlin.mff.cuni.cz

Facurty oF EcoNowmics, UNIVERSITY OF SOUTH BOHEMIA, STUDENTSKA 13, CESKE BUDEJOVICE,
CZECH REPUBLIC
Email address: mhrubesova@ef . jcu.cz

FacurLty oF EcoNomics, UNIVERSITY OF SOUTH BOHEMIA, STUDENTSKA 13, CESKE BUDEJOVICE,
CzECH REPUBLIC; DEPARTMENT OF MATHEMATICS, UNIVERSITY OF HRADEC KRALOVE, ROKITANSKEHO
62, 500 03 HrRADEC KRALOVE, CZECH REPUBLIC

Email address: troskovec@ef. jcu.cz



Paper 11

32



MAPPINGS OF GENERALIZED FINITE DISTORTION AND
CONTINUITY

ANNA DOLEZALOVA, ILMARI KANGASNIEMI, AND JANI ONNINEN

ABSTRACT. We study continuity properties of Sobolev mappings f €
WE™(Q,R™), n > 2, that satisfy the following generalized finite distor-
tion inequality
IDf(x)[" < K(x)Js(x) + X(x)

for almost every 2 € R". Here K: Q — [1,00) and ¥: Q — [0, 00) are
measurable functions. Note that when ¥ = 0, we recover the class of
mappings of finite distortion, which are always continuous. The continu-
ity of arbitrary solutions, however, turns out to be an intricate question.
We fully solve the continuity problem in the case of bounded distortion
K € L*°(Q), where a sharp condition for continuity is that ¥ is in the
Zygmund space X log"(e + X) € Li,.(Q) for some > n — 1. We also
show that one can slightly relax the boundedness assumption on K to
an exponential class exp(AK) € L, () with A > n+ 1, and still obtain
continuous solutions when X log* (e + £) € L. () with > X. On the
other hand, for all p,q € [1,00] with p~* + ¢~! = 1, we construct a
discontinuous solution with K € L? (Q) and 3/K € L1 _(£2), including

loc loc

an example with ¥ € L2 (Q) and K € Li,.(Q).

1. INTRODUCTION

Let ©Q be a connected, open subset of R® with n > 2. Recall that a
differential inclusion is a condition requiring that, for almost every (a.e.)
x € Q, a weakly differentiable mapping f € Wl’l(Q,Rm) satisfies Df(z) €

loc
F(x, f(x)) where F is a function from € x R™ to subsets of m x n-matrices.

Here, we are searching for differential inclusions under which a Sobolev map

fe VVIEC"(Q,R”) has a continuous representative. More specifically, we are

interested in ones which are motivated by the Geometric Function Theory,
with connections to mathematical models of Nonlinear Elasticity.
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This leads us to consider the differential inclusions given by the set func-
tions

(1.1) Mo(K,2): 2 {A € RV A" < K(z)det A+ %(z)},

where K: Q — [1,00) and X: Q — [0,00) are given measurable functions.
Here and in what follows, |A| stands for the operator norm of matrix A €
R™ " that is, |A| = sup{|Ah| : h € S""!}. We also use the shorthand
G € M,(K,X) if G: Q — R™" gatisfies G(x) € M,(K,X)(x) for a.e.

x € 2. Now, our continuity problem reads as follows.

Problem 1.1. Find a necessary and sufficient condition on the functions K
and 3 which guarantees that if f € W,5™"(Q,R") with Df € M, (K,X), then
f has a continuous representative.

A necessary condition for Problem 1.1 is that ¥ must at least to lie in the
Zygmund space Llog" Li.(€2) for some p > n — 1: that is,

(1.2) Yloghle +¥) € LL.(Q)  pu>n—1.
Indeed, the mapping f: B™(0,1) — R"™ defined by

(1.3) f(z) = <10g log log |e—|, 0,... ,O)
xr
has det Df = 0 and |Df|"log" *(e+|Df|") € L*(B"(0,1)), but lim | f(2)| =
T—r

Q.

1.1. Results for bounded K. When ¥ = 0 and K € L*(Q), M, (K,0)
recovers the mappings of bounded distortion, also known as quasireqular
mappings; a mapping f: Q@ — R"™ is K-quasireqgular for K € [1,00) if
f e WMQ,R") with |Df(z)|" < Kdet Df(z) for ae. = € Q. Homeo-
morphic K-quasiregular mappings are called K-quasiconformal. The first
breakthrough in the theory of mappings of bounded distortion was Reshet-
nyak’s theorem on Holder continuity: a K-quasiregular mapping is locally
1/K-Hélder continuous, see [23] and [24, Corollary II.1]. Such Hélder conti-
nuity properties of quasiconformal mappings in the plane were earlier estab-
lished by Morrey [21].

Other differential inclusions of the type M,,(K,¥) with K € L% () have
also arisen naturally in different contexts. For instance, Simon [26] developed
a local regularity theory for minimal graphs of functions u: R? — R such
that the Gauss map of the graph of u satisfies

(1.4) |Df(z)]* < Kdet Df(z) + %

where 1 < K < oo and 0 < ¥ < oo are given constants. Recall that the
Gauss map takes the points of a surface S C R"™ to the unit normal vector
in S*~!. In particular, the Gauss map automatically satisfies (1.4) when u
is a solution of any equation of mean curvature type |26, (1.9) (ii)]. Similar
results for simply connected surfaces embedded in R? are due to Schoen and
Simon [25]. The main result in [26] enabling the regularity theory states
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that a local W2-solution to (1.4) between embedded 2D-surfaces is Holder
continuous; see also [9, Ch. 12].

This Holder continuity result has been generalized for unbounded ¥ as
well. Precisely, if K € L* and X € L. (Q) for some p > 1, then a mapping

loc

fe VVI})’C"(Q,R") with Df € M,,(K,X) has a Holder continuous represen-
tative. For the planar case, see the proof of [3, Theorem 8.5.1] by Astala,
Iwaniec and Martin, and for the more general case n > 2, see the argument
in [18, Section 3] by Kangasniemi and Onninen. While the planar argu-
ment of Astala, Iwaniec and Martin relies on complex potential theory, the
higher dimensional proof is closer to that of Simon [26], mimicking the lines
of reasoning by Morrey [21] and Reshetnyak [23] in the case of mappings of
bounded distortion.

However, despite yielding sharp results on the LP-scale, the Morrey-type
decay argument used in [18, Section 3| does not give a sharp result if one
moves to the Zygmund space setting ¥ € Llog! Ljoc(€2). In particular, the
decay argument shows continuity when g > n, but the optimal regularity
assumption for X is in fact g > mn — 1, precisely the minimal necessary
condition stated in (1.2). This optimal regularity theorem is our first main
result.

Theorem 1.2. Suppose that f € VV&’?(Q,R”) and Df(z) € My (K,X)(x)
a.e. in ), with

KeLX(Q) and Xlogh(e+¥) € Li.(Q),
for some p>n —1. Then f has a continuous representative.

Furthermore, under the assumptions of Theorem 1.2, the local modulus
of continuity

(1.5) wy(wo, ) = supf|f(wo) — f(2)[: 2 € Q, |z — @0 <7}

is majorized by C’logf(“fnﬂ)/n(l/r) for xg € Q and small » > 0. By
considering functions of the form f(z) = (log™®|z|™",0,...,0) with a > 0,
it is easy to see that the above exponent (u —n + 1)/n is sharp.

Theorem 1.2 is obtained by proving the following sharp higher integrability
result for D f on the Zygmund scale.
Theorem 1.3. Suppose that f € Wl’n(Q,R”) and Df € M, (K,X) with

loc

KeLs(Q) and  Slogh(e+X) € L (Q),
for some > 0. Then |Df|"logt(e + |Df|) € Li ().

It is worth noting that the sharp local 1/K-Hélder continuity result for
spatial K-quasiregular mappings cannot be obtained from known higher in-
tegrability results. Indeed, while K-quasiregular mappings have been shown
to belong to the Sobolev space WP (Q,R™) for some p > 1 [8, 20], the

ocC



4 ANNA DOLEZALOVA, ILMARI KANGASNIEMI, AND JANI ONNINEN

sharp exponent p = p(n, K) remains unknown when n > 3. A well-known
conjecture asserts that

K
1.6 K)y=—.
In a seminal work, Astala [2] established the sharp exponent in the planar
case.
This conjecture also has a counterpart for mappings f € VVll): (Q,R™)

with Df € M, (K,X). Indeed, if ||[K| ) < Ko, we expect that f €
WoPM(Q,R™) whenever & € LP (Q) for all p < p(n, Ko), where p(n, Ko)

loc

is as in (1.6). This is the maximal amount of higher integrability of D f
possible when ¥ € LV (€2), which can be seen by taking f = (g,0,...,0) and

% = |Vg|", where g is any function in W,-""(Q) \ Ugsn W27(Q). However,
similar to the quasiregular theory, current tools are only enough to prove a

result like this with an unknown value of p(n, Ko).

Theorem 1.4. For given n > 2 and K, € [1,00), there exists a value
p(n, K,) > 1, such that if f € W,2"(Q,R™) and Df € M, (K, %) with

loc

Kl poiqy < Ko and ¥ € Ly (Q),

loc

for some p € [1,p(n, Ky)), then |[Df|" € LV ().

loc

1.2. Results for general K. In the last 20 years, systematic studies of
mappings of finite distortion have emerged in the field of geometric func-
tion theory. Recall that a mapping f € VVli’C"(Q,R") has finite distortion if
|IDf(x)]" < K(x)det Df(z) a.e. on Q for some measurable K: Q — [1,00):
that is, if Df € M, (K,0). Thus, the class of mappings of finite distor-
tion extends the theory of mappings of bounded distortion to the degenerate
elliptic setting, [14, 12|. There one finds applications in materials science,
particularly in nonlinear elasticity. The mathematical models of nonlinear
elasticity have been pioneered by Antman [1], Ball [4] and Ciarlet [6].

In general, some bounds on the distortion are needed to obtain a full
theory, analogous to the theory of quasiregular maps. The continuity prop-
erty, however, follows without any restriction on the distortion function K.
Precisely, if K: Q@ — [1,00) is any measurable function, then a Sobolev
mapping f € VV&):”(Q, R™) with Df € M,,(K,0) has a continuous represen-
tative [10, 15].

Surprisingly, the continuity problem becomes a lot more challenging when
3 # 0. Our next result shows that the solutions need not be continuous even
in the case of bounded ¥ if the distortion K is just a measurable function.

Theorem 1.5. There exist a domain Q@ C R? and a Sobolev map f €
Wh2(Q,R?) such that 0 € Q, f € C(Q\ {0},R?), lim, o |f(x)| = oo, and
Df € My(K,X) with

YeL®Q) and KeL'(Q).
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On the other hand, it is well known that mappings of exponentially in-
tegrable distortion behave in many ways like quasiregular mappings [12].
For instance, if a nonconstant Sobolev mapping f: 2 — R” satisfies Df €
M, (K,0) with exp(AK) € L'(Q) and A > 0, then f is both discrete
and open [19]. Moreover, the local modulus of continuity ws(xg,r) of f
is majorized up to a multiplicative constant by log_)‘/”(l/r) if zp € Q and
r > 0 is sufficiently small [15]. This raises a natural question in the general
case Df € M, (K,%): is there a version of the continuity result of Theo-
rem 1.2 where the boundedness assumption K € L (2) has been relaxed
to exp(AK) € L _(Q) for some A > 0. The next result shows that this is not
the case for arbitrary A > 0.

Theorem 1.6. For every u € (0,2), there exist a domain Q C R? and
a Sobolev map f € WH2(Q,R?) such that 0 € Q, f € C(Q\ {0},R?),
lim, o |f(z)| = 00, and Df € My(K,X) with

exp(AK) € L'(Q)  and  Zloghle +X) € L'(Q)
for every X\ > 0.

Nevertheless, it is possible to obtain a modulus of continuity in the case
with exp(AK) € Ll () and SlogH(e + X) € LL (), if one assumes X and

1 to be sufficiently large.

Theorem 1.7. Let Q@ C R" be a domain, and let f € VV;’:(Q,R”) and
Df € M, (K,X) with

exp(AK) € LL.(Q)  and  Xlog" (e + %) € LL.(?),

for some p > X >n+1. Then f has a continuous representative.

In particular, for all xg € Q and sufficiently small r > 0, we have the
following local modulus of continuity estimate:

A—n-—1
w(zg,r) < Clog™*(1/r) where a = ATnRT
n

1.3. Single-value theory. Understanding the pointwise behavior of quasi-
regular mappings motivates us to study a variant of the differential inclusion
of M,,(K,Y). In particular, given K,¥: Q — R™ and yg € R", we define a
map M, (K,X,yp) from Q x R™ to subsets of R"*™ by

(17) Mn(KazayO):
(z,y) > {A e R™™: A" < K(x)det A+ |y — yo|" 2(x)}.

Consequently, we obtain a differential inclusion by requiring that Df(z) €
M (K, 3, y0)(x, f(x)) for a.e. z € Q, which we again denote by the short-
hand Df € My (K, %, yo).

For K € L*(Q), the differential inclusion D f € M, (K, 3, yo) leads to the
theory of quasiregular values developed by the last two authors in [18] and
[17]. This term is motivated by the fact that for bounded K € L>°(2), solu-
tions of Df € M, (K, X, yo) satisfy a single-value version of the celebrated
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Reshetnyak’s theorem at yg. Precisely, if f € I/Vli)cn (©,R™) is non-constant
and Df € My(K,%,y0) with K € [1,00) constant and ¥ € L} () for some
p > 1, then f is continuous, f~!{yo} is discrete, the local index i(x, f) is
positive in f~{yo}, and every neighborhood of a point of f~1{yg} is mapped
to a neighborhood of yo: see [17, Theorem 1.2].

Notably, the additional term |f — yo|™ in the differential inclusion Df €
M, (K, %, yo) causes no additional difficulty in our continuity problem on
the LP-scale. Indeed, if f € VVI}):(Q,R”) and Df € M, (K,%,yo) with

Y e LY (), p > 1, one can define Xy = |f — yo|" ¥ and conclude using

loc
the Sobolev embedding theorem that 3y € L () for every ¢ € [1,p). The
question then reduces to the continuity of solutions of Df € M, (K, 3).

The sharpness of such an approach, however, becomes an issue when one
moves to the Zygmund space scale of (1.2). Indeed, if f € VV&X? (Q,R™)
satisfies Df € M,,(K,X,y0) with Xlogh(e + ) € Li (), then it can be
shown using the Moser-Trudinger inequality that g = |f — yo|" X satisfies
Sologh (e + %) € Li (). Theorem 1.2 hence yields that f has a
continuous representative if y —n+1>n—1,ie pu>2n— 2.

This result for p > 2n — 2, however, turns out to be far from opti-
mal. This is because, by an iteration argument using Theorem 1.3, this
gap from (1.2) can be entirely eliminated. Again the mapping f(z) =
(logloglog(e®/ |z|),0,...,0) on B"(0,1) shows that the following theorem

is sharp.

Theorem 1.8. Let Q) be a domain in R™. Suppose that a Sobolev mapping
f€ VVI})’Cn(Q,R") satisfies Df € My, (K, X, yo) with K: Q — [1,00), 3: Q —

[0,00) and yo € R™. If
KeLX(Q) and Xlogh(e+X) € Li.(Q),
for some p > n —1, then f has a continuous representative.

However, in the case of Df € M, (K, 3, yo) with exponentially integrable
K, the use of this trick is prevented as our results are not based on higher in-
tegrability. Hence, the current best bound in this case is the following result,
given by the above Moser-Trudinger -argument combined with Theorem 1.7.

Theorem 1.9. Let Q be a domain in R™. Suppose that a Sobolev mapping
fe VVI:})’CTL(Q,]R”) satisfies Df € My, (K, X, yo) with K: Q — [1,00), 3: Q —

[0,00) and yo € R™. If
exp(AK) € LL.(Q)  and  Xlogh(e+X) € Li.(Q),

for some p > X+n—1>2n, then f has a continuous representative.
In particular, for all zo € Q and sufficiently small r > 0, we have the
following local modulus of continuity estimate:

A—n—1

wy(wo,r) < Clog™*(1/r) where a =
n
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1.4. LP-integrable K. In the case where K € L (Q) with p € [1, 0], we

loc

conjecture that Problem 1.1 has a positive answer if ¥ € LfOC(Q) for any

q > p*, where p* is the Hdélder conjugate of p. In fact, we conjecture that
a stronger statement is true, where 3 € LfOC(Q) can be replaced by the
hypothesis /K € L{ (Q).

loc

Conjecture 1.10. Let 1
Df e M, (K,%) with K >

loc

< < oo. Suppose that | € Wl’n(Q,R”),
1, 0,

b,
by

1 1
e LL (Q), where — + - < 1.

K eIl (Q), and
P q

loc

[0 IV

Then f has a continuous representative.

In order to justify the assumption p~! + ¢~! < 1 of Conjecture 1.10, we
point out that we have a discontinuous example in the case p = 1, g = oo due
to Theorem 1.5. Moreover, in the case ¢ = 1,p = oo, the triple logarithm
map (1.3) provides a discontinuous example. The necessity of the assumption
for the remaining cases 1 < p < oo is then given by the following example.

Theorem 1.11. Let p,q € (1,00). If p~ !l 4+ ¢! > 1, then there exists
a domain Q C R? and a Sobolev map f € WH2(Q,R?) such that 0 € ,
f e\ {0},R?), lim, 0 |f(z)| = 00, and Df € Msy(K,¥X) with

(1.8) Kel’©Q)  and % € 19(9).

Furthermore, we give several versions of Theorem 1.11 where (1.8) is re-
placed by a condition of the type

K e LP(Q) and Y e L (Q),

see Theorems 4.1 and 5.1 for details.

2. RESULTS BASED ON HIGHER INTEGRABILITY

In this section, we prove the continuity results that are based on higher
integrability: Theorems 1.2, 1.3, 1.4, and 1.8.

2.1. Higher integrability on the LP-scale. The higher integrability result
of Theorem 1.4 is essentially the same as [17, Lemma 6.1], with only minor
tweaks to account for the non-constant K. We regardless recall the argument
for the convenience of the reader, as we require the reverse Holder inequality
proven during the argument for our later proof of Theorem 1.3.

If B=B"(x,r) is a ball and ¢ € (0,00), then we denote ¢cB = B"(x, cr).
Similarly, if @ = x + (—r,r)" C R" is a cube and ¢ € (0,00), we denote
cQ =x+ (—cr,er)™.

Lemma 2.1. Suppose that f € Wl’"(Q,R”) and Df € M, (K,X) with

loc

KeL>®(Q) and XL (Q).
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Then for every cube Q such that 2Q C 2, we have the reverse Hélder in-
equality

(Liosr) ™ < cwimiz, (ﬁQDfI"“Jr(]éQE) )

Proof. Let @ be such a cube. Choose a cutoff function n € C§°(2Q) such
that 0 < n <1, n=1o0n @, and |Vn| < Ci(n) |2Q|71/”. By using the
distortion estimate |Df|" < KJ; 4+ X, the assumption that K > 1, and a
Caccioppoli-type inequality given for instance in [14, Lemma 8.1.1], we have

o Kl [ DA
D
]é' =V |

K| oo | K| 00 Ynn
< L (ﬂ)/ann+ L>=(9) n
Q| Q Q| o K
Ca(n) |1 K| oo el 1K oo (2
< D [1Dfp i =l Onl+ s
Q| Q Q| Q

By using [Vn| < C1(n)|2Q|™Y/™, n < 1, and |2Q| = 2"|Q|, we hence obtain
that

n 1 n—1
D C Koo | —F D — .
%QI "< Cs(n) K[, <|Qyi7ég| S Uf CI+7ZQQ )

Holder and Sobolev-Poincaré inequalities then yield that
1

n—1 _
. ileQ D~

(o) G ()’

n+1

< (][Q IDf|"+1> Ca(n) (f@ IDf|"+1>

n+1

~ Cu(n) (]éQ D) "

Thus, the claimed estimate follows by using the elementary inequality a+b <
(a'/? 4+ b1/P)P for a,b >0, p > 1 O

We then recall the statement of Theorem 1.4 and give the short remaining
parts of the proof.

Theorem 1.4. For given n > 2 and K, € [1,00), there exists a value
p(n, K,) > 1, such that if f € W,2"(Q,R™) and Df € M,(K,X) with

loc

Il iy < Ko and S e I,(9),
for some p € [1,p(n, K,)), then |Df|" € L}, ().
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Proof. Due to f satisfying the reverse Holder inequality given in Lemma 2.1,
the claimed result follows immediately from the version of Gehring’s lemma
given in [13, Proposition 6.1]. The upper bound of higher integrability given
there depends only on the constants of the reverse Holder inequality, which
in turn depend only on n and [|K || q)- O

2.2. Higher integrability on the Zygmund space scale. For the Zyg-
mund space version of our main result, we need a corresponding variant of
Gehring’s lemma. We expect this to be known, but are not aware of any
references that would directly give the version we need. Hence, we provide a
proof here of the relevant version of Gehring’s lemma, with the proof modeled
on the arguments used in [13, Section 3].

Lemma 2.2. Let G,H € LP(R"™) be non-negative functions satisfying the
reverse Holder inequality

(her) <e(fe) ()"

for all cubes Q CR™, where 1 < q<p< oo and C > 1 is a constant. Then
for every p > 0, we have

GPlogt(e+G)<a | GP+b | HPlogh(e+ H),
]Rn R7L ]Rn

with a = a(C,n, pt,p,q) 2 1 and b =b(C,n, p,p,q) = 1.

We start the proof with the following estimate which directly follows from
[13, Section 3|.

Lemma 2.3. Let G,H € LP(R™) be non-negative functions satisfying the
reverse Hdélder inequality

(he) <e(fe) ()"

for all cubes Q C R™, where 1 < q < p < oo and C > 1 is a constant. Then
for every t > 0, we have

(2.1) /’ cwgcw’Q/ G%+ﬁ/ HP,
G~1(t,00) G—1(t,00) H—1(¢,00)

with a = a(n,C,p,q) > 1 and B = B(n,C,p,q) > 0.

Proof. This estimate is [13, Proof of Lemma 3.1, estimate (3.11)|, where in
the notation used therein we’ve chosen ®(t) = tF(t) = tP/7 with F(t) =
P/~ g = G4, and h = HY, O

Proof of Lemma 2.2. We assume first that pu # 1; for 4 = 1, see the remark
at the end of the proof. We define an auxiliary function

Aut) = ]% logh(t) + ﬁ log"1(¢).
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The purpose of this specific choice is that

A -a10g(1)).

(2.2) P~ log(t) A, (t) = dt(

We may select a constant M > 1 large enough that A, and AZL are positive
on [M,00), and also large enough that

@ pP—q
(2.3)  Au(t) - log (A1) logh(t) > o log" (e + t) for all t € [M, 00),

where « is from (2.1). Let L > M. We multiply both sides of (2.1) with
Aj,(t), and integrate over [M, L] with respect to t. By a use of the Fubini-
Tonelli theorem, the left hand side yields

/ A’ / x)dzdt
M -1, oo)
G(z)
= / GP(x) / A (t)dtdz + / G () / Al (t)dt da
G—1(L,00) M G—1[M,L] M

_ / A (L)G" + / GPAL(@) — / A (M)GP.
G1(L,o0) G-1[M,I)] G—1(M,0)

By the same computation for the HP-term, we get the upper bound

/ AL () / ) dz dt
1<too>

= / A, (L)HP + / HP A, (H) — / Ay (M)HP
H-1(L,00) H-1[M,L] H~1(M,00)

< / Ay (H)HP + / HPA,(H) <2 / HPA,(H).
H=1(L,00) H-1[M,L] H=1[M,00)

For the G9-term, we use (2.2) and similar computations to obtain that

L
/ Al () / G(z) dz dt
M —1(t,00)

< AL ()P qlogt/ GY(x)dx dt
< oty [ Ao ey 1)

(P~ logh(t dxdt
10g<M)/ dt o8’ )/ 1(too) (z) dz

. / L logh(L)G? | / GP logh(G)
(Loo)  log(M) a1 log(M) -
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In total, we have

/ A,(L)GP + / GPA,(G)
G=1(L,00) G=1[M,L]

«
<A, (M G + / LP~%]ogh(L)G?
M) G=1(M,0) log(M) JG-1(1,00) g ()

(07

" Tog(00)

Note that on G~!(L,00), we have LP~7 < GP~9. By applying this and
subtracting the «/log(M)-terms from both sides of the above estimate, we
obtain

s (0 30 74y (90~ )

< A (M) / G +28 HP A (H).
G—1(M,00) H-1[M,00)

/ GPlogh(G) + 28 HPA,(H).
G-1[M,L] H~1[M,00)

We then apply (2.3), and conclude that

/ G?logh (e + G)
G-1[M,L)]

< / GPlogt(e+ L) + / G?logt (e + G)
G—1(L,0) G=1M,L]

< 204(0) / o+ HP A, (H).
pP—q G—1(M,00) P—qJH-1[M,cx)

Notably, this upper bound is independent on L. Since we have 0 < A, (H) <
Ayle + H) < ((p — @)/p + p/ |n— 1)) log(e + H) in H~'[M,00), letting
L — oo gives us

/ GPlogh(e+ G) < ap
G~1[M,00)

with ag, b dependent only on «, 3, p, ¢, u. The final desired claim then follows
by combining the previous estimate with

/ GPlogh(e + G) < logh(e+ M) GP.
G_l[O,M) Rn

GP+b [ HPlogh(e+ H),
R™ R™

We finally comment on the case ¢ = 1. In this case, we must instead
define A;(t) = (p — q) log(t) + loglog(t), which yields (2.2) for 4 = 1. The
rest of the proof goes through essentially similarly in this case. O

With Lemma 2.2 proven, we may proceed to prove Theorem 1.3. We again
recall the statement.

Theorem 1.3. Suppose that f € W™ (,R") and Df € M, (K,X) with

loc

KeLX(Q) and  Xlogh(e+X) € Li.(Q),
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for some > 0. Then |Df|" logh(e + |Df|) € LL ().

loc

Proof. We select a ball B = B"(x¢,r) with » < 1 such that B C €. By using
Lemma 2.1, we obtain that |Df| and X satisfy a reverse Holder inequality
for all cubes @ with 2Q) C B. It was shown in the proof of [13, Proposition
6.1] that in this case, the functions G, H: R™ — [0, 00) defined by

G(x) = dist(x, R" \ B) |Df ()| *1
H(z) = dist(z, R" \ B)S#T + y5(x) (/B g> i

satisfy a reverse Holder inequality in all of R™. In particular, it follows from
Lemma 2.2 that

n

(2.4) / G loghe+G)<a | G +b [ H" loghle+ H).
Rn RTL RTL

We then assume 0 < € < r, and denote B, = {x € B : dist(xz, R"\B) > ¢}.
We note that for ¢ > 1, and p > 1, we may estimate using Bernoulli’s
inequality that

etet? =e(l+ee P) > e (14 e HP)° = (e + tF)° > (e + 1)°.
Hence, for every point x € B, we have either |Df(x)| < 1 and thus also
|Df(z)[" logh (e + |Df()[) < logH(e + 1), or
n+1 n+1 i
G logt(e+G) z e n [Df["log(e + e |Df[)
> " D f " logh (e + | Df)).
Consequently,

n+1

/ Df["logi(e + |Df]) < |B:log(e+ 1)+~ | G logh(e+G).
B.

RTL

On the other hand, G®~Y/» < |Df|"xg € L'Y(R"). For the H-term
of (2.4), we have H = 0 outside B and H < ¥%"+) 4 ¢ in B with

C = ||E||%((7;1) < oo. We recall that we have the elementary inequality

log(e+a+b) < log(e+a)+log(e+b) for a,b > 0, and that /(D) < 143
Hence, we may estimate

H logt'(e + H) < / (Dt —i—C’)nTHlog“(e—l—E#1 +C)

R™ B

< / 27LI1+“(E+C%)(log“(e+E)—i—log“(e—f—C’—i— 1)) < .
B

It follows that |Df|" log"(e + | D f|) has finite integral over B., which com-
pletes the proof of the claim. O
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2.3. Embedding theorems. As stated in the introduction, Theorem 1.2
is a direct corollary of combining Theorem 1.3 with a suitable version of
Morrey’s inequality for Zygmund spaces. Recall that the classical Morrey’s
inequality implies that if p > n, then elements of I/Vlicp(Q) have a locally
Holder continuous representative, with Holder exponent 1 — n/p. For a
Zygmund space version, we refer to e.g. [16, Theorem 3.1|, which gives us
the following.

Theorem 2.4. Let Q C R™ be a domain, and let | € VV&;?(Q) satisfy
|Df[" log" (e + | Df]) € Lige(S),
where p > n — 1. Then f has a continuous representative. In particular,

whenever 0 < r < R and B"(xz, R) C Q, the modulus of continuity w¢(xo,r)
defined in (1.5) satisfies

wi(z,r) < C(Df, p,, R)log" (1 + 2?) ,

where

C(Df. . B) = |

DfP" og" <e+ [B"(x, 1) |D/| ) .
B (x,R)

IDf N7 (B (2, )

Hence, by combining Theorems 1.3 and 2.4, the proof of Theorem 1.2 is
complete.

Due to us requiring it in the following subsection, we also recall the corre-
sponding result for 41 € [0,n—1). In this case, f is not necessarily continuous,
but does satisfy an exponential Sobolev embedding theorem. We refer to e.g.
[5, Theorem 2, Example 1] for the following result; note also that the case
1 = 0 corresponds to the classical Moser-Trudinger inequality.

Theorem 2.5. Let Q@ C R™ be a domain, and let | € VVlf)’Cn(Q) satisfy
|Df[" log" (e + | Df]) € Line(S2),
where 0 < p < n —1. Then there exists A\ > 0 such that
eXp(A ‘f| n_l_“) € Llloc(Q)'

2.4. Continuity for (1.7) with bounded K. The final result we prove in
this section is Theorem 1.8. For the proof, we require the following lemma
on the integrability of products of functions.

Lemma 2.6. Let Q C R" be measurable, let p,v, X > 0 be such that v < p,
and let f,g: Q — [0,00] be measurable functions such that

Flogh(e+f) € Line(),  exp(Ag¥) € Line(9).
Then fglogh" (e + fg) € L ().

loc
We begin the proof of Lemma 2.6 by recalling the proof of the following
elementary inequality. See e.g. [12, Lemmas 2.7, 6.2] for similar results and
proofs.
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Lemma 2.7. Let a,b >0, and k,\ > 0. Then

ab < exp ()\ai) + C(k,\)blog"(e + b),
where C(k, \) > 0.
Proof. Note that there exists a constant A = A(k) such that
(2.5) exp(t) > At*".

If ab < exp(a'/*)), then the claim is clear. Hence, we assume that ab >
exp(a'/#)), with a goal of showing that ab < C(k, A)blog™(e + b).
By combining this assumption with (2.5), we have

1/5)) ab b
12 < g1 exp(a -1 _ '
@=a e =a ( AN2r <a AN2k AN2k

Consequently, we have

b? < (e +1b)?
AN2k AN2k

exp(a/")) < ab <

Taking logarithms yields

Uk (e +b)? 1
a/)\<log Dn :logA)\%

+ 2log(e + b).

In particular

R K R K

4
+ —log"(e + b).

2
+ —log(e +b) "

1
AN N

1
3 log

And hence, we obtain the desired estimate

b (Zlog -2 | Vot (L0 “(e+b)
a )\H OgA)\QH A’i og (€
1P g

2" o
< <)\;~: logm +)\;~;> blog™(e+ ).

Proof of Lemma 2.6. We first observe that fg € LL (€2). Indeed, Lemma
2.7 yields that fg < exp(Ag'/*) + Cflog”(e + f), where both terms on the
right hand side are integrable by v < p.

We then further estimate using Lemma 2.7

(2.6) fglog"™"(e+ fg)
< exp (27" Ag¥ ) log" (e + fg) + C1f log" (e + ) 1og" " (e + fg).

a <

log

1
A)\Qn

< 2
S5

O

loc

that the first term on the right hand side of (2.6) is locally integrable. For

We have exp (2_1)\95) € L (), and also log"(e + f) € L2 .(Q). It follows
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the second term, we estimate e + fg < (e + f)(e + g), and hence

(2.7) flog”(e+ f)log'"(e+ fg)
< Gy (flog"(e+ f) + flog”(e + f)log"™ (e +g)) .
The first term on the right hand side of (2.7) is locally integrable by assump-

tion. For the second term, we again use Lemma 2.7, this time with xk = p—v
and A = 1. We get

flog"(e + f)log"™"(e +g)
<e+g+Czflogh(e+ f)logh™"(e+ flog"™"(e + [))
<e+g+Cyflogh(e+ f)
+ Cyflog”(e + f)logh™"(e +logh ™" (e + [)),
where the right hand side is locally integrable by the local integrability of g
and flog#(e + f). Hence, the claim follows. O

We’re now ready to prove Theorem 1.8. We again recall the statement for
convenience.

Theorem 1.8. Let Q be a domain in R™. Suppose that a Sobolev mapping
f e Wh™(Q,R") satisfies Df € Mu(K, 2, yo) with K: Q — [1,00), £: Q —

loc

[0,00) and yo € R™. If
KeLX(Q) and Xlogh(e+X) e L (Q),

for some p > n —1, then f has a continuous representative.
Proof. Let ¢ = p— (n — 1) > 0. By slightly shrinking p, we may assume
that n — 1 is not an integer multiple of ¢. By our assumption, we have
IDfI" < KJp+ X', where ¥/ = X |f —yo|".

By the Moser-Trudinger inequality (case ¢ = 0 of Theorem 2.5), there
exists Ag > 0 such that

exp (Mo |f = 9077 € Lipe(9).

Combining this with our assumption that Y log#(e +¥) € LL (Q) and re-

loc
calling that ¢ = u — (n — 1), we can thus use Lemma 2.6 to conclude that

S log(e + ) € L ().
Using Theorem 1.3, we hence conclude that
|Df|" log(e + [Dfl) € Lioc()

If ¢ > n—1, we are now done, since Theorem 2.4 implies that f has a
continuous representative. Otherwise, we proceed to iterate this argument.
Indeed, since |Df|" log?(e+|Df|) € LL .(2), Theorem 2.5 yields us a slightly
better estimate

exp ()‘1 |f - Z/(]| (n71)7q> € Llloc(Q>
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for some Ay > 0. Lemma 2.6 then yields that
> log?(e 4+ %) = X logh~ (D=9 (¢ + %) € LL (Q),
from which we get that
IDf|"log® (e + | Df]) € Le():

Then next iteration of this argument then yields |Df|"log®! (e + |Df|) €
L (), the next iteration after that yields |Df|"log*(e+ |Df|) € Li (),
et cetera.

We may continue this iteration until |Df|"log"(e + |Df|) € L (%),
where k is the smallest positive integer such that k¢ > n — 1. Indeed, we
assumed n — 1 not to be an integer multiple of ¢, so (k — 1)q is a valid
exponent for Theorem 2.5. Moreover, we also must have kq < u, since
kg = (k—1)g+q < (n—1) 4+ q = u. Hence, it follows that f has a
continuous representative by Theorem 2.4. O

3. DIRECT CONTINUITY RESULTS

In this section, we prove Theorems 1.7 and 1.9. The method is a gen-
eralization of the approach used in [18, Section 3|. In particular, we prove
a decay estimate for the integral of |Df|" over balls, which then implies
continuity by using a chain of balls argument as in [11].

We begin by recalling an estimate that is used in the proofs of similar
continuity results for mappings of finite distortion; see e.g. [22, Section 3| or
[12, Theorem 5.18|. We give the proof for the convenience of the reader.

Lemma 3.1. Let Q C R™ be a domain, and let exp(K) € L) with A > 0.
Then there exist constants C = C(Q, K,\) > 0 and Ry = Ro(Q, K,)\) as
follows: if x € Q, R < min(Ry,d(z,00)) and r € (0, R/e3), then

1

R Th-1 2
A
/ st ][ K1 ds > — <log log C_ log log C’e) .
r OB™ (x,s) n rr R"

Proof. We denote Bs = B™(x,s). We let k be the largest integer such that
re® < R. Since r < R/eg, we must have £k > 3. We define the function
K = max(K, (n—2)A""), where we still have exp(K) € L (). We estimate
K < K, perform a change of variables, and split the integral into a sum as

follows:

R -5 k=1 itltlogr ] -1
/ s—1< K”_1> ds > Z/ ][ K dt.
r OBs i+logr OBt

i=1

We then use Jensen’s inequality a total of three times, with the convex

1

1
functions 7 — 77, 7 +— exp(A77—1) and 7 — exp(7). Note that 7 —
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., ~ n—1
exp(AT7-1) is only convex for 7 > ((n — 2)A~1)"~1, but the range of K"
is in this region. The resulting estimate is

i+1+logr 1 = i+1+logr 1 o
/ K dt > / ][ K dt
i+logr 0B, i+logr 0Bt
i+1+logr ~ -1
>\ / log ][ exp(AK) | dt
i+logr 0Bt
i+1+logr 5
EM%*/ f)emQK)&.
i+logr 9B, t

-1

Now we may estimate

i+1+logr B ettt ~ ds
logl/ ][ exp(AK) | dt = logl/ ' <][ exp(AK)) —
i+logr 5Bez re’ 0Bs S
,,,ei+l g
1 - exp(AK
— logfl / - </ exp(AK)) ds > logfl || p( )”Ll(Q) )
rei  Wn_18 9B, wWp—1(ret)n

We then select C' = |jexp(AK) 21 ()/wn—1. The sum of the above terms over
i can now be estimated by

k=1 nit14logr o\ At k-1 C
) B b ) B T
i+logr OBt (7“6 )

i=1 i=1

k—1 R/e?
zA/ log~! f mzx/ fﬂ%*gds
0 (Te )n r s™

—é loglo g—lo loc—62
= g ng g an .

The claim hence holds, assuming that loglog(Ce?/R") is well defined; this
is the case if we select R} = Ce. O

We then consider the following abstract differential inequality of real func-
tions, and show that it yields a decay condition. This is a more general

version of |18, Lemma 3.2|, which is essentially given by the case U(r) = r
and I'(r) = Cr®.

Lemma 3.2. Let A >0, and let ®: [0, R] — [0,5], ¥: [0, R] — [0,00), and
I': [0,R] — [0,00) be absolutely continuous increasing functions such that
®(0) = 0. Suppose that

D(r) < A\I\If,((?) ®'(r) +T'(r)
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for a.e. r € (0,R), where A > 0. Then there exists a constant C' =
C(A,R,S,V,T') > 0 such that we have

O(r) <T(r) +CTA " (r) 1+/RF/(S) d

r r r s

- )

for all r € [0, R].

Proof. We find an integrating factor for the terms involving ®:

T @8 = (09 - A a ) (4w w)

< () e (o)

We then integrate on both sides over [r, R], and use integration by parts:

R
\I/—A—l(r)é(fr) — @—A‘I(R)Q(R) < —/ I'(s) (iq;—A—l(S)> ds
R /8

— F(r)\IJ—A”(r) — F(R)\I;—A*I(R) + / \Iﬂlj“(l()s) ds.

Multiplying by ¥4~ (r) and moving the negative term to the right hand side
yields the desired

— 1 1 R1r(s
o(r) gr(r)+mw (r) 4+ 0 (7«)/ \Ij(l()s)ds.
0

Combining Lemmas 3.1 and 3.2 allows us to show the following decay
estimate.

Lemma 3.3. Let Q C R™ be a connected domain. Let f € W™ (Q,R") and
Df € M,(K, ) with exp(AK) € LY(Q) and Xlog" (e + X) € LY(Q), where
w > A > 0. Then there exists Ry = Ro(2, A\, K) > 0 as follows: for any
choice of x € Q and R € (0, Ry) such that B"(x, R) C Q, we have

/ DJI" < Clog™*r~L.
B (z,r) N

for allr € (0,R/e?®), where C = C(Q,\, 1, K, %, R, D fllpn(qy)- Notably, C
is independent of x.

Proof. We choose Ry < e~! such that Lemma 3.1 holds for R < Rgy: note
that this choice depends only on €2, A\, and K. We fix a point € Q and a
radius R < Ry such that B"(z, R) C Q, and we denote B, = B"(x,r) for all
r € [0, R]. We then define a function ®: [0, R] — [0, 00) by

D(r) :/T|D[];n.
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By using the definition of M,,(K,X), we may estimate ®(r) by

n
/ |Df| s/ Ji+ z
. K B, B, K

For the first term on the right hand side, we apply the isoperimetric in-
equality of Sobolev maps, see e.g. [24, Lemma I1.1.2 and (I1.1.7)], followed
by a use of Holder’s inequality. The result is

1 AT
et ([ )
[, nv:/—le(aBr' 7l

1
< ( K1> / DJI"
T nrywn—1 \JaB, oB, K

1 n
:7”< K1> / D]
n \JoB, o, K

for a.e. 7 € [0, R]. For the other term, using K > 1, Slog! () € L'(), and
r<R< Ry< 6_1, we estimate that

L2 L ™
- K - {z€B:X(z)<r-1} {2€B,:Z(2)>r—1}

-1 Ylogh®
= ot Togh T
{z€B,:2(z)<r—1} {z€B,:S(z)>r—1} 10g r

1, (B o Cu
< VO7()—&—log Ko 1/ Ylogh(e + %) < Cylog #r1
T B,
for some C1 = Ci(n,u, X, R) > 0. In conclusion, we have
1

T n—1 n=t / — -1
(3.1) d(r) < — <][ K ) O'(r) + Cylog™#r

n \JoB,

for all » € (0, R).
We then define

T(r) = exp (— /TR 571 <](€B K"—l) T ds) .

A simple computation by chain rule hence reveals that

1

W(r) = W(r)r! (ﬁ . K)

for all r € (0, R). In particular, (3.1) now reads as

1¥(r)
®(r) < n W (r)

We also note that since K > 1, we have ®(r) < S for all r € [0, R] with
S = ||Df||Ln(Q). Hence, we are in position to apply Lemma 3.2, which yields

' (r) + Cylog #r L.
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that

By (r) ds )

U (s) sloghtl(s—1)

when r € [0, R/e?], for some Cy = Co(Q,\, u, K, %, R, 1D fll 2y
Lemma 3.1 yields that for r € (0, R/e3), we have

A 2
U™ (r) < exp <_n (10g log Cs _ log log Cse ))
n rh

(3.2) d(r) < Crlog™#r=t 4+ Cy (\II"(T) + /

RTL

B log(C3e?R™™)
a log(Csr—m)

where C3 = C5(Q, A\, K) and Cy = Cy(Q, A\, K, R). Since p > A, we also have

A
) < Cylog™rt,

log™*r~! < Cslog™ r!

for all 7 € (0, R/e3], where C5 = Cs(u, A, R). Hence, in order to obtain the
claimed decay estimate for ® from (3.2), it remains to estimate the term
with the integral.

For this, we let r € (0, R/e?), and split the integral into two parts:

/R U (r) ds
r W (s) sloght(s7)

_ /e3r U (r) ds +/R U (r) ds

Un(s) sloghth(s™1)  Jes, U(s) sloght!(s™1)’

In the range of the latter integral, we have r < s/e3, which allows us to use
Lemma 3.1 again to estimate

5:8 = exp (—n / ! <]éB K’“)_"h dt)

< log(C3e?s™) A
— \ log(Csr—m) ’

Hence, by using the fact that g — A > 0, and the fact that s~'log=*~(s~1)
is integrable for ¢ > 0, the second integral can now be estimated by

/R U (r) ds < /R (log(Cge2s”)>>‘ ds
e3r LI/n(S) 810gu+1(8_1) o e3r log(CST_n) slog”Jrl(S_l)

R
d C:
< (/ oY 5 il ) log_)‘ = < Cs log_)‘ ot
0 slog™*(Cse2s~")loght! (s 1) r’

where Cg = C4(Q, A, 4, K, R). On the other hand, for the first integral, we
may merely use the fact that ¥ is increasing to estimate that ¥"(s) > W"(r),
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which again combined with u > A yields that
/’63’!‘ U (r) ds < /63’" ds
» o Un(s) sloghti(s~1) — ), sloghtl(s—1)

1 1 1
=— (log_“ —— —log™" > < Crlog™ !
1 edr r

where C7 = C7(p, A, R). The proof of the claimed estimate is hence complete.
0

We then proceed to prove Theorem 1.7. We again begin by recalling the
statement.

Theorem 1.7. Let Q@ C R™ be a domain, and let f € VVé:(Q,R") and
Df € M, (K,X) with

exp(AK) € LL.(Q) and  Xlogh (e + %) € LL.(Q),

for some p > X >n+1. Then f has a continuous representative.
In particular, for all xzg € Q and sufficiently small r > 0, we have the
following local modulus of continuity estimate:

A—n—1

wy(wo,r) < Clog™*(1/r) where a =
n

Proof. Fix a ball B =B"(z, R) such that B is compactly contained in Q and
R < Ry, with Ry given by Lemma 3.3. Let A C B be the set of all Lebesgue
points of f in B. We show first that the restriction of f to ANB"(x, R/(4¢?))
is continuous. For this, let v,z € ANB"(x, R/(4¢e?)).

We may select a two-sided sequence balls B; C B,i € Z in the fol-
lowing way: By = B"((y + 2)/2,70) with r¢ = |y —2z| € (0, R/(2€?)),
B; = B"(y, e lllrg) for i € Zso, B; = B (2, e llry) for i € Z.y. We denote
the integral average of f over B; by fp, € R"; since y and z are Lebesgue
points, we have

(33) zl—lglo fBz = f(y)a Z—I:I—noo fBz = f(Z)

Moreover, since B"(y, R/2) and B"(z, R/2) and B"((y + z)/2, R/2) are all
contained in B and r; < (R/2)/e?, Lemma 3.3 yields for every i € Z that

n -
(3.4) / L2 < Cylog™ L Cy <log L | |2'|> ,
B K T ly — 2|
with C1 = C1(B,\, i, K, %, R/2, HDfHLn(B)) independent of y, z, and .
We then estimate |fp,., — fB,|. We present the case i > 0, as the case
1 < 0 is similar but with ¢ and ¢ — 1 switched. Since B;+1 C B; and the
radius of B; 1 is e~ ! times the radius of B;, we have by the Sobolev-Poincaré
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inequality that

|fBZ'+1 - fBZ

1

g]{g i~ fnl < BJ[B 1~ f5.

< Co(n)r (ﬁ |Df|"—1> "

We then use Holder’s inequality to estimate that

1 1 1
n—1 D n\ n n2_n
i ][ IDfI" <7 ][ L ][ K"
B, B, K By,
1 %
_ 1 / |Df|n n Kn,l ne—mn '
Wn B'rl- K Bri

Applying the decay estimate (3.4), we hence have that

P _A
n<—n 1 n
< (s ]l K1 (log + |Z\) ,
By, ly — 2|

where C3 = C3(B, A, p, K, 3, ||Df||1n(p)). We then estimate the average

integral term. For this, we again define K = max(K,(n — 2)A"!) as in

|fB¢+1 - fBi

Lemma 3.1, and use Jensen’s inequality with the function 7 — exp(A77»-1).
This yields the estimate

(3.5) (ﬁ} K"*) - < A7 logn (ﬂ ) exp(m>

< A2 logh (Hexp(/\j()HLl(B))

— n
WnT;

1
1 1 n
< Oy log% — =04 <log + ]2|> ,
ri ly — 2|
where Cy = C4(B, \, K).

Now, by (3.3) and a telescopic sum argument, we obtain that

1-X

o0
1 n
<2 Z Cs <log + z> ,
=0

oo

(36 f6) -1 Y [fa - fa

1=—0Q

ly — 2|

with C5 = C5(B, A, pt, K, 5, [| Df || 1 (5y)- We then denote a = log(1/ [y — 2|),
noting that @ > 1 since |y — 2| < R < Ry < e~!. Since we also assume that
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A > n41, we have that i — (a41i)~Y/" is decreasing, and we may estimate

(o)
A 1= 1-) &0 12
dla+i)m <aw o+ | (a+t)w d
i=0 0

_ A—1 + n _A=—n—1 )\ — 1 A—n—1
- A—n—1" “x—n-1" :
In conclusion,
> 1-X
(B.7) [fy) = f(2)] £2C5) (a+i) =
i=0
-1 —n— —n— 1
< 205/\7&J i = Cglog R ——,
A-n—1 ly — |

with Cg = Cs(B, A\, u, K, %, HDfHLn(B)).

We hence have obtained the desired modulus of continuity for all Lebesgue
points y,z € AN B"(x, R/(4€?)). Now, if y € B*(z,R/(4e?)) \ A4, we
can then use the fact that A has full measure in B"(z, R/(4e3)) to select
y; € ANB"(z, R/(4€3)) such that y; — y as j — oo. By (3.7), (f(y;)) is a
Cauchy sequence, and therefore convergent. We select f(y) = im0 f(y;);
doing this for all y € B"(x, R/(4¢3)) \ A only changes the values of f in a
set of measure zero, and doesn’t change f(y) in points y where f is con-
tinuous. Now, by passing to the limit, we see that (3.7) applies to all
Y,z € B"(z,R/(4e®)). Hence, f has a continuous representative with the
desired modulus of continuity. U

Theorem 1.9 then follows as an immediate corollary of already proven
results.

Theorem 1.9. Let ) be a domain in R™. Suppose that a Sobolev mapping
f e Wh™(Q,R") satisfies Df € My (K, %, yo) with K: Q — [1,00), : Q —

[0,00) and yo € R™. If
exp(AK) € LL.(Q)  and  Xlogh(e+X) € L. (Q),

for some p > X+n—1>2n, then f has a continuous representative.

In particular, for all o € Q and sufficiently small r > 0, we have the
following local modulus of continuity estimate:
A—n-—1

wy(wo,r) < Clog™*(1/r) where a =
n

Proof. Since Xlogh (e + ¥) € L (), and since exp(4 1Yy e LL (Q)

for some A > 0 by Theorem 2.5, we have X|f|"log" " (e +X|f|") €
L (Q) by Lemma 2.6, where p —n+1 > XA > n+ 1. Hence, the claim

follows by applying Theorem 1.7. O
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4. COUNTEREXAMPLES BASED ON CUSPS

In this section, we consider our first type of counterexample, which yields
Theorems 1.6 and 1.11. Our construction will be in a planar disk D(rg) with
center at the origin and radius ro. Our constructed mapping f: D(rg) — R?
has a first coordinate function of —loglog|z|™", which is well defined in
D(rp) \ {0} as long as rp is small enough. We split the disk D(rg) into two
regions D(rg) = AU B with different definitions of the second coordinate
function, where in A we aim to have Jy(x) > 0 with |Df(z)]> < KJ¢(x),
and in B we try to obtain Jy(z) < 0 and |Df(z)|* + K |Jf(x)| < . The
region B will form a cusp at the origin.

4.1. The two regions. Let Q@ = D(rg), where we assume that rog < e™°.

We begin by assuming that «y is an absolutely continuous increasing function
v:[0,79) — [0,1) such that y(0) = 0. We specify v later in the text, as
we use different choices of v to prove different theorems. We will use polar
coordinates (r,6) on the domain side in €2, where 6 € (—m, 7.

The regions A, B C  will consist of two sub-regions A = A; U Ay and
B = Bj U By each. We let By be the cusp-like region of {2 bounded by the
curves § = vy(r) and § = —v(r). Similarly, we let A; be the region bounded
by the curves § = y(r) and § = m — y(r). The region By is the reflection
— B of Bj across the origin, and similarly Ay = —A;. See Figure 1 for an
illustration.

FIGURE 1. The regions A1, Ao, B1 and Bs.

4.2. The function f in the region A. We first define f in the region A;.
There, using polar coordinates on the domain side and Cartesian coordinates
on the target side, we have

(4.1) f(r,0) = (—loglogr™" h(r)0)
for some absolutely continuous increasing function h: [0,00) — [0,00). We

again specify h later.
Hence, we obtain a matrix of derivatives

[8rf1 rl@eﬁ}

_[rtlog 7t ! 0

Orfa 1710 f2 _[ ' (r)0 rth(r)|
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In particular,

1 / h2(7“)
(42) DI OF < o + WP + =57
and
h

We then simply pick K = |Df[*> /J; and ¥ = 0.
On Ay, we define f(z) = f(—z). Since z — —z is an orientation-preserving
isometry in the plane, it follows that (4.2) and (4.3) remain true in A,.

4.3. The function f in the region B. We wish that our function f is
continuous outside the origin. Hence, our boundary values in B; must match
the ones given by A; and A,. For this, we define the second coordinate of f
as a linear interpolation of these boundary values. That is, we define in B;
that

(4.4) f@gm::(—kgkgr%h@)(“*ngfﬂ*””>>.

Indeed, in the cases § = v(r) and 6 = —~(r), the second coordinate has the
correct boundary values of h(r)y(r) and h(r)(m — ~(r)), respectively.

The derivatives of the first coordinate of f remain unchanged from domain
A. For the other terms in the matrix of derivatives, we first get

(4.5) &ﬁ:@+@ﬁ@—?$(%®.

Then, by v(r) < 1, we get

49 lap="0 (l - 27727")) (G-

In particular, we have that »~'9yfo < 0, and consequently J r < 0in Bj.
Hence, in Bj, we select K = — |Df[? /Jp>1,and ¥ = 2|DfI?.

Similarly as for Ay, we may define f in By by f(z) = f(—z), and all our
considerations will also apply to Bs.

4.4. Fixing the parameters. We have now outlined the construction, but
have left the functions h and v undetermined. The theorems we wish to
prove follow with different choices of h and ~.

Throughout the rest of this paper, given two functions f,g: X — R, we
use the notation f < g if there exists a constant C' > 0 such that f < Cg.
We also denote f =~ g if f < g < f. Several of the uses of these symbols
are based on the elementary fact that if f,g: [a,00) — (0,00), a € R, are
continuous and limsup,_,. f(t)/g(t) < oo, then f < g.

We now recall the statement of Theorem 1.11, and then give its proof.
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Theorem 1.11. Let p,q € (1,00). If p~' 4+ g1 > 1, then there exists
a domain Q@ C R? and a Sobolev map f € W12(Q,R?) such that 0 € ,
feC(Q\{0},R?), lim, 0 |f(z)| = 00, and Df € My(K,X) with
=
K € LP(Q) and %€ L().

Proof. Let p,q € (1,00), and let € > 0. We select 79 = e~ ¢ and
h(r) =2, v(r) =log ¢ r L.

Indeed, when r < e™¢, we have 0 < y(r) < e ¢ < 1.
In Ay, we have by (4.2) that

1 472 - 1
IDF(r 0P < 57—y + (7; + 1) P2 <

r2log? r— P ~ r2log? 1l
Hence, |Df| € L?(A). By also referring to (4.3), we have in A; the estimate
Df(r,0)| 1

Jp(r,0) "~ r2p7tlogr—1

We hence estimate that

e=® rm—y(r)
/Kp = 2/ / KP(r,0)rdodr
A 0 v(r)

< / r~tog P r 1t dr < oo,
0

~

showing that K € LP(A).
We then consider points (r,0) in By. By (4.5) and |0| < ~(r) <1 <7, we
have

-1 2
10y fo(r,0)* = ’20 iy mOlos T log” 1™ ap-11 (2 S )
p

2 p logr—1
< P =2 (1 + log_2+2‘E 7“_1) )
Furthermore, by (4.6),
|7"_189f2(7“, 0) |2 < rip =2 log% r— 1.

The exponent 4p~ — 2 in the above bounds is greater than —2. Hence, we
have the overall estimate

(4.7) |Df(r,0)|* ~

1

1
r2log? r—1
whenever (r,0) € Bi. In particular, we have |Df| € L?(Bj), and conse-
quently |Df| € L?(2). Moreover, we have

—Jy(r,0) = (g log®r~t — 1) ) N
so by log® r~! > 1 we get the two-sided estimate

(4.8) — Jy(r,0) = P2 2 oge L
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Combined with (4.7), this yields

Df(r,0)|
|_§JE7("; 2)|) — K(r,0) ~ !

Since p(2p~!) = 2 and p(1 +¢) > 1, we see that K € LP(B), and hence
K € LP(Q).

It hence remains to consider the integral (X/K)? over B. Since we chose
Y = |Df)? and K = |Df|* /(—J;(x)), we have /K = —J¢(x). Hence, by
(4.8), we have $/K < % ' ~21og" ' r~1. We note that since B is a cusp,
this majorant in fact has a better degree of integrability over B than it has
over (). In particular, we may estimate that

e _ et e rdf dr
/B Ka~ /0 () T2 logt e 1

<9 er dr
~Jo r2a2la1)pge—(@-be o1t

For integrability, we require 2¢ — 2p~'q — 1 < 1, which is equivalent to
g ! > 1—p~!. Moreover, in the extremal case ¢~ ' +p~! = 1, we also require
q— (¢—1)e > 1, which is equivalent to € < 1. Hence, any choice of ¢ € (0,1)
will give us the desired example. O

1 .
r2r~ ! loglte p—1

Our next result is the version of this example with the highest degree of
integrability for 3. This is by a different choice of h and ~y, and hence this
gain in the regularity of ¥ comes at a cost in the regularity of /K.

Theorem 4.1. Let p,s € (1,00). If (p+ 1)~ + 571 > 1, then there exists
a domain Q C R% and a Sobolev map f € WH2(Q,R?) such that 0 € ,
f e\ {0},R?), lim, 0 |f(z)| = 00, and Df € My(K,X) with

K e [P(Q) and Y e L(Q).
Proof. Let p,q € (1,00), and let € > 0. This time we choose

h(r) = P2 ~(r) = r2 logr !
We may select an 9 < e~¢ such that v is increasing on [0, ro] and y(rg) < 1.
The verification that K € LP(A) is unchanged from the previous lemma.
The difference arises when applying (4.5) and (4.6). Indeed, since || <
72" logr—! < 1, we obtain.
2

0r fo(r, 0)” = + 5 log 2y

71_ _ _ _
§T4p 2+’I“ 210g 4,,, 17

and
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In all of the previously computed terms, either the exponent of r is greater
than —2, or the exponent of r is —2 and the exponent of the logarithm is
at most —2. Hence, we still have (4.7) unchanged. For J¢, we compute
similarly as in the last lemma, and instead get

(4.9) — Jp(r,0) = r~2log 21t

when (r,0) € B. In particular, K = [Df|* /(—=J;) € L™(B).
It remains to estimate the integral of ¥° = (2|Df|)® over B. Computing
similarly as in the previous lemma, we get

/ES</ /W) rdfdr
1) 725 log™ =1
ar
0 r25—2p~ 1 110g25 1 _1

For this to converge, since the exponent of the logarithm satisfies 2s —1 > 1
due to s > 1, we only require 2s — 2p~! — 1 < 1. Rearranging yields s <
1+p ! = (p+1)* where (p+ 1)* is the Holder conjugate of p + 1. In
particular, this is equivalent with (p +1)7! + 571 > 1. O

The remaining result which relies on this example type is Theorem 1.6.
This is achieved by selecting both h and « to be powers of logarithms, with
a suitable choice of corresponding exponents.

Theorem 1.6. For every u € (0,2), there exist a domain Q C R? and
a Sobolev map f € WH2(Q,R?) such that 0 € Q, f € C(Q\ {0},R?),
lim, 0 |f(z)] = 00, and Df € My(K,X) with

exp(AK) € L' (Q) and Ylogh(e+ %) € L1(Q)
for every X\ > 0.

Proof. Let X € (0,00). We may assume p > 1, as an example for a given p
also works for all smaller p. We choose

h(r) =log™r~!,  (r) =log' 771,

Where v € (u,2). Since v > pu > 1 by assumption, « is increasing, and we
may hence choose g = e ¢ as y(e™¢) = el ¥ < 1.
In Ay, (4.2) yields due to v > 1 that

1 v 1 < 1
2v+2 ,',_71 2v 71 ~

Df(r,0 +
Df(r ) < r2logZr=1  r2log r?log r2log? r—1’
Hence, clearly |Df| € L2(A). Moreover, J; = r~2log ™" r~1, so

K(r,0) < Clog"'r!
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for some C' > 0. The exponential integrals of K are all finite by the estimate

e—€
/ exp(AK) < 27r/ exp(CAlog” L r~Hyrdr
A 0

—e

€
_ v—2,—1
:277/ R R L
0

since lim, g+ CAlog” 271 =0 due to v < 2.
In By, (4.5) and (4.6) combined with || <log'™r~! <1 < 7 result in

2v0 + v 2

0:F2(r O = | =

Sr?(log 27 r !+ log et

0
r~tlog ! 71+77“7110g 21

and
|r_189f2(7“, 0) |2 <r2log ?2r L.
-1

—e

As log! r~! is increasing with respect to ¢t when r < e~¢, we again have

C/
Df(r,0)?
| f(r7 )| 7"2 10g2 ’r'_l

in B; for some C’ > 0. For the Jacobian, we instead get
(4.10) — Jp(r,0) = r 2log 2 r L.

In particular, our choice K = [Df|? /(=J¢) is in L*°(B), concluding expo-
nential integrability of K in all of 2 for all choices of A.

The last step is to estimate the integral of ¥ log# (e + X) over By, where
% = 2|Df]*. We estimate using (e + ab) < (e + a)(e + b) for a,b > 0 that

20 20"
log(e + ¥) < log (6 + Cz) <log (6 + 2C'> + 2log(e +r71),
r2log®r—1 log® r—2

and hence, as y(r) = log! ™ r~1, we get

'Y(T)
/ Ylog(e+ %) —2/ / (r,0)logt (e 4+ X(r,0))rdfdr
~(r)
< / “logt (e +2C"log 2 r~1) + logh(e +r 1)
~Jo rlog?=(1=v) p—1

When r — 0, we have log=27~! — 0. Hence, for small r, the largest term in

the numerator is log#(e +r~!). Since r~! > €®, we have r =2 —r~! —e > 0.
Hence, we may estimate

logh(e +7r~1) o
2-(1=1) 1 = poglt(v=p) -1

dr.

rlog

which is integrable over [0,e €] due to our assumption v > pu. Thus,
Ylogh(e + %) € L'(B), and consequently Ylog#(e + X) € L}(Q). O
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5. COUNTEREXAMPLES BASED ON SPIRALS

In this section, we construct a counterexample built around the case
¥ € L*(), which will give us Theorem 1.5. Furthermore, if K € L} ()
with p € [1,2], then this counterexample also yields an alternate proof of
Theorem 1.11. In exchange for failing when p > 2, this alternate counterex-
ample has a better optimal integrability for ¥ when p < v/2; that is, it
improves Theorem 4.1 for such values of p. Moreover, this improved integra-
bility of X is achieved simultaneously with the optimal integrability of ¥ /K,
whereas the construction of Theorem 1.11 involves a trade-off between the
integrabilities of ¥ and ¥/K.

Theorem 5.1. Suppose that p € [1,2], ¢ € [1,00], and p~' +q~1 > 1. Then
there exist a domain Q C R? and a Sobolev map f € W2(Q,R?) such that
0€Q, feC(Q\{0},R?), limy o |f(z)| = 00, and Df € Mo(K,X) with

K e LP(Q), % €LIQ), and TeLi(Q).

We again construct our example in a planar region Q C R? with a point
of discontinuity at the origin, and we retain our strategy from the previous
section of splitting 2 into two regions A and B, where |Df|2 <KJfin A
and |Df> + K |J;| < % in B. Notably, when ¥ is bounded from above
by a constant, f ends up being Lipschitz under the path length metric in
B. Hence, if we wish that f escapes to infinity along B, the region B must
somehow be infinitely long. This pushes us towards a construction where A
and B are two interlocking infinitely long spirals centered at the origin.

5.1. Preliminaries: Lambert’s W-function. We begin by recalling a spe-
cial function that is of great use to us in our construction. Namely, Lambert’s
W -function is the inverse function W = ¢! of the function (t) = te’. The
W -function has two branches on the real line. In this paper, we assume W
to be the positive branch:

W:[—e ! 00) = [-1,00), W(t)eV® =t

We collect into the following lemma the elementary properties of the W-
function that we use. For a general reference on the W-function, see e.g.

7].

Lemma 5.2. The W-function satisfies the following.

(1) W is strictly increasing on [—e~ !, 00).

(2) W(0) =0, and hence W(t) > 0 if t > 0.
(3) We have W (tlogt) = logt if t > e 1.
(4) The derivative of W is given on (—e~t, 00) by

W@ 1
WO = swe) " e
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5.2. Construction. We define two spirals in polar coordinates. The first
one is the spiral r = g(0), where

1

9(9) = Wa 0 e [00500)5

where 6y > 27 is some starting angle. The second one is given by r = h(6),

where

9(0) +9(0 + 2)
2 )

that is, the spiral 7 = h(6) lies exactly halfway between the successive points

where the spiral r = g(f) meets a specific ray from the origin. Using the

standard symbol i for the complex imaginary unit, we define our domain

QcChby

h(0) =

6 € [0y, 0);

Q={re? :0<r < g(6),0 € (6,0 + 2r]}.

See Figure 2 for an illustration of €2 and the spirals.

FIGURE 2. The two spirals r = ¢g(6) and r = h(6), with the
domain €2 highlighted in gray.

We parametrize €) in the following way: let
U={(r,0) eR*:0>0p,9(0+2m) <r<g(6)}

in which case the map (r,6) + re? maps U bijectively to Q\ {0}. Let
a € (0,1]. We define f: Q\ {0} — C on the two regions between the spirals
r = g(f) and r = h(f) in terms of polar coordinates (r,0) € U : when
h(0) <r < g(0), we define the complex-valued output of f by

f(r,0) = o(r) — iloglog,

where ¢(r): [0,79] — R is an increasing absolutely continuous function to
be fixed later, with ro > 90_1 log~! 6. In the other region where g(6 + 27) <
r < h(#), we instead define

f(r,0) =@(r) —ilogW (27“—9(10+27T)> .

This defines f on all of @\ {0}.
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We briefly verify that f is indeed continuous on ©\ {0}. If » = h(#), then

2r—az+%o):kgw<émw—;w+zm>

—togW (7

which verifies that f is continuous on the spiral r = h(f). On the other
hand, if » = g(0 + 27), then

1 1
log W <27" —g(0+ 27T)> = logW <g(9 + 27r)>
= log W((6 + 2m)log(6 + 2m)) = loglog(8 + 2m),

10gW<

> = log W (0 log ) = loglog 6,

which verifies continuity of f on the spiral r = g(#). Hence, f is continuous

on Q\ {0}.

5.3. The first region. We then compute |D f| and J; in the region B C €}
where h(0) < r < g(f) in terms of our polar coordinate parametrization. In
polar coordinates, the derivative matrix of f becomes

9 Re(f) r~'0pRe(f)] _ [¢'(r) 0 _ ¥ 0

O Im(f) 7 '9pIm(f)| | 0 —r~'0llog7tO| | 0 —r7lg()|"
Since we moreover have r > h(6) = (g(0) +g(0+2m))/2 > g(6)/2, we obtain
the upper bound

r~1g(h) < 2.

Hence, we have the estimate
[Df(r,0)]* <4+ (1)),

Note especially that |Df| is bounded in B when ¢ is Lipschitz. Moreover,
we have |Df| € L?(B) as long as 7(¢'(r))? € L1(]0, o))

On the other hand, J¢(r,0) = —r~1¢'(r)g(f), which is negative since
() is increasing. Furthermore, —J¢(r, 6) is bounded from above by 2¢'(r).
Hence, in order to achieve the desired condition |Df|* + K |J| < %, we
arrive at the following valid choices for ¥ and K:

(5.1) (r,0) = 6 4 3(¢'(1))?, K(r,0) = max(¢/(r),1).

5.4. The second region. Next, we consider the region A C 2 where we
have g(6+27) < r < h(f) in terms of our polar coordinate parametrization.
We still have 9, Re(f) = ¢'(r) and 9p Re(f) = 0, which are square integrable
whenever 7(¢'(r))? € L'([0,79]). The next step is then to compute 8, Im(f)
and 0p Im(f). We use the shorthands

T =0+ 2m, u=(2r—g(r))" "
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For 8, Im(f), we have 0,u = —2u?, and we may hence use Lemma 5.2 to
obtain

1 W (u) (—2u?) = 2u '
W(u) u(l+ W(u)) 14+ W(u)
For 0p Im(f), we have dgu = —u? - (—¢'(1)) = —u?(1 + log(7))/(7%log? 7),
and hence Lemma 5.2 similarly yields

Or (—logW(u)) = —

O (~log W(u)) = (1 —l—(Il/V—Ezi;);gT?lqj)gQ T

We thus arrive at the derivative matrix

/
-1 ¢'(r) 0
gr ?683 T_lge ?egg 2u (1+log7)u
- Im r m
0 14+ W(u) r(1+W(u))r2log’r

To estimate these derivatives, we note that g(7) < 2r — g(7) < g(0) in
our region. Inverting all terms, it follows that flogf < u < 7logT. Since
W is increasing and W (tlogt) = logt, we hence have log < W (u) < logT.
Moreover, recalling the notation from the beginning of Section 4.4, it is
reasonably easy to see that log(f) = log(7) and g(6) =~ g(7) for 6 € [fy, 00).
In particular, we have

u = flogf and W (u) ~ log 6.
We can then estimate |0, Im f(r,0)| from both sides by

26 1og 0 27 log T

——=— < 9,1 0) < ———

1+logT — 9, T f(r,0)] < 1+logf’
implying that
(5.2) |0 Tm f(r,0)| =~ 6.
To bound 719 Im(f), we first use the above estimates to obtain

1 1 1+1 1
< D80 oytm f(r0) < —— BT <

Ologf ™~ 72log? T Tlog7(1+1logf) ~ Ologh’
That is, g Im f(r,0) ~ g(#). Then, since g(7) < r < h(f) < g(f) in our
domain, and since g(7) ~ g(f), we in fact have r = g(). Hence,
O Im f(r,0)

r

(5.3) ~ 1.
In particular, the function r~19y Im(f) is bounded and hence clearly square
integrable over A.

Next, we check the square integrability of 0, Im(f). We begin by inves-
tigating the integral of an arbitrary function of 6 over A under our chosen
parametrization. Letting F': [0y, 00) — [0,00), we use polar integration to
get

B oo rh(0) 00 B F(@)
/AF(H)_/GO /g(T) F(Q)rdrdeg/eo (h(0) = 9(r)) 1,5 40
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Moreover, we have

g(0) +g(0 + 2m) g(0) — g(0 + 2m)

h(0) — g(1) = 5 —9(0+2m) = 5
1 I 1 (0 +2m)log(0 + 27) — 0log O
2\ 0logh (O+2m)log(f+27))  20(0+ 2m)logflog(h + 2m)

_ 2mlog(6 + 2m) + Olog(1 + 27 /0) < 1

© 20(0+2m)logflog(0 +27) ™ 6%logd’
Note in particular that in the last step of the above computation, we have
0log(1 + 27/0) = log((1 + 27/0)?) — logexp(21) = 27 as § — oo, so hence
the dominant term in the numerator is 27 log(6 + 27). We thus finish our
estimate as follows:

6o [FO< [ 0o -amas [

0 03log? 6

Now, since |8, Im(f)|*> < 62 by (5.2), we conclude that |8, Im(f)| € L*(A)
by taking F(f) = 6% in (5.4), and observing that the resulting integrand
6~ 'log=2# has a finite integral. We thus conclude that if r(y/(r))? €
L([0,70]), then f € W2(Q2\ {0},C), and consequently f € WhH2(Q,C)
by removability of isolated points for planar W1 2-spaces.

It remains to find suitable choices of K and ¥. We choose ¥ = 0 in this
region, in which case we require K > |Df|* /J;. By (5.2) and (5.3), we have

IDf(r,0)[° S (¢(r))? + 6%
On the other hand, we have
Jr(r,0) 2 ¢'(r).

Consequently, we may choose ¥ and K so that

/ 0°
(5.5) S(r, 0) = 0, K(r0) /() + o+ 1

5.5. The results. It remains now to state our choices of ¢ and the resulting
counterexamples. We begin with Theorem 1.5, recalling first its statement.

Theorem 1.5. There exist a domain @ C R? and a Sobolev map f €
WL2(Q,R?) such that 0 € Q, f € C(Q\ {0},R?), lim,_,o|f(2)| = oo, and
Df € My(K,X) with

YeL®Q) and KeL'(Q).
Proof. We use the above construction with g = 27, ro = 1, and
p(r) =r.
Notably, ¢ is Lipschitz, and consequently the resulting map f is Lipschitz

in B. This choice indeed satisfies r(¢'(r))? = r € L([0,1]), so |Df| €
L*(Q\ {0}). Moreover, by (5.1), both ¥ and K are constant in the region
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B. Since ¥ = 0 in the other region A, we have ¥ € L*>(Q). For K € L'(),
since ¢’ is constant, it suffices by (5. 5) to show that

/92<oo

But this is true by (5.4) with yet again F(f) = 6%. Finally, as z — 0, the
imaginary part of f(x) clearly tends to infinity. O

The remaining result to prove is Theorem 5.1.

Proof of Theorem 5.1. The case g = oo is exactly the result of Theorem 1.5.
Hence, we may assume that g € [1, 00).
We use the above construction, this time with the choice

o(r) = /T $2P7 1 2 o /AT =1 gy
0

Note that by p € [1,2], we have 2p~! —2 > —1. Moreover, the case 2p~ ! -2 =
—1 corresponds to p = 2, in which case —7/4+p~! = —5/4 < —1. Hence,
the integral used to define ¢(r) is finite for all » > 0 small enough, and we
may hence choose rg and 0y so that () is a finite-valued increasing function
on [0,70]. By our choice of ¢, we have

(5.6) G (r) =120 “2log /AP o1

We first determine the degree of integrability of ¢'(|z|) over €, as this
is used for many parts in the verification that our example is as desired.
Indeed, if s € [1,00), we have by (5.6) that

7o dr
/ S <
I N A T =

1

This integral is finite if 25 —2sp~' —1 < 1, which is equivalent to p~* +s7 >
1. Note that in the extremal case p~t+s~! = 1, the finiteness of the integral
also requires that 7s/4 — sp~' > 1; however, this condition rearranges to
p~!t + s~ < 7/4, which holds in the extremal case since p~! + s~ = 1.

We have ¥(z) < 64+3(¢'(|2]))? and %(x) /K (z) < 6+3¢'(|z]) in B by (5.1),
and we also have ¥ = ¥/K = 0 in A. Hence, (5.7) with s = ¢ yields that
/K € LYQ) and ¥ € L2(Q) if p~* + ¢! > 1. Moreover, |Df| € L*(Q)
was shown to be equivalent with 7(¢/(r))? € LY([0,7¢]): referring to (5.7)
with s = 2, this is true if p~! 427! > 1, which holds due to our assumption
that p < 2. As our last application of (5.7), we have by (5.1) that K € LP(B)
if ¢/(r) € LP(B): this is true if 2p < 4, which again holds by our assumption
that p < 2.

It remains to show that K € LP(A). For this, it suffices by (5.5) to show
the LP-integrability of ¢'(r) and 02/¢'(r) over A. Since K(r,0) > ¢'(r) in
B, the ¢/(r)-term is covered by the same argument as used previously for
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K € LP(B). For the other term, we again use (5.4). Indeed, we have

02 p 92pr2p72
<cp’(7“)> = log—7p/4+1 r—1

62P(01og §)2~2P < 62
= log” /40 4 27) log(0 + 27)) ~ logP/4m1(0)

for all 0 € [fy,0). Selecting F(#) = 62log'P/*(0), the resulting integrand
9~1log ' "P/4(9) in (5.4) is integrable whenever —1 — p/4 < —1, which is

clearly true. We conclude that K € LP(Q2), completing the proof. O
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WEAK LIMIT OF HOMEOMORPHISMS IN W!n~1 AND (INV)
CONDITION

ANNA DOLEZALOVA, STANISLAV HENCL, AND JAN MALY

ABSTRACT. Let 2,9’ C R? be Lipschitz domains, let f,, : 2 — €' be a sequence of
homeomorphisms with prescribed Dirichlet boundary condition and sup,, [,,(|Dfm|* +
1/J7 ) < oo. Let f be a weak limit of f,, in W'2. We show that f is invertible a.c.,
more precisely it satisfies the (INV) condition of Conti and De Lellis and thus it has all
the nice properties of mappings in this class.

Generalization to higher dimensions and an example showing sharpness of the condi-
tion 1/ J]% € L' are also given. Using this example we also show that unlike the planar
case the class of weak limits and the class of strong limits of W2 Sobolev homeomor-
phisms in R3 are not the same.

1. INTRODUCTION

In this paper, we study classes of mappings that might serve as classes of deformations
in Nonlinear Elasticity models. Let {2 C R™ be a domain set and let f: & — R" be
a mapping. Following the pioneering papers of Ball [3] and Ciarlet and Necas [10] we
ask if our mapping is in some sense injective as the physical ‘non-interpenetration of the
matter’ indicates that a deformation should be one-to-one. We are led to study nonlinear
classes of mappings based on integrability of gradient minors ([2], [3], [36], [17], [33]), on
distortion ([34], [23], [20]) or on finiteness of some energy functional ([2], [16], [11], [19],
[14]). The list of citations is far from being representative and the reader is encouraged to
see also references therein. Our aim is to study injectivity properties of the mapping f.
One can follow the ideas of Ball [3] and assume that our mapping has finite energy and
that the energy functional [, W(Df) contains special terms (like powers of D f, adj D f
and Jr). Under quite strong assumptions, any mapping with finite energy and reasonable
boundary data is a homeomorphism ([3], [20]). However, is not realistic to insist on this
requirement as in some real physical deformations cavitations or even fractures may occur.
Thus we need conditions which guarantee that our mapping is injective a.e. but on some
small set cavities may arise.

This was nicely settled in the the work of Miiller and Spector [31] where they studied
a class of mappings that satisfy J; > 0 a.e. together with the (INV) condition (see also
e.g. [6, 14, 19, 32, 37, 38, 39]). Informally speaking, the (INV) condition means that
the ball B(x,r) is mapped inside the image of the sphere f(S(a,r)) and the complement
Q\ B(x,r) is mapped outside f(S(a,r)) (see Preliminaries for the formal definition). From
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[31] we know that mappings in this class are one-to-one a.e. and that this class is weakly
closed which makes it suitable for variational approach. Moreover, any mapping in this
class has many desirable properties, it maps disjoint balls into essentially disjoint sets,
deg(f, B,-) € {0,1} for a.e. ball B, its distributional determinant equals to the absolutely
continuous part .J; plus a countable sum of positive multiples of Dirac measures (these
corresponds to created cavities) and so on.

In all results in the previous paragraph the authors assume that f € WLP(Q2,R")
for some p > n — 1. However in some real models for n = 3 one often works with
integrands containing the classical Dirichlet term |Df|* and thus this assumption is too
strong. Therefore Conti and De Lellis [11] introduced the concept of (INV) condition
also for Whn=1 0 L> (see also [4] and [5] for some recent work) and studied Neohookean
functionals of the type

(1) | (D5@P + ¢(@)) da

for n = 3, where ¢ is convex, lim; oy ¢(t) = oo and lim;_, @ = 0o. They proved that
mappings in the (INV) class that satisfy J; > 0 a.e. have nice properties like mappings
in [31] but unfortunately this class is not weakly closed and therefore cannot be used in
variational models easily. Our main aim is to fix this and to show that for suitable ¢ the
validity of the (INV) condition is preserved also for the weak limit. Note that for p > n—1
we know that f is continuous on a.e. sphere and thus it is easy to define what is "inside
of the image of the sphere f(S(a,r))” and we can define (INV) easily. In the situation
f e Whtn=tn L* mappings do not need to be continuous on spheres and it is necessary
to use topological degree for some classes of discontinuous mappings (in our case, Whn!
on a sphere) which was introduced by Brezis and Nirenberg [7] (see also [11]).

Let us note that homeomorphisms clearly satisfy the (INV) condition and their weak
limits in W p > n — 1, also satisfy (INV) (see [31, Lemma 3.3]). Moreover, cavitation
can be written as a weak limit (even strong limit) of homeomorphisms. Therefore the
class of weak limits of Sobolev homeomorphisms is a suitable class for variational models
involving cavitation and we can expect some invertibility properties in this class. This
is clear for p > n — 1 because of the (INV) condition but it can fail in the limiting case
of limit of W"~! homeomorphisms as shown e.g. in Bouchala, Hencl and Molchanova
[8]. The class of weak limits of Sobolev homeomorphisms was recently characterized in
the planar case by Iwaniec and Onninen [24, 25] and De Philippis and Pratelli [13]. The
situation in higher dimension is much more difficult and deserves further study.

Our main result is the following theorem which shows that weak limits of Win—!
homeomorphisms are invertible a.e. (and much better) under suitable integrability of
1/Js. We denote

(1.2 F0) = [ (D17~ +ol7)) da,
where
(1.3)
¢ is a positive convex function on (0, 00) with lirgl+ o(t) = 00, ¢(t) = o0 for t <0
t—

and there is A > 0 with
(1.4) A_lgo(t) < @(2t) < Ap(t), t € (0,00).
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We need to further assume that all f,,, have the same Dirichlet boundary condition.

Theorem 1.1. Letn > 3, a =
satisfy (1.3), (1.4) and

#’iﬂ and 2,9 C R"™ be Lipschitz domains. Let ¢

1
o(t) > m for every t € (0, 00).

Let f,, € W= HQ ), m = 0,1,2..., be a sequence of homeomorphisms of 0 onto 9}
with Jy,, > 0 a.e. such that

(1.5) sglp]-"(fm) < 00.

Assume further that f,, = fo on 0 for all m € N. Let f be a weak limit of f,, in
Whn=H( Q. R™) | then f satisfies the (INV) condition.

As a corollary this weak limit f satisfies all the nice properties (see [11, Section 3 and 4]):
it is one-to-one a.e., it maps disjoint balls into essentially disjoint sets, deg(f, B,-) € {0,1}
for a.e. ball B, its distributional determinant equals to the absolutely continuous part J;
plus a countable sum of positive multiples of Dirac measures and so on.

In fact our result is even more general and instead of integrability of 1/ J§ it is enough
to assume that its distortion Ky = [Df["/J; is integrable with power —= (see Theorem
3.1 below). This seems to be connected with the result of Koskela and Maly [27] about
the validity of Lusin (N~!) condition for mappings of finite distortion.

In our new paper [12] we use Theorem 1.1 as a main step in showing that we can use
Calculus of Variations approach in this context. We show that there is an energy minimizer
of certain polyconvex functional in the class of weak limits of W'~ homeomorphisms.

In our next result we improve the counterexample from [11, Theorem 6.3.]. Similarly to
[11] we show that the weak limit of homeomorphisms (that automatically satisfy (INV))
can fail to satisfy (INV). Moreover, the degree of the limit f can be —1 on a set of positive
measure even though Jy > 0 a.e. and deg(f,,B,-) € {0,1}. Let us note here that we
automatically have Jy > 0 a.e. for the weak limit once J;, > 0 a.e. (see Hencl and
Onninen [22]) and since our ¢ tends to oo at 0 we also have J; > 0 a.e. from Lemma 2.3
in [12]. Primarily we show that at least in dimension n = 3 our condition J; > ¢ L* from
Theorem 1.1 is sharp (example in [11] gives smaller integrability of 1/.J;). We expect
that our result is sharp in all dimensions but we have not pursued this as n = 3 is the
physically relevant dimension.

Theorem 1.2. Let n = 3 and a < 2. Then there exist homeomorphisms f,, of B(0,10) to
B(0,10) such that f,, € WH(B(0,10), B(0,10)), f,. is an identity mapping on 0B(0,10)
with Jy,, > 0 a.e. and

1
sup/ <|Dfm\”_1 + —a) dr < oo,
m Q (Jf'm)
whose weak limit f does not satisfy the (INV) condition.

It was shown by Iwaniec and Onninen in [25] that in the planar case n = 2 the class
of weak limits of homeomorphisms and the class of strong limits of homeomorphisms are
the same for any p > 2. The same result for 1 < p < 2 was later shown by De Philippis
and Pratelli in [13]. This is very useful in Calculus of Variations as we can approximate
the minimizer of the energy not only in the weak but also in the strong convergence. We
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show that the situation is much more difficult in higher dimension and the result is not
true in general. We show (see Theorem 3.1 (b) below) that each strong limit of W1
homeomorphisms satisfies the (INV) condition. Together with Theorem 1.2 this implies
the following result.

Theorem 1.3. Let n = 3. There is a mapping f € WH2(B(0,10), B(0,10)) which is a
weak limit of Sobolev W% homeomorphisms f,, of B(0,10) to B(0,10) with f,,(x) = x on
0B(0,10) and J;,, > 0 a.e., but there are no homeomorphisms h,, of B(0,10) to B(0,10)
such that hy,, — f strongly in W2(B(0,10), R?).

Again we expect that there are similar examples in W™~ in higher dimension. How-
ever, we do not see any simple way to generalize this counterexample to other Sobolev
spaces WP for p #n — 1.

2. PRELIMINARIES

2.1. Convention. In what follows, we assume that Sobolev mappings are represented in
the best way for our purposes. For example, if we consider a trace of a Sobolev mapping
f on a k-dimensional surface S, then we assume that f is represented as the trace on S.
If f has a continuous representative f on S, then we assume that f = f on S.

2.2. Shapes and Figures. In what follows we will work with open sets of a simple

geometric nature called shapes. Our shapes will be of three types

(a) balls,

(b) full cuboids,

(¢) a hollowed cuboid is the difference @ \ B, where @ is a full cuboid and B CC Q is a
ball (see the set H on Fig. 1 below).

A figure is the interior of a finite union of closed full cuboids with pairwise disjoint
interiors; it may be disconnected.

2.3. Boundary gradient and cofactors. Let K C R" be a shape and f be a smooth
mapping on a neighbourhood of K. Then we can derive a useful degree formula (cf. (2.2)
below) involving (cof D f(z))v(x), © € 0K here v(z) denotes the exterior normal to B
at x and cof A is the cofactor matrix of A (which is the transpose of the adjugate matrix
adj A and which satisfies cof A AT = (det A)Id). If f is a Sobolev mapping only, we can
find “good shapes” with the property that f is Sobolev regular on their boundaries. Let
x € 0K, in case of a cuboid we exclude points of edges. Then, instead of the expression
(cof Df(z))v(x) we need a replacement relying on the tangential gradient D, f. This can
be given using some tools from the multilinear algebra, for details see [15] and [33]. We
consider a linear subspace V of R™ and a linear mapping L: V— R"™. Then the operator
A, _1L is defined by

(21) An,lL(yl A\ Yo FANKIIIVAN ynfl) = Lyl A\ Ly2 FANCIEIRIVAN Lynfl.

If the dimension k of V is less that n — 1, this operator is trivial. If £ = n, and A is the
matrix representing L, it can be shown that A, 1L is represented by cof A. Therefore
both sides of (2.1) depend only on values of L on the linear hull of yi,ys,...y, 1. We
may identify the wedge product with the cross product through the Hodge star operator.
Thus, in our case when V is the tangent space T,(0K), A,,_17,(0K) is the one-dimensional
space of multiples of v(x) and L = D, f(x), the required expression (A,_;L)v can be
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computed (avoiding exterior algebra objects) as (cof A)v where A is a matrix of any
operator L: R™ — R"™ which extends L, i.e.

Ly =Ly, yeT,(9K).

This also shows compatibility with the formula for smooth mappings where the extension
L appears naturally as the full gradient D f(x).

2.4. Degree for continuous mappings. Let {2 C R" be a bounded open set. Given a
smooth map f: Q — R™ and yo € R™\ f(99Q) such that J;(z) # 0 for each z € QN f~*(yo),
we can define the topological degree as

deg(f, Qo) = Y sen(Js(x)).

QNf~1(y)

By uniform approximation, this definition can be extended to an arbitrary continuous
mapping f: Q — R™ and yy € R™\ f(99Q). Note that the degree depends only on values
of f on 0N).

If f: Q — R” is a homeomorphism, then either deg(f,Q,y) = 1 for all y € f(Q) (f
is sense preserving), or deg(f,Q,y) = —1 for all y € f(Q) (f is sense reversing). If, in
addition, f € Whm~1(Q R™), then this topological orientation corresponds to the sign of
the Jacobian. More precisely, we have

Proposition 2.1 ([21]). Let f € W™ 1(Q,R™) be a homeomorphism on Q with J; > 0
a.e. Then

deg(f,Q,y) =1, y € f(Q).

2.5. Degree for W1m~1 N > mappings. If K is a shape or a figure, f € W' 1(OK)N
C(OK), |f(OK)| =0, and u € C*(R",R"), then

(2.2) / deg(f, K,y)divu(y) dy = / (wo f)- (Ap_1D-f)v dH™ 1,
n oK
see [31, Proposition 2.1].
Let M(R™) = Cy(R™)* be the space of all signed Radon measures on R". By (2.2) we
see that deg(f, K,-) € BV(R") and

(23) ||Ddeg(fa K7 )HM(R”) S CHATL—lDTfHLl(@K) S C“DTfHZ;—ll(aK)

Following [11] (see also [7]) we need a more general version of the degree on the boundary
of a shape which works for mappings in W1"~1 N L*> that are not necessarily continuous.
Although only the three dimensional case on balls is discussed on [11], the arguments pass
in the general case as well. The definition is in fact based on (2.2).

Definition 2.2. Let K C R" be a shape and let f € W 1(OK,R") N L=(0K,R").
Then we define Deg(f, K, -) as the distribution satisfying

(2.4 [ pestr. Kot dy = | (o f)- (8D dre

for every test function ¥ € C'°(R") and every C'™ vector field u on R” satisfying divu =

0.
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As in [11] it can be verified that the right hand side does not depend on the way 1 is
expressed as divu. Indeed, this works if f is smooth. If we approximate f by a sequence
(fim)m of smooth functions in the usual mollification way, then uo f,, — uo f weakly™* in
L> A, 1D, fr, = A1 D, f strongly in L', hence the right hand side of (2.2) converges
well. In fact, the distribution Deg(f, K,-) can be represented as a BV function by the
following lemma.

Lemma 2.3. Let K be a shape. Let (fu)m be a sequence of continuous Sobolev map-
pings which converges to a limit function f strongly in W'=Y (0K, R") and is bounded in
L*(0K,R™). Then Deg(f, K,-) is an integer valued function in BV (R™) and deg( f, K,-) —
Deg(f, K,-) strongly in L*(R™).

Proof. Let 1) be a smooth test function and u be a smooth vector field such that divu = .
As above we observe that uo f,, = uo f weakly™ in L* and A,_1D,f,, — A_1D,f
strongly in L'. Hence we observe that deg(f,, K,-) — Deg(f, K,-) in distributions. By
(2.3), the sequence deg( f,,,, K, -) is bounded in BV (R"), so that the limit is in BV as well
and the convergence is weak™ in BV. By the compact embedding and the L bound of
fm we have deg(fm, K,-) — Deg(f, K,-) in L'(R"). It also follows that Deg(f, K, -) is
integer valued. 0

Remark 2.4. Let K be a shape and f € W' Y(0K) N C(K). If |f(OK)| = 0, then
Deg(f, K,y) = deg(f, K,y) for a.e. y € R". We use different symbols to distinguish and
emphasize that deg is defined pointwise on R™ \ f(0K), whereas Deg is determined only
up to a set of measure zero.

Assume that f,g € W 19K, R") N L>*(0K,R"). From the embedding of BV spaces
into L7 [1, Theorem 3.47], the definition of BV norm [1, Definition 3.4] and (2.4) (note
that by approximation it must hold also for ¢ = divu, u € Cj(R™)) we obtain

[{y € R": Deg(f. K. y) # Deg(g. K.9)}| ™ < || Deg(f, K. ") — Deg(g, K, e

< CHD(Deg(fv K, ) - Deg<g> K, ))”M(Rn)

s — Csupf / (Deg(f. K. y) ~ Deg(g, K. y)) divuly) dy :
ue GY(RY), uflp~ <1}

<C (ID-f (@)]"" + [ Drg(a)[* ) dH" (2).
OKN{f#g}

2.6. (INV) condition. Analogously to [11] (see also [31]) we define the (INV) class.

Definition 2.5. Let B C R" be a ball and let f € W' 1(9B,R") N L*(dB,R™). We
define the topological image of B under f, imr(f, B) as the set of all points where the
density of the set {y € R": Deg(f, B,y) # 0} is one.

Definition 2.6. Let f € W' 1(Q,R™) N L>=(Q,R™). We say that f satisfies (INV) in
the ball B CcC Q if

(i) its trace on OB is in Wh2 N L*;

(ii) f(z) € imp(f, B) for a.e. x € B;

(iii) f(x) ¢ imp(f, B) for a.e. z € Q\ B.
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We say that f satisfies (INV) if for every a € Q there is r, > 0 such that for H!-a.e.
r € (0,r,) it satisfies (INV) in B(a,r).

Remark 2.7. If f, in addition, satisfies J; > 0 a.e., then preimages of sets of zero measure
have zero measure and thus we can characterize the (INV) condition in a simpler way.
Namely, such a mapping satisfies the (INV) condition in the ball B CC € if and only if

(i) its trace on OB is in Wh2 N L>;
(ii) Deg(f, B, f(x))# 0 for a.e. z € B;
(iii) Deg(f, B, f(z)) =0 for a.e. x € Q\ B.

2.7. Estimates of measure of preimages.

Lemma 2.8. Let Q C R™ be an open set of finite measure and f € W,o(Q; R™) satisfy

loc

J¢y # 0 a.e. Then for every e > 0 there is 6 > 0 such that for every measurable set F' C R"
we have

F| <6 = |f Y (F)<e.
Proof. Assume for contradiction that there are ¢ > 0 and F; with |Fj| < 2% such that
|f7YF;)] > e, 7=1,2,.... Then the set

E=\JFwith f1(E) =&
k=1j=k k=1j=k

satisfies |[E| = 0 but |f~1(E)| > e. We can find a set A C f~'(E) of full measure such
that J; # 0 on A and such that change of variables formula

/ @) de= [ N(f, Q) dy.
A f(A)

holds on A (see [15] or the proof of [20, Theorem A.35] for n = xf(4)). Now the left hand
is positive as Jy # 0 and |A| > 0 and the right side is zero as |f(A)] C E and |E| = 0.
This gives us a contradiction. 0

Let © C R”™ be open, A C Q be measurable and let g € W2 (Q2; R") be one-to-one.

loc

Without any additional assumption we have (see e.g. [20, Theorem A.35] for n = x4(a))

(2.6) / 1, (@)|de < |g(A).

Lemma 2.9. Given Cy < oo, there ezists a function ®: (0,00) — (0, 00) with

lim ®(s) =0

s—0t

such that the following holds: Let g € W' L(Q R"™) be a one-to-one mapping with
lgllze < Cy and F(g) < Cy, where F is as in (1.2) with ¢ satisfying (1.3). Then
for each measurable set A C Q) we have

(2.7) O(lA]) < [g(A)].
Proof. Choose ty > 0 such that ¢ is decreasing on (0,%,) and write t = ;' (s) if
(2.8) p(t) =sand 0 <t <.
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Then, either |g|(f|)| > to, or we use that ¢ is decreasing on (0, %], area formula (2.6) and
the Jensen inequality to obtain

o) = eIy = Lot <

This implies that

(2.9) lg(A)| > ®(]A]),
where
~1{c C
B(s) = {S“DL (%) s<
C
tos, 5= o(to)”’

and ;! is the left partial inverse function defined by (2.8).
0J

We need the following observation from [12, Lemma 2.3] to show that the limit mapping
in Theorem 1.1 satisfies J; # 0.

Lemma 2.10. Let Q C R™ be open, and let f, € WH(2,R") be a sequence of homeomor-
phisms with Jy, > 0 a.e. such that fy — f € WH(Q,R™) pointwise a.e. Assume further
that

swéﬂ%@ﬁﬁ<%

k
where ¢ satisfies (1.3). Then J; # 0 a.e.

2.8. Minimizers of the tangential Dirichlet integral. In our main proof we have a
sphere (or cuboid) K in R™ and on this sphere we have a small (n — 2)-dimensional circle
which is a boundary of an open spherical cap S C K. Our map f is in W' ! so we
can choose the sets so that f is continuous on the small circle S\ S. Our mapping f can
have a big oscillation on S so we need to replace it by a reasonable mapping. We do this
by choosing a minimizer of the tangential Dirichlet energy over this cap S which has the
same value on the circle S\ S. In fact we need this even for more general shapes than
spheres and circles.

Let K C R™ be a shape. We say that a relatively open set S C 0K satisfies the exterior
ball condition if for each z € S\ S there exists a ball B(z/,r) with 2z’ € K such that
2z € 0B(2',r) and B(z',r)NS = 0.

Theorem 2.11. Let K C R"™ be a shape. Let S C 0K be a connected relatively open
subset of 0K which does not contain points of edges. Let T be the relative boundary of
S with respect to K. Suppose that diam S < ;- and that S satisfies the exterior ball
condition. Let f = (f1,..., f") € WL (OK,R") be continuous on T. Then there exists
a unique function h = (h',... k") € C(S) N WErL(S,R") such that each coordinate h'
minimizes [ |D-u|""L dH"™ among all functions u € f+ Wy (S). We have h = f
on T, the function h satisfies the estimate

(2.10) diam h(S) < v/ndiam f(T).

and we have L"(h(S)) = 0. Moreover, if f,, are continuous and converge to [ uniformly
on T, then h,, converge to h uniformly on S, where h,, are minimizers corresponding to
boundary values f,,.
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Proof. We give the proof for the case of a ball K = B. In case of a full cuboid everything
is much simpler as S is flat, and the same references for properties of minimizers are valid.
In case of a hollowed cuboid, S is a part of the boundary of a cuboid or of a sphere. The
part £"(h(S)) = 0 is proven in [12].

Choose z = (21,...,2,) € S. We may assume that B = B(0,1) and that z, > -=. Let

v
IT be the projection = — 2 := (x1,...,2,_1). For each x € S we have x,, > 0 and
B <[ol 12 <y [1-—+—<1-
T z T—z - =4+ — - —
- - n  4n — 4n

|D,u* = |Da|* — (2 - Da)>.

Indeed, we can extend u to the neighbourhood of S in R™ as u(z) = u(z, /1 — |2|?) and
then Du = (D, ..., D,_1u,0). We clearly have

|Dul* = |D-ul* + [Dyul* = [Drul* + |(Du - v) [,

and for the unit ball we have Du -v = Dt - & as 2% = 0.

OxTn
Note that
E €7 — (2 €)% EeR,

is a positive definite quadratic form whenever || < 1 and
€7 = (-6 > (1 - [2])|gl

The functional
/|D7u\”_1 dH" :/ (DA = (& - Da)?) "z di
S 1(S)

thus satisfies the axioms of Chapter 5 in [18]. The existence and uniqueness of the
minimizer follows from [18, Theorem 5.28]. The continuity up to the boundary follows
from [18, Theorem 6.6 and Theorem 6.31]. The oscillation estimate (2.10) follows from
the maximum principle [18, Theorem 6.5]. The uniform convergence of a sequence of
solutions can be obtained from the comparison principle [18, Lemma 3.18], namely, if w,
v are continuous scalar minimizers and v < v on 7', then u < v on S. O

2.9. Mappings of finite distortion. Let n > 2 and Q C R" be a domain. The mapping
f e VV&CI(Q,R”) is said to be a mapping of finite distortion if J;(z) > 0 a.e. in €,

J; € LL,.(Q) and D f(z) vanishes a.e. in the zero set of J;(x) (note that the last condition

automatically holds if J; > 0 a.e.). With such a mapping f we may associate the distortion
function as

IDf ()™
Kf(x) _ ;@) if Jf(x) >0
1 if Jp(z) = 0.

See [23] and [20] and references given there for the introduction to the theory of mappings
of finite distortion. )

Let f € WH(Q,R™) be a mapping of finite distortion with Ky € L»—1 and u € C*(R").
Then the following crucial estimate from Koskela and Maly [27, (2.1)] holds (see [27] for
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detailed proof)
|D(uo f(z))| de < /Q [Du(f ()| |Df ()] d

< [ [Du(f(2))] (K(x)Js(x))" do
(2.11) Q -

< ([ iputrtonragte) as)” ([ 1657w ar)

1 oa
< | Dullpn(pop 1 K771 iy

2.10. Extension properties of Lipschitz domains. It is well known that Lipschitz
domains are Sobolev extension domains, see Calderén [9] and Stein [35]. The Sobolev
extension property holds even for so called uniform domains, see Jones [26]. For nice
recent progress in the field of Sobolev extension see Koskela, Rajala and Zhang [28].

Much less is known if we want to extend a Sobolev homeomorphism on © (2 C R”
Lipschitz) and require injectivity at least on a neighbourhood of Q. Such a result would
simplify the proof of our main theorem. Unfortunately, we are aware only of planar result
and thus we bypass the absence of such a tool in a series of auxiliary results (Lemma 2.12,
Theorem 2.13, Lemma 3.6). Note that the planar result due to Koski and Onninen [29]
deals in fact with a more difficult problem of extension from the boundary. If we do not
start from a function given on the interior, we cannot use any kind of reflection.

Lemma 2.12. Let ' C R" be a Lipschitz domain. Then there exist a Lipschitz mapping
C: QY — R™ and § > 0 with the following properties:

(a) x € 00 = l(z) =ux,

(b) dist(z,0Q) <6 = {(x) ¢ .

Proof. By the definition of a Lipschitz domain, there exist open sets U; C R”, unit vectors
v; € R" Lipschitz mappings II;: U; — 0Q' NU;, i = 1,...,m, and R,p > 0 with the
following properties

(i) for each = € U; there exists A € (—R, R) such that = II;(z) + Avy,

(ii) for each z € U;NOY and t € (0,2R) we have I;(x) = z, v+tv; € RM\QY, x—tv; € Q.
(iii) {z € R": dist(z,0Y) < p} C U, U;.
For each z € (¥ with dist(z, ') < p find B, = B(z,r.) such that there exists i = i(j) €
{1,...,m} with B(z, (m + 1)r,) C U;. Using compactness of {z € R": dist(z,08) < p}
select finite covering of this sets by balls B(z;,7;), j = 1,...,p with the property that
rj = 1., and find a smooth partition of unity (w;); on {z € R": dist(z,0Q') < p} such
that {w; > 0} = B(zj,7;), 7 = 1,...,p. Set r = min{R/(m + 1),p,71,...,7,} and find
0 > 0 such that for each z € U;, i = 1,...,m, we have

dist(z,00Q) <0 = |z —IL;(z)| <.
Set

lz)=x+ man(a:)(Hl(x) —z)ifz € Q and dist(z,0) < §

i=1



WEAK LIMIT OF HOMEOMORPHISMS IN W!™~! AND (INV) CONDITION 11

and extend ¢ in a Lipschitz way to €/. Then ¢ is a Lipschitz mapping which is identity
on 0%
Fixing * € Q' with dist(z, (') < 6, we must prove that ((z) ¢ Q. We find iy €
{1,...,m} such that
Mio(x) = 1/m.
We may assume that igp = 1 and that x € supp; if and only if ¢ € {1,...,k} for some
ke{l,...,m}. Write

1=z +mn(x)(Il(x) — z) =i (x) + (mm(z) — 1) (|1 (x) — z|)v;.
Since
(mm(z) — 1) (|ILi(z) — zf) < mr < R,

we have x1 ¢ Q. We have x; € B(z,mn;(z)r). If k =1, we are done.
Now, we proceed by induction. Write

rg=z+my n(e)(M(z) —z), ¢<k

1<q

By induction hypothesis we have z,_; ¢ €', Further,
Tq—1 € B(x,m(m(x) + -+ ng_1(x))r) C Bz, mr).
We find j, such that i(j,) = ¢ and |z — 2;,| < 7;,. Then
|Tq—1 — 25, S mr+r;, < (m+1)r;,
and thus we have z,_; € U,. This means that z,_; is of the form II,(z,_1) + Av, with
A < R. Since mny(z)(Il,(x) — ) = Nv, with 0 < X < mr < R, we have z, =

I, (xg—1) + (A + XN)v, with A + X < 2R and it follows that z, ¢ €2'. We conclude that
Ux) =z ¢ . O

Theorem 2.13. Let Q,$Y be Lipschitz domains and [ be a lep—homeomotphism of Q
onto SY. Then there exist o D , Q) D, and a continuous WYP-mapping f: Qo —
such that f = f on Q and f maps Qo \ Q to Q) \ .

Proof. We use Lemma 2.12 to €2 and we keep the notation from Lemma 2.12. Let
f*: R* — R" be the usual WP-extension of f, by its construction it follows that f*
is continuous. Find 7 > 0 such that

dist(z, Q) < 7 = dist(f*(x), Q) < 4.

Set -
Qo = {x: dist(z,Q) < 7},

foy o [F@. el @,
U ),z e Q\ Qand fr(x) €,
and Q) = f(Q).
It is easily verified that f has the desired properties. We use the chain rule (see e.g. [40,

Theorem 2.1.11] or [1, Theorem 3.16]) to prove the Sobolev regularity of the composition.
O]
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3. LIMIT OF HOMEOMORPHISMS SATISFIES (INV)

Recall that our energy (1.1) is given by
F()= [0S+ ol e

where ¢ is a positive convex function on (0, c0) that satisfies (1.3) and (1.4).

Theorem 3.1. Let n > 3, Q,Q C R" be Lipschitz domains and let ¢ satisfy (1.3) and
(1.4).

Let f, € WHHQ,Q), m = 0,1,2,..., be a sequence of homeomorphisms with J, > 0
a.e. Let f,, converge weakly in WH"=1(Q,R™) to a limit function f. Assume further that
we have either

(a) fm are homeomorphisms of Q onto ¥ such that fn, = fo on 0K, for allm € N,

(3.1) F(fm) < C
and

(3.2) IK; < Oy,
or

(b) fim converge strongly in W' 1(Q,R") to f and J; > 0 a.e.
Then f satisfies (INV).

Our main theorem follows easily from this more general result.

Proof of Theorem 1.1. Assumption (1.5) clearly implies (3.1) and by the Young inequality

1 1
abﬁ—ap+—,bp fora>0,0>0,p>1
p

b
used for p = @ (and thus p’ = %) we obtain
1 w1 1 1 1
/KJ?_1 dx:/|Dfm|n—1 - dxg—/|Dfm|”_1dx+—, ———du.
o " Q Jr1 P Ja P Ja jrr-se
fm fm
The conclusion now follows from Theorem 3.1. L]

Remark 3.2. Using the Young inequality with p = ;T(bl__lg #ﬂina)

we obtain a similar inequality for lower powers of Ky , i.e., the counterexample from
Theorem 1.2 shows that assuming

(and thus p’ =

1—e
n—1
HKf’VVL

is also not enough to preserve the (INV) condition under weak limits.

L <Cy

Definition 3.3. Let  C R" be open and let f,,, € W' 1(Q, R") be homeomorphisms
that converge to a limit function f weakly in W1"~1(Q, R™). We say that a shape K CC {2
is a good shape (in particular, good ball or good cuboid) with respect to (fm)m if the
following properties are satisfied.
(i) The trace of f on K is in W' (9K, R"™). In what follows we assume that f is
represented to coincide with this trace on K.
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(ii) If K is a full cuboid or a hollowed cuboid, the the trace of f on each (n—2)-
dimensional edge F of K is in W' }(FE) and the trace representative of f on the
closed (n — 2)-dimensional skeleton of K is continuous.

(ili) |fm(OK)| =0 for all m € N.

(iv) There is a subsequence of f,,, such that the convergence f,,, — f occurs weakly in
W= (OK,R") and H" '-a.e. on K, (and therefore deg( f,,,, K, -) forms a bounded
sequence in BV.)

Lemma 3.4. Let Q C R" be open and let f,, € W 1(Q,R") be homeomorphisms that
converge to a limit function f weakly in Wh"=1(Q,R"). Let B(xq,70) C Q. Then B(x,r)
is a good ball with respect to (fm)m for a.e. r € (0,7).

Proof. By slicing analogous to the proof of the ACL property we obtain that the trace of
fondBisin WY(OB(zg,r), R") for a.e. r > 0. Images of spheres by f,, are disjoint as
fm are one-to-one and thus | f,,(0B(zo,7))| = 0 for a.e. r > 0. The fact that deg(f,,, B, -)
forms a bounded sequence in BV follows from Section 2.5.
By the Fubini theorem and by the Fatou theorem
To
(3.3) / lim inf </ | Dy frn "1 d?-[nfl) dr < liminf/ |Df,,[""t <.
0 OB(z9,r) B(zo,r0)

m—0o0 m— 00

The last inequality implies that for a.e. r

lim inf </a . 1D, frn|? 7} dHn—1> < 0o
B(xg,r

m—o0

and we can choose a subsequence for which the limes inferior turns to the limit. Thus, we
have a bounded sequence in W'~ 1(9B(zg,r)) and we select a weakly convergent subse-
quence. Since W11 is compactly embedded into L"~! we obtain that this subsequence
converge to f in L"~!. Up to a subsequence we can thus assume that it converges to f
pointwise H" !-a.e. on 9B. O

Lemma 3.5. Let Q C R™ be a bounded open and let f,, € WH"1(Q,R™) be homeomor-
phisms that converge to a limit function f weakly in W11 (Q,R"). Let § > 0. Then
there exist partitions

<ty <<t

0 1
t2<t2<"'<t72712’

<t <<t
such that B
QC (t[1)7t71nl) X X (tgatnmn)>
each t] — 1" < § and each
Q= (" t]) x (77 #7) x o x (7 8)

with 1 < j; <my, i =1,...,n, is a good cuboid with respect to (fu)m provided that Q C €.
Proof. The proof is analogous to the proof of Lemma 3.4 with the additional difficulty
that we must take care of the W1 lregularity (which implies continuity for a suitable

representative by the Morrey estimates) on the (n—2)-dimensional edges. Therefore we
select the partition points ¢! subsequently for i = 1,2, ..., n in such a way that the Sobolev
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regularity on the intersections of {z € Q: z; =} with all {z € Q: z; = tg,/} for all ¢/ < i
and j' € {1,...,my} is controled. O

In the main proof we assume that the (INV) condition fails. Hence we can find a ball
B C Q) such either something from outside of B is mapped into the topological image of
the ball or something from inside of B is mapped outside of topological image, i.e. that
the set

{r €Q\ B: f(z) €imgp(f,B)}(or {x € B: f(z) ¢ imr(f, B)}) has positive measure.

At the same time we need to show that also something from inside of B is mapped inside
the topological image and something from outside of B is mapped outside, i.e. that the
following set have positive measure

{r € Q\B: f(z)¢imp(f,B)}(or {x € B: f(z) € imy(f, B)}).

This second condition seems to be believable but unfortunately we need the follow-
ing technical Lemma to show its existence (note that we replace f(x) € imp(f, B) by
Deg(f, B, f(z)) # 0 in (3.6)). The main idea to show this is simple, we extend our
fy fm Q@ — Q' to mappings f*, f¥ : Q — Q) with Q1 2 Q so that other conditions holds
for these extensions. Now it is not difficult to see that for many points

x € O\ Q we have f(z) ¢ imr(f, B).

Moreover, we do another important observation there. In the proof of the main theorem
we assume that (INV) condition fails and thus either (ii) or (ii¢) of Definition 2.6 fail. We
show that if (77) fails for some ball then (éi7) fails for some other shape. It follows that
we can assume in the proof of main theorem that (ii7) fails.

Lemma 3.6. Let n > 3, 0, Q) C R"™ be Lipschitz domains, let ¢ satisfy (1.3) and (1.4).
Let f,, € W 1(Q,Q), m =0,1,2,..., be a sequence of homeomorphisms of Q onto [}
such that f., = fo on 0Q, J;, >0 a.e., and

(3.4) F(fm) < Ch,

which converges weakly in W1m=1(Q, R™) to a limit function f. Assume that f does not
satisfy (INV).
Then we can find domains Q; D Q,Q, C R", such that f,, extend to W"~1-homeomorphisms

fro = Q) with 2= f7 on O\ Q,
_1
(3.5) sup/ @©(Js:) dx < oo and sup/ K dx < oo,
meN Jo, meNJqo, "
and we can find a good shape K CC )y for the sequence f) and the limit function f*
such that both sets
(3.6) {x e\ K: Deg(f* K, f"(x)) #0} and {x € O \ K : Deg(f*, K, f*(x)) =0}

have positive measure.

Proof. Denote H = {z € R": 21 < 0}. Denote the reflection (1,25 ..., 2,) — (=1, 22,...,Ty,)
by R. Since domains ,€) are Lipschitz and we can find a joint localization of both,
there exist k pairs of open sets U;, V; C R™ and of bilipschitz mappings ®;: U; — R",
U,: V; > R" with i € {1,...,,k} such that

(i) the sets U; cover 02,
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(i) fo(Us) C Vi,

(111)foreacha:€U we have x € Q iff &;(x) € H,
(iv) for each x € V; we have z € Q' iff ¥;(x) € H,
v) z € ®;(U;)) \H = R(x) € &,(U;),
(vi) z € ¥;(V;) NH = R(z) € V;(V;).

Then we can construct “Lipschitz reflections” near 02 and 9§,

R;D:(IDi_loROCI)i,

R;P :\P;loRo\I/i.
Let us fix ¢ € {1,...,k}. Then for any m we can extend f,,, j = 0,1,..., to a Sobolev
homeomorphism f*,,: QU U; — R” setting

* m Y x 6 ﬁ?
/ m(x) = \IJS ) o a

R (fo(R7(2))), = €U\

Also we use the limit function

@), weq
(3.7 d _{fg(x), ze U\ Q.

The Sobolev regularity and continuity are preserved by composition with the bilipschitz
mappings. We use the property (1.4) of ¢ and F(fy) < oo to verify that

_1
Sup/ o(Jp+,,) dz < oo and Sup/ K]?[l dxr < o0.
meN Jq, meN J o, "

Now we look for a good shape K as in the statement of the theorem. Since f does not
satisfy (INV) on €2 we can use Lemma 3.4 and Remark 2.7 to find an (arbitrarily small)
good ball B(c,r) C € such that either

{z € Q\ B: Deg(f,B, f(z)) # 0}

or

(3.8) A:={x e B: Deg(f,B, f(x)) =0}

have positive measure. Since B is small we can assume that 3/ndiam B < dist(B, 092).
_In the first case we find yo € 0€) such that y is a boundary point of the convex hull
@ of (', find i € {1,...,k} such that yo € V; and extend f,, and f to Q) as in (3.7),

where Q; = QU U;. Notice that for all y € £(€1) \ € we have Deg(f, B,y) = 0. This
can be obtained by approximation. Namely, by the Mazur lemma there exist convex
combinations g, of f,, such that g,, — f strongly in W1»=1(Q R"). All the functions
gm have values in (2 and therefore

deg(gm, B,y) = 0, y ¢ .

Now we use Lemma 2.3 and (2.2) to deduce that

(3.9) Deg(f*, B, f*(z)) =0  forae. z €O\ (f1) ().

Hence our conclusion holds for this ball B, but of course for €2; instead of (2.
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The second case, namely that the set A has positive measure, is more tricky. By
Theorem 2.13 there exist Qg D Q, ) O @, and a continuous W L-mapping f,: Q2 —
Q) such that f, = fo on Q and f, maps Q’ \ Q to f \ . We set

o) = fo(x), r€Q\Q, and F(z) — fo(:c), r € Q\Q,
m()_{fm(x), r e d /@) {f(:z:), x € Q.

We use Lemma 3.5 to construct a partition Q of a neighbourhood of Q into good
cuboids with respect to the extended functions. Moreover, we may assume that each
cuboid ) € Q intersects €2 and is so small that it satisfies

(3.10) diam@ < diam B and QNIN#0 = Q C QN U; for some i.
We define the figure F as (see Fig. 1)

- Us

QeQ

/

- >

\ I /:

F1GURE 1. We cover 2 by a set of good cuboids F' and B by full cuboids P.

Using dist(B,09Q) > 3y/ndiam B and (3.10) we find @ C Q such that the figure P

with

P .= U Q

QeQ’
is itself a full cuboid and
BcCcPccq.

We will consider the hollowed cuboid

H=P\B.
Denote

Q"={Q e Q: QNP =0}
We have (see Fig. 1)

(3.11) deg(f, Fy)=1, yeq.
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Indeed, f = ]7"0 on OF, fy is a sense preserving homeomorphism on €2 and

deg(fo, F,y) = deg(fo, 2, y) + deg(fo, F \ Q, ).

Here we use the additivity property of the degree and the fact that deg(f,, F\ Q,4) =0
as

y & fo(F\Q).

Note that the additivity property of the degree defined by (2.4) follows from the fact that
the normals on boundary parts of adjacent surfaces are opposite and thus cancellation
occurs. Further by (3.8)

Deg(f,B,y) =0,  y¢€ f(A).

Now, by (3.11)
(3.12)

1 = Deg(f, F,y) = Deg(f, B,y)+Deg(f, H,y)+ Y _ Deg(f,Q,y),  for ac. y € f(A).
QeQ”

By (3.12) there exists a good shape K such that K N B = 0 and deg(f, B,y) # 0 for
a.e. y € f(A), namely either K = H or K € Q". If K CC (2, we can proceed as in the
preceding case (see (3.9)) and add a suitable U; to Q. Let K N 9Q # (. Then we find i
such that K CC U; and as in the preceding case extend f,, as f,,* and f as f* to QU U,
as in (3.7). We now claim that that

(3.13) Deg(f*, K, f(x)) #0 for a.e. z € A.
We start with showing that
(3.14) Deg(f*, K,y) = Deg(f, K,y) #0 forae. ye f(A).

To this end we first use a homotopy

Py, 1) = 07 (Wil o)) + L5 () = Wil Fow)))
to prove that

(3.15) deg(fo, K,y) = deg(f;, K, y), ye.

Let ¢ be a smooth function supported in ' and u be a smooth function satisfying
divu = ¢. Then by (3.15) we have

/ (wo f3) - (A1 Do f v dH™!
AK\Q

N /aK(uO fo) - (Mwr Do f)v dH" ™ — / (wo fo) - (Ap_1D; fo)v dH™

OKNQ

— [ el (D fan = [ (e o) (A Defo)y i
0K

OKNQ

N / (wo fo) - (An_1Dr fo)v dH™ .
OK\Q
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Hence

JRCEISREN NS
oK
— [ wo ki) A Dfiedr [ we f) - (Do fy dH
OK\Q

OKNQ

OKNQ

= / (wo fo) - (Ap_1 Dy fo)v dH" ™ + / (o f)- (Ap_1D.f)v dH™
OK\Q
= / (wo f) - (Ap_y D f)v dH™ 1.
oK
We thus proved (3.14). Then, by Lemma 2.8 we have

Deg(f*, K, f(x)) = Deg(},K, f(z)) #0 for ae. z € A.
which establishes (3.13).

FIGURE 2. We add to €' two disjoint sets V; and V.

Now, we need to extend the function to a still larger set € (see Fig. 2). Similarly to the
first step, we find i' € {1,...,k} and a point yo € 9Q' N O such that yo € Vi (recall that
Q' denotes the convex hull of ). We set Q) = QUU; UUy and extend f,, and f to f*,,
and f* using “Lipschitz reflection” on both U; and U;. To make it possible, we require in
addition that V; N V; = (). This can be achieved if the covering of the boundary is chosen
fine enough. If we consider the strongly converging convex combinations g,,", we observe
that g,,*(z) € ' if 2 € Q and g, () € Vi if 2 € Uy \ Q. Therefore g,,*(z) ¢ Vi \ O for
x € K and thus

Deg(f* K, f(x)) =0  forac. ze U\ (f) ().
OJ

Proof of Theorem 3.1. Step 1. Outline of the proof: We give here a short informal sum-
mary of the proof first. Case (b) is proven by a simplified version of the proof of Case
(a), as thanks to the strong convergence we do not need the assumption on integrability
of the distortion and Jacobian of f,,.
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We start by assuming that f violates the (INV) condition and that ”something from
outside is mapped inside the topological image”. We find a good shape K with respect
to (fm)m such that

U\NK ={zeQ\K: Deg(f, K, f(x)) # 0}

is of positive measure. (In the most simple case, K may be one of the balls which
violate the (INV) condition.) Those are the points which originally were outside of K
but f mapped them into the topological image of K. We cover the boundary of K by a
(n —2)-dimensional ”cage” or "skeleton” made of parts of (n — 2)-dimensional circles. On
this skeleton our functions are Holder continuous. On the rest of the boundary of K we
replace them by g,, and g which are continuous. One can think of it as of having prescribed
deformation of the skeleton and g,, and g being a suitable continuous extensions of it on
OK. The differences between the topological images of f,, and ¢, (or [ and g) create
bubbles of some kind, through which the material can leave the topological image of K or
enter it from the outside (see Figure 3). The neck of such bubble must be getting thinner
and thinner as m grows, since in the end the topological image ”skips” it completely (see
Figure 4). We find two balls By and By of the same sizes outside of K such that a big
parts of them lie in U and V', respectively. Since most of By is then mapped inside the
topological image of K but By is mapped outside of it, the lines connecting these two
balls must pass through the thin neck of the bubble. That gives a contradiction with our
assumption on the integrability of the distortion, as the necks are getting smaller and
smaller, but the material of the lines cannot be deformed that much.

Step 2. Finding a good shape K: We assume for contradiction that f does not satisfy
the (INV) condition. Assume first Case (a). Since (INV) fails for f, by Lemma 3.6 we
may assume (passing if necessary to a different domain and different mapping) that there
is a good shape K with respect to (fi,)m such that both sets U \ K and V' \ K have
positive measure, where

(3.16) U={xeQ: Deg(f, K, f(z)) #0}, V ={xe€Q: Deg(f, K, f(x)) =0}.

In Case (b), we find a good ball K such that (INV) is violated on K. Since either (ii)
or (iii) from Definition 2.6 fails, by Remark 2.7 we have that either U \ K has positive
measure, or V' N K has positive measure. We will handle the former case, the latter one
being similar.

Step 3. Finding a skeleton of 0K: Now, we handle Cases (a) and (b) together. Since
fm converge weakly in W11 and W1m~! is compactly embedded into L"™! on each ball
B CC Q, we obtain that f,, converge to f in L™ ! at least locally. Up to a subsequence
we can thus assume that f,, — f pointwise a.e. Using Lemma 2.10 we thus obtain
that J; # 0 a.e. (for Case (a), as we assume it in Case (b)). Passing if necessary to a
subsequence we find a constant Cy such that

[ D D g < G meN
0K

Choose € > 0 small enough whose exact value is specified later. Find p € (0, 16%17“0) such
that for each z € K we have

(3.17) / D, f|" dHrt < e,
OKNB(z,2p)
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Now, we distinguish three possibilities according to the form of the shape K. We define
sets T; C OK which form a ”skeleton” of K. Their key property will be that the diameter
of their image under f is small, namely

(3.18) diam f(7}) < Cse.

First, let K be a ball. For each z € 0K we find p, € (p, 2p) such that

p/ |Df|" P dH T2 < "
OKNOB(z,pz)

Analogously to the definition of the good ball we can also assume that f,, — f occurs
H"2-a.e. on K NIB(z,p,) and that

linnl%lo%f Hfm”Wl’"—l(aKﬂaB(z,pz)) < Q.

It follows that up to a subsequence (see e.g. [31, Lemma 2.9])
(3.19) fm — f weakly in W'~ and also uniformly on K NdB(z, p.).
Note that on the (n—2) dimensional space 0K NOB(z, p,) we have embedding into Hélder
functions W1 <5 C%'=i=1 and thus f is continuous there and we have the estimate
_1
(3.20) diam f(OK N9B(z, p.)) < Clp,) "t </ D, f|*! d?-[”_2> "< Oye
OKNOB(z,pz)
Using a Vitali type covering, we find B; = B(z;, p;) such that p; = p.,
0K C | B(z,p))
J

and the balls B(z;, %pj) are pairwise disjoint. Here 7 = 1,..., jnax. Note that the mul-
tiplicity of the covering is estimated by a constant N; depending only on the dimension
since p, € (p,2p) for every z. Furthermore, the balls in the Vitali covering theorem are
chosen inductively so we can also assume using (3.19) that for a subsequence (chosen in
a diagonal argument)

(3.21) fm — f weakly in W'"~! and uniformly on 0K N dB(z;, p;) for each j.
Given j, denote
Sj - 8KHB]\U§1
1<j
Note that S; obviously satisfies the exterior ball condition of Subsection 2.8. Let T; denote
the relative boundary of S; with respect to K. From (3.20) we have (3.18).
If K is a full cuboid, similarly to the proof of Lemma 3.5 we find partitions of

each face of K to (n—1)-dimensional (full) cuboids S; such that, denoting the relative
boundaries of S; with respect to K by T}, we have diam S; < p and

p/ |DTf‘n71 danQ S gnfl.
T

We can also assume that f,, — f occurs H" 2-a.e. on T; and that

lim inf ||fm||W1,n71(Tj) < Q.
m—0o0
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FIGURE 3. 2D representation of the sets Fj. T} corresponds to points on
f(OK) (of course in R™ they are (n — 2)-dimensional), h; is represented
by dashed lines connecting these points (of course these are minimizers
of (n — 1)-energy in higher dimensions and not lines) and Fj is created
“between” h;(S;) and f(S;).

It follows that up to a subsequence (see e.g. [31, Lemma 2.9])
(3.22) fn = f weakly in W™ (T}) and also uniformly on 7j.

By embedding we also have continuity and Hélder estimates similar to (3.20) of f on 77,
in particular (3.18).

If K is a hollowed cuboid, we construct the skeleton of flat and round parts of the
boundary combining the methods used for a ball and a cuboid, obtaining sets 7; with the
desired property (3.18).

Step 4. Replacing f by ¢g with similar degree: Now we consider the shapes together.
For each j we define h; on S; such that h; minimizes coordinate-wise the tangential
(n — 1)-Dirichlet integral among functions with boundary data f on 7; (see Theorem
2.11). We define h; = f on 0K \ S;. Also we define the function g on 0K as g = h; on
each S;. Set (see Fig. 3)

F={yecQ": Deg(f K,y) # deg(g, K,y)},
Fy={y € Q' Deg(f, K,y) # Deg(h;, K, y)}.
Then

yGUFj for a.e. y € F

J
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(this can be viewed e.g. by using (2.2)) and, by (2.5), (3.17), and the minimizing property
D R - < DA ~* we have
o |Dohy|"HdHY T < C [ |D-f]" T dHY T we b

n

SB[ 4Dy Dty de )
j j i
cox(f o)
j Si

< CeZ/ 1D f|" "t dH T < CChe.
g 7%

Step 5. Concluding the proof for Case (b): Now, we distinguish the cases again. As-
sume (b). Since J; # 0 a.e. we can choose € small enough so that using Lemma 2.8 we
obtain

(3.23) )] < )f*(U 7)

< K.

We can find 6 = §(k) > 0 such that there exists a set Z C Q such that Jy > 26 on Q\ Z
and |Z| < k/2. Since (up to a subsequence) Jy, — J; pointwise a.e., we can find m big
enough such that Jy,, > d on Q\ Z’, where |Z’| < k. Then we can pass to a subsequence
so that we have J;, > 1/§ on Q' \ Z'

CCQE

(3:24) 1 (B < 121 +1 (PNl 2] < |17 (U B\ Sn(2)) | < mt =55 < 2

for all m € N when ¢ is chosen small enough. Fix m € N and note that
for every x € U \ K we have deg(f,, K, f(z)) = 0 since f,, is a homeomorphism.
Using the definitions of U (3.16)
U\ K C {deg(fm, K, fm(x)) = 0, Deg(f, K, f(z)) # 0}
C {deg(fm, K, fm(x)) # Deg(f, K, f(2))} U {Deg(f, K, fm(2)) # deg(g, K, fin(2))}
U {deg(g, K, fm(x)) # deg(g, K, f(x))} U{Deg(g, K, f(x)) # Deg(f, K, f(x))}.
We already know by (3.23) and (3.24) that

{Deg(f, K, fm(x)) # Deg(g, K, fm(z))} U {Deg(g, K, f(x)) # Deg(f, K, f(x))} < 35.

Now, since the components of R™\ g(0K) are open and f,, — f a.e., we can assume that
m is so large that

[{deg(g, K, fm(x)) # deg(g, K, f(2))}] < k.
Finally, since f,, — f strongly, for m large enough we have by Lemma 2.3

[{deg(fm, K,-) # Deg(f, K, )} < (x),
so that by (2.7)

{deg(fm, K, fm()) # Deg(f, K, fm()} < k.

Altogether, |U \ K| < 5k. Since |U \ K| > 0 we can choose x small enough, so that we
have a contradiction. The case |V N K| > 0 is done analogously.
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&, ©,

U v

FIGURE 4. Definition of By and By . Images of most of the points u € By
lies inside f(0B). On the other hand, for f,,(0B) (see dotted line) both
points f(u) and f(v) are outside for high enough m and most of the points
in BU and Bv.

Step 6. Finding balls By and By which are mostly in U and V: From now on, we con-
sider only Case (a). We can use Lemma 3.6 and (3.16) and we can thus assume that
both U \ K and V' \ K have positive measure.

Let IT be the orthogonal projection onto the hyperplane {z € R™ : z; = 0}. Assume
that x € (0, é) is so small that for each ball B and each measurable set £/ we have

7
(3.25) B\ B| < 5s|Bl = [(E)| > L(B)|
Using Lebesgue density arguments, we find » > 0 small enough and balls By = B(xy, )
and By = B(xy,r) such that
|Bu \ U| < £|Byl,

3.26
(3.26) By \ V| < n|By|

and the convex hull of By U By is contained in 2 \ K. We may assume that zy — zy is
a multiple of e; (see Fig. 4).
Choosing ¢ small enough we can assume using Lemma 2.8 that

(327) e | (Un)

S l€|BU|.

Step 7. Replacing f,, by g,, with similar degree: Find a compact set H C Q' \ g(9K)
such that

(3.28) '\ H < ®(x|By|).

For each m € N and j € {1,..., jmax} let g ; be defined in S; as the coordinate-wise
minimizer of the (n — 1)-Dirichlet integral among functions with boundary data f,, on 7.
We define g, ; as f,, on 0K \ S;. We also define g,, on 9K as g,, ; on each ;.

Since f,, = f = g uniformly on 7j by (3.21) (or (3.22)), we have g,, — ¢ uniformly on
OK using Theorem 2.11. Hence we find m € N such that g,,(0K) does not intersect H
and

(3.29) deg(gm, K, -) = deg(g, K,-) in H.
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Also, we require
|fmo — fl=|fm —g| <e onalTj.
Similarly as in Fig. 3 (but using f,, instead of f) we define
E={yeQ: deg(fm K,y) = 0# deg(gm, K,y)},
Ej={y € ' deg(fm, K,y) = 0 # deg(gm,;, K, y)}.
Then
y € UE]- fora.e. y € E.
J
Using (2.5) and the minimizing property [¢ [Drgp ;"' dH" " < C [¢ |Dy "t dH ™,
we obtain
B[k < 0/ D, fl dH .
Sj
Step 8. Not that many big bubbles where f,, and g,, have different degree: Choose a >
0 and set

F= G [ Dol > a),
Sj

J={j: / |Dy fn| " dH" ! < a}.
S.

J

Hence
S 1Bl <C S ([ Doful )
jes— jeg— 75
(3.30) < Cant Z/ 1D, fu| ™ dH!
jeJ— Sj

< Canll/ |Dyfrn" P dH T < C’wﬁ,
0K

where Cy = CC5y. We fix a such that

(3.31) CiamT < ®(k|Byl).
We set

W= f'n_7,1< U Ej)

jeJ-
and using (2.9), (3.30) and (3.31) we obtain
(3.32) W| < |By).
We have
+ &

(3.33) #IT <M= 2

Step 9. A big part of By is mapped into big bubbles, a big part of By stays away from them:
Now, consider the situation in By and By. Set

X ={z € By \W: deg(gm, K, fm(z)) # 0},
Y ={z € By \ W: deg(gm, K, fm(x)) = 0}.
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Using definition of X, definition of U (3.16) and (3.29)
By\ X CWU(By\U)U{z € By: deg(gm, K, fm(r)) =0, Deg(f, K, f(x)) # 0}
CWU(By\U)U{z € By: deg(g, K, fm(x)) = 0, Deg(f, K, f(x)) # 0} U{fm(x) ¢ H}
C WU (By \U) U {deg(g, K, f(z)) # Deg(f. K, f(z))}U
U{deg(g, K, fm(x)) # deg(g, K, f(2))} U{fm(z) ¢ H}.
Then by (3.26), (3.32) and (3.27)
WU (By \ U)| < 2k|By| and
[{deg(g, K. f(x)) # Deg(f, K, f(x))}| < £|Bul.
Since the set {y: deg(g, K,y) = 0} is open and f,, — f a.e., we can take m so large that

[{deg(g, K, fm(x)) # deg(g, K, f(2))}| < K|Byl.
Finally using (3.28) and (2.7) (for f,, since [(J;,,)) < C;) we obtain
{fm(x) & H}| < k[Byl
and all these inequalities together give us
|Bu \ X| < 5k|Byl.
Similarly using
By \Y Cc WU (By \V)U{x € By: deg(gm, K, fm(z)) # 0, Deg(f, K, f(z)) =0}
CWU(By \V)U{deg(y, K, f(x)) # Deg(f, K, f(x))}U
U {deg(g, K, fm(x)) # deg(g, K, f(2))} U{fm(z) & H}.
we obtain
|By \ Y| < 5k|By|.
Step 10. Concluding the proof for Case (a): By (3.25) we have

M(By 1 X)| > L(Bo)|, [T(By N Y)| > LTI(By)),
so that
(334) 1P| > 2i(By))
where
P =T(By N X)NT(By NY).

Consider the segment parallel to the xq-axis that connects ' € ByNX with 2” € ByNY.
We have

deg(gm, K, fm(2')) # deg(gm, K, fn(2")) = 0.
Since 2", o' ¢ W = [, '(U,c,- Ej;) there exists j € J* such that (see Fig. 5)
deg(gm,ja Ka fm(wl)) 7é deg(gm,ja Ka fm(x//)))
Hence there exists x between 2” and 2’ such that f,,(z) € OE; (see Fig. 5). Since
OF; C fm(S;) U gm(S;) and fo,(7) ¢ f,,(0K) as x € Q\ K and f,, is a homeomorphism,
it follows that f,,(z) € ¢,,(S;). Using (3.34) and (3.33) we can fix j, € J* such that

(e € Q\ K- fule) € gu(5,001)| = 1o (B0
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fm(0B)

FIGURE 5. 2D representation of the segment [2/,2”] and its image (see
dotted curves). f,,,(0K) is a full curve, T} corresponds to points on f,,(0K),
gm 1s represented by dashed lines connecting these points.

Note that diam g,,(S;,) < Ce by (3.18) and Theorem 2.11. Now, choose 3 > 0 and use
e > 0 so small that the W, " (€)-capacity of g,,(S,) in € is smaller than 5. Tt follows
that we can find smooth u € W™ (€') such that u has compact support, u = 1 on g,,(S;,)
and

|Du|™ dy < B".
Q/

It is clear that for each a € II({z € Q\ K: fu(z) € gm(S),)}), where f,, is absolutely
continuous on the segment 1171 (a) N €, we have

/ |Duo frn| > 1
I-1(a)n2

since the function is changing value from 0 to 1. Therefore, by (2.11),
3 1 a1 n-1
T B < [ Do fu)ldo < |Dullinen |67 gy < BCL

Given 8 > 0, in the course of the construction we derive ¢, then p and m. On the other
hand, By, k, a, M and thus all the left hand side of (3.35) do not depend on 5. Thus,
by a suitable choice of § we obtain a contradiction. 0

(3.35)

4. COUNTEREXAMPLE - SHARPNESS OF THE CONDITION JL? € Lt

We use the notation A < B for A < C' - B, where C' is a positive constant which may
depend on the dimension n and exponents a and p, but not on € nor any of the variables.
By A~ B wemean A < B and B < A.

We first recall some elementary inequalities that we use often in this section. For every
y €[0,1] and p € (3,1) we have

1—y’<l—y

and since the function y? is concave and its derivative is p at 1

Y <1+p(y—1).
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Therefore for every p € (3,1) we have
(4.1) 1 —y?~1—y for every y € [0, 1].

We also use the fact that
(4.2)
sin(a) &~ « on [0, 7/2],sin(a) =~ a(m — «) on [0, 7] and cos(7/2 — a) = a on [0, 7/2].

Note that for a € (0, 7) we have the following elementary estimate

(43) '1 S 1 — 1 (l + 1 ) )
sina Y a(tr—a) wT\a T—a

Proof of Theorem 1.2. Step 1. Geometrical explanation: We fix a parameter € > 0
small enough, we construct a homeomorphism f. and later we choose f,, as f. fore = 1/m.
We define the mapping from spherical coordinates (r, «, ) to spherical coordinates. We
first define it on B(0,2), i.e. for r € (0,2), a € (0,7) and § € (—m, 7). Then we extend
it to B(0,10) \ B(0,2) so that f(x,y,2) = (z,y, —z) on 0B(0,10) and then we compose
it with a proper reflection. The mapping has the form

Je ((Tvaaﬂ)) = (f(?“,Oé,E),@(T,CE,&),ﬁ) )

i.e. it is enough to define it in the xz-plane and then rotate the picture around the z-axis
both in the domain and in the target.

To improve the readability we first give the informal idea about the behaviour of the
mapping using pictures and later we give exact formulas. In Figure 6 we show the be-
haviour of f. for e = 1/m on different spheres in the zz-plane. The outer sphere 0B(0, 2)
is mapped onto some drop-shape with [0,0, 0] at the very top and this shape is actually
the same for all £ > 0. The behaviour on spheres inside is described for spheres of radius
% and g Each sphere 0B(0, r) inside is divided into two parts - the inner part I, denoted
in a dotted curve and the outer part O, denoted by a full curve. The boundary between
these two regions W is denoted by the thin blue dashed curve and is very important for
the behaviour of our map. The image f,,(O,) is some outer half-drop (denoted by a full
curve on the right part of the picture) and the image f,,(I,) is some inner half-drop (de-
noted by a dotted curve) so that the image f,,(B(0,7)) looks like a "horseshoe”. These
horseshoes are nested, i.e. f,,(B(0,71)) C fi(B(0,73)) for 1 < ry, so that the whole
map f,, could be a homeomorphism. Let us describe what happens for ¢ — 0+, that
is, m — oo. The tips of all horseshoes (the upper two parts) are approaching the point
[0,0,0] on the very top. At the same time W (boundary between inner and outer parts of
spheres) is changing drastically but only on B(0,1). The small "pie” on the bottom has
very small angle which disappears as € — 0+ so in the limit there are no outer parts O,
for r < 1. Tt is actually possible to do so with bounded W'? energy - on each B(0,r),
0 < r < 1, we map something like 2D ball or radius ¢ (in fact a small spherical cap) to
something like 2D ball of radius 1 with energy fBQ(Oﬁ) |Dh|* ~ H*(B?(0,6))|3]* ~ 1.

The behaviour of limit mapping is depicted in Figure 7. We will show that f,, forms a
bounded sequence in W'? (and also that [ Ji? is bounded) so there is a subsequence which
converges weakly to the pointwise limit f. All "horseshoes” f(B(0,r)) have two tips that

go up to the point [0,0,0]. Let us describe in details the behaviour of f on B(0, %) and
why the limit fails to satisfy the (INV) condition there. The boundary dB(0, 3) has only

inner part /1 and there is no outer part so the image f (0B(0, 1)) consists only from the
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0,0,0]

fm(B2)

F1GURE 7. Limit mapping f and its behaviour on spheres of radius %, % and 2.

dotted orange drop on the right-hand side of the picture. It follows that fr(B(0,3)) is

equal to the inner part of this (rotated) drop and it is not difficult to check that the degree
actually equals —1 there as we have changed the orientation of the sphere. However for

z € B(0,3) we know that f(z) does not belong to to fr(B(0,3)) as it is mapped outside
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of this drop, in fact for f,, we had the outer drop f,,(O,) and f,,(B(0,r)) lies between
fm(O;) and f,,(I;) so in the limit outside of f(Z,) (which is the limit of f,,(I;)).

Step 2. Formal definitions: We first define the set W between the inner and outer
parts of 0B(0,r) and then we divide B(0,2) into different regions accordingly. We set
rl =1+ -= and

T—E&

g _Jm—en 0<r<rl
: 2—r)m, rl<r<?2

and our W is defined as (see the blue curve in Fig. 8)

W = {(r,a) Ca = SE}.

This formula corresponds to the blue curve on the right half of Fig. 8 while the blue curve
on the left side is created by rotation around the z-axes. Note that rl — 1 as e — 0.
Given a < 2 we fix p € (%, 1) such that

B
D, C

A

FIGURE 8. Definition of W and different areas.

(4.4) a(l—3p) > —1.
Now we define the ”thickness between the blue curve and the red curve” as

gl/py 0<r<rl

d(e,r) = ) N

ce/P(2 -1 rl<r<2

where
2 2 2 T (r —e)

45) A= > = > 2 and ¢y = : ~ 1,
(4:5) l4+a—3ap ~ 1+a—3a/2 1—a/2 B (m —2e)*

so that ¢ is continuous at r!. Finally, we define the red curve on the picture as

W= {(7“, a) o= SE} where S, = S. — d(e, 7).
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Now we can define the regions in Fig. 8 as

Ay _{(r,a): re (0,7’;), a<5’€},
B::{(r,a): re (0,1}, 5’5<a<55},
Dy :={(r,a): r€ (0,r}), S:<a},

Ay = {(r,a): re

Dy :={(r,a): re(r
Note that we always define only the part of the region in the right part of Fig. 8 and the
corresponding left-part is created by rotation around the z-axes (or mirroring).
Our mapping f. : (r,a, B) — (7, &, 5) is defined as
(r,a) cos(T.(r, o))
(r,a)Te(r, @)

£

<t
Il

R,
R

(4.6)

W D
I
Sy

Y

where we define R, and T . below. Informally speaking, we deform a sphere into a horseshoe
with inner and outer part. Were those half-circles, it would be natural to parametrize
them in polar coordinates. However, as we work with half-drops, we use another way.
Our R. € [0,1] could be viewed as some "radius of the drop in the image” and 7. € [0, 7]
corresponds to some ”angle or parametrization of the boundary of the drop”, but instead
of using [R. cosT., R.sinT.] as in the case of polar coordinates we use [R. cos Ty, R.T¢]
as it fits us better. We want to keep our formulas as simple as possible: we define the
functions piecewise on regions Ay, As, B, C, D1, D5. We keep R, to be the same as our limit
mapping on A; and Dy and very close on A; and D;. We use B and C' to continuously

connect the values on these regions (by a linear convex combination).
We define our R, € [0,1] as

rzg;r’ OnAla
7;—_2; . 23*7"7 on AQ,

%_i_s_;, OIlDl,

R. = 13i7 on Dy,
S G (o), ws

Vi e (1), ac

Note that R, is continuous and the values on boundaries between regions (like for r = r})
agree. To define T, we need two additional auxiliary functions. The first one & € [0, 1]
measures how close we are to the critical strip between the blue line W and the red line
W and is equal to 0 exactly on the strip:

1—2, on Ay U A, (ie., on a < S,),
§(r,a) =<0, on BUC (ie,on 5. <a<85.),

1—-7=¢, onDUD;, (i.e,, on S. < a).
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Let us define 0 = 81:2;22 ~ ¢ 50 that functions £ and 1 — (2 —r)e are equal at this point.

The second one (recall that p € (3,1) and A > 2 were chosen in (4.4) and (4.5))

L for r € [0,77],
e, r)=<1—¢e(2-r) for r € [r2,rl],
1— (7;_—_2;)1pr e(2—r)»  forre[rl,2],

is influencing the shape of the “horseshoes” (see Fig. 6). For ¢(e,r) = 1 the horseshoe is

coming up to the point [0, 0, 0] so we want lim._,o; ¥(e,7) = 1, but ¢(e,r) < 1 (to have

injectivity). Moreover, the definition ¥(¢,0) = 0 and (e, r) small for r small ensures

that for really small r our horseshoes are small so that f. is continuous at the origin.
We set

.= S0 - € |0,5].

Note that for & close to 0 (i.e. close to blue-red strip) and for ¥ (e, ) close to 1 we have
T close to 5 and thus by (4.6) we obtain that 7 is close to 0, i.e. the image of our point
is close to [0,0,0]. Note that our f. is continuous up to the boundary of B(0,2). For
simplicity of notation we sometimes omit the subscript ¢ and we write only R, £ and T'
and not R., & and T..

Step 3. Continuity and injectivity: It is easy to check that our f. is continuous on
all regions. Moreover, it is not difficult to check that on boundaries between two regions
the values are the same from both sides and hence our f. is continuous.

It is also not difficult to check that f. restricted to each boundary 0A;, 0As, 0Dy,
0D5, OB and OC' is a homeomorphism. For that purpose we will extend R, and T, on

S(0,2) U{[0,0,0]}:

f@:L¢@Jq:L@wﬂo:%onaqm\ﬂaam}

R.=0,7. =0 on {[0,0,2]}
&zéﬂz@mﬂwwﬁ
There are two points where the extension of ¢ is not defined, points [0, 0, 0] and [0, 0, 2].
Apart from them we have continuous functions.
Let us now prove the injectivity on the boundaries, firstly in the planar setting. Assume
we have (R',T") = (R% T?), we want to show that the preimages are the same.
1. R' =0 or R' = 2/3: The only possible preimages in those cases are the points [0, 0, 2]
or [0,0,0], respectively.
2. R € (0,1]\ {2/3}: In this case we have R and T" determined by the previously used
formulas. Also we can uniquely describe the preimage by its polar coordinates (r,a) €
(0,2] x [0, 7].

e 0Ay,0A5,0D1,0D5: Since R is independent of o and injective with respect to 7,
R' = R? implies r' = r2. That gives ¢! = ¢? # 0. From that and T = T?

we have ¢! = £2. Again, for fixed r on each of those domains we have that £ is
injective with respect to a. Together this gives o' = 2.
e 0B,0C": Here we have that T is independent of « and injective, as v is injective

with respect to r. So we know that 7! = 72. Since R for fixed r is a convex
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combination of two distinct numbers, it is therefore injective with respect to «
and we are done.

Now we address the mapping (R,T) — (7,&) = (RcosT,RT). We claim that it is
injective for (R,T) € ((0,1] x [0,7/2]) U {(0,0)}. Let us have (R',T'), (R?* T?) such
that (7',a') = (72,a%). If (7',a') = (0,0), we know that R' = R? =0, T' = T%? = 0
and the result follows. If &' = 0 and 7' is positive, it follows that 7' = 72 = 0 and
R' = R? = #'. Otherwise since cosT is decreasing and T is increasing, we have that
cosT/T : (0,7/2] — [0, 00) is strictly monotone. Since

=

cos(T")
71

i cos(T?)

T J—

a2 T2

o)

we obtain 7! = T2, and so R' = R?.

When we add the third dimension and rotate, the injectivity does not change and hence
our f. is a homeomorphism on boundaries of different regions. Below we estimate the
integrability of J; and in those estimates we show (as a by-product) that Jy. # 0 in all
the regions. By Inverse Mapping Theorem it follows that f. is locally a homeomorphism
and since it is a homeomorphism on the boundaries we obtain that it is a homeomorphism
in each of the regions (see e.g. [30]). Moreover, it is a homeomorphism on dB(0,2) and
thus a homeomorphism on B(0, 2).

Step 4. Integrability of |Df.|* and Ji " on AU Ay U Dy U Dy

Estimate from spherical to spherical coordinates: For mappings from spherical to spher-
ical coordinates that are rotationally symmetric with respect to , we have
(4.7)

Ja V21025 | [[Tor o+ (3) + (B5) + (F52) ]

-r?sina da dr

~ / / 2a(r = a) [(9,(Reos T))? + (Reos TO,(RT))

(RcosTsin(RT))?
a(r — )

+ a(m — @) [(Oa(RcosT))* + (Rcos Ts(RT))?] + } do dr

and
2 T
/ | Jr. | = 27r/ / 0,7 + Oalv — Op6v - 07|~ |7 sin(a&)|*|r* sin | dav dr
B(0,2) 0 0

2 s
= 27T/ / |0-R - 0T — 0, T - 0,R|" " R™%| cosT + T'sinT|~*
(4.8) o Jo

- |R*(cos T)?sin(RT)|~*|r* sin | *** dav dr

2 ™
R / / 10,R - 0,7 — 0, T - 0o R|™* R™**|(cos T')? sin(RT)|~*|r? sin oo|*** dov dr.
0 Jo

Note that the term |cosT'+ T'sinT'| is bounded both from below and above for T" € [0, 7]
so we can estimate it by a constant.
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Estimate on A; N {r > r%}: On this set we have 0 < a < 7 — er — evr,
2 _ p
R=""" andT5_5<1— (1-%) >(1—(2—7~)g).
3 2 T —E&r —err
Let us first estimate
(4.9)
7r a Pt 1 1 1
|8aT5|:—p 1- T T (1—(2—T)€)%(7r—gr—gpr—a)p
2 T—€Er—err T —Er—err
and

p
=5 (1- (1- —"—) ) e
2 1

m™—E&r —err

p—1
T a a
pa(1-—) (e + )1 (2-1)e)
2 T —er—err (m—er —err)?
< ? 1

Se(m—er —err—a)P .

Using cos(§ —y) = y we get

(4.10) ot =3 (1= 1- j)) 1@

p
~ (p%) +(2 - r)e.
T —Er—err

Now we use R = 1, the previous line, (4.2) and RT < 7/2, (4.1) and p > % to estimate

(RcosT'sin(RT))* ((1 - ﬁ)p +(2- T)€)2T2
a(r — ) - a(r — a)

() ) (-0 )Y

T—er—ePr
~ (m—a)

(07

1
<(7r—a—5r—5pr)2p~|—62a2 2
~J

g
— <1+
mT— (6%

T—o
With the help of these estimates, using (4.7) and p > % we get that

1
rl  pm—er—ePr
[ pss [ [at - anp+ o+ 0] +
Ain{r>rd} r0 0

(Rcos T sin(RT))?
a(r — «a)

rl 71'—87‘—8%7" 1 82
5/ / (1+(7T—57"—5P7"—a)2p_2+ ) da dr
o Jo
1

(m—a)
§1+52/6—10g(57‘) dr < 1.
0

] doac dr
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It remains to estimate the Jacobian on A; using (4.8), 0,R =0 and R~ 1

1

rl pm—er—ePr
/ PR IS / / 02T~ |(cos T')? sin(RT)| ™ |r? sina’Ha dov dr.
Ain{r>rd} r? Jo
We estimate using (4.1) and R ~ 1

sin «

sin RT

AN

Further using (4.10) we obtain

1 « P 1 _
<{l-—— ~(m—er—cerr—a)’
cos T T —€er —err

Together with (4.9) these estimates give us

rl W—er—sér i
/ |st|_a§/ / |8aT|_"‘cosT’ “do dr
Ain{r>rd} 0 0
rl 71'757‘78%7“ ) ) »
5/ / |(7T—87"—gEr—a)p’ll’a‘(ﬂ—ar—aﬁr—a)p} “ do dr
o Jo

and our choice of p in (4.4) implies that this integral is finite.
1
Estimate on A; N {r < r%}: On thisset we have 0 < a <7 —er—crr, 0 <r<rl=e¢

and
_ p
R=? TandTEZZ(l_(l_Ll)):
3 2 T —€er—err €

Again we first estimate
p—1
T «Q 1 T
|3aTE\:§p(1— 1) T
T —¢er —err T—cr—err €
p

1
()

T —Er —errT €

p—1
7r « « i
(4.11) + 5P (1— T ) T (8-|—6110)—
T —er —err (m—er —err)?

(m —er — cvr — a)P!

M| =3

and using (4.1)

10, 12| =

b

™

o 1 p—1 1 1 p—1
%——F(W—ér—epr—a) raﬁ—(w—ar—ew—a) .
€ £

Using (4.2), R~ 1 and (4.1) we estimate the last term of the derivative

e pe

2

P\ 2
; 2 22 (1 - (1 - Ll) )
(RcosT'sin(RT)) o RTT T—er—ebr < r

a(r — ) ~alr—a) ™ a(r — a) ~e(r—a)
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With the help of these estimates, using (4.7) and 9, R = 0 we get

1
rQ  pm—er—epbr
/ IDfe|]” S / / r? [|0,RI> + 10, T|?] 4 10.T1* +
Ain{r<r?} 0 0 L

1
rd  pm—er—ePr 2 1 2p—2 2
€ re\mw —&r —err —« r
S/ / 1+ ( ) + ] do dr
0 0

(Rcos T sin(RT))?
a(r — «a)

} do dr

2 e?(r — )

and the first part of the integral is finite since p > % and r < €. The second one we can
estimate as

1 rd r—ar—e%r 1 1 rd
—/ 7"2/ dodr S —/ e?(—log(er)) dr < 1.
€% Jo 0 e* Jo

T

It remains to estimate the Jacobian on Ay using (4.8), d,R =0 and R~ 1

1
Te mT—er—ePr
/ /A NSS / / 0T |~*|(cos T)* sin(RT)|~*|r* sin | dv dr-
Ain{r<r?} 0 0

Using (4.11) we obtain
10T 2 (m —er — evr — )P ar

and using R ~ 1 and (4.1) we have

sin(RT) ~ RT ~ T =~ al.
5
Moreover, using again cos(§ —y) ~ y we get
p
cosT~ = — T~ (1—%) —|—<1—t>
2 T —€Er —err &
p
> (1—%) Z(W—er—eir—a)p.
T — €T —€PrT

Combining these estimates we obtain

| s
Aq ﬂ{?‘<’l‘g}

1
0 ep_ D .
T T—er—ePr 1 |’I°2 Sané|1+a e
< . : do dr.
~ 1 1 9 apa
o Jo (m—er —evr —a)®0qre (m—er —err —a)?® QT

As before (see (4.4)) the power of (1 —er — vy — «) is bigger than —1 and this term is
integrable. Using sin @ < o we obtain that the power of @ is —a—a+1+a=1—a > —1
and this term is also integrable. The power of r is —a — a + 2 + 2a and the power of ¢ is
positive so the whole integral is bounded.

Estimate on Ay: We have 0 < a < 8 = (2 — 7)1 — coe?(2 — )}, 1 <7l <1 < 2,

Rg:\/”‘%.VQ‘Tandeg(l—(l—%)p)@”’

T—¢€ 3

where 1) = 1 — (7;_—_2;)17@ e(2—r)* and \ = —1+a2_3ap > 2.
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Since

ay a(m—=Ae2 -1 a
*(5) = % s

S

e

and A\p — 1 > 0, we have

0,11 =2p(1- %) (7~ 0051;(2 i W S0-(1-%))ow

S

§<Sga)p_l%+1§<gga)p_1%+l

and

|8aT| =

b 3

Using (4.1) we know that

and

(4.12) E—Tz(1—¢)+<1—3)p¢x(1—¢)+( —3>p,
2 S S

so together with (4.3), R<1and a < S < S+ coe'/?(2 — r)* < 7 we get

(Reos T'sin(RT))? _ T(5 - T)? z(a-v+(1-3)")
a(r — «) ~ ot — ) a(r — )

2 50\ % .
o2 (=) + (T) 1 e2(2 — )P N (S —a)®
S a T ~ 8 T SQP(W—Q)
1

Therefore using (4.7), 9,R =0, a < S < S~ (2 —7) and p > 1/2 gives

2 S . )
i s [ [ fate— ) (@2 + @1+ @] + 2 D g
Az rt Jo al(m —«
2 8 1 (Sv _ a)2p—2 (Sf . Oé)2p—2 1
5/1/0 a(ﬂ—a)[2_r+ BD +1+—52p ]+§]dadr

S (O \2p-2 2
5/ 1+§+/ oz—(s ~O;) do dr§/
1 S 0 S P 1

Considering the Jacobian estimate, due to the fact that d,R = 0 we can rewrite (4.8) as

/ | J;.
Az

1+S = ]drgl.

2 pS
Ty / / 0, R - 0, T R3%|(cos T)*sin(RT)|~*|r* sin a|' "*dadr.
rl Jo
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We estimate (using again (4.2) and (4.1))

sin(RT) %RT%\/m(l— (1—%)p> %% 2—r
and from (4.12)
cos(T) ~ 5~ T = (1—%)p+(1—¢)z (1_%>”.

Together this gives

B/
Az
2 50 (S —a)P iy 1 a\ 2 /o —a
< _ 1— = =2 — eda d
N/T%/O‘\/Q—T( 7 ) \/m?’a( ) (s r) @ aar
2 5
5/ / (S—a)a_3“p33ap+a(2—r)_Tgadadr
1 Jo
2

e [
- / S3ap+a(2 — 7“)% / (S — ) 3Pda dr <1,
1 0

since a — 3ap > —1 and S < S ~ (2 — 7).
Estimate on Dy N {r > r2}: On this set we have S =7 —er < a < 7 and

2 er T m—a\’
RE—§+§andT5—§<1—<1— o ))(1—(2—?”)6).

Let us first estimate

— pil
(4.13) 10,72 = gp (1 - ”éf‘) L@ ~a—nterypi—

and using T — a < er

g (1 - (1 - W;Q)P) € — gp (1 - W;&)pl 7;204(1 —(2—-1)e)

e P(a—m+er)p?

rp

|87"T6| =

S
Now using sin RT' < RT', (4.1) and m — a < er we have

(RcosT'sin(RT))? < R*T? < (1- (1—u)p)2 < i/ .

e2r

N
3] -

a(r — a) ~a(r—a) ™ a(r — a) ~a(r—a) T aer
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With the help of these estimates we use (4.7), 7—a < er, p > % and elementary integration
to obtain

[ pss [T [atr—a) [oRE + 0T + 0T +
Din{r>r2} rd Jm—er

(RcosT'sin(RT))?

a(r — a)

Te ™ 1 1
2p—2
S /0 /ﬁ_w [(W —a)(a—m+er)? i _gr} da dr

1 1
Tz 1 ™ L= |
s / poTm Y / (@ —m+er)** da dr + / —(er) dr
0 T—Er 0

1
Te 1
< / ———(er)? PV g 1 &1
0

] da dr

62p— 1T2p—1

Now we estimate the Jacobian on D; using (4.8), d,R =0 and R~ 1 as

T’é ™
/ PIAES / / |0,T) %] (cos T)? sin(RT)|*|r* sin a|"™* dav dr.
Din{r>rd} 0 T—er

Using (4.13) we estimate |0, 7T, further using (4.1)

7r—a>p T —«

~
~

sin(RT) ~ T ~ 1 — (1 -
er er
As usual we estimate using cos(§ —y) ~ y that

™=

gprp )

cosT ~ (1 —
er

)Ij—i—(2—7“)esz(04—7r+e57°)pL

Combining these estimates with [222¢| <1 and |sina| < er we get

ri ™ ap,.ap 2ap.2ap a
/ [Jr. ™" S / / = - = Sap (er) 7?12 sin a|%er da dr
Din{r>r2} rQ Jr—er (a -7+ gr)ap “ (a -7+ 57’) (ﬂ— - a)a

rl

g
£
-3
§€3ap+a+1/ 7a3ap+a+2+2a/ (Oé—ﬂ'—i—ér)a ap do dr
0 T—€r

and this integral is bounded using (4.4).
Estimate on Dy N {r < r%}: On this set we have 1 —er <a <7mand 0 <r <7’ ~¢

and
2  er T T—a\"\ r
R=-+—andT,==(1—-(1- —.
37 3 2( ( er ))s

Let us first estimate

p—1
— 1
(4.14) 0aT:| = gp (1— d a) — .l (04—7T+€7“)p’1—r
3
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and using T — a < er

7 r—a\"\1 =« r—a\' 'r—a r
oI =|=(1—-1(1- Z_pl1= .
101 2< ( er ))5 2p( er ) er? e
1 1 1 I=p
<o (a—maerP e PSSy (a—m+erp il
€ e € ep

Now using (4.1), sin RT' < RT, a ~ 1 and m — a < er we have

(ReosTsin(RT)?> _ RT> _ (1-(1-=2)")'5 598 .o o
a(r — a) ~Moa(r—a) ™ a(r — ) ~oalr—a) el

With the help of these estimates we use (4.7), T — a < er, p > %, r < r! x~ ¢ and
elementary integration to obtain

-
[ s [ [ate-a)larE T+ 0. E) +
Din{r<rQ} 0 T—€er

(RcosT'sin(RT))?
o(r — o) ] da dra
o T—« Y s
5/0 /ﬂer [1—1— = + (m—a)(a—7+er)? m—i—;} do dr

0

e fer oy o TSP Ter
§1+/ / — tla—m+er)? dc«dr+/ —(er) dr
0 m—er L€ € P o €

r0 2,.2 3—2p
<1 —I—/ [i 41 (67")279—2“} dr +1 =~ 1.
0

Now we estimate the Jacobian on D; using (4.8), 0,R =0 and R~ 1 as

-
/ [ Jr. | S / / |0,T) | (cos T)? sin(RT)|“|r* sin a| "™ da dr.
Din{r<rQ} 0 T—er
Using (4.14) we estimate |0,7T|, further using (4.1) we get

~
~ =

— p p— —
sin(RT)sz{l—(l—ﬂ O‘)]f el =2
15 er £ g

ETr

As usual we estimate using cos(§ — y) =~ y that

. P . P
cost(l—7T a) +<1_§>>M.
T

er ~ eprp

Combining these estimates with [222¢| < 1 and [sina| < er we get

r0 T ap+a,.ap—a 2ap,.2ap 2a
/ [ Jr |7 S / / S — £ 5o c a|7“2\1+“| sin a|er do dr
Din{r<r9} 0 T—er (a - €7a) P (a - T = 67’) (7T - CM)
0

e T
_ -3
S; €3ap+3a+1/ 7,3ap a+2+2a+1/ (a — = &TT)a ap do dr
0 T—er

and this integral is bounded using (4.4).



40 ANNA DOLEZALOVA, STANISLAV HENCL, AND JAN MALY

Estimate on Dy: We have S = (2—r)r <a <, rl <r <2 and

1+7r ™ T — P
= T.=—(1-(1— ——
Fe 3 and T 2( < 7T—(2—7“)7T> )w’

where ¢ = 1 — (7;_—_25)1_Ap5(2 — 7)™ and A\ = —1+a2_3ap > 2.

First notice that similarly as before, since 7 —a <7 — (2 —r)r = (r — 1),

0,7 = g’—p(l— T—a )W)p—l( W<7T_a)7r)2w+ <1_ (1—%>p>3rw

T—(2—-r T—(2-7r) T—(2—-r
(a—2-r)m)P(r—a) (a—(2—r)m)Pt
< (r —1)pt1 13 (r—1)p 1
om T—a p—1 1 _la=(@2=r)m)r!
19T _5’_29(1_ 7T—(2—7’)7T> 7T—(2—7’)7rw‘ - (r—1)p '

To estimate the following term, we again use (4.2), (4.3) and (4.1) and 0 < a— (2—7)7 <
T—2—r)r=(r—1)m

(RcosT'sin(RT))* _ T*(5 - T)* (1 - (1 - 7r_7(r2_—_ar)7r>p)2 ((1 —¥)+ (1 - %)piﬁf

Q

a(m — ) ~oa(r - a) o(m —a)
2 2p
(=) . (-2 (- 5%) )
T— o «
2
e = =0
SE-e-nm o
L1 2™ (a-@2-pnF! 1
Nr—1+ 2—r (m—@2-r)m)® ~r—1

Now we can use all those estimates to integrate (4.7)

A IDf|? < /1 /(:_ | [a(w — ) [(8:R)* + (0,T)* + (9.T)%] +

(R cos(Tsi_n(l)QT))? oy dr
S /2 (:m {O‘(” ) {1 + _((f__ f>)27;)2p2} = 1} dacdr
< [T [ n o N

<[ i O e

To integrate the Jacobian, we estimate (using again (4.2) and (4.1))

sin(RT) ~ RT ~ (1 - (1—#_&7%)10) T
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and

T m— p
.8

Since 0,R = 0 and R ~ 1 we have using (4.8)

/ | J.
Do

2 us
T / / 10,T) ™ |(cos T)? sin(RT)|~*|r* sin a|' T dox drr
rl J(2-r)7m

2 o —a _ —2a — —a
5/ / (1—7T—a)) p(w a) (7 — )" do dr
rd J(2-r)7m ™
2

T—(2—-r r—1
2 T
s [ -y rdadrs [ - @enmiears
rl J(2-r)7m

(a— (2 —r)m)Pt
(r—1)p

Tl
Step 5. Integrability of |Df.|* and J;*on BUC:

Estimate on BN {r > r%}: On this set we have S, = 7 — er — err<a<m—er=08.
and

R — (2 87’)a—(ﬂ—sr—azl’r)+2—r.7r—ar—a

T
s & AT, = =(1—(2—1)e).
3 i 3T 5%7’ 3 6%7“ o 2( ( r)e)
Let us first estimate
2 er\ 1 2—7r -1 7% 1 1
331/ cur 3 ey 3T 3er v

and with the help of T —er —err <a <m—er

1
€ a—(m—er—err 2 er\m—a«
|arRe| = ‘_ : ( T ) + (_ _> T
(416) 3T err 3 3 ng.Q
-1 m—er—-a 2-—-7r a—m < €
HER 3 e Y
err grr? err
Further we estimate for m — er — 5%7“ <a<m—er
: 2 T 2 2
(RcosT'sin(RT)) < (5—-17) <&
a(rm — a) ~ or—a “er
Now using (4.7) (note that each term with 9, R always contains also cosT'~ § — T ~ ¢)

we obtain using 7 — a =~ er and % <p<l1

rl  pm—er
/ IDfel* < / / 1 [a(ﬂ —a) [|0.R> + |0,T|? + | cos T - 8, R|?] +
B{r>rl} rQ Jmr—er—epr
(RcosTsin(RT))?
a(r — «a)
<)
0

2 2 rl T—ETr
(511?7“)(87“){2: +1+€—} dr+/ / ~ Sdrda
P 0 r—er—epr I
rk ) rdo e
514—/ &?3_Pd7’+/ grr-—dr 1.
0 0

2
gpy2 g
r

} dr do

1
€
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Now we estimate the Jacobian on B using (4.8), 0,7 =0,cosT ~ 5 —T ~¢,sin RT ~ 1
and (4.4) as

rk T—er
/ 1Jr. |7 S / / L |0aR -0, T|7|(cos T)? sin(RT)| “|r* sina|'** dov drr
Bn{r>rf} mT—er—ePr
1 —a
€

T—er—ePr P
—3a <
< 6 S g < 1.
0

~ 1
Estimate on BN {r < r%}: On this set we have S, =7 —er —err <a<m—er=_S.
and

1
Te 1 a
e % da dr = / (epr)er e 2* dr
0

and T, =

2 ¢ —(m—er—er 2— —er —
REZ(_+_T)C¥ (m—er r)+ rom—er—a
3 3w

l\DI=1
™1

R
We can use the same estimates (4.15) and (4.16) as before. Further we estimate for

1
mT—cr—err<a<<m—E¢r

(RcosT'sin(RT))? < T2 < 5 T
a(t —a) ~Yr—a™er &

Now using (4.7), 7 — a ~ er and r? & £ we obtain

7"2 T—ET
/ IDfell” S / / 1 [a(n —a) [|0,R* + 10, T|* + |0 RI*] +
Bn{r<r2} 0 T—er—ePrT
(R cosTsim(RT))2

7T—Oé

r2 1 82 1 T—er
5/ (err)(er) {2——1——2—1——21 dr—i—/ / —da dr
0 grr? € gr T—er— aPr

0

e e
§1+51_11)/ r? dr—i—/ (spr)— dr ~ 1.
0 0

e3

}da dr

Now we estimate the Jacobian on B using (4.8), 0,7 =0, sin RT ~ T ~  and

2
E—r € — 2¢

and e — 1l =¢ — 2%52
€ 1—¢

COST%Z—T%
2

as

rd  pr—er
/ PRI / / L |0aR -0, T|7|(cos T)? sin(RT)| “|r* sina|'** dov drr
Bn{r<rf} mT—er—ePr

/ / —a 2a
T—ET— aPr

€ e?
—|r*|* da dr
5 8+4a/ ( 1 dr s €p+4a<€ _Tg)l—Za ~~ep +4a62 4a < 1.
0

™ | =

5% (e —1)2e pa
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Estimate on C: We have (2 —7)m —d(e,r) =S <a<S=2—-rm,rl <r<2,

R — T2 V2-r 2-rr-a 1+7"(04—(2—r)7r+5(5,r))

T—¢€ 3 d(e,r) 3 d(e,r)

and

T ™ T — 2e\ 1A

o= 30 (522) )

¥ =3 ) @7

where \ = 1++_3ap and (g, 1) = coe'/P(2 — r)*. Here it is crucial that
2 1

4.17 Ap>———— = 2>1
(4.17) P =T+ a—342" 27
and
(4.18) costg—Tzl—q/;zg(Q—r)’\pzép.

We first estimate

_)\6

0,0 = —)\cosl/p(Q — 7’)’\_1 =59

SO

92 o

o (Emrrme) o T L

Then we can use it to estimate

]0R[—‘ [m— 2¢ 1 (2- 7T—Oé [m—2¢ \/2—7’ 1+)\22T7jr)7ra>
T T—¢& 6(2—7) T™T—¢ )

Lo=@-mm+d 14r 1+A2<2T);3”a’ il L
-ﬂ' — p—

30 3 o N\/Z—r o 0~ \V2—r 0

and

5 R|_—,/7;_—_2€€\/(2—7")+1+7’N1

>

30
Since |0,T| = 0, using (4.7), (4.18), (4.17) and (4.3) we obtain

2-r)rm
/ |DfI? < / / cosT O R|* + 10, T)* + | cos T - Ou R|>+
2

r7r5

(Rcos T sin(RT))?
a(rm — «a)

]da dr

2 1

//2”“ + D)oy 2o )2*p‘2+5p+ +L da d
@-rr—s L\2—T M i ' o? “
27")7T 2p 2p 1 1
// {5 +6—2—|—1+ + }dadr
(@—ryr—s [2—1T 0 T—«

52+t (2—r)r T—2—-r)m+0
~ 2p—1
”/T; [z—r” “‘)g(@—m—é)“‘)g( - )]d
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now since 6 < (2 —r)r/2 and € < er < 7w — (2 — r)7 (recall that 7 —er > (2 — r)7 for
r>rl)

2 (2 — )2t (2—7r)m )
crp [TEED (20T (14 2)
S +/q~; 5, + 1+ log 2 /2 + log +5r dr
cl/p

2
51+/ (2= 1) 4 log (2) + log (1+ ~— ) dr S 1.

1
€

Considering the Jacobian estimate, due to the fact that 0,7 = 0 we can rewrite (4.8)
as

/ |Jp |7 ~ / |04 R - 0,T|"" R™3|(cos T)?sin(RT)|~*|r*sin(a)| " t*drda.
c (r,c)
Also we need

sin(RT) ~ RT ~ R =

T—2 2—r (2—r)7r—a+1+r<a—(2—r)7r+6>
T—¢ 3 ) 3 )

20{W-W+\/ﬁ(“—(2;””5)] SN

Together with (4.18), § ~ 51/p(2 — r) and (4. 4) it yields

2-r)m ))\p 1
L~ [ [
2—

r)m §a— 2ap _da 2 §l+a—2ap
/ / 2-=r)* " (V2—=7r) dadr~ / ——dr
2—r)m—§ rl Ea(2 - T.)aJr/\ap

1 a—2a, A(14+a—2a 2
N / (1+ p)/p(2 ) (1+ P) dr — / 8(1+a—3ap)/p(2 . 7,))\(1+a73ap)7a dr
; 2a(2 — p)athap g

€

R’4“5’2“p sin'™® o dav dr

2
5/@—wamsL
rl

2
1+a—3ap"”

Step 6. Extension to B(0,10) \ B(0,2): Our mapping f. : B(0,2) — R3 is defined
on the sphere dB(0,2) in polar coordinates as

f(2,a,8) = (cosT, T, j3)

Pt = (1- (%))

We define it on B(0,10) \ B(0,2) as a simple interpolation between (r,7 — «, ) on
0B(0,10) and this mapping on 9B(0,2), i.e. for r € [2,10] we set

-2 10 — -2 10 —
fs(r,a,ﬁ):(T 10 + 08 TCOST,T (m—a)+ 0 TT 6)

since A\ =

where

8

Note that this is independent of e and that the mapping (10,7 — a,ﬁ) on 0B(0,10) is
actually the identity mapping up to reflection (z,y, z) — (z,y, —z), so after we compose
it with this reflection as mentioned in Step 1 we obtain the identity on the boundary. Our
mapping f. is a homeomorphism on 0B(0, 10) and 0B(0,2), so similarly to Step 3 it is
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enough to show that J¢_ # 0 to obtain that it is a homeomorphism on B(0,10) \ B(0, 2).
Using first line of (4.8) it is enough to show that

0 40,7000 — D70,
812 (10— cosT) (2 7 + (10 = 1)0LT) — (10— ) (~sin T)3,T) (7 — @ — T)

812 [(10 —cosT)+ (m—a—"T) sinT}(lO —1r)0.T + = ! —(10 —cosT)(2 — ).

]2
Since 9,7 < 0 and —9,T > £ > 1 for p € [3,1] (and « € [0, 7]) we obtain
1
—82 (8,70t — Doy a) > [(10-1) (W—W—i)}(lo—r)él (10— 1)(r —2) > 1.
To obtain integrability of J,* it is thus enough to use first line of (4.8) and show the

finiteness of
2 s 1+a
|7“ s1noz‘
/ ————@— dr da dp.
B(0,10)\B(0,2) ‘T Sané’

7 >cosT > Ca?

e - (2))

T8 (m—a) + 08 T(l—%)zw—a

we obtain the convergence easily as a < 2 and % <p<l

It remains to show the finiteness of [ |Df.|? on B(0,10) \ B(0,2) using first line of
(4.7). Since |0,7| < C and |0,a| < C'it is easy to estimate first two terms. Further r ~ 1
and

Since

and using (4.1)

Q

[0aF| + 00| < C' + C|0aT| < C + CaP™
give us boundedness of

10 ~a ~\ 2 ™
/ / (8 T) (r@sa) }7“2 sina da dr < C’/ (@)% da.
0

Using (4.19) it is easy to show convergence of the last term

10 r sin a )
7’ sin « dov dr.
r sin a

We thus showed that when we extend fe, the energy 1.2 stays uniformly bounded for the
whole sequence.

Step 7. Violation of the (INV) condition: Our limit mapping f violates the
(INV) condition on B(0,r) for every r € (0,1). This can be easily seen as the mapping is
continuous on S(0,7), so we can consider the classical topological degree. We have

o p
TandT:E(l—(ﬂ a)>
2 T

on B(0,1)\ {0}. The image of S(0,7) is only the inner drop, so its topological image
is the inside of this drop. However, when we take 0 < r; < ry < 1, we can see that
the smaller sphere is mapped onto a bigger drop, which contains the smaller drop (=

2
R=




46 ANNA DOLEZALOVA, STANISLAV HENCL, AND JAN MALY

image of the bigger ball). This shows that the material from S(0,7;) is ejected outside
of imr(f, B(0,72)), which itself is enough to break the (INV) condition. Moreover, the
material which is mapped into imz(f, B(0,75)) was originally outside of B(0,rs).

0

Proof of Theorem 1.3. The mapping here is the same as mapping f from Theorem 1.2
which is a weak limit of homeomorphism f,, from that statement. However, it does not
satisfy the (INV) condition and hence Theorem 3.1 (b) implies that it cannot be obtained
as strong limit of homeomorphisms h,, € W2 O
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WEAK LIMIT OF HOMEOMORPHISMS IN W!n~!: INVERTIBILITY
AND LOWER SEMICONTINUITY OF ENERGY

ANNA DOLEZALOVA, STANISLAV HENCL, AND ANASTASIA MOLCHANOVA

ABSTRACT. Let ©, Q' C R™ be bounded domains and let f,,: Q — Q' be a sequence of
homeomorphisms with positive Jacobians Jf,, > 0 a.e. and prescribed Dirichlet boundary
data. Let all fp, satisfy the Lusin (N) condition and sup,,, [, (|D fin|" "+ A(] cof D fr|) +
¢(Jy)) < oo, where A and ¢ are positive convex functions. Let f be a weak limit of
fm in W=l Provided certain growth behaviour of A and ¢, we show that f satisfies
the (INV) condition of Conti and De Lellis, the Lusin (N) condition, and polyconvex
energies are lower semicontinuous.

1. INTRODUCTION

In this paper, we study classes of mappings that might serve as classes of deformations
in Continuum Mechanics models. Let €2 C R™ be a domain, i.e., a non-empty connected
open set, and let f: 0 — R" be a mapping with J; > 0 a.e. Following the pioneering
papers of Ball [2] and Ciarlet and Necas [11] we ask if our mapping is in some sense injective
as the physical “non-interpenetration of the matter” indicates that a deformation should
be one-to-one. We continue our study from [17] and suggest studying the class of weak
limits of Sobolev homeomorphism. We show that under natural assumptions on energy
functional these limits are also invertible a.e. and that the energy functional is weakly
lower semicontinuous which makes it a suitable class for variational approach.

Concerning invertibility we use the (INV) condition which was introduced for W?'?-
mappings, p > n — 1, by Miiller and Spector [33] (see also e.g. [4, 24, 25, 34, 36, 37, 38]).
Informally speaking, the (INV) condition means that the ball B(z,r) is mapped inside

the image of the sphere f(S(a,r)) and the complement 2\ B(z,r) is mapped outside
f(S(a,r)) (see Preliminaries for the formal definition). From [33] we know that mappings
in this class with J; > 0 a.e. are one-to-one a.e. and that this class is weakly closed.
Moreover, any mapping in this class has many desirable properties, it maps disjoint balls
into essentially disjoint balls, deg(f, B,-) € {0,1} for a.e. ball B, under an additional
assumption its distributional Jacobian equals to the absolutely continuous part of J; plus
a countable sum of positive multiples of Dirac measures (these corresponds to created
cavities) and so on.

In all results in the previous paragraph the authors assume that f € Wh?(Q, R") for
some p > n — 1. However, in some real models for n = 3 one often works with integrands
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containing the classical Dirichlet term |Df|? and thus this assumption is too strong.
Therefore, for n = 3, Conti and De Lellis [12] introduced the concept of (INV) condition
also for W12 N L[> (see also [5] and [6] for some recent work) and studied Neohookean
functionals of the type

/Q(|Df(x)|2+<P(Jf(m))) dz,

where ¢ is convex, limy;_,o; ¢(f) = oo and lim;_, @ = 00. They proved that mappings
in the (INV) class that satisfy J; > 0 a.e. have nice properties like mappings in [33], but
this class is not weakly closed and hence cannot be used in variational models easily. To
fix this problem we add an additional term to the energy functional and we work only
with the class of weak limits of homeomorphisms.

Let us note that homeomorphisms clearly satisfy the (INV) condition and so do their
weak limits in W' p > n — 1 (see [33, Lemma 3.3]). Unfortunately, this is not true
anymore in the limiting case of limit of W'"~! homeomorphisms as shown by Conti and
De Lellis [12] (see also Bouchala, Hencl and Molchanova [7]). Let us also note that the
class of weak limits of Sobolev homeomorphisms was recently characterized in the planar
case by Iwaniec and Onninen [28, 29] and De Philippis and Pratelli [16]. Our paper
contributes to the study of this class in higher dimensions n > 3.

In our paper, we study the energy functional

F(f) = / (IDF@)" + Al cot Df(2))) + o(J(x)) dr

where
(1.1) ¢ is a positive convex function on (0, 00) with lirr}r o(t) = o0,

t—0

t
(1.2) lim 28 _
t—00
and
Alt

(1.3) A is a positive convex function on (0, c0) with tlim Al) =00

—00

We further assume that our homeomorphisms have the same Dirichlet boundary data and
that they satisfy the Lusin (N) condition, i.e. that for every E C Q with |F| = 0 we have
|f(E)] = 0. Our main result is the following:

Theorem 1.1. Letn > 3 and §2, ' C R™ be bounded domains. Let ¢ and A satisfy (1.1)
and (1Zﬁ Let f,, € W1 Q R"), m =0,1,2..., be a sequence of homeomorphisms of
Q onto V' with Jg,, > 0 a.e., such that f,, satisfies the Lusin (N) condition and

(1.4) sip}—(fm) < 00.

Assume further that f,, = fo on 02 for all m € N. Let f be a weak limit of f,, in
Whn=1(Q,R™), then f satisfies the (INV) condition.

Moreover, under the additional assumption (1.2) our f satisfies the Lusin (N) condition
and we have lower semicontinuity of enerqy

(1.5) F(f) < liminf F(f,)-
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Assuming further that |0Q| = 0 we have
for a.e. x € Q we have h(f(x)) =z and for a.e. y € Q" we have f(h(y)) = v,
where h is a weak limit of (some subsequence of) fi/' in WL1(Q,R").

Let us comment on our assumptions. FEach homeomorphism f,,: Q@ — Q' f,, €
Win=1(Q,R") with Jy,, > 0 a.e. satisfies f;} € WH(Q,R") (see [13]). Moreover (see
e.g. [13] or [18]), we have

IDf;M(y)] dy < / D fo ()" da
194 Q

and hence (1.4) implies that there is a subsequence of f,-! which converges weak-x to
some h € BV (), R™). Using

(1.6) sup/QA(| cof D f,(z)|) dz < o0

m

we get that Df, ! are equiintegrable (see Theorem 2.5 below) and hence (up to a subse-
quence) f1 converge to h € Wh(Q, R™) weakly in W1 (Q',R™). This assumption (1.6)
is also crucial in our proof of the (INV) condition as it implies that image f,,(A) of small
set A C 0B(c,r) is “uniformly” small in m and therefore cannot enclose some big set that
would like to escape from f(0B(c,r)) violating the (INV) condition.
The condition

sup/ ©(Jg, (z)) dr < oo with lim ¢(t) = oo <resp. lim @ = oo)

m Ja " t—0+ t—oo ¢
implies that small sets have uniformly small preimages (resp. small sets have uniformly
small images) and these conditions are quite standard in the theory. Moreover, we need
to assume that f,,, maps null sets to null sets (by the Lusin (N) condition), which is again
natural as our deformation cannot create a new material from “nothing”. Let us note
that this is crucial for the lower semicontinuity of our functional. In Lemma 4.5 below
we construct a series of homeomorphisms that do not satisfy the Lusin (N) condition
as they map some null set to a set of positive measure a, though they satisfy all other
assumptions, converge weakly to f(z) = x and

/ me(x)dle—a<1:/ Jr(x) dz

(0,1)" (o,1)n

and hence lower semicontinuity fails at least for some polyconvex functionals. Similarly, if
we omit the condition (1.2), we can construct a counterexample to semicontinuity of some
functional if all f,, satisfy (N) but f does not. The lower semicontinuity of functionals
below the natural W™ energy has attracted a lot of attention in the past and we refer
the reader e.g. to Ball and Murat [3], Maly [31], Dal Maso and Sbordone [15] and Celada
and Dal Maso [9] for further information.

Let us note one disadvantage of our approach. In the previous models [12], [33] it was
possible to model also the cavitation, i.e., the creation of small holes. Unfortunately, this
is not possible for us as the condition (1.2) together with (1.4) tells us that f,, cannot
map small sets onto big sets. However, this is exactly what is needed to be done by
our approximating homeomorphisms around the point where the cavity is created by f.
On the other hand, the condition (1.2) is crucial for us in order to prove the Lusin (N)
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condition for f and this condition is the key for the proof and the validity of the lower
semicontinuity of our functional.

Let us briefly comment on the structure of this paper. We recall the definition of the
degree and of the (INV) condition in the Preliminaries and we prove the equiintegrability
of Df,! there. Our proof of (INV) condition for f uses some techniques and results
that we have developed in our previous paper [17] on this topic. We recall some of
those in the Preliminaries and then we give a detailed proof of the (INV) condition using
some of those techniques in Section 3. In Sections 4.1-4.3 we use the (INV) condition
to prove that f satisfies the (N) condition and that A (W' weak limit of f,!) is the
“a.e. inverse” of f. Then we use the (N) condition to prove the lower semicontinuity
of our polyconvex functional in Section 4.2 and we show some counterexamples to lower
semicontinuity without our assumption (1.2) in Section 4.4. Finally, we return to the
result of [17] where we have shown (INV) under different assumptions and we show that
the lower semicontinuity of energy is valid also there if we additionally assume that f,,
satisfy (N) and that we have (1.2). In the last Section 5 we give a quick application of
our result in Calculus of Variations.

2. PRELIMINARIES

2.1. Change of variables estimates.
Let Q € R™ be open, A C Q be measurable and let g € Wl’l(Q;]R") be one-to-one.

loc

Without any additional assumption we have (see e.g. [26, Theorem A.35] for n = x4(a))

2.1) / ()] d < |g(A).

Moreover, for general g satisfying the Lusin (N) condition we have (see e.g. [26, Theorem
A.35] for n = x4a))

2.2) [ n@lds = [ Nig.A)dn

where N(g,y, A) is defined as a number of preimages of y under g in A.
Analogous change of variables formula holds also for mappings h: Q — R", Q c R*L.
For Lipschitz h we have (see e.g. [20, Theorem 3.2.3])

23 [ty de= [ N A aw ),
A 4

where A C  is measurable, N(f, A,y) denotes the number of preimages f~!(y) in a set A
and J,,—1h is the (n—1)-dimensional Jacobian of h, i.e. it consists of sizes of (n—1) x (n—1)
subdeterminants. We know that each h € WH1(Q,R") is approximatively differentiable
a.e. (see e.g. [1, Theorem 3.83]) and for each approximately differentiable function we can
exhaust 2 up to a set of measure zero by sets so that the restriction of A is Lipschitz
continuous on those sets (see [20, Theorem 3.1.8 and Theorem 3.1.4]). It follows that
(2.3) holds for Sobolev mapping h € W1(Q,R") if we know that for every £ C Q with
H" Y (E) = 0 we have H" ' (h(E)) = 0. In general the area formula (2.3) holds for Sobolev
h only up to a set of (n — 1)-dimensional measure zero E C ) (see also [22, Chapter 3,
Section 1.5, Theorem 1 and Corollary 2]).
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Lemma 2.1. Given C; < oo and ¢ satisfying (1.1), there exist monotone functions
®, U: (0,00) — (0,00) with

lim ®(s) =0 and lim ¥(s) =0

s—07t s—0t
such that: Let g € WH'(Q,R") be a one-to-one mapping with [,¢(Jy) < Cy. Then for
each measurable set A C Q) we have
(2.4) O(|A]) < [g(A)]-
If we moreover assume that the Lusin (N) condition holds for g and that (1.2) holds, then
also

(2.5) g(A)| < ¥ (|A)).

Proof. The proof of (2.4) can be found in the proof of [17, Lemma 2.9] (we omit here
the assumption on ||g||z~ as it is not necessary). The proof of (2.5) follows from De la
Vallee Pousin theorem [30, Theorem B.103] applied to |J,| and the fact that the Lusin
(N) condition implies an equality in (2.1). Note that we can assume that both ® and ¥
are monotonous. O

The following lemma was shown in [17, Lemma 2.8].

Lemma 2.2. Let Q C R™ be an open set of finite measure and f € VVll’l(Q;]R") satisfy

ocC

Jr # 0 a.e. Then for every e > 0 there is 6 > 0 such that for every measurable set ' C R"
we have
F| <6 = |fY(F)|<e.

In order to apply the previous lemma we use the following observation.

Lemma 2.3. Let Q C R" be open, and let f, € WHH(Q,R") be a sequence of homeomor-
phisms with J; > 0 a.e. such that fi, — f € WHH(Q,R") pointwise a.e. Assume further
that

sup [ () d < o
k Q

where ¢ satisfies (1.1). Then J; # 0 a.e.
Proof. Assume by contradiction that
E:={zxeQ: Jizr) =0} satisfies |[E| > 0.
As usual we find a set Ey C E with |Ey| = |E| such that the (N) condition holds on Ej

for f (see e.g. [26, proof of Theorem A.35]). Moreover, we assume that fi(x) — f(z) for
every x € Ey. By (2.2) we obtain

|f(Eo)| = 0.
We find an open set G C € such that

f(Eo) € G and |G| < Lo (1] Eo|).

where ® comes from Lemma 2.1. Since fi(z) — f(z) we can find ko(x) such that for
every k > ko(x) we have fi(z) € G. It follows that

Ey = U Ey,, where Ey, = {z € Ey: fi(z) € G for every k > ko}.
ko=1
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These sets are nested and hence we can fix ko such that |Ey,| > 1| Eo|. It follows that
fio(Ery) C G with |Ey| > 3| Eo| and |G| < 2@ (3| Ey|)

which contradicts (2.4).
UJ

Theorem 2.4. Let B(c, R) C R™ and let g € W' 1(B(c, R),R"™) be a homeomorphism.
Then for a.e. v € (0, R) we know that g € W Y(0B(c,r),R™) and that g satisfies the
Lusin (N) condition on the sphere 0B(c,r), i.e.,

for every E C 0B(e,r) with H" *(E) = 0 we have H" ' (g(E)) = 0.

Moreover, for such r and every relatively open set E C 0B(c,r) we have
(2.6) H 1 (g(E)) < O(r) / | cof Dl M.
E

Proof. The fact that g € W1 1(dB(c,r),R") for a.e. r is standard and follows e.g. by
using the ACL condition (on circles and not lines). The part about the validity of Lusin
(N) condition on a.e. sphere follows from [13, Lemma 4.1].

Let us have a homeomorphism h € W (R"~! R") which satisfies the Lusin (N) con-
dition. Then the area formula (2.3) implies that for every measurable set F C R"™! we
have

¢#~RME»:1éLh4hmﬂ¢u

where J,,_1h is the (n — 1)-dimensional Jacobian, i.e. it consists of all (n — 1) x (n — 1)
subdeterminants. To obtain the wanted estimate we simply do a bilipschitz change of
variables (locally) from round 9B(c, r) to flat R"~! and the result for i implies our estimate
(2.6) for g. Of course the constant in the bilipschitz change of variables might depend on
7 so our constant in (2.6) could depend on 7. O

2.2. Equiintegrability of Df_!. The following theorem tells us that our mappings f,,
from Theorem 1.1 have equiintegrable Df 1. It follows that up to a subsequence f, !
converge weakly to some h € WH1(Q/,R"), see [30, Theorem B.103] and [14, Lemma 1.2
in Chapter 2.1].

Theorem 2.5. Let Q, ' C R" be domains. Let functions ¢ and A satisfy (1.1) and

(1.3). Then there is a continuous monotone function B with lim;_, @ = oo such that:

Let fn € WEH(Q, Q') be homeomorphisms with Jy,, (x) > 0 a.e., J;,-1(y) > 0 a.e. and

Sglp/g (1D fru(@) """ + A([ cof Dfm(@)]) + ¢( 4, (2))) da < oo.

Then
sup [ B(DL ) dy < .

m

Proof. Let us write A(t) = ta(t), B(t) = tb(t) and assume that b is a suitable function
such that b(t) < a(t),

(2.7) b(st) < b(s) + b(t),
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and B is continuous and monotone with superlinear growth. We give a detailed construc-
tion of such b below. By differentiation of f,,'(f.(z)) = x we obtain

Df (@)D fonl) = T and Ty 1 (fon(a)) Ty, (2) = 1

for a.e. x (see [21, Lemma 2.1]). Using the previous line, (2.7), (2.1) and A-cof A = det A-1
we have

_1 . 1 -1 JfL(y)
t/men@D@_[ﬂpm«mmwnxwu%ﬂw@
1 -1 ; T
géumnmamMMDmcmwmgﬁmm@»d

:lﬂDmu»ﬂbWDM@WﬂﬂmmM

:/Q|cofom(:c)l b (|COfom(m)|me1(x)) o

1
g/ﬂ|cofom(x)| b(|cofom(x)])dx+/Q|Cofom(fE)| b(—me(x)> dr.

From B(t) = tb(t) < A(t) we obtain that the first term is uniformly bounded. By the
Young inequality, we estimate the second term

/Q|cofom(x)| b(ﬁ) darg/QA(|cofom(x)|)dx+/QA’ (b (ﬁ)) iz

where A’ is the fixed conjugate function to our convex function A (see [23, Chapter 2.4]).
If we ask also for

b(t) < (A) " H(e(}))

20 (Fom)) =i+

for every t and we are finished. _ B
Now we find such function b. We define auxiliary functions ¢ and b and take ¢ and b
which are smaller than their counterparts and monotone continuous. Let us set

= a(t)
w(t) = log(t)

for t > 1. It is continuous and from the continuity and positivity of a on (0, 00) we know
that lim; .1, ¢(t) = co. Therefore we can define

1 1<t<ty=min{s > 1:9(s) =1},
min{(s), s € [to, ]}, to <t,

for large t, we have

v(t) =

which is a positive continuous nonincreasing function less or equal to .
Define

0, 0<t<,
P(t)log(t), 1<t< 0.
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Since 1) is continuous nonincreasing bounded on (1,00), b is also continuous and (2.7)
holds for s,t > 1 (since ¢ is nonincreasing and log satisfies (2.7)) and s,z < 1 (since
b(st) = 0). Moreover we have b(t) < a(t). Now we check that

lim b(t) = lim 1(t) log(t) = oo.

t—o00 t—o00
Either lim; ., ¥ (¢) > 0 and the statement holds, or lim; ., ¥ (¢t) = 0. In the later case,
we can find a sequence ty < t; < ty... such that

ty = min{s >t : Y(s) = 1/k}

and t; — oo (since 1 is positive). Then on [ty, %] we have ¢(t) > 1/k = ¥(t;) =
a(ty)/log(tx) and consequentially

li%n inf b(t) = liminf min b(¢) = liminf min (¢)log(t) > lién inf ¥ (tx41) log(tx)
— 00 —00

k—oo telty,tit] k—oo  t€[ty,trt1]
log(t 1 log(t 1
> hminfM > —liminfM = —liminfa(t;) = oc.
k—o0 +1 2 k—oo k k—o0

Now we V_vant to r_esolve (2.7) for s < 1, t > 1. If st < 1, it is clear. In the other case,
we need b(st) < b(t) which we do not have for b in general as it does not have to be
monotonous. Therefore we define
b(t) = inf b(s).
SE[t,00)
That function is clearly monotone, continuous, smaller than b and tends to co. For s, ¢ < 1
(2.7) is still trivial. For s < 1, ¢ > 1 it follows from monotonicity. For s, > 1 we find

so = max{r : b(r) = b(s)} and ¢, analogously. Obviously from the definition of b we have
s < sg, t < tg. Then we have
b(st) < b(soto) < b(soto) < b(so) + b(te) = b(s) + b(t).
Now we know that B(t) = tb(t) is continuous nonnegative non-decreasing with B(0) = 0
and lim,_, o @ = 0.
The last step is to show that we can ask
b(t) < (A) 7 (e(4))

for large t. We can use a similar procedure as before (replacing a by min{a, (A")7'}),
since limy o (A") () = oo (A’ is convex, negative in 0 and positive for large values, so

going to oo — and so does its inverse, t00).
OJ

2.3. Degree for continuous mappings. Let {2 C R" be a bounded open set. Given a
continuous map f: 2 — R™ and y € R™\ f(0N), we can define the topological degree as

deg(f,Qy)= D sen(J(x))

Qnf=1(y)

if f is smooth in Q and Jy(z) # 0 for each 2 € QN f~!(y). By uniform approximation,
this definition can be extended to an arbitrary continuous mapping f: @ — R™. Note
that the degree depends only on values of f on 0.

If f: Q — R" is a homeomorphism, then either deg(f,Q,y) = 1 for all y € f(Q) (f
is sense preserving), or deg(f,Q,y) = —1 for all y € f(Q) (f is sense reversing). If, in
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addition, f € WH"~1(Q,R™), then this topological orientation corresponds to the sign of
the Jacobian. More precisely, we have

Proposition 2.6 ([27]). Let f € W'=Y Q R"™) be a homeomorphism on Q with J; > 0
a.e. Then

deg(f,€Ly) =1,  ye f(Q).

2.4. Degree for W'"~! N [*° mappings. Let B be a ball, f € Wi Y9B,R") N
C(0B,R"), |f(0B)| =0, and u € C'(R",R"), then (see [33, Proposition 2.1])

28) [ el By)dvat)dy= [ (wof): (Do prdn,

OB
where D, f denotes the tangential gradient and A,,_1 D, f is the restriction of cof Df to
the corresponding subspace (see [17] for details).

Let M(R"™) = Cy(R™)* be the space of all signed Radon measures on R™. By (2.8) we
see that deg(f, B,-) € BV(R") and

(29) ||Ddeg(f’B7 )HM(R") S OHAn—lDTfHLl(@B) S C||D7f||7£;}1(83)

Following [12] (see also [8]) we need a more general version of the degree which works
for mappings in W't N L* that are not necessarily continuous. Although only the
three-dimensional case is discussed in [12], the arguments pass in the general case as well.
The definition is in fact based on (2.8).

Definition 2.7. Let B C R" be a ball and let f € W' 1B, R") N L>°(0B,R™). Then
we define Deg(f, B, ) as the distribution satisfying

(2.10) [ Dests.Bopetndy = [ (wo s)- (dnDprar

n B
for every test function ¢ € C°(R™) and every C* vector field u on R satisfying divu =
b

As in [12] (see also [17]) it can be verified that the right-hand side does not depend on
the way 1) is expressed as divu and that the distribution Deg(f, B, -) can be represented
as a BV function.

Assume that f, g € W"=1(9B,R") N L>=(0B,R™). As in [17, (2.5)] we obtain the
following version of some “weak isoperimetric inequality”

[{y € R": Deg(f, B,y) # Deg(g, B,y)}| ™ <

2.11
(2.11) <o o (D! D)) o)

We need also the classical isoperimetric inequality (see e.g. [19, Theorem 2 in section
5.6.2 and Theorem 2 in section 5.7.3]). Let £ C R™ be and open set with finite perimeter.
Then

(2.12) |E|'"% < CH" Y(OE).

Remark 2.8. Let B be a ball and f € W' (9B, R") N C(B,R"). If |f(0B)| = 0, then
Deg(f, B,y) = deg(f, B,y) for a.e. y € R". We use different symbols to distinguish and
emphasize that deg is defined pointwise on R™ \ f(0B), whereas Deg is determined only
up to a set of measure zero.
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2.5. (INV) condition. Analogously to [12] (see also [33]) we define the (INV) class.
Let A C Q C R". Wesay that x € R™ is a point of density one (or just point of density)
of a set A if
Bz, r) N A
lim ———————— =
r—0+ | B(z, 1)
It is well-known that a.e. € A is a point of density of A.

1.

Definition 2.9 (geometrical image). Let 2 C R™ be open, f: 2 — R" be a function
which is approximately differentiable almost everywhere. Given a set A C €2 we call the
geometrical image of A through f the set given by f (24N A), where Q4 denotes the set
where f is approximatively differentiable. Further on, we denote this geometrical image
by f(A) (since f is nevertheless defined only up to a set of measure zero).

Definition 2.10 (topological image). Let B C R™ be a ball and let f € W1} 9B, R")N
L>*(0B,R™). We define the topological image of B under f, imz(f, B), as the set of all
points of density one of the set {y € R" : Deg(f, B,y) # 0}.

Definition 2.11 ((INV) condition). Let f € WIm=1(Q R") N L>®(Q,R"). We say that f
satisfies (INV) in a ball B CC Q if

(i) its trace on B is in W~ 1(9B,R™) N L>(dB, R");

(ii) f(z) € imp(f, B) for a.e. x € B;

(iii) f(z) ¢ imp(f, B) for a.e. z € Q\ B.
We say that f satisfies (INV) if for every a € § there is r, > 0 such that for H!-
a.e. r € (0,7,) it satisfies (INV) in B(a,r).

Remark 2.12. If f, in addition, satisfies J; > 0 a.e., then preimages of sets of measure
zero are of measure zero and thus we can characterize the (INV) condition in a simpler
way. Namely, such a mapping satisfies the (INV) condition in the ball B CC € if and
only if

(i) its trace on B is in W 1(9B,R™) N L>(dB,R");

(ii) Deg(f, B, f(z)) # 0 for a.e. x € B;

(iii) Deg(f, B, f(z)) =0 for a.e. z € Q\ B.

Definition 2.13. Let f € W' 1(Q,R™) N L>(Q,R"). The distributional Jacobian of f
is the distribution defined by setting

Det DF(p) == [ fi@)g. forn )} for all ¢ € CF (),

where J(p, fa, ..., fn) is the classical Jacobian defined as the determinant of the Jacobi
matrix Dg of g = (¢, fa, ..., fn).

We need the following lemmata from [12]. They are stated there only for n = 3 but it
is clear from the proofs that everything works also in higher dimensions.

Lemma 2.14 (Lemma 3.8, [12]). Let f € WHHQ,R") N L>(Q,R"), with J; # 0 on
Qq, and choose B C Q such that f satisfies (INV) on B. Then f(B) C imyp(f, B), and
fR™\B) C R" \ imz(f, B).
Lemma 2.15 (Lemma 4.3, [12]). Let f € W' LH(Q R™) N L=(Q,R"™). Suppose that
condition (INV) holds for f, and that J; > 0 a.e. Then,

(i) Det Df >0, hence it is a Radon measure;
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(ii) the absolutely continuous part of Det D f with respect to L™ has density J;
(iii) for every a € Q and for a.e. v € (0,1,),

(2.13) Det Df(B(a,r)) = |imz(f, B(a,r))|.

2.6. Minimizers of the tangential Dirichlet integral. In our main proof, we have
a sphere 0B in R™ and on this sphere we have a small (n — 2)-dimensional circle which
is a boundary of an open spherical cap S C dB. Our map f is in W11 therefore we
can choose the sets so that f is continuous on the (n — 2)-dimensional circle S\ S. Our
mapping f can have a big oscillation on S so we need to replace it with a reasonable
mapping. We do this by choosing a minimizer of the tangential Dirichlet energy over this
cap S which has the same value on the circle S\ S. In fact, we need this even for more
general shapes than spheres and circles.

We say that a relatively open set S C 0B satisfies the exterior ball condition if for
each z € S\ S there exists a ball B(z',r) with 2/ € 9B such that z € dB(2/,7) and
B(2',r)N S = @. The following Theorem was shown in [17, Theorem 2.10]:

Theorem 2.16. Let B C R™ be a ball. Let S C OB be a connected relatively open subset
of OB. Let T be the relative boundary of S with respect to dB. Suppose that diam S < -
and that S satisfies the exterior ball condition. Let f = (f',..., f") € Wi»Y9B,R")
be continuous on T. Then there exists a unique function h = (h',...,h") € C(S,R") N
Whn=1(S,R") such that each coordinate h' minimizes [ |Dyul""" dH"" among all func-
tions u € f' + Wol’n_l(S, R™). We have h = f on T, the function h satisfies the estimate

(2.14) diam h(S) < v/ndiam f(T)

and we have L"(h(S)) = 0. Moreover, let f,, be continuous and converge to f uniformly
on T, then h,, converge to h uniformly on S, where h,, are minimizers corresponding to
boundary values f,,.

Proof. Everything except L£"(h(S)) = 0 was shown already in [17, Theorem 2.10].

It is standard that the change of variable formula holds for Sobolev mappings up to a
null set (see (2.3) and the paragraph after) and hence using h € W'"! there is N C S
with H"~1(N) = 0 such that

H" ' (h(S\ N)) < oo and hence L™ (h(S\ N)) = 0.

We claim that h is pseudomonotone, i.e. there is C' > 0 such that for each spherical cap
A C S we have

diam h(A) < Cdiam f(0A)

(here A is the relative (n — 2)-dimensional boundary with respect to dB). This fact
follows from (2.14), i.e., we consider the corresponding minimizer on A with respect to
boundary data h|sa. By the uniqueness of this minimizer we obtain that h|4 is this mini-
mizer and (2.14) holds for A and DA (instead of S and T') gives us the pseudomonotonicity.
Let us now consider a mapping g := Poh: S — R" !, where P is the projection to the
hyperplane {z; = 0}. It is easy to see that g € W' ! and that g is continuous and
pseudomonotone. By the result of Maly and Martio [32, Theorem A] and H" }(N) = 0
we obtain that

H"(g(N)) =0 and hence L"(h(N)) = 0.
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3. PROOF OF THEOREM 1.1: (INV) CONDITION

Proof of Theorem 1.1: (INV) condition. Assume on the contrary that f does not satisfy
the (INV) condition. Then we can find a center ¢ such that for H'-positively many radii
r > 0 our f maps either something from B(c,r) outside of imy(f, B(c,r)) or something
outside of B(c,r) inside of imr(f, B(c,r)). We treat the first case in detail and at the end
we briefly explain the analogous second case.

Step 1. Outline of the proof: We assume that f does not satisfy (INV) and hence there
is ¢ € (2 such that the set
(3.1)
{r: B(c,r) C Q, 3V, C B(c,r) with |V;| > 0 and Deg(f, B(c,r), f(z)) =0 for all z € V,.}

has positive (one-dimensional) measure.

Let us now briefly explain the idea of the proof. We know that f,, converge to f weakly
in WH"=1 and thus up to a subsequence strongly in L" ! and a.e. We can thus imagine
that f,, is really close to f both on some fixed dB(c,r) and on V,. The situation is
illustrated in Fig. 1.

i j/\ F(Ster)
[TV h(S(em)

FIGURE 1. Behaviour of mappings f (in black) and f,,, (in green) on S(c,r)
and V.

That means f(V,) is outside of imy(f, B(c, 7)) but f,,(V;) lies inside f,,,(0B(c, 1)) since
fm is a homeomorphism. It follows that f,,(0B(c,)) is close to f(OB(c,r)) in most of the
places but it makes a “bubble” (or several bubbles) around f,,(V;) which is really close
to f(V;).

Firstly, we define those bubbles and then we show that the number of bubbles that
contain a big part of f,,(V,) is uniformly bounded and hence in one of them we have a
big portion of the volume of f,,,(V;) (and that |f,,(V;)| > C using (1.1) and (1.4)). Since
fm (V) is quite big (in one of the big bubbles) we obtain that the boundary of the bubble
has big H"~! measure. However, this boundary is essentially image of some very small set
(as small as we wish for m big enough) on 0B under f,, and using (2.6) we obtain that
the integral of | cof D f,,| over this small set is big. This contradicts the equiintegrability
of | cof D f,,| which results in sup,, fBB(c,r) A(|cof Dfp|) dH™ < o0,

Step 2. Replacement of f on dB(e,r) with continuous ¢ that has similar degree:

We need to apply plenty of techniques and results developed in [17]. For the convenience
of the reader, we include most of the details in the current proof.

We fix B(c, R) CC Q. Since f,, converge weakly in W11 which is compactly embed-
ded into L™~Y" and so into L""!, we obtain that f,, converge to f in L *(B(c, R)). Up
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to a subsequence we can thus assume that f,, — f pointwise a.e. and by Lemma 2.3 we
obtain J; # 0 a.e. We fix r € (0, R) (and pass to a subsequence if necessary, see e.g. [33,
Lemma 2.9]) such that

fn — f weakly in W1 (0B(c,r),R") and H" '-a.e. on dB(c, )
and such that there exists a constant C5 so that

(3.2) / (1D fI" 4 | Do for™™) dH" < Cy for all m € N.
OB(c,r)

Moreover, using Theorem 2.4 we can assume that all f,, € WL Y(9B(c,r), R") satisfy
the (N) condition on dB(c,r). Analogously to the proof of [33, Lemma 2.9] we use the
Fatou Lemma and (1.4) to deduce

R R
/ lim inf/ A(|cof Df,]) dH" do < lim inf/ / A(|cof Df,,]) dH" do < 0.
0 8B(c,r) 0 0B(c,r)

m—00 m—0o0

Choosing further 7 so that the liminf on the lefthand side is finite and thus (passing again
to a subsequence) we have

(3.3) / A(|cof Dfy|) dH" ' < Cy for all m € N.
0B(c,r)

We set B := B(ec,r) and choose € > 0 small enough with the exact value to be specified
later. Find p € (0, min{ -7, 5}) such that for each z € B we have

(3.4) / D, f|" tdHM < et
OBNB(z,2p)

(we can do that since the integral over the whole 0B is finite). For each fixed z € 0B we
find p, € (p,2p) such that

(3.5) p / DL f|" dHr? < e,
OBNOB(z,p=)

which is possible because the length of (p,2p) is p, combined with (3.4). Moreover, we
can also choose p, such that f,, — f occurs H" 2-a.e. on dB N OB(z, p.) and that

hmHLIOI(l)f ||fmHle"*l(aBﬂaB(z,pz),R") < Q.
It follows that up to a subsequence (depending on z and p,, see e.g. [33, Lemma 2.9])

(3.6) fin — f weakly in W'~ and also uniformly on 0B N OB(z, p.).

Note that on the (n—2)-dimensional space 0BNIB(z, p,) we have embedding into Hélder
n—2
functions W1 — C%'"w=1 thus f is continuous there and we have the estimate

( / D, f|! d?—l”‘2> "< Oy
OBNOB(z,pz)

Using the Vitali type covering, we find B; = B(z;, p;) such that p; = p.,

0B C | B(z,p))

J

-2

(3.7) diam f(OB NIB(z,p.)) < C(p.) "1
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and the balls B(z;, %pj) are pairwise disjoint. Here j = 1,..., jmax. Furthermore, the
balls in the Vitali covering theorem are chosen inductively so we can also assume using
(3.6) that for a subsequence (chosen in a diagonal argument)

(3.8) fn = f weakly in W1 and uniformly on B N dB(z;, p;) for each j.

Given j, denote

S;=0Bn B;\| B

1<j

Note that S; satisfies the exterior ball condition of Subsection 2.6. Let T denote the
relative boundary of .S; with respect to 0B.

For each j we define h; on S; such that h; minimizes coordinate-wise the tangential
(n — 1)-Dirichlet integral among functions with boundary data f on 7} (see Theorem
2.16). We define h; = f on 0B\ S;. Also we define the function g on 0B as g = h; on
each Sj. Set (see Fig. 2)

F={ye: Deg(f,B,y) # deg(g, B,y)},
Fy={y € ' Deg(f,B,y) # Deg(h;, B,y)}.

Let us recall that by Theorem 2.16 we have £"(g(S;)) = 0 and hence Remark 2.8 gives
us deg g = Degg.

FIGURE 2. Behaviour of mappings f (in black) and g (red) on 0B in 2D
representation. 7} corresponds to points on f(0B) (of course in R™ they
are (n — 2)-dimensional), g is represented by dashed lines connecting these
points (of course these are minimizers of (n—1)-energy in higher dimensions
and not lines) and the gray set F} is created “between” ¢(S;) and f(S5;).

It is not difficult to find out that

yGUFJ for a.e. y € F

J
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(this can be viewed e.g. by using (2.8)). Now, by (2.11), (3.4), and the minimizing
property [¢ |Dh;[*"tdH"t < C [ |Df[*t dH" ! we have

n

Z 5] < OZ (/S.(IDTfI"‘1 + |DThj|n—1)den_1>m
(3.9) < Czj: (/S D, fI" clH’"H)ﬁ

< CeZ/S |D-f[* L dH T < CCae.
j J

It follows that f and g have the same degree up to a very small set. It is more convenient
for us to work with g since for this continuous mapping on dB we can use the classical
degree deg and not Deg as for f.

Step 3. Replacement of f,, on dB(c,r) with continuous g, that is close to g:

From Theorem 2.16 we know that £"(h;(S;)) = 0 for each j and thus |¢g(0B)| = 0. It
follows that we can find a compact set H C Q' \ g(0B) such that

(3.10) D\ H < o(55[V2),

where ® comes from Lemma 2.1. For each m € Nand j € {1,..., jmax} let g, ; be defined
in S; as the coordinate-wise minimizer of the (n — 1)-Dirichlet integral among functions
with boundary data f,, on T;. We define g, ; as f,, on 0B\ S;. We also define g,,, on 0B
as g j on each S;.

Since f,, = f = g uniformly on 7} by (3.8), we have g,,, — ¢ uniformly on 0B using
Theorem 2.16. Hence we find m € N such that g,,(0B) does not intersect H and

(3.11) deg(gm, B, ) = deg(g, B,-) in H.
Also, we require
(3.12) \fm — fl = |gm —g] <& onall T;.

With the help of (2.14) and (3.7) (which holds also for 7}) this implies that
lgm — g] < Ce on OB.

Similarly as in Fig. 2 (but using f,, instead of f), we define

(3.13) E={yeQ: deg(fm, B,y) =1 # deg(gm, B,y)},

E; ={y € : deg(fm, B,y) =1 # deg(gm: B, y)},

see Fig. 3.
Let us note that these sets E; are exactly those bubbles discussed in the first step (see
Fig. 1). Then

Y€ UE]- for a.e. y € E.
J
Using (2.11) and the minimizing property fs- 1D g | HdH T < fs- | D, fr|" L dH 1,
J J
we obtain

(3.14) B < C/ 1Dy fo| A1
S

Step 4. Not that many big bubbles where f,, and g,, have different degree:
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fm(9B)

FIGURE 3. Behaviour of mappings f,, (in black) and g, (red) on 0B in 2D
representation.

Choose a > 0 and set

Tt = {: / Do fo " M > a,

Sj

J = {j: / |Dy fn| " dH" ! < a}.
Sj

Note that (3.14) implies that | E;| are small for j € J~. Hence using (3.2)

S El<e Y ([ Do)

JjeEJ ™ JjeEJ~

(3.15) <Catt Y / Do fonl P dr !
Sj

JjeJ
1
<Cart [ Dol < Cuar,
0B

where Cy = C'Cy. We fix a such that

(3.16) Ciamt < @ (L(V4]).
We set
VViZ(ﬂZI( LJ E&).
jeJ~

and using Lemma 2.1, (3.15) and (3.16) we obtain

(W) < Ifn(W) = | U B

JjeEJ~

< Chamt < B (FHV])

From the monotonicity of ® we get

(3.17) W] < &IVl
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From (3.2) we have
C

It follows that we have only boundedly many E;, j € J, where the size of the bubble
|E;| could be big. This bound depends on |V,| and ® (and hence ¢) and Cy but it does
not depend on m nor on €. We could have plenty of other small bubbles Ej, j € J~, but
(3.17) implies that the union of their preimages is really small.

Step 5. Big part of f,,(V;) lies in big bubbles:

Set

Y = {2 € .\ W+ deg(gn, B, fu(s)) = 0}
With the help of (3.11) we have
VY CW U {a € Vi Dea(f, B. f(x)) # 0}
U{z €V, deg(gm, B, fm(x)) # 0, Deg(f, B, f(x)) = 0}
cWU{z €V,: Deg(f,B, f(x)) # 0}U
Ufz e Vi: degly, B, f(x)) # Deg(f, B, f(x))}U
U{z € V: deg(g, B, fm(x)) # deg(g, B, f(z))} U{z € Vi: fu(z) ¢ H}.
From (3.17) and (3.1) we obtain

(WU {z € V,: Deg(f,B, f(z)) # 0} < |V|

— 10
as the second set is empty. Using (3.9) we have
{y € ': deglg, B,y) # Deg(f. B,y) }| = |F| < CCse.

Using Lemmata 2.2 and 2.3 we obtain that (for e small enough)

[{z € V,: deg(g, B, f(x)) # Deg(f, B, f(z)) }| < OMI~

Since the sets {y: deg(g, B,y) = 0} and {y: deg(g, B,y) = 1} are open and f,, — f
a.e., we can take m so large that

(3.19) [{z € V,: deg(g, B, fm(x)) # deg(g, B, f(2))}| <
Finally using (3.10) and (2.4) (as in (3.17)) we obtain
1
o € Vi fule) ¢ B}l < 2o Wi
and all these inequalities together give us
1
(3.20) VY] < 5l

It follows that for many points z € V,. we have

deg(gmvBafm(‘r)) = 07
but
deg(fm,B,fm(x)) =1



18 ANNA DOLEZALOVA, STANISLAV HENCL, AND ANASTASIA MOLCHANOVA
since f,, is a homeomorphism and x € V,. C B. Therefore

, 1
(3.21) {z €V, : fu(x) € E; for some j € JT}| > E\VTI

Step 6. Integral [ |cof D fn| is big on a small set S; for some j € J*:
Using (3.18) and (3.21) we fix j € J* such that for

1
Uw={zeV,: funlr)€ E;} we have [U[ > 2#7|Vr| > CV;.

From Lemma 2.1 (2.4) we obtain that
(3.22) [fm(U)] = 26,

where ¢ is constant which does not depend on m or €.
From the definition of Ej; (see (3.13) and Fig. 3) we obtain that E; is an open set and

an C fm(SJ) U gm(Sj)
We know that (see (3.7), (3.12) and (2.14))

diam(g,,(5;)) < Ce
and thus we can find a ball By of radius Ce such that gm(E) C By. Now the set
E;j = E;\ By
is open, 3
8Ej C fm(S]) U 8Bo
and using (3.22) we obtain that
|Ej| Z 20 —Ce™ > 6

once ¢ is small enough. .
It is not difficult to show that the set E; has finite perimeter, and therefore we can use
the isoperimetric inequality (2.12) and Theorem 2.4 to get

1

O < B[ < CHYTHOES) < C(HM ! (funlS))) + H'H(0By))
<o) ( / | cof Df,n| dH™! + 005”—1).
Sj
It follows that for e sufficiently small we get
%5% < C(r) / | cof D fy| dH™ !
Sj

and this estimate on S; (with diamS; < ¢) clearly contradicts the uniform integrability
of | cof Df,,| given by (3.3).

Step 7. Something from outside of B(c,r) goes inside imr(f, B(c,r)):

This case works analogously. We can find a ball B(c,r) and V,, C Q\ B(e,r) such
that its big part is mapped inside the topological images of B(c,r). Therefore, f,, creates
bubbles inside. We can define F}, I, E; and E in a similar way and conclude.

O

Recall that the symmetric difference of two sets 5,7 C R” is defined as
SAT = (S\T)uU(T\S).
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Lemma 3.1. Letn > 3, ,Q C R" be bounded domains and let ¢ satisfy (1.1) and (12l
Let fp,, € WH1(Q,Q), m =0,1,2..., be a sequence of homeomorphisms of Q onto
with Jy,, > 0 a.e. such that

sup/ <]Dfm]n_1 + go(me)> dr < oo.
m Jo

Assume further that f,, = fo on 0Q for all m € N. Let f be a weak limit of f, in
W= Q. R™) and B C Q be a ball such that [ satisfies (INV) in B,

o [, — f weakly in WH""1(OB,R"),
® frn— fH" '-a.e. on OB,
o [op (Do fI" '+ |Drfr|" 1) dH ™ < C.
Then it holds that
(3.23) fe(B) A (£, B)| "7 0.
Proof. Let us assume by contradiction that we have a subsequence f,,, such that

| fone (B)Nimp(f, B)| > 4\ > 0.

We show that then f does not satisfy (INV).

For simplicity, we pass to that subsequence and keep the notation f,,. We consequen-
tially choose a further subsequence such that f,,(x) — f(x) a.e. on B and, again passing
to subsequences if neccessary, given € > 0 we find g as in the proof of Theorem 1.1 such
that
(3.24)

limr(f, B)A{y € Q' : deg(g, B,y) # 0} < [{y € Q' : deg(g, B,y) # Deg(f, B,y)}| < e.

Let us split into two cases: either |imr(f, B) \ fi(B)| > 2X or |fn(B) \ imz(f, B)| > 2\
for infinitely many m and thus we can assume that this is true for all m.
In the first case we find

Un € Q\ B such that f,,(Uy) Cimp(f, B) and | f,,,(Un)| > 2A.
We can assume that ¢ < A and hence we can find U, C U,, such that
FulUL) O (imr(f, B)Ay € @ : deg(g, By) £ 0}) = @
and | f,,(U!)] > X\. We know from (2.5) that |U’ | > ¥~1()\). Therefore,

\U| > ¥~(\)/2, where U = limsup U/, = ﬂ U U
k=1m=k
Using Theorem 2.16 (as |h(S)| = 0 there) and (3.24) we have
}8{y e Y : deg(g, B,y) # 0})| =0 and ‘imT(f, BYA{y € Q' : deg(g, B,y) # O}’ <e

and according to Lemmata 2.3 and 2.2 their preimages under f are arbitrarily small
(depending on €). Hence we can set £ to be small enough such that |U'| > ¥~1(\)/2,
where

U'=U\ [f’l(a{y € ' : deg(g, B, y) # 0} U (imp(f, B)A{y € Q' : deg(yg, B,y) # 0}))}
For every x € U’ we have a subsequence f,,, such that x € U;, and thus

S (2) € imp(f, B) N {y € Q' : deg(g, B,y) # 0}.
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Since f,, — f pointwise a.e., we have for a.e. x € U’ that

f(z) € {y € ¥ : deg(g, B,y) # 0}.

However, from the definition of U’ we know that actually
f(x) € {y € ¥ : deg(g, B,y) # 0},

and since

x ¢ [ (imr(f, B)A{y € @ : deg(g, B,y) # 0}),
we have that f(z) € imp(f, B) for every x € U’. That contradicts (INV).
We deal with the second case analogously. We find

U € B such that f,,,(U,,) Nimy(f, B) = @ and | f,(Un)| > 2.

We define the following sets in the same way and arrive to
fn (@) € (Y \ ime(f, B)) N (X {y € © : deglg, B,y) #0}).

Again, x is not in the f-preimage of
Hy € ' :deg(g, B,y) # 0} nor of imz(f, B)A{y € Q : deg(g, B,y) # 0},

and therefore f(x) ¢ imp(f, B) for a set of a positive measure, which contradicts (INV).
0J

4. PROOF OF THEOREM 1.1: (N) CONDITION, LOWER SEMICONTINUITY AND
INJECTIVITY A.E.

4.1. Lusin (N) condition.

Lemma 4.1. Let f,, € W HQ,R") be a sequence of homeomorphisms with Jy, > 0
a.e. such that f,, satisfies the Lusin (N) condition and the sequence of Jacobians Jy,,
is equiintegrable. Assume that f € WH=HQ,R") N L®(Q,R") is a weak limit of f,, in
W= (Q R") such that for every a € Q there is r, > 0 such that for H'-a.e. r € (0,7,)
it satisfies (3.23) and (INV) in B(a,r). Then,

(1) the distributional Jacobian Det D f > 0 is a Radon measure;

(i1) Det Df is absolutely continuous w.r.t. Lebesgue measure: for any set E C ) with

|E| =0, it holds that Det Df(E) = 0;
(i1i) f satisfies the Lusin (N) condition.

Proof. The first item () is stated in Lemma 2.15 (7).

Let E C Q with |E| = 0 be given. Fix 6 > 0 and let ¢(n) be a constant from Besicovitch
covering theorem. Since F is a set of measure zero, there exists an open set U C €2 such
that £ C A and |U] < %. Consider a covering of E by balls B(a,7,) for all a € E such
that B(a,7,) C U, f satisfies (INV) in B(a,7,) and (3.23) holds on this ball. By the
Bezicovitch Theorem (e.g. [26, Theorem A.2]), we can find at most countable collection
of balls By, := B(ag, ) such that

c(n)
Ec|JBicUand | JBi=|] | B
k k j=1 BieA,

where subcollections A; consists of disjoined balls B; and a constant ¢(n) depends only
on the dimension n.
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Note that since (3.23) is valid for one ball of the covering, it stays true for a finite union
of such balls UQ/[:1 By: for any € > 0 and m big enough it holds that

(4.1) ‘fm((_j Bk)A(UlmT (f, Bk))\ < 3; 3

Then, by Lemma 2.15 (¢ii) we have

Deth(thBk)_Deth(L(j U BZ»)S%Deth( U BZ->
k=1

j=1 B;€A;,i<M J=1 B;eA;i<M

c(n)

< Z‘ U imp(f, ‘UlmT f, Bx) ‘
j=1 B;cA;i<M
To prove (i7), we fix ¢ > 0 and ¢ > 0 such that
£
4.2 U(t) < -—— | t<d
(42) (1) < o forany £ <

where ¥ is given by Lemma 2.1 (note that in the proof of this part of lemma we have
used only equiintegrability of J;, and Lusin (N) condition for f,,). Since |J, Br C U and
|U| < 6 we have using (2.5)

for any m € N.

M
Z |Bi| < 8, and therefore ‘fm (kL:Jl Bk)‘ < 3;71)

keN

Relying on (4.1)—(4.2), for M big enough there exists m such that

Det Df(E) < Det Df (| Bi) < Deth(LAﬁ By) +§ < C(”)‘U m(f, Bk)] LE
keN k=1
(U )| o (U 1) s (10 45 <

For (ii4) it is enough to notice that |f(B)| < |imy f(B)| by Lemma 2.14. Hence

M
B)| < | imr(£. 80| + 5
k=1

<[ (U )]+ (U)o (U

Since € > 0 has been chosen arbitrary, we conclude Det Df(E) =|f(F)|=0.

imr (f, Bk))‘ +

6<
- g.
3 =

||C§

O

4.2. Lower semicontinuity. The main obstacle to obtain the lower semicontinuity of F
is to ensure weak convergence of Jacobians. One usually has to assume higher regularity
of f € Wh™ (see e.g. [9, 15, 31]) but this is not available for us.
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Lemma 4.2. Let f,, € W HQ,R") be a sequence of homeomorphisms with Jy, > 0
a.e., such that f,, satisfies the Lusin (N) condition and the sequence of Jacobians Jy,,
is equiintegrable. Assume that f € WH=1HQ,R") N L2(Q,R"™) is a weak limit of f,, in
W= (Q R") such that for every a € Q there is r, > 0 such that for H'-a.e. r € (0,7,)
it satisfies (3.23) and (INV) in B(a,r). Then there evists a subsequence {Jy, }men of
{Jp Yken such that Js, —— Jy weakly in L'(S).

Proof. By the Dunford—Pettis Theorem (e.g. [30, Theorem B.103]) there exist a (non-
relabeled) subsequence Jy,, and a function j € L*(Q) s.t. J;,, — j weakly in L'(Q2), and
hence for any measurable set E C )

éJm@mm%Z;@mx

Let B be such that f satisfies the (INV) condition and (3.23) in B, then by the area
formula (2.1) and (3.23) we have

/B T (@) dz = | fu(B) = |ima(f, B)|.

On the other hand, by Lemma 2.15 (ii)—(¢ii) and Lemma 4.1 (i7), we know that

Det f(B) = [ Jy(o)de = [img /(B))
B
Therefore, for all such balls, it holds that

meﬁﬁmﬁﬁbéﬁ@m,

which in turn implies j(x) = Jy(x) for a.e. x € Q. O

Lemma 4.3. Under conditions of Theorem 1.1, the functional F is lower semicontinuous
with respect to weak convergence, i.e., (1.5) holds.

Proof. Weak convergence f;, — f in WH"~! implies weak convergence (up to subsequence)
in L' of all minors det;(Df,,) of order | < n — 2 (see e.g. [35, Lemma 5.10]):

1
I deti(D fun)llri) < CID fnllpnr < CMw=1.

Weak convergence of det,_1(Dfy) = cof Df) in L' follows by the standard argument,
provided uniform integrability (1.3) (see [2, Theorem 6.2] or [10, Theorem 7.5-1]). The
equiintegrability of Jy,, follows from (1.2) by the de la Valée Poussin Theorem (e.g. [30,
Theorem B.104]). Moreover, conditions of Lemma 3.1 are fulfilled (see Step 2 of the
proof in Section 3). Therefore, Lemmata 3.1 and 4.2 ensure J;,, — J; weakly in L',
which now allows us to use De Giorgi Theorem [14, Theorem 3.23] to conclude the lower
semicontinuity (1.5) of F. O

4.3. Injectivity almost everywhere. One of the main reasons to consider the (INV)
condition is that it implies injectivity a.e. [12, Lemma 3.7], [33, Lemma 3.4], as discussed
in Introduction. In the setting of this paper, we can say even more.

Lemma 4.4. Let conditions of Theorem 1.1 be fulfilled and let h be a weak limit of f,!
in WHY QY R™). Then h(f(z)) = z for a.e. x € Q and under additional assumption
|0Y| = 0 we have f(h(y)) =y for a.e. y € Y.
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Proof. From Theorem 2.5 we obtain that there is a subsequence of f! which converges
weakly in W1 to some h and we work with this subsequence here.

Recall that we know that J;(z) > 0 for a.e. z € Q. Since f satisfies (N) we can use
(2.2) (for A= f~(E)) to obtain that

(4.3) |f(E)| = 0 for every E C R" with |E| = 0.

Therefore, for a.e. x € Q2 we know that f(x) is a Lebesgue point of h.
Moreover, we claim that for a.e. z €  and every n > 0 there exists a ball B = B(a,r)
such that f satisfies (INV) and (3.23) in B and

(4.4) r € B, r<mn, and f(z) € imy(f, B) is a point of density 1 of imy(f, B).
Indeed, choose a countable set of balls
B:={B(c,r;):c€eQ'nQ, ;e 277,27 foralli e N
and f satisfies (INV) and (3.23) in B(c,r;)}.

For every B; € B we know that a.e. point of imy(f, B;) is a point of density 1 and with
the help of (4.3) we can find a null set ¥; such that

f(x) € imp(f, B;) for each z € B; \ ¥; and f(z) is a point of density of imp(f, B;).

Then ¥ :=J; ¥; is a null set and for every x € Q \ X we have (4.4) for some ball B;.

Let us first prove that A(f(x)) = x a.e. We pick z such that f(z) is a Lebesgue point
of h and f(x) is a point of density of imr(f, B) for some ball B = B(a,r) satisfying (4.4).
Now we can find a ball B around f(z) so that

|B|/| (x))|dz < r/2 and ‘{yGB: yEimT(f,B)}‘ >0.9|B|.

Using convergence f,-! to h in L (€, R") and (3.23), we fix m big enough so that

loc
/ |l h(z)|dz <r|B|/2 and  |fn.(B)Aimp(f, B)| < 0.1|B.
Combining the estimates, we obtain
1 - .
E/ |f1(2) = h(f(2))|dz < and ‘{yGB: yEfm(B)}’ > (0.8|B].
B

We claim that this implies

(4.5) h(f(x)) € B(a,4r),

since otherwise we get a contradiction from
1 . 1 -1
— — d — h —a— —a)ld
T e ez ) e (4500 e

> 0.8(4r —r) > .
Since r > 0 is chosen arbitrary, we conclude from (4.5) that h(f(z)) = z for a.e. z € Q.
It is not difficult to see that f(€2) C €. From Lemma 4.2 and change of variables (2.2)
we know that

] = lim |fx(Q)] = lim / Jg (x)dr = / Je(x)dr = N(f,Q,y)dy
k—o0 k—oo Q Q

R
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From the a.e.-injectivity [12, Lemma 3.7 of f together with the (N) condition for f we
now obtain

] = N(f,Q,y)dy:/ Ldy = |£(9)]

Rn ()

Since f(Q) C & and |0 = 0 we obtain that a.e. point y € ' lies in f(2) and
N(f,Q,y) =1 there.

The other equality f(h(y)) = y for a.e. y € € now follows easily. We know h(f(z)) =z
holds for a.e. z € Q and that f satisfies the (N) condition. Hence for a.e. y € f(Q) we
can pick « € Q such that f(z) =y and h(f(z)) = . Now

Note that in this proof we do not need a Sobolev regularity but only f,-! — hin L] OJ

loc*

Proof of Theorem 1.1. Theorem 1.1 now follows from result in Section 3, Lemma 4.1,
Lemma 4.4 and Lemma 4.3. 0

4.4. Counterexamples to lower semicontinuity. The following example shows that
one has to ask the condition (N) for f,, to conclude lower semicontinuity of a quasiconvex
functional, even if ¢ and A satisfy (1.1) and (1.3).

Lemma 4.5 (Counterexample for Isc). Let p < n, then there exist ¢ and A that satisfy
(1.1) and (1.3) and homeomorphisms f,,, f:[0,1]" — [0,1]" such that Jy, , Jr > 0 a.e.,
(1.4) s fulfilled, f,, = id on O([0,1]") and f,, converge to f weakly in WP([0,1]" R"™).
However, f,, does not satisfy the Lusin (N) condition for allm € N and

/ J¢(x)dr > lim inf/ Js,, (x) dx.
(0,1)" (0,1)m

m—00

Proof. Take any A(t) < Ct’, where C' > 0 and 3 > 1 are some constants, and take ¢
which behaves like an identity around 1 and satisfies (1.1). Consider a Ponomarev-type
map g: [0,1]" — [0,1]", g € W'2(]0, 1]", R™) which maps a Cantor-set C4 of measure zero
to a Cantor-set Cg = g(Ca) of positive measure, and which is identical on ([0, 1]™). Such
a map can be found by the standard construction, see [26, Chapter 4.3] with

1 1
ak:ﬁandbkzl—l-wwhereO<a<min{g,ﬁ}.

Referring the reader to [26, Chapter 4.3] for details, we just notice that on the k-th level
we have

o {2 B U e () e
ak’ Qp—1 — Qg ’ 7 Qg Qp—1 — Qg ’

1
n—1  r.a(n—1) ~ o9—kn
| cof Dg| < C|Dy] ~ k and  |{k-th level}| ~ 2 T
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It follows that the map ¢ has finite energy since
(4.6)

S 1
/ |Dg(x)|P dx < C’Z 2’“”2”“”W/§O‘p < 00,
(o, 1)" k=1

G 1
/ A(| cof Dg(z)|) dx < C’/ | cof Dg(z)|? dx < CZ 2’“”2*’“”Wkaﬁ(nfl) < o0,
o,1)" (0,1)n k=1

/ o(Jy(x)) dr < oo, and / Ky (z)dr < / |Dg(z)|7T dz < oo.
(0,1)" (0,1)"

o,nm

We set f; = ¢g and we divide the cube [0, 1]™ into m™ equal cubes both in the domain
and in the target. Fix one of those m™ small cubes Q. := {z € [0,1]" : ||z — 2||oc < 5=

2m
with a center point z and define f,,|¢,: Q. — Q. as a scaled and translated copy of g
1
fm(z) = Eg(m(x —2)) + 2.

It is easy to see by change of variables that

/ |D fn|P dx = / |Dgl|? dx
o, (o,1)»

and analogously for other integrals in (4.6). It follows that sup,, F(fn) = F(g) < oo
and hence there is a subsequence which converges weakly in W1m~!. Since f,, — f :=id
pointwise, identity is a weak limit of f,,.

By construction, g maps the Cantor-set C4 to the Cantor-set Cg, where C4 is a set
where ¢ fails the Lusin (N) condition. Hence, for every m € N and for each @, it holds

that
1—-1C
/ Jg,, (x) dx = M.

Q- m®

Therefore,
/ Ty (@) de =1 — [Cp| < 1:/ J;(x) da,
(o, (CAY

so the lower semicontinuity fails at least for this quasiconvex functional. OJ

R

]
(Y
e
o
o000

FIGURE 4. f;3 and its action on Q(l 1)
6’2
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4.5. (N) condition and lower semicontinuity in the context of [17]. In our previous
result [17] we have shown that limit of homeomorphisms in W1m~1 satisfy the (INV)
condition under different assumptions. Instead of [ A(]cof Df,|) < C' we assumed the
integrability of the distortion function. Here we show that even in that case we can obtain
that the corresponding functional is lower semicontinuous and that f satisfies (N) under
the additional assumptions that all f,, satisfy (N) and that (1.2) holds (these assumptions
were not in [17]). As in [17] we assume that there is A > 0 with

(4.7) A7o(t) < p(2t) < Ap(t), t € (0,00).

Theorem 4.6. Let n > 3, Q, Q' C R™ be Lipschitz domains and let ¢ satisfy (1.1) and
(4.7)._Let fm € WEHQ Q) m = 0,1,2..., be a sequence of homeomorphisms of Q
onto Q¥ with Jg, > 0 a.e. such that

sup [ (1Dt + o, ) + (P20 ™) o < o
m Ja J fon(2)
Assume further that f,, = fo on 02 for all m € N. Let f be a weak limit of f,, in
Whn=H(Q,R™) , then f satisfies the (INV) condition.
Moreover, under the additional assumptions (1.2) and that all f,, satisfy the Lusin
(N) condition we obtain that our f satisfies the Lusin (N) condition and we have lower
semicontinuity of energy

(4.8) G(f) == /Q (\D F@)P "+ (s () + (%)) < liminf G(fn).

m—ro0

Further
for a.e. x € Q we have h(f(x)) = x and for a.e. y € Q' we have f(h(y)) =y,
where h is a weak-x limit of (some subsequence of) f,-1 in BV (S, R").

Proof. The fact that the limit f satisfies the (INV) condition follows from [17, Theorem
3.1 a)] and Lemma 2.3.

As in Step 2 of Section 3, we know that for every center and almost every radius the
corresponding ball satisfies the conditions of Lemma 3.1. Thus,

(4.9) [fun(B) A i (f, B)| =57 0.

Further, the (N) condition of f and a lower semicontinuity of G follow from Lem-
mata 4.1-4.2, provided with (4.9). To prove the lower semicontinuity of G, we just note
that the function

n—1 T
gz, y) =" +anTy T+ o(y)
is convex, and as in Lemma 4.3 use the De Giorgi Theorem [14, Theorem 3.23] again. Let
us note that our functional depends only on |Df| and det D f, but not on cof D f, so we
do not need to care about convergence of (n — 1) x (n — 1) subdeterminants here.

Further, from [18, Corollary 4.2] we conclude that there exists a subsequence of f,!
which converges weakly-* in BV to some h, in particular f' — h in L] _. Injectivity
almost everywhere of both f and h is then obtained by following the lines of proof of
Lemma 4.4. 0



WEAK LIMIT OF HOMEOMORPHISMS IN whn—1 27

5. APPLICATION TO CALCULUS OF VARIATIONS

Let n > 3 and 2, Q' C R"™ be bounded domains, e.g. representing the reference and
deformed configurations in nonlinear elasticity. Define the energy functional

(5.1) an:éwwmmm

where W: R"™™ — R is a polyconver function, i.e., W can be expressed as a convex
function of the minors of its argument, satisfying

n—1 _ .
(5.2) W(F) > C(|F"™" + ¢(det F) + A(] cof F|) — 1), ?f det F' > 0,
0, if det F' <0,

for some C' > 0 and for some positive functions A and . Consider a homeomorphism fj
from €2 onto € such that £(fy) < oo, and the following sets of admissible functions:

MW (Q,R) = {f :Q — R™: f is a homeomorphism of Q onto (¥ satisfying
the Lusin (N) condition, f = fy on 092, and £(f) < S(fo)}
and
%(Q,R”) = {f : 1 — R" : there are f,, € Hy, (2, R") with
£, — f weakly in Wl’"*l(Q,R")}.

Note that 771;0(9,]1%”) is weakly (sequentially) closed and hence it is a suitable set of
mappings for variational approach:

Proposition 5.1. Let g, € ﬁ;}o(ﬁ, R") and assume that g,, — g weakly in W"=1(Q R").
Then g € %(Q,R"). In particular, there exists a sequence fn, € Hy, (2, R"™) such that
fm — g weakly in WIn=1(Q R"™), g = fo on 9Q, and sup,, E(fm) < E(fo) < 0o.

Proof. Since W'~ is reflexive and separable we can find {L;}iey C (W™ 1)* which is
dense. We can assume (passing to a subsequence) that

1
|Li(gm — 9)| < Z for every i € {1,...,m}.

For every g,, we can find a sequence in Hy, (€2, R") which converges weakly and thus we
can fix f,, € H (2, R™) such that

|Li(gm — fm)] < % for every i € {1,...,m}.
It follows that for every i € N we have
Tim_ Li(f) = Li(g).
Since fn,(z) € @ C B(0,R) for all z € Q, ||Dfnllrn-1 < E(fm) < E(fy) result in

| frllwin-1 < M for all m and some constant M > 0, so we easily obtain that
lim L(f,) = L(g) for every L € (W'™ 1H)*
m—o0

Note further that the set fo + Wy ' (Q,R") is closed and convex and thus weakly
closed, therefore, g = fy on 0f). O
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Proposition 5.2. Let g, g,, € ﬁ;;(Q, R") and assume that g,, — g weakly in WH"=1(Q, R").
Then (up to subsequence) J,, — J, weakly in L*($).

Proof. Let us first prove that for every ball B, such that f satisfies the (INV) condition
and (3.23) in B,

(5.3 Jim_[imr (g, B) = |imr(g. B

Fix such a ball B for all m € N and € > 0. In view of Lemma 3.1, for any m € N there
exists a sequence f,, 1, € Hy, (€2, R") such that

| fon o (B) A Iy (g, B)| <

DN ™

Using the diagonal procedure as in Proposition 5.1, we find a sequence fy, xm) € Hy, (€2, R")
with f,, xom) — ¢ weakly in W~ Again by Lemma 3.1 it holds that

DN ™

for m big enough. Combining these two inequalities, we obtain (5.3).
Now the proof follows proof of Lemma 4.2, since for every a € €2 there is r, > 0 such
that for H'-a.e. r € (0,r,) the mapping g satisfies (3.23) and (INV) in B(a,r). O

Theorem 5.3. Letn > 3 and 2, ' C R"™ be bounded domains, let also W: R™™ — R be
a polyconvex function satisfying (5.2) for some functions A and ¢ satisfying (1.1)~(1.3)
and a constant C' > 0. Assume further that fy is a homeomorphism from £ onto €V such
that £(fy) < oo, where & is the energy defined by (5.1). Then there exists f € %(Q,R")
such that

E(f) =inf{E(h): heH,(QR"}.
Moreover, f satisfies the (INV) condition and the Lusin (N) condition.

Proof. Let f,, be a minimizing sequence for &, then f,, form a bounded sequence in
Wtn=1 and hence using Proposition 5.1 there is f € ﬂq}z(Q,R") such that (up to a
subsequence) f,, — f weakly in W1, Provided with Proposition 5.2, we obtain that
€ is lower semicontinuous in ﬁjufo(ﬁ, R™) following the proof of Lemma 4.3.

Proposition 5.1 and Theorem 1.1 imply thus that f satisfies the (INV) and the (N)
conditions and also that

E(f) <lminf E(f,)) = lim E(f) = inf{E(h) : h € H} (AR} < E(f).

Remark 5.4. Let us note that it is not clear if the two following infima
inf{€(h): he€H(QRM} and inf{€(h): heH,(QR},
are equal or not since the space Hy, (€2, R™) is not compact.

Analogously we can use the results of [17] and Section 4.5 to obtain the following
theorem.
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Theorem 5.5. Let n > 3 and €, ) C R™ be Lipschitz domains, let also W: R"*"™ — R
be a polyconvex function satisfying

W(E) > C<|Fy"—1 + o(det F) + ((ﬁ';)ﬁ — 1), if det F > 0,
00, if det FF <0,

for some function ¢ satisfying (1.1)~(1.2) and (4.7), and a constant C > 0. We assume
that W may be represented as a convex function of subdeterminants of order strictly less
than n — 1 and of det F', i.e., it is not a function of subdeterminants of order n — 1.
Assume further that fy is a homeomorphism from Q onto ¥ such that E(fy) < oo, where
& is the energy defined by (5.1). Then there ezists f € ﬂ%(Q,Rn) such that

E(f) =inf{E(h): heH, (QR")}.
Moreover, f satisfies the (INV) condition and the Lusin (N) condition.

Proof. The proof is analogous to the proof of Theorem 5.3. The only difference is that
in the proof of lower semicontinuity we do not have (1.3) and therefore we cannot prove
weak convergence of cof D f,, as in the proof of Lemma 4.3. However, we do not need this
as our W “does not depend” on (n — 1) x (n — 1) subdeterminants. O
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DIFFERENTIABILITY ALMOST EVERYWHERE OF WEAK LIMITS
OF BI-SOBOLEV HOMEOMORPHISMS

ANNA DOLEZALOVA AND ANASTASIA MOLCHANOVA

[Reshetnyak’s] synthesis of classical function theory and Sobolev function classes
was so fruitful that it was given a special name: quasiconformal analysis.

A.D. Aleksandrov, 1999 Russ. Math. Surv. 54 1069

ABSTRACT. This paper investigates the differentiability of weak limits of bi-Sobolev
homeomorphisms. Given p > n — 1, consider a sequence of homeomorphisms f; with
positive Jacobians Jj, > 0 almost everywhere and supy (|| fx|lwi.n-1 + || £ Hlwie) <
oo. We prove that if f and h are weak limits of f and f, ! respectively, with positive
Jacobians J; > 0 and Jj, > 0 a.e., then h(f(z)) = = and f(h(y)) = y both hold a.e.
and f and h are differentiable almost everywhere.

1. INTRODUCTION

Let Q and Q' be domains, i.e. non-empty connected open sets, in R™ and f €
WLP(Q,R") be a mapping from € to €. According to classic results of Geometric
analysis, if p > n, the mapping f is differentiable almost everywhere. This result
was established in 1941 for n = 2 by Cesari [4] and later generalized to arbitrary n
by Calderén [2]. The a.e.-differentiability of continuous and monotone mappings was
studied from a geometrical perspective by Viiséla [29] and Reshetnyak [24, 25, 26]. This
includes mappings with bounded distortion, also known as quasiregular mappings, and
mappings with finite distortion (even for p = n). Further details on these results can
be found in [25, 29]. The results also extend to W'!-homeomorphisms in dimension
n = 2, as shown by Gehring and Lehto [10], and W1P-homeomorphisms with p > n—1
if n > 3, see Viisald [29] (also Onninen [22, Theorem 1.2 and Example 1.3]).

For Whn~1.Sobolev homeomorphisms with n > 3, the a.e.-differentiability was es-
tablished by considering the integrability of the inner distortion K; € L'(Q), where
J¢(x) := det Df(z) is the Jacobian, adj D f is the adjugate matrix of D f and

[adj Df|"
K=
O

see [28]. This condition on integrability of distortion is sharp, meaning for any 6 € (0, 1)
and n > 3 there exists a homeomorphism f € W' 1((—1,1)",R") such that K; €
L°((—1,1)") and f is not classically differentiable on a set of positive measure [14].
The a.e.-differentiability of 1"~ 1-Sobolev maps also holds for continuous, open, and
discrete mappings of finite distortion with nonnegative Jacobian if a particular weighted
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distortion function is integrable [30]. The condition K; € L!(Q) essentially means that
e whn(f(Q),R") [20, Theorem 1.1]. Together with the oscillation estimate from
(23, Lemma 2.1] we then obtain that for almost all x € Q
lim sup BB S / < 00,
r—0+ r

and hence f is differentiable in = by the Stepanov Theorem. Thus, instead of as-
sumptions for distortion, we can directly consider bi-Sobolev homeomorphisms. The
inverse mapping theorem (see e.g. [12, Theorem A.29]) states that if f € Wln~L
Jr >0 ae., and f~' € W' with p > n — 1, then both f and f~! are differentiable
almost everywhere (for a more general approach, the reader is referred to [31]). How-
ever, Csornyei, Hencl, and Maly constructed in Example 5.2 in [5] a homeomorphism
f e whri((=1,1)",R"), n > 3, with J; > 0 a.e. that is nowhere differentiable and
its inverse f~1 € Wn=1((=1,1)",R") is also nowhere differentiable.

In this work, we examine the a.e.-differentiability of a class of weak limits of home-
omorphisms. This class of mappings is well suited for the calculus of variations ap-
proach and may serve as deformations in Continuum Mechanics models. For further
information, refer to [15, 17, 19]. Weak limits of Sobolev homeomorphisms have re-
ceived significant attention in recent years, with various studies conducted, including
[1,3,6,7, 8,9, 13, 16].

Here we consider the energy functional

- / D@ de+ [ |Df ()P dy
Q Q

for bi-Sobolev mappings f: Q — ' such that f is invertible almost everywhere, f €
Whr=1(Q,R"), and f~! € WP(Q,R") for some p > n — 1.
The main result, which is proven in Section 1.2, reads as follows.

Theorem 1.1. Letn > 2, p > n—1, Q, ' C R" be bounded domains and f, €
W= QR"), k=0,1,2..., be homeomorphisms of Q onto Q' with J; > 0 a.e. and

sup E(fr) < o0.
k

Assume that f: Q — R™ is a weak limit of { fx}ren tn WEH(Q,R™) with J; > 0 a.e.
and h: ' — R™ is a weak limit of {f; ' }ren in WHP(Q,R™) with J, > 0 a.e. Then for
a.e. x € Q we have h(f(x)) = x and for a.e. y € Q' we have f(h(y)) =y, and both f
and h are differentiable almost everywhere.

Let us note the following result, which better suits the Calculus of Variations ap-
proach since it formulates the assumptions only for fj.

Corollary 1.2. Letn > 2, p>n—1, Q, ' C R™ be bounded domains and ¢ be a
positive convez function on (0,00) with

lim@—

(1.1) lim p(t) =00 and

t—0+ t—o0 t

Let fr € WHL(Q,R™), k=0,1,2..., be homeomorphisms of Q onto Q' with Jy, >0
a.e. such that sup, F(fx) < 0o, where

ot 4 Ladi DF@P
= [ DI+ R + (s .

Assume that f: Q — R" is a weak limit of {fi}ren in WEH(Q R") and h: Q' — R"
is a weak limit of {f;" }ren in WEP(Q/,R"). Then for a.e. x € Q we have h(f(z)) = x
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and for a.e. y € Q' we have f(h(y)) =y, and both f and h are differentiable almost
everywhere.

2. PRELIMINARIES

By B(e,r), we denote the open euclidean ball with centre ¢ € R” and radius r > 0,
and S(c,r) stands for the corresponding sphere.

2.1. Topological image and (INV) condition. Although a weak limit of homeomor-
phisms may not be a homeomorphism, it may possess an invertibility property known
as the (INV) condition. The (INV) condition states, informally, that a ball B(z,r)
is mapped inside the image of the sphere f(S(z,7)) and the complement Q \ B(z,r)
is mapped outside f(S(x,7)). This concept was introduced for W?-mappings, where
p > n—1, by Miiller and Spector [21], although the fact that a ball B(x,r) is mapped
inside the image of a sphere f(S(a,r)) was known in literature before as monotonic-
ity, see [25] and [32, §2]. Suppose that f: S(y,r) — R™ is continuous, we define the
topological image of B(z,r) as

(2.1) fH(B(z,r)) == {z € R"\ f(S(z,7)) : deg(f, S(z,7),2) # 0}

and the topological image of x as

ff@)=" () f7(Bl,n)uf(S,r),

r>0,r&N,

where N, is a null set from the definition just below.

Definition 2.1. A mapping f: Q@ — R” satisfies the (INV) condition, provided that
for every o € Q there exist a constant r, > 0 and an £'-null set N, such that for all
r € (0,r;) \ Ny, the restriction f|g, is continuous and

(i) f(z) € f(B(x,r))U f(S(x,r)) for a.e. z € B(x,r),
(i) f(z) e R\ fT(B(z,r)) for a.e. z € Q\ B(z,r).

Let us note that for a particular representative of a Sobolev mapping, Definition 2.1
allows for some points to escape their destiny, e.g. a null-set inside the ball may be
mapped outside the image of this ball. Thus, we also consider a stronger version of the
(INV) condition.

Definition 2.2. A mapping f:  — R” satisfies the strong (INV) condition, provided
that for every o € Q) there exist a constant r, > 0 and an £'-null set N, such that for
all r € (0,7r;) \ N, the restriction f|g(,,) is continuous and

(i) f(z) € f5(B(x,r)) U f(S(x,r)) for every z € B(z,r),
(ii) f(z) e R\ fT(B(z,r)) for every z € Q\ B(x,r).

2.2. Precise, super-precise, and hyper-precise representative of a Sobolev
mapping. Let 1 < p < n and f € W'P(R"), then the precise representative of f is
given by

(2.2) f(a) hm+ |B )| / dx  if the limit exists,
: *(a) == { r—0 a,r (@)

otherwise.

Note that the representative f* is p-quasicontinuous (see remarks after [21, Proposi-
tion 2.8]).

Let now f: Q — R" be a W'P-weak limit of homeomorphisms f,: Q — R" with
p € (n—1,n]forn > 2orp e [1,2] for n =2. Then by [1, Theorem 5.2] there exists an
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H"P-null set NC' C ) and a representative f** of f such that f** is continuous at every
z € Q\NC, a set-valued image f7(z) is a singleton for every y € Q\NC, f** = f*cap,-
a.e., and f** can be chosen so that f**(x) € fT(z) for every x € Q. We will call f** a
super-precise representative of f.

The hyper-precise representative f is defined as

1
2.3 fla) := limsup—/ f(z)d.
2 =B B Saan T
We need the following monotonicity property of mappings satisfying the strong (INV)
condition.

Lemma 2.3. Let n > 2 and €Y C R"™ be a bounded domain. If h: Q' — R™ satisfies
the strong (INV) condition, then h is monotone for almost all radii, i.e. fory €
there exists an L'-null set N, such that for allr € (0,7,)\ N, it holds that oscpyy) h <
0SCs(y,r) .

If, moreover, h € WtP(Q,R"™) with p > n — 1, then for any r € (O, %‘) the following

estimate holds
1/p
oscpyry h < Cr (7"”/ \Dh|p> :
B(y,2r)

Proof. Let N, be a set from Definition 2.2. Then for y € Q' and r € (0,7,) \ N, it
holds that h is continuous on the sphere S(y,r) and h(z) € T (B(y,r)) Uh(S(y,r)) for
every z € B(y,r). In this case, h(S(y,r)) is a compact set and hT(B(y,r)) C R" \ A,
where A is the unbounded component of R™ \ h(S(y,r)) (since by the basic properties
of the topological degree [12, p. 48(d)] we have deg(h, S(y,r),&) = 0 for all £ € A),
and therefore oscp,,) h < oscgy ) h.

Further, for y € ' and r > 0, and for a.e. t € [r, 2r), it holds that
08CB(y,r) I < 0sCp(y h < 08Cg(y,p) h.

Then by the Sobolev embedding theorem on spheres [12, Lemma 2.19], following the
proof of [12, Theorem 2.24], we obtain that

1/p 1/p
08¢y h < oscsyn h < Ct (t"“/ |Dh]p) < Cr (r”/ ]Dh|p) .
S(y,t) B(y,2r)

0

Remark 2.4. In case p > n, h* = h* = h is the continuous representative of h
and h* is differentiable almost everywhere [2] and satisfies the Lusin (N) condition
in Q [18]. Moreover, due to compact embedding of WP into the Holder space C%?,
weak convergence in WP implies uniform convergence on compact sets. With these
properties, the subsequent analysis becomes simplified, and the details are left to the
reader.

3. A.E.-INVERTIBILITY OF f

Since a limit of homeomorphisms may not be a homeomorphism, we need to define
a weaker notion of inverse mapping. First recall that a mapping f: Q — € is called
injective a.e. in domain if there exists a null set ¥ C Q, |X| = 0, such that the
restriction flo\n: 2\ X — f(Q\ ) is injective. A mapping f: Q — € is called
injective a.e. in image if there exists a null set ¥’ C ', |¥'| = 0, such that for any
y € () \ X' the preimage f~1(y) := {x € Q: f(x) = y} consists of only one point.
Note that if f is injective a.e. in image and satisfies the (N)_1 condition, then f is



DIFFERENTIABILITY OF LIMITS OF HOMEOMORPHISMS 5

injective a.e. in domain. If instead f is injective a.e. in domain, f satisfies the (N)
condition, and || = | f(€2)| then f is injective a.e. in image. We say that h: Q" — Q
is the a.e.-inverse to f: Q — Q' if for a.e. z € Q we have h(f(x)) = x and for a.e.
y € ' we have f(h(y)) = y. Note that if f satisfies the (N)f1 condition, then f is
injective a.e. in image if and only if there exists the a.e.-inverse to f.

The following lemma provides some additional conditions that guarantee the a.e.-
invertibility of f in our setting.

Lemma 3.1. Let n > 2, Q and ' be bounded domains in R™, p > n — 1, and let
fr € WE=L(Q,R™) be homeomorphisms of Q onto Q' with J;, > 0. Let also f: Q — R"
be a weak limit of {fi}tren in WEHQ,R") with J; > 0 a.e. Assume also that the
sequence {fk_l}keN converges WHP-weakly to h: Q' — R™ with J, > 0 a.e. Then
R (f(x)) =z a.e. in Q and f(h™*(y)) =y a.e. in Q.

Proof. Let p > n—1, and fix a representative of f, which we denote by the same symbol.
If needed, we pass to a subsequence so that f, — f and f, ! — h pointwise a.e. Since
h is a W1P-weak limit of Sobolev homeomorphisms with p > n — 1, the super-precise
representative h** satisfies the strong (INV) condition [1, Theorem 5.2 and Lemma 5.3].
Then there exists a set G C € of full measure |G| = |Y|: Jp(y) > 0 for all y € G,
h** is injective in G} (see [21, Lemma 3.4] and [1, Theorem 1.2]) and f, ' (y) — h**(y)
for all y € GY.

Step 1. h**(f(z)) = x a.e.: By Lemma 2.3, we know that oscp(y,) h*™* — 0 for

r—0

ae y € . Since J; > 0 ae. (and therefore f satisfies the (N)™' condition),
OSCB(f(z),r) V™" —>Oforae x € Q.

Let G1 C f ( ') be a set such that |G;| = || and for all € G; it holds that
Jr(x) = f(x) and oscp(f(z)ry M — 0.

r—0
For x € Gy and r > 0, by the pointwise convergence of fi in € G; and f, ! in

f(z) € G, we can find ko € N big enough such that

fo(z) € B(f(z),r) and [ (f(2)) € B(R™(f(x)),7)

for all k& > ky. Moreover, by [21, Lemma 2.9] (though it is formulated for the precise
representative h*, it holds also for the super-precise representative h** with analogous
proof), there exists a subsequence { fy; }jen (that depends on r) and a number jo € N
big enough such that

OSCS(f(),r) fk < 0SCS(f(a),ry) KT

for all j > 7.
Then we have

fi) (fiy (@) = B (f ()] < !fk_l( (@) = [ @)+ £ () = R (f ()]
< oscp(s fk + 1 < 0SCS(f(a)r fk +r
< osCs(f@)ry B+ 1+ 1 < oscp(fa),2r BT+ 21
Therefore, by definition of G,
o = B (f @) = £y, (fi, (@) = B (f (2))] < lim(0sCr( (@20 h™" + 2r) = 0

for all z € G, which concludes Step 1.
Step 2. f(h*(y)) = y a.e.: We know that h** is injective a.e. on G and both f and

h** satisfies the (N) ™' condition, so when we set

Gy = (GL N (h)HG)) \ (W) U\ GY)),
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we know it is a set of full measure. Let us take y € GY. Since f, ' is a homeomorphism
onto Q, we can find y;, € ' such that f, '(yx) = h**(y). Therefore,

yr = fe(fi ) = fo(h(y)) = (R (y)),
so yr converges to some y = f(h**(y)). We apply h** to both sides to get h*™(y) =
R (f(h*(y))). From y € G} we have that h**(y) € G;. Since h**(f(z)) = = on G,
we get h** () = h**(f(h*(y))) = h*(y). Now we can have either § € G| or § ¢ G/.
In the first case, § = y as h** is injective on G}, so f(h**(y)) = y. In the other case,
f(h**(y)) € @'\ G, which is a contradiction to y € GY,.
0

Remark 3.2. If p > n, equality h**(f(z)) = x can be derived easily from
o — B (f (@) < | f (fuel@) = S (F@)]+ L (F@) = B (f ()],

using uniform convergence f, ' = h** (up to subsequence) and the Morrey inequality
for f; . The other relation f(h**(y)) = y follows the same way as above.

Remark 3.3. Since both f and h satisfy the (N) ™' condition, the identities h(f(z)) = x
a.e. in Q and f(h(y)) =y a.e. in ' hold for arbitrary representatives.

4. DIFFERENTIABILITY
First, let us notice the following well-known fact.

Lemma 4.1. Letn > 2, p > n — 1 and Q' be a bounded domain in R™. If h €
WP, R") satisfies the strong (INV) condition, then h is differentiable a.e. in .

loc

Proof. By Lemma 2.3 we have

1/p
oscp(yr h < Cr (7‘_"/ |Dh|p> ,
B(y,2r)

which implies by setting r = |z — y| that
h(z) —h
ey J22) = 1(0)

z—y |z =y

< C[Dh(y)| < o0

for any Lebesgue point y of | Dh|P and, therefore, h is differentiable a.e. by the Stepanov
theorem [27], see also [12, Theorem 2.23].
O

We also need the following modification of [12, Lemma A.29], which gives us the
a.e.-differentiability of mapping f from Theorem 1.1 — but the derivative is only with
respect to a set of full measure.

Lemma 4.2. Let n > 2 and Q, Q' be bounded domains in R™. Let A C Q, A" C Q' be
sets of full measure and h: Q' — Q such that h: ' — A = h(A) is differentiable with
respect to the relative topology in A, i.e. induced by the topology in R™, and J,(y) > 0
for all y € N'. Assume also that h|y is injective, and the inverse mapping f := h™' is
continuous in A with respect to the relative topology in A. Then f is differentiable on
A with respect to the relative topology in A and Df(z) = (Dh(f(2)))™" for all z € A.

Proof. Since h: A’ — A is a homeomorphism, the proof of this lemma follows the lines
of the proof of [12, Lemma A.29]. We present it here for the convenience of the reader.
By the differentiability of h we know that for y € A’

(4.1) i @) = h(y) = Dh(y)(y — y)

7=y, EN 17—yl

=0.
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For Z, x € A denote y = f(Z), y = f(z) € A/, then
h(y) — h(y) = h(f(z)) = h(f(2)) = T — .
Since Jy,(y) > 0 we obtain for y close enough to y that
|7 — x| = (@) — h(y)| = [Dh(y)[H —y)| = |1 = yl.
Then from (4.1) it follows

(Dh(y))"" (h(y) — h(y) — Dh(y)(y — y))

O pten Y =yl a
lim (Dh(y))~" (M(y) — h(y)) — (7 — v) -
7y, gEN ly' —yl
lim (Dh(f(x)))”" (l|° — ) |— (f(@) - f(x))7
T—x, TEA x—x

which concludes the proof.

The following proposition is a version of an inverse function theorem.

Proposition 4.3. Letn > 2, p >n—1, Q and € be bounded domains in R", A C Q
and N C ) be sets of full measure and h € WhHP(QY,Q) satisfy the strong (INV)
condition and be differentiable with Jy(y) > 0 for any y € N'. Assume also that the
restriction h|y: A" — A is one-to-one for any y € N'. Then for any yo € N there

exists a sequence {rm tmen N\ 0 such that the topological image h' (B(yo, ) contains

FIGURE 1. Mapping h maps the red sphere S(0,7,) to h(S(0,r,))
(blue); the grey ball B(0,7,,/3) does not intersect h(S(0,r,,)), since its
distance from 0 is at least r,,/2 (denoted by the dotted sphere).
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Proof. Without loss of generality, by a translation and a linear change of variables, we
may assume that yo = 0, h(yo) = 0, and Dh(yy) = Id. Since h is differentiable at 0, it
holds that h(y) = y + o(|y|) if y — 0. That means that there exists o > 0 such that

(4.2) \h(y) —y| < % for all y € B(0,79) C Q.

Consider a sequence {7, }men \¢ 0 such that A is continuous on S(0,7,,) and Def-
inition 2.2 (i-ii) is fulfilled. Let now z € B(0,%2) C €, the inequality (4.2) im-
plies z ¢ h(S(0,7,,)). Since dist(z,S(0,ry)) > 7,/2, from (4.2) we know that 1 =
deg(z,1d, S(0,r)) = deg(z, h,S(0,7,)). Therefore, B (0,72) C AT (B(0,ry)), see
Figure 1 for illustration. 0

The closing theorem of this section concludes the differentiability part of Theo-
rem 1.1.

Theorem 4.4. Let n > 2, p > n — 1, Q and Q' be bounded domains in R™ and
fr € WEL(Q,R™) be homeomorphisms of Q onto Q' with J; > 0. Let f:  — R"
be a weak limit of {fi}tren in W HQ,R") with J; > 0 a.e. Assume also that the
sequence {f,;l}keN converges WP-weakly to h: Q' — R™ with J, > 0 a.e. Then h** is
differentiable a.e. in Q' and f 15 differentiable a.e. in €.

Proof. We again pass to a subsequence (if needed) so that f, — f and f;' — h
pointwise a.e. Since h is a WhP-weak limit of Sobolev homeomorphisms with p > n—1,
the super-precise representative h** satisfies the strong (INV) condition [1, Theorem
5.2 and Lemma 5.3], is injective a.e. (see [21, Lemma 3.4] and [1, Theorem 1.2]) and
continuous on almost all spheres [11, Lemma 2.19]. By Lemma 4.1, h is differentiable
a.e. in . Moreover, since J,(y) > 0 a.e. in ', by the change-of-variable formula we
conclude that h satisfies the (N) " condition.

Step 1. Finding sets A, A’: Let f be an arbitrarily fixed representative, and let us
introduce good sets G C 2, G' C ) as

G={zeQ:h*(f(x)=2}CcQ and G :={yeQ: f(h(y) =y} CQ.
It is easy to check that f(G) = G, h**(G') = G, and by Lemma 3.1, |G| = |9,
|G'| = |€Y'|. And we define bad sets ¥ C G, ¥’ C G’ as
=G\ {zreQ: Ji(z) >0, fi(z) = f(x)},
Yo=G'\{y€Q : h*™is differentiable in y, Jy(y) >0, fi ' (y) = h**(v)}.
Clearly |X| = [X'| = 0. Then very good sets A C G, A’ C G" are defined by
AN =G\ (ZUfim) and  A:=h"(A).

By Lemma 3.1 and (N) " condition for f and h**, it is not difficult to see that |A/| =
G/ = |5, |A] = 9] and f(A) = A"

Step 2. f|a is continuous: The restriction f|5: A — A’ is continuous with respect to
the relative topology in A. Indeed, let f|5, be not continuous in some point zy € A,
then there exists a sequence {xp}treny C A, zp — xo, but f(zg) - f(xg). We set
yr = f(zx) € A and yo := (W) Y(zo) = f(zo). Since h**|p = (f|a)~!, we have

h**(yx) = h™ (o), but yr - yo.
By Proposition 4.3 there exists a sequence {r,, }men N\ 0 such that

B (1™ (yo), 5*) € (h™)7 (Blyo, ).

T'm
3
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Let m and ky € N be big enough so that infinitely many v are outside of B(yo, 7. )
for k > ko and h**(yy,) € B (h**(y), “=). Passing to a subsequence, we can, for now,
assume that y, ¢ B(yo, rm) for all k. Then we can find » > 0 such that

B(ykoar) N B(ymrm) =9

and, since h**|5/ is continuous,
%ok Kok 'm
B (Byeys ) NA) C B (h™ (). )

Summarizing the above, we obtain
T'm

W (Bl ) V) € B (W™ (), ¢ ) € B (17 (w0). 5") € ()7 (Blyo, ).

Thus, for every
2 € (B(yky,m) NA') C (Q\ B(yo, rm))

it holds that h**(z) € (h**)T(B(yo,rm)), the latter contradicts to the strong (INV)
condition for h**, since a set of positive measure B(yx,, ) N A’ from outside of the ball
B(yo, ) is mapped inside the topological image of this ball.

Therefore, f is continuous on A with respect to the relative topology, and by
Lemma 4.2, we conclude that f is differentiable on A with respect to the relative
topology.

Step 3. [ is differentiable a.e.: It is left to show that a hyper-precise representative

f, given by (2.3), is differentiable at xy € A with respect to . Since A is a set of
full measure and f is continuous on A with respect to the relative topology, any point
x € A is a Lebesgue point of f, and therefore f = f on A.

Fix 2y € A and ¢ > 0. By differentiability of f on A with respect to the relative
topology, there exists s > 0 such that for any = € B(xg,s) N A it holds that
|f(2) = f(wo) = Df(zo)(x — z0)| _ | /() = f(z0) = Df(xo)(x — 20)| _ €

|z — o |z — o 2’

(4.3)

where D f(zo) denotes the derivative D f[5(zo) with respect to the relative topology.
To prove differentiability of f, we need to show that for an arbitrary z’ close to xq it
holds that

’}(33/) — }(930) — D f(z0) (2" — x0)|

4.4 < €.

If 2/ € A, (4.4) follows immediately from (4.3). In the other case, roughly speaking,

we want to find a point z € A such that |/ (‘Z'/)_—IJ;('z)‘ and ‘5/__;0“ are small, and so we can

estimate
]}”(:c’) - }(350) — Df(xo) (2" — 20)|
2" — x|
< |f(2') - f(Z)‘L/‘FJl;J](%)(%/ A G f(:vo|)x/—_liffxo)(z —zo)l _

Now we prove the above paragraph rigorously. Let 2’ € B (ZL‘O, %) By (2.3), there
exists a sequence {7y ren \ 0 such that rj, < 27%|2’ — | and

1 ~

—_ fx)de| < 27F|2" — xq).
|B(2§",Tk)| B(z',ri)NA

(4.5) f(@') -
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In the following, we proceed coordination-wise for i € {1,...,n}. Denote by a} and b},
points in B(z’,7¢) N A such that

~ , 1
(16) )z o [ feyde -2t -,

g |B(l’/, rk)| B(x',r)NA

~ ) 1
4.7 10} S—/ fi(x) dz + 27" |2’ — xq).
( ) ( lc) |B<l”,7‘k ’ 2 )NA ( ) ’ 0|

If there is an equality in (4.6) or (4.7), we define zi as a} or b}, correspondingly.
Otherwise, by continuity of f; on A, there exist two balls B(al, p(al)) and B(bi, p(bi)),
contained in B(z’,r}), such that (4.6) holds for any a € B(a, p(a))NA and (4.7) holds
for any b € B(bi, p(b:)) N A. Without loss of generality, we may assume ai = (0,...,0)
and b, = (b1,0,...,0). Let us now consider the lines l; := (¢,ds,...,d,) connecting
B(at, p(al)) and B(bi, p(b:)). Since A is of full measure, for L !-a.e. d := (dy, ..., d,)
a line l; contains z, € B(a, p(al)) N A and x, € B(b, p(bi)) N A, and L*(l;\ A) = 0.
Moreover, f; € W' ! and hence f, is absolutely continuous on £* '-a.e. ;. Therefore,
by the intermediate value property, there is a point ¢}, € l; such that

4.8 ~Z~ ' / r)dr| <272 —x
(4. 1) = e o -
Moreover, there exists z§ € I; N A C B(a: ,rk) such that

(4.9) f(e) = Fai)l < 27¥2" — o).

Then, by (4.5), (4.8), and (4.9),

(410)  |fi=h) = @) < | Fulxh) = File)] + 1faleh) = Fa(a)] < 277720’ — o).
Further,

(4.11)
|[fi(a") = fi(wo) = Dfi(wo) (2’ — xo)]
|z’ — o
< |fi(2") —fi(fC?;')gldJr_lfjl”i(xo)(x’—x?;)l N () _fi(l‘k)v _2f|z($o)( —$0)|_

Since %, € B(x,r;) and (4.10) holds, the first term in (4.11) can be estimated as
[fi(a') = Fila)| + D filwo) (@' — z1)|
2! — x|

While to estimate the second term in (4.11), we note that

<272 L 27FID f(20)).

|2k — x| < |2t — 2| + |2 — zo| < (1 +277)|2" — zo| < 2|2 — x| < s,
since xi € B(a:’ 7). And hence, by (4.3), we conclude

[fi(a) = filwo) = Dfilwo)(z} — wo)| _ 21f:(x}) — fi(x0) — Dfilwo) (), — o) <

< :
|2’ — 20 |17k—$0|

Summarizing the above, we obtain that for 2y € A and any £ > 0 there exists s > 0
such that for any 2’ € B (:1:0, %) it holds

|fi(a") = filxo) = D filwo) (2" — o)

| — o]

< li’ginf@‘k(él + |Dfi(wo)]) + ) =

Therefore, f, is differentiable in any o € A with respect to Q and, moreover, D f,(z) =
D fila (o).
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O
5. PROOFS OF THEOREM 1.1 AND COROLLARY 1.2

Proof of Theorem 1.1. Theorem 1.1 immediately follows from Lemma 3.1 and Theo-
rem 4.4. 0J

Proof of Corollary 1.2. Let us first note that following the proof of [20, Theorem 1.1]
with substituting n by p, we obtain
| adj D fi.|P(x)

—1p
o IDfy, [P(y) dy < . —(Jfk(ﬂi))p*l

Hence, £(fy) < F(fr) and the sequence {f,'}rey is bounded in W1P(Q', R") and
passing to a subsequence if needed, there exists a weak limit h. Moreover, by [8,
Lemma 2.3] and (1.1), the inequality

/Q o(Jy(x))de < C

guarantees that Jy > 0 a.e. in Q and J;, > 0 a.e. in @'. To finish the proof, we apply
Theorem 1.1. 0
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