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Abstract: Spherically symmetric measures in R™ are rotationally invariant, indi-
cating that their characteristic functions can be written as a composition of the
Euclidean norm with a univariate function. If we replace the Euclidean norm
with an ¢, norm, the resulting distributions are known as a-symmetric. This
thesis aims to provide a general description of a-symmetric measures and explore
various non-trivial examples. The existence of a-symmetric measures for a given
a and dimension n € N is discussed, along with the connection between the exis-
tence of a-symmetric measures and isometric embedding into L, spaces through
strictly stable distributions. One of the main properties explored in this thesis is
the relationship between moments of non-integer order and a-symmetry in distri-
butions. Additionally, several sufficient conditions for the existence and the form
of a-symmetric measures are described. In the final chapter, a further general-
ization of a-symmetric distributions toward quasi-norms is discussed, along with
the properties of the resulting concept of pseudo-isotropy.
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Introduction

Spherical symmetry serves as a natural extension of normal distributions into
more complicated structures by preserving invariance with respect to rotations
as the defining characteristic. It can be shown that the characteristic functions
of spherically symmetric distributions are composed of the Euclidean norm and
a one-dimensional function. By substituting the Euclidean norm with an ¢, norm,
we obtain a-symmetric distributions. However, it is important to note that not
all properties of spherically symmetric distributions seamlessly translate into the
realm of a-symmetry, as symmetric stable distributions assume the role of normal
distributions in the context of a-symmetry.

The thesis is organized in the following way: Chapter |1} introduces mostly
well-known tools which are utilized in order to establish and develop the the-
ory of a-symmetric distributions. We aim to explore the connection between
moments and characteristic functions and how stable distributions can be ex-
pressed via isometric embedding of quasi-normed spaces. Elementary properties
of a-symmetric distributions are presented in Chapter [2| with emphasis on pro-
jections, mixtures, and density. Several examples of characteristic functions are
established. Chapter (3| focuses on n-dimensional a-symmetric distributions for
different pairs of 0 < a < oo and n > 2. Although only some examples and
sufficient conditions are known for some pairs, there is a full characterization
e.g. for 1-symmetric distributions. The thesis aims to present full proof of the
fact that for some « the only a-symmetric distribution is the trivial one (concen-
trated at the origin). Chapter |4] generalizes a-symmetry by replacing ¢, norm by
a quasi-norm and discusses some properties of such distributions. Multivariate
symmetric stable distributions are again the only well-established examples of
pseudo-isotropic distributions.

The aim of the thesis is to find new examples of a-symmetric distributions
and explore the existing examples. Further, moments of a-symmetric and pseudo-
isotropic distributions are unfolded as non-trivial a-symmetric distributions have
power-heavy tails.



1. Preliminaries

This chapter aims to elucidate the theory used in further chapters, and its con-
tents can be split into two parts. Section covers the properties of characteristic
functions as characteristic functions are naturally more suitable for dealing with
a-symmetry in Chapter 2 than the density or the cumulative distribution func-
tion. The attention is brought to the relation between the characteristic function
of a random variable and its absolute moments of non-integer order by |Laue
[1980]. The completely and m-times monotone functions and their integral rep-
resentations through the Laplace transform will serve a different purpose in this
thesis as shown in Section [3.3] and in Section [3.4l

The second part of this chapter presents stable distributions and their proper-
ties. The main result of Section [1.2| connects probability theory and convex geom-
etry. The isometric embedding between quasi-metric spaces is defined and used
to characterize characteristic functions of multivariate symmetric stable distribu-
tions. The representation derived in Subsection [I.2.1] generalizes a-symmetry in
Chapter [4

1.1 Integral Transformations

Several integral transformations are used throughout the thesis. This section aims
to summarize the results. Most theorems of this chapter are presented without
proof.

1.1.1 Characteristic Function

Definition 1. Let X be a random vector in R™. The function ¢ : R" — C defined
as o(t) = E e*X is called the characteristic function of the random vector X.

Results in further chapters, mostly by [Zastavnyi| [1992], Koldobsky| [1991]
were formulated in terms of positive definite functions which are closely related.
The connection between characteristic functions and positive definite functions
is known as Bochner’s theorem (the proof in Lukacs [1970], Theorem 4.2.2).

Definition 2. A function ¢ : R* — C is positive definite if the inequality
kok
Z Z clc]go ) >0
i=1j=1
holds for any k € N, any t1,...,tx € R" and any constants cy,...,c, € C.

Theorem 1. A function ¢ : R"™ — C is a characteristic function of some random
vector in R™ if and only if ¢ is positive definite, continuous at origin and p(0) = 1.

The last condition can be taken into account by transformin g o(+) — ﬁgp()
which means the terms continuous positive definite function and a characteristic

!By t'x we denote the dot product t'x = t;xy + -+ + t,z, for x = (21,...,7,) € R",
t= (t1,...,tn), € R™.
2See Lemma



function of a random vector will be almost exchangeable. Results that are orig-
inally formulated in terms of continuous positive definite functions will be thus
taken into the context of random vectors. Integrable characteristic functions are
linked to the density through the inversion theorem (the proof can be found in
Lukacs [1970], Theorem 3.2.2).

Theorem 2. Let p : R" — C be a characteristic function of a random vector X.
Then if  is integrable, the density fx of X exists and is given by

1 "
/ e " Xp(t) dt, x € R™

Tx(x) = (2m)" Jr

Several other properties of characteristic functions are needed throughout the
thesis. The proofs of all properties can be found in Lukacs| [1970], Chapter 2:

Lemma 3. Let p, v, : R" — C be characteristic functions of random vectors X,
X, n € N. Then the following statements are true:

(i) @ is uniformly continuous.
(ii) 1= p(0) 2 ¢(t)] for any t € R™.
(7ii) @ is a real function if and only if X is symmetric.

(iv) Let A be an m x n real matriz and b € R™ then the characteristic function
of AX + b is equal to p(A't)e™t, t € R™.

(v) X, % X if and only if 0, (t) = o(t), t € R™.

As mentioned in further sections the density does not have to be analytically
expressible even for some simple characteristic functionsﬂ Since the characteristic
function fully characterizes the distribution of a random variable, the function
can be used to derive its characteristics. The proof of the following theorem can
be found in [Lukacs| [1970], Section 2.3.

Theorem 4. Let X be a real random variable with a characteristic function .
(i) If E X*, k € N, exists the function ¢ is k-times differentiable at zero and
E XF =i"o®™(0).
The converse implication holds if k is an even integer.

(ii) If additionally X > 0 a.s., then the k-th differentiability of ¢ att = 0 is
equivalent to the existence of E X*.

The following example (mentioned also in Laue [1980]) shows a counter-
example for a random variable with a diverging first moment.

3E.g. for some stable distributions, see Section



FExample 1. Let X be a random variable with a density
C

E—— ) €R,
J0) = oyt =28 o

where C' > 0 is a constant. The first absolute moment of X is infinite since

E |X| = [ [2lf(@) do

©
—20 [ L
¢ 2 x?logx *

= x o 1
=8 o — dy = 00
log2 Y

However, its characteristic function (due to the symmetry of the density) is equal
to

E e = / e f(z) dx

20/00 COS tx

z?log |x|
Let us denote the characteristic function ¢ and find its derivative at zero. For
€ (0,3)
o(t) — ¢(0) s /00 cos(tx) — 1
2

t tx?logx
_ 90 /i cos(tx) — 1 dr + /00 cos(tr) — 1 gr)
2 tx?logx 1 ta?logx

First, the in the second part |cos(tz) — 1| < 2 and

1 oo 2
Ry,
tJ1 a%logw

X

0 1
/1 cos(tx) I

tx?log x
—1/z 2 [t 1
t Jo logy
u= 1 1
:y/t_2/7dum+0
o logt+logu

since the integrand tends to 0 monotonously. For the first part we estimate
| cos(tx) — 1| < (tx)?
1 1429
t tr) —1 : U
/ cos(tx) de| < / ==
2 tx?logx 2 tr?logw
ot
t
= / dx
2 logx

1 r 1
il
=J2 logx

t

and the limit ¢ — 0+ is equivalent to % — 0o which means we can use L’Hopital’s
Rule (Rudin [1976], Theorem 5.13)
1 s 1 . 1

lim - dr = lim —— =
550 5 Jo log = ’ sgglolog(s) 0




We have found that E | X| = oo and the derivative of the characteristic function

at zero is equal to zero which concludes the counterexample to the first part of
Theorem Ml

Distributions studied in this thesis will usually have infinite variance (or even
expectations) with the exception of some trivial casesﬁ Thus, the following gener-
alization of Theorem[d] was proposed by [Laue| [1980] using the Marchaud fractional
derivative.

Definition 3. Let f : R — C be a function and m > 0 is decomposed as m =
k + X, where k is a non-negative integer and A € (0,1). The m-th Marchaud
fractional derivative of f at point t € R is defined as

8m

o f() =

fB@) = f»
atkf(k = Fta—x / t—u)1+’\( %

The following generalization is not the only one, e.g.|Wolfe|[1975] found similar
conditions using the Laplace transform of a random variable. The approach of
Laue is more convenient in our case.

Theorem 5. Let X be a non-negative random variable with a characteristic func-
tion ¢ and m > 0 is decomposed m = k+ X as in Definition[3. Then E X™ exists
if and only if both E X* and

[t e |

ezistPl Then
1 g O™

EX™= Wm l(—i) P Lzo] .

Similar results with imaginary parts

E X" = sm(im% [( i)* aa:#(t) ‘to]

as well as the proof are available in [Laue| |[1980], Theorem 2.1 and 2.2.

Theorem 6. Let X be a random variable with a characteristic function ¢ and
m > 0 is decomposed as m = k + X as in Theorem @

(i) Let k be an even integer. Then E |X|™ is finite if and only if E | X |* is finite

and om
R [W(p(t) L:O]

1 k O™
EIXI"= —~+— —1)2——0(t .
X COS(%/\W)% [( )? Btm(’o( ) ‘t()]
4See Theorem

5By # and & we mean the real and imaginary parts of a complex number, respectively.

exists. Then




(ii) Let k be an odd integer. Then E |X|™ is finite if and only if

| )|

exists and for ¢, (t) = (=1)" = &=V (8)/ E X*1 the limit

1 =R (1)
Pi% A
exists. The moment is equal to
1 ke1 O™
EIX|"=—F—R|(—1) 2 —t .
= b S

As the computations are not simple, the following corollary presents equivalent
conditions for the existence of non-integer moments. The characteristic functions
in the thesis will mostly be real and symmetric, thus the existence of moments of
order less than two depends solely on the behavior of the characteristic function
near the origin since all characteristic functions are bounded and continuous in
addition.

Corollary 1. For m € (0,2) and an arbitrary random variable X with a character-
istic function ¢ Kawata et al. [1972] (Theorem 11.4.3) derived a simple necessary
and sufficient condition for the existence of E | X|™. The moment exists if and
only if

dt < oo.

/°° 1—R o)

tl—i—m

1.1.2 Laplace Transform

Definition 4. Let X be a random variable. The function Lx(t) = E e=*X is called
the Laplace transform of a random variable X for anyt € R where E e7'* < co.

Remark 1. Contrary to the characteristic function of a random variable, the
Laplace transform does not have to be defined for all ¢t € R.

Similarly, as the characteristic functions and continuous positive definite func-
tions are connected there is a link between Laplace transforms and the completely
monotone functions. The theorem is known as Bernstein’s theorem on monotone
functions (Bernstein| [1929)]).

Definition 5. A function f :[0,00) — R is said to be completely monotoneﬂ on
[0, 00) if the function f is continuous on [0, 00), infinitely differentiable on (0, c0)
and for each n € NU {0} and t > 0 we have (—1)"f™(t) > 0.

Theorem 7. The function f : [0,00) — R is completely monotone on [0, 0)
with f(0) = 1 if and only if f can be written as a Laplace transform of some
non-negative random variable X with a cumulative distribution function F', i.e.

F(8) = Ly (t) = /0°° e~ dF(s) < 0o, ¢ >0,

6Also called absolutely monotone/monotonous.
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Corollary 2. Similarly, for a function g : (0,00) — R whose Laplace transform
Ly(t) = [ e g(s) ds < oo for all t > 0 then g > 0 if and only if L, is completely
monotone. In this case, g represents the density (or its multiple) of some random
variable.

Definition 6. A function f € C™1(0,00) is called m-times monotone if for
each k =0,1,...,m—1 the function (—1)* f*)(t) is non-negative, decreasing and
convez on (0, 00) [

Remark 2. Tt is sufficient to check the condition only for the last derivative, i.e.
a function f € C™ (0, 00) is m-times monotone if and only if (—1)™1 f(m=1)(¢)
is non-negative, decreasing, convex, and there exists a finite non-negative limit

limy oo f(t) (Williamson| [1955]).

As completely monotone functions are characterized as Laplace transforms
of finite measures on (0,00) a similar transformation for m-times monotone is
available. The proof can be found in Williamson| [1955].

Theorem 8. A function f : [0,00) — R is m-times monotone with f(0) =1 if
and only if there exists a non-negative random variable X with a characteristic
function F' which satisfies

0= [Ta=strdrs), >0,

where fi = max{f,0}.

Any completely monotone function is m-times monotone for any m € N which
means completely monotone functions are a generalization as m — oco. Both
classes of functions serve as examples in Section [3.3] and Section [3.4]

1.2 Stable Distributions

This section summarizes the results about stable distributions which will be useful
in further sections as a-symmetry can be perceived as a generalization of stability.
More details on stable distributions can be found in [Uchaikin and Zolotarev
[1999].

Definition 7. A distribution of a random wvariable is called stable if for any
a,b > 0 there are ¢ > 0, ¢ € R such that for stable X1 X, X independent
identically distributed the following equalitﬂ holds:

aX, +bXo L cX + 2. (1.1)

A random variable is called symmetric stable if additionally X L _X.

For any stable distribution, we may find its index o € (0, 2] which satisfies ¢ =
(la|*+b|*)= in the definition above (Uchaikin and Zolotarev| [1999], Section 3.2).
The symmetry of the distribution implies ¢ = 0. Equality (1.1]) can be rewritten

"A function f € C*(S) if it has k-continuous derivatives on S, C° are all continuous functions.

8The symbol 2 denotes equality in distribution.

8
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Figure 1.1: Densities of stable random variables for a € {0.4,0.8,1.4, 2}.
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(for symmetric a-stable distributions) in terms of characteristic functions ¢ of X:
For any a,b,t € R

plat)p(bt) = o ((lal* + [b]*)= t) .

The characteristic function of a symmetric a-stable distribution is e for
some C' > 0 (Uchaikin and Zolotarev, [1999], Section 3.2). If it is not specifically
mentioned, the parameter C' is set as 1.

For o > 2 the characteristic function e~/ would not be positive deﬁniteﬂ
The special cases include @ = 2 which are centered normal distributions and
« = 1 the Cauchy distributions. For other symmetric stable distributions, i.e.
a # 1,2, there are no closed expressions for density, however, asymptotics for
their tails is available (Koldobsky| [2005], Chapter 6). Denote 7, (z) the density
of a symmetric a-stable variable, a < 2. Then we have

—Clt|*

lim 2%, (x) = 2I'(a + 1) sin (m)
T—00 2
as can be seen in Figure [1.1}

The asymptotic of the density suggests that at least some fractional moments
exist. The moments of order less than « do exist and can be found using Theo-
rem

Ezample 2. Using the Marchaud fractional derivative (Theorem [6) we may find
the moments E | X|" for symmetric a-stable random variables with a characteristic
function e~ o € (0,2].

From Corollary (1| the moments E | X|", r € (0,2), exist if and only if

©]—e

which converges for r € (0, ) since 1 — e™" ~ t* in the neighborhood of zero.

Higher moments exist only for the normal distribution.

9A simple way to see that e I*I” cannot be a characteristic function is to apply Theorem
For o > 2 the second derivative of e~I!I” at zero equals zero which would imply the triviality
of the corresponding distribution (almost surely constant).



For r € (0,min{a, 1}) the moment (Theorem [f]) is equal to

1 r o] —¢e
E[X]" = / dt
X1 cos(rf) (1 —r)Jo i

1 1 oo o
= R d —/ at* e T dt
cos(rf) (L —r)r Jo

s=t% 1 © . _r
= / e %s7a ds
0

where per partes was used in the first equality and the definition of the Gamma

function in the last.
Similarly, for r € [1, ) we have to use the second part of Theorem [f]

1 r—1 0o e le=t"
EX]" = / dt
X1 sin((r —1)5)T(2—1) Jo tr
s=t« 1 /OO s T
—_ S p d
cos(r5)I'(1 —r) Jo ©’ °
r-2)

cos(rf)I'(1—r)

Based on a stochastic decomposition derived by Shanbhag and Sreehari [1977],
the moments of symmetric a-stable distributions are usually written as
2T(55)0(1 - 1)

L1 =5T(3)

E X" =

which equals our derived terms (through the Euler’s reflection formulam and other
properties of the Gamma function).

Generally, the characteristic function ¢ of any stable distributionE is
p(t) = exp{ipt — C[t[*(1 — ifsgn(t)®)}

where 1 € R is the location parameter, C' > 0 is the scale parameter, o € (0, 2]
is the index, 5 € [—1,1] is the skewnesﬂ parameter and

_Jtan(zma), a#1,
B —2loglt|, a=1.

The symmetric a-stable distribution satisfies © = 0, § = 0. The distribution for
a < land =1 and p = 0 is concentrated on [0,00). For the latter class of
distributions the Laplace transform (Definition [4]) is equal to

Ee ™ =e™, t>0. (1.2)

0For any non-integer z we have I'(1 — 2)['(z) = salen]”
HThoroughly derived in [Uchaikin and Zolotarev, [1999], 3.2.12.
12Skewness in a traditional way is not defined for o < 2.
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Such distributions are useful as mixtures and will be referred to as non-negative
a-stable random variables.

The definition of symmetric a-stable random variables can be extended into
random vectors in R™ using the same property as in Definition [7]

Definition 8. A random vector X in R" is called symmetric stable if X L
and for any a,b > 0 there is ¢ > 0 such that

aX; +bXy £ X (1.3)
where X1, Xy, X are i.i.d.

For any symmetric stable random vector, we may again find an index o € (0, 2]
such that each linear combination of its components > ; ¢;X; is a symmetric a-
stable random variable (as explained in Theorem [9).

The characteristic functions of symmetric stable vectors will be described
using the isometric embedding in the next subsection.

1.2.1 Isometric Embedding

This section introduces methods of isometric embedding into L,-spaces in order
to characterize the stable vectors in Theorem [I0l Theorem [12] describes all two-
dimensional symmetric 1-stable random vectors.

First, let us define a generalisation of a norm which will include the a-norm
in R"”

Q=

[Xllo = (2" 4+ + |a] )=, x = (21, 70) € RY, (1.4)

for any 0 < a < oo. In case of @ = oo the co-norm is the maximum norm,
|X||oc = max{|x1],...,|xs|}. The definition of a-norms can be extended even
further into quasi-norms.

Definition 9. Let E be a linear space over R. A continuous function p : E —
[0,00) is called a quasi-norm if

(i) p(x) =0 if and only if x =0,
(ii) p(tx) = |t|p(x) fort e R, x € E,
(7i7) there exists K > 0 such that p(x+y) < K(p(x)+ p(y)), for each x,y € E.

The pair (E, p) is called a quasi-normed space. If moreover K =1, the function
p %5 a norm.

A quasi-norm is a norm if and only if the unit ball B, = {x € E': p(x) < 1} is
convex (Koldobsky|[2005], Chapter 2). A quasi-norm may be also defined through
its unit ball B, using the Minkowski functional ||x|p = inf{u > 0 : x € uB}
where B can be any closed bounded origin symmetric star body (B is a star body
if for every x € B the segment [0, ) is a subset of the interior of B [Koldobsky
[2005], Chapter 2).

The characteristic functions of symmetric a-stable random vectors are con-
nected with the problems of isometric embedding into L,-spaces. For our purpose,
the following definition of isometric embedding will be used:

11



Definition 10. Let (E,p), (F,o0) be quasi-normed spaces. The space (E,p) is
isometrically embedded in (F, o) if there is a linear operator T : E — F which
for each t € E satisfies p(t) = o(Tt).

If E C F and p is a restriction of o to E then (F,p) isometrically embeds
into (F, o) where the linear operator 7" is an identity. Example [3| shows isometry
between spaces with the 1-norm and the oco-norm.

Ezample 3. Normed spaces (R?, || - ||;) and (R?, || - |l«) are isometric (each iso-
metrically embeds into the other) since there is a unique relationship between
I-norm and oo-norm in R%:

|t + ta| + |t1 — o

max{|t1], [t2|} = 5 , ti,ta €R
The linear operator T : R? — R? is represented by a matrix 7' = (4 1) and
Tt = ||t]]1, t € R?, due to the equality of norms stated above. The converse

isometric embedding can be shown similarly. This example is limited to n = 2.
The main focus of this subsection is the isometric embedding into L,-spaces

as in Definition . By Q we typically mean the unit sphere S"! = {x € R" :

Ix[]2 = 1}.

Definition 11. Let (€2, A,v) be a measure space. Denote L,(S2, A,v) the space

of all integrable functions f : 2 — R such that

|1 @)Pav() < oo.
If A is the Borel o-algebra, the notation is simplified to L,(2, v).

The function

fo ([l @Pav@)”. fe L@ A (1.5

satisfies (fii) and of Definition [9] (Rudin! [1991], 1.47), the triangular inequality
is satisfied for p > 1 (i.e. K = 1 in Definition 9] (iii))[™] A subspace of L,($, A4, )
endowed with a quasi-norm defined by will be used as a target space of
isometric embeddings (Definition [10]).

The following theorems connect symmetric a-stable measures with the theory
of isometric embedding, such connection has been known to Lévy.

Theorem 9. Let pu be a finite symmetric measure on R™ and « € (0,2] such that
for each t € R™ the integral

[ Exdu(x)
RTL
is finite. Then

B(t) = exp{—/Rn |t’x|°‘d,u(x)}, t € R, (1.6)

defines a characteristic function of some symmetric a-stable random vector.

Conversely, for any symmetric a-stable random vector in R™, there exists
a positive finite measure p on R™ such that its characteristic function can be
represented as in (@

13Such functions are called (quasi-)semi-norms.

12



Proof. ~ The proof of the first part can be found in [Misiewicz [1996], Theo-
rem [I.1.3.

As mentioned below Definition [§| a symmetric a-stable random vector X sat-
isfies that for any t € R™ the linear combination t'X has symmetric a-stable
distribution. If we denote Y; = t'X, then the characteristic function of Y; must
be equal to e~%l"* 4 € R, where ¢; > 0 depends on t € R". Set ¢, = c(t)
where ¢ : R" — [0,00). Then the characteristic function of X can be rewritten
as E e*X = ¢~ ¢ ¢ R" and t/X £ ¢(t)Y for any t € R" where Y has
a characteristic function e 1", u € ]R

For any r € (0,) and t € R™ we have E |[t'X|" = ¢"(t) E |Y|" < oo which can
be rewritten as

e(t) = (E[Y) 7 (E[YX[)7, teR"
Now plugging it into the characteristic function of X results in

E oit'X — o—c*(t)

=1
T

= exp {—(E [Y|")"" (E |t'X|")"}

_ exp {—(E s ([ et PX(X)>L:}

where Px is the distribution of X.
Transform Px from R™ to a measure p, on S ' = {x € R" : ||x||oc = 1} such
that for any Borel subset A of S!

A = [y B I AP0 (1.7

lIxlloo

A function defined by ([1.7]) is a finite measure as it is non-negative, o-additive,
pr(0) = 0, and p,.(S™1) < oo (the last property will be checked later, others
follow Px). Then for any bounded measurable function g : S"! — R we have

1 X
d r = T T dP: .
[ ) = i o (25 ) Il P

We shall use the previous result for the function g¢(y) = [t'y|” which is bounded
on S™1 thus

1
T t — t/ r P
c ( ) E |Y|r R”’ X| X(X)
1 X "
— t/ T P
E |Y|r Rn (HXHOO)‘ Hx”oo X(X)

- /s t'yl" du(y), teR™

M Gimilar properties are revisited in Chapter
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Let us use the previous formula to bound p,(S% ') using elementary vectors as

St =3 [ Il dnly)
/ i‘yk‘ dp(y
> inf lz my] 1, (S0

(11,...,xn)/€sgo !

which means p,(S% 1) < (infxesgofl ||x||:)_1 Sr_ic"(eg), since the infimum is
positive. By that we have sup,_, p(S%!) < oo.

For any positive sequence {ry} satisfying r,  « the sequence of measures
{1, } is tight (by the previous result) and we may find a weakly convergent
subsequence. If we denote the limit y and extend p as a measure on R" (defining

w(A) = u(AnS% 1), for A C R"), we have

(6) = [ 1€x]" dpx)

which implies (1.6]).
O

The standard Lévy spectral representation for symmetric stable vectors is de-
fined using a measure v over a unit sphere S"~! = {x € R" : ||x||; = 1} as in the
following instances. Let us now combine the theory of characteristic functions
with isometric embedding into L, (S"7!, v).

The quasi-normed space (R", p) embeds isometrically into L,(S" !, v), a €
(0,2], via the linear operator T': R™ — L*(S"~! v) which maps a vector t € R"
to a linear function f; : S"~' — R where fi(x) = t'x, x € 5", if

1

o(t) = (/S |t’x|°‘dy(x)>a, t € R, (1.8)

This representation is known as Blaschke-Lévy representation of a norm (details
and the inverse formula in Koldobsky! [1997a]). We further assume that v is not
concentrated on any sub-sphere in order to ensure that p(x) > 0 outside origin (so
p may satisfy the definition of a quasi-norm). The relationship between isometric
embedding and stability is summarized in Theorem [10] and relies on Theorem [J)
and Misiewicz| [1996], Remark II.1.1.

Theorem 10. An n-dimensional random vector X is symmetric a-stable, a €
(0,2], if and only if there exists a symmetric finite measure v over S" ! = {x €
R™: ||x||]a = 1} such that

E X = exp {—/ ) ]t’x|adu(x)} ., teR™
Sn-

The measure v is unique for a < 2.

Utilizing the Blaschke-Lévy representation , a quasi-normed space (R™, p)
isometrically embeds into L,(S"',v) (via the operator T : t € R" — f, €
Lo(S™ 1 v), fo(x) =t'x, x € S"71) if and only if e ") t € R", is a character-
istic function.

14



The proof of Theorem |§] is partially covered by the proof of Theorem |10] (with
the exception of uniqueness of the measure v). However, we may find simple
examples where the uniqueness is violated for « = 2. For that we may take X
with a standard normal distribution with a characteristic function e_%t/t, t € R,
and the spectral measure v satisfies

1 / /|2 n

Qtt_/sm t'x[? v(x), teR"

Both a multiple of the Lebesgue measure on S"~! and a measure concentrated on

+e, k= 1,...,n, satisfy the representation (Misiewicz| [1996], Example II.1.1).
Let us introduce a convention. From here when an L,-space is mentioned we

mean L,(S"!,v) for some finite symmetric measure v on S"~'. The following

lemma clarifies the possibility of embedding of an L,-space into another L,-space.

Lemma 11. Let p be a quasi-norm such that the space (R™, p) embeds isometri-
cally into L, for some p € (0,2]. Then it also embeds into L, for any q € (0,p).

Proof. Our aim is to find a random vector with a characteristic function
exp{—p(t)?} if we know that exp{—p(t)?} is a characteristic function of a random
vector which will be denoted X,,.

Let Z be a non-negative r-stable random vector where r = ¢/p < 1 indepen-
dent of X,,. Let us find the characteristic function of Z 1/p. X,. By the law of total
probability and the fact that the Laplace transform of Z is e™*" thanks to (1.2)),
we have

E ez‘t’(Zl/po) —EE [ei(zl/pt)/XﬂZ} —E e_p(Zl/pt)p

— E ¢ P02 _ o=p(t)" _ 6—9(’0)q7 t € R"

since Z > 0 a.s. and p is homogeneous by Definition [9]
O

Remark 3. The construction in the previous lemma is called substability. A sym-
metric a-stable random vector X is called g-substable, 0 < o < [ < 2, if
X L Z5Y where Y is symmetric S-stable, Z is non-negative %—stable, Y and Z
are independent (Misiewicz and Takenaka, [2002]).

A symmetric a-stable random vector X is called mazimal if for any S > « the
previous decomposition X L Z5Y with any symmetric S-stable Y implies o = 3
and Z is almost surely constant. [Misiewicz and Takenakal [2002] further character-
ized the maximal symmetric a-stable distributions with a characteristic function
e~”"() using the spectral measure of the Blaschke-Lévy representation . If
the spectral measure is purely atomic, the symmetric a-stable random vector is
maximal (Misiewicz and Takenakaj [2002]).

By that the vector (Xi,...,X,) where X; are ii.d. symmetric a-stable,
a € (0,2], is maximal since its spectral measure is concentrated on +e;, its
characteristic function is equal to e~ (al*++tl®) ¢ — (¢, .. t,) € R™.

The embedding into L,-spaces was thoroughly studied in Koldobsky| [1991]. In
the most simple case, any two-dimensional normed space embeds into Li-space.
Theory of isometric embedding states that e (*2) must be a characteristic func-
tion of a symmetric 1-stable distribution for any norm (Ferguson| [1962]).

15



Theorem 12. Let p : R?* — [0,00) be such that p(ti,tz) = 0 if and only if
ty =ty = 0. Then e P12) 45 o characteristic function of a symmetric 1-stable
random vector if and only if p is a norm.

Proof.  Let e ?"1:%2) be a characteristic function of X = (X;, X,)" which is
symmetric 1-stable, thus by the Blaschke-Lévy representation ([1.8))

p(tl,tQ) = /Sl |t1(L‘1 + tQCL’2| d,u(xl,xg), (tl,tg)/ € RQ,

the function p is non-negative, positive homogeneous of degree 1 and satisfies

the triangle inequality which is evident as the integrand satisfies |(t; + to)'x| <

|t\x| + |thx| for any t;,t, € R? and x € S*. This concludes the first implication.

Conversely, let p be a non—trivia]ﬁ norm and B, = {(t1,12) € R? : p(t1,t2) <

1} its unit ball which is convex. Let us denote the distance from the origin to

the contour p(-,-) = 1 in direction given by angle € [—m,7) by r(0) and its
reciprocal by h(6) = p(cos(0),sin(f)) which is positive and w-periodic.

Our aim is to approximate the unit ball B, from the inside by convex origin-

symmetric polygons with vertices on the boundary of B, as in Figure . For

11
]

neNlet —im = o < 6 << g <) = s be a partition of [—im, 17

which will define the vertices of the polygon P, as intersection of p(-,-) = 1 and
the line in the direction (cos(6\™),sin(6™)), i.e. {(t,t) € R? : t;sin(6™) —
tacos(0™) =0}, i=1,....n.

Figure 1.2: Approximation of B, using symmetric convex polygons.

Let us show that we can write the polygon with such vertices as a lower-level
set of a convex function:

P, = {(tl,tg)’ eR?: S |ty + bty| < 1} .

=1

5For a trivial norm, i.e. p(t1,t2) = 0 for each t1,t, the function e~ is equal to 1, the trivial
characteristic function.
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Since vertices are defined by directions 61@), i =1,...,n, the coefficients satisfy
a!™ = r™sin(0™) and b™ = —r™ cos(6™) and we aim to show that r™ > 0,

i =1,...,n. For that let us work with the equation for the boundary of P, and
plug the vertices with coordinates (1, t2) = (r(8) cos(8™), r(61) sin(6™))Y".

Then for any fixed k =1,...,n

S lai g + bt | = 1

i=1
Z rgn)r(ﬁ,i”)ﬂ sin(@,f")) cos(@,in)) — cos(0§n)) sin(Q,(c"))| =1
i=1
> sin(@" = 01")| = (6"
i=1
k n
Zri(n) Sin(e,g,") - 92(")) + ) ™ sin(9™ — 9,(?)) = h(@,({")).
i=1 i=k+1
For 7’,5”), t = 1,...,n the equation defines a system of linear equations whose

solution is non-negative (explicitly written in Ferguson| [1962]).
As n — oo, the mesh of the partition tends to 0 and

S a4 0| = p(t, o)
=1

and by that

exp {— Z |a§")t1 + bgn)t2|} — exp{—p(tl, t2)}, (1.9)

i=1

Since e*'12) ig a continuous function it remains to show that the left-hand side
is a characteristic function. For that denote 71, ..., 7, i.i.d. Cauchy distributed
random variables and set Y; = Y1 | agn)Zi, Yo =30, bgn)Zi. The left-hand side
of is the characteristic function of (Y7, Ys)' since

E ¢+ — E oxp {Z > (ot + 01) Zz} = oxp {‘ > faft + bE’”tz\}
=1

i=1

for (t1,t;)" € R? which concludes the proof.
[

Remark 4. The first condition p(ti,t;) = 0 if and only if ¢; = ¢, = 0 is not
necessary in order to define a characteristic function of a symmetric 1-stable
random vector. However, it prevents degenerate solutions. As an example we
can take the singular random vector X = (X7, X;) where X; has a Cauchy
distribution. The characteristic function of X is e~*+#2l. The function

(t1,t2) > [t1 + to

is positive homogeneous of degree 1 and satisfies the triangle inequality. The
spectral representation pu = %6(1,1)/ + %5(,17,1)/ is concentrated on a sub-sphere.

The assumption of p(t1,ty) = 0 if and only if t; = to = 0 is added in order to
avoid similar degenerate cases.
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Remark 5. The measure p from the Blaschke-Lévy representation (1.8]) can be
written explicitly (Ferguson|[1962], Misiewicz and Ryll-Nardzewski [1987]) using
the function h(f) = p(cosd,sinf), 6 € [0,2r), if h is twice differentiable. The
measure p satisfies

p(ti,t2) = /S1 121 + taxs| dp(w1, 12)
2m
- /O [ty cos(¢) + tasin(e)| dfi(g), t,ts € R,
by changing into spherical coordinates t; = rcos(0), to = rsin(f) and rewriting

p(ti,ty) =1 - p(cos(0),sin(f)) = rh(f). The measure i corresponds to p through
the transformation of spherical coordinates from S* to [0, 27). Then

pltt2) = [ 161 cos(9) + t2sin(9)] di(¢)
ron)=r | " | cos(8) cos(@) + sin(8) sin ()| dji(e)
hO) = [ leos(s — 6)] di(o) (1.10)

where the last equality holds due to a common trigonometric identity. Let us
show that the density of fi is equal to

(s34 (s-3)

which is positive due to convexity of B,. The right-hand side of (1.10)) is equal
to

[ leosto — o)l di(o) =/02“|cos<¢—e>|1(h" (6-3)+n(o-13)) a0

Lo (o) +a(o-5)) e

Both integrals (the summands) are solved by per partes:

/_’2:;09 cos(¢ — 0)h” (gb — ) dp = {Cos(gzﬁ — 0 ((b — ;T) iri@
+ /_199 sin(¢p — O) ' (¢ - g) do, (1.12)
/’2::9 cos(¢p — O)h <¢ - ) do = {sin(¢ — o <¢ - g) _+i9

—/ sin(¢ — )1 (gb — ) do. (1.13)

The remaining integrals on the right-hand sides of ((1.12)) and (1.13]) cancel out

as well as the term containing

40

{cos(¢ — 0N <¢ — g)

—140
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Figure 1.3: Densities of ji for a € {1.25,2,2.5,4}.

since both cosines are zeros. Thus, [;™ | cos(¢—0)| dji(¢) is equal to & (sin(Z)h(60)—
sin(5)h(0 — 7)) = h(#) from the periodicity of h.
If h is not twice differentiable, the measure ji can be approximated (Misiewicz

and Ryll-Nardzewski [1987]).

For a > 1 the function || - ||, is & norm and we may directly compute the
density of fi.

Example 4. Let p(ty,t2) = ||(t1,t2)']|« be the a-norm, a > 1. Then
h(8) = ||(cos b, sinB)'lo = (| cos(8)|" + | sin(®)[*)* = h(0 —/2)

and the density of i (1.11]) is equal to

a—1

1 | sin(6) cos(0)]*2 (| cos(0)|* + ]sin(@)]a)é_z, 6 € (0,2m). (1.14)

For a = 1 the measure p is not absolutely continuous but it can be taken as
1= 1000y + 01,0y + 0,1y + d0,—1y)- In this case, as the measure is purely
atomic, the random vector with a characteristic function e~llt1#2)l1 g maxima
which means e~ It12)I is a characteristic function if and only if o < 1.

Figure shows the density for several values of a.. It can be seen that
as @ — 1 and a — oo the limit in both cases would be atomic which corresponds
to the discussion for @« = 1 (o = oo is linked to o« = 1 via the isometry from
Example [3). The measure is uniform for o = 2.

The isometric embeddings are further used in Chapter [4] which includes fur-
ther generalizationlﬂ and necessary conditions for embedding into L,-spaces using
partial derivatives of the norm.

16See Remark
17Such as an embedding into Lg, see Theorem
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2. a-Symmetry

This chapter includes known results about general a-symmetry in R” for any
a > 0and n € N. [Fang et al.| [1990] present some of the properties in Chapter 7.
Other properties for specific pairs of n € N and o > 0 are discussed in Chapter [3]

The main result of the first section, Lemma [13], offers a key result in terms
of a-symmetry. Definition [I2| and Lemma [13| resemble symmetric stable random
vectors and the connection is described in Theorem [I5] and Example [6] Sec-
tion derives an integral expression for the density of an a-symmetric random
vector. The multivariate integration given by Theorem [2|is reduced to univariate
integration.

2.1 Definitions

Definition 12. A random vector X = (Xi,...,X,)" has an a-symmetric distri-
bution, o > 0, if its characteristic function can be written as a univariate function

of the a-norm (1.4)), i.e.
Ed*™ = ((la]*+ -+ ta*)=) = ¢(lltlla), te€R"

The function v : [0,00) — R is called the characteristic generator of the random
vector X.

The class of characteristic generators of n-dimensional a-symmetric distribu-
tions is denoted by S(n,«). Since the characteristic function fully determines
the distribution and the relationship is bijective, the set of n-dimensional a-
symmetric distributions will be referred to simply by S(n,«) for brevity. When
necessary we may write X ~ S(n, a, ).

Remark 6. Alternatively, we may express the characteristic function of an a-
symmetric random vector as ¢(|t1|*+- - - +|t,|*). The connection between ¢ and
¢ is imminent. Using the norm in the definition allows a@ = oo where [t =
max{|ti|,...,|ts|} or even a generalization into other quasi-norms/f]

The most notable examples of a-symmetric distributions are:

Example 5. For a = 2 the so-called spherically symmetric distributions were
extensively discussed in Chapter 2 of Fang et al.| [1990] and Ranosovd| [2021].
The random vector is spherically symmetric if and only if

X < RU

where R > 0 is independent of U uniformly distributed on the unit sphere S™~1
in R™.

Ezample 6. Let X1, ..., X,, beii.d. symmetric a-stable variables (1.1)), a € (0, 2].
Then the vector X = (X7,...,X,) has an a-symmetric distribution, since the
characteristic function of a symmetric a-stable distribution is e~ ¢I" for some
C > 0, the characteristic function of X is e Cltla t € R”, for some C' > 0.

1See Chapter
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Other a-symmetric distributions which are also symmetric stable are further
discussed in the Schoenberg problem (established in Example [7]) which connects
stability and a-symmetry.

The following lemma summarizes the crucial property of a-symmetric distri-
butions and is taken from Fang et al.| [1990] (Theorem 7.1).

Lemma 13. The random vector X = (X1,...,X,) ~ S(n,a,v) if and only if
X ~ S(1,a,) for all c € R™ with ||c|lo = 1. The a-symmetric random vector
is fully determined by any of its marginals.

Proof. The proof follows Lemma [3} If A is an m x n matrix and ¢x is a char-
acteristic function of an n-dimensional random vector X, then the characteristic
function of AX is pax(s) = px(A’s), s € R™. If the characteristic function of X
is 1(]|t||o) then the characteristic function of ¢'X for any ¢ € R", ||c|l. = 1, is

d(litella) = ¥(t), t € R.

Conversely, if ¢’X has the same distribution for any ¢ € R",||c||, = 1, we have

¢’X £ —¢/X and the distribution is symmetric. Denote (] - |) the characteristic
function corresponding to the distribution of ¢’X for any ¢ € R", ||c||, = 1, and
we have ¢’X ~ S(1,a, ) for all ¢ € R™ with ||c||o = 1. Then for t € R"\ {0} we
have

t

EotX _ E ei“t”“(\\tlla) X = U(||t]la)

and the random vector is a-symmetric since t/||t||, has an a-norm equal to 1.
[l

Following the proof of Lemma (13| any marginal vector of an a-symmetric ran-
dom vector is also a-symmetric (with the same characteristic generator) which for
m < nimplies S(n, ) C S(m, «) and we may define S(co, ) as N9, S(n, ). The
class S(oo, @) are characteristic generators in any dimension, alternatively, it can
be seen as characteristic generators in the spaces of sequences ¢, = {(z1,zs,...)" €
RN : 352, |2;|* < oo}. On the other hand, the class S(1, «) includes all symmetric
one-dimensional distributions for any «.

Corollary 3. The random vector X = (X7, ..., X,,) is a-symmetric if and only if
X < ||lc||aX1, for each ¢ € R™.

As an extension to the preceding corollary a generalization of the a-symmetry
was proposed by Eaton| [1981]. The distribution of a random vector X in R™
is the n-dimensional version of a random variable Y if there exists a function
7 :R™ — [0, 00) such that

t'X L ()Y, teR? (2.1)

where y(t) > 0 for t € R™\ {0}. Clearly, Y is a scaled version of the marginal
random variable X;. The random vector satisfying for some ~ will be called
pseudo-z'sotmpidﬂ and the function v is called a standard. The pseudo-isotropic
distributions are further discussed in Chapter @l The next lemma shows the
properties of S(n,«) in the space of characteristic functions.

2The name is due to Misiewicz as isotropy refers to spherical symmetry.
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Lemma 14. For each a € (0,00] and n € N the set S(n,«) is a convex closed
subset of all characteristic functions on R.

Proof. A convex linear combination of characteristic functions is a characteristic
function with a generator given by the linear combination of the generators.
Similarly, by Lemma |3|let 1, converge to ¢ in R such that ¢ (] - |) is a char-
acteristic function. Then ¥, (]| - ||») converges (|| - ||o) in R™, since (]| - ||o) is
continuous at zero (Lemma |3)).
O

The components of an a-symmetric random vector may be independent only
in a very special case, thus vectors of i.i.d. random variables are among the most
researched examples among a-symmetry.

Theorem 15. The a-symmetric random vector X contains two independent sub-
vectors if and only if the marginal random variables are i.i.d. symmetric a-stable.

Proof. Denote X; and X5 two independent marginal random variables, each
from one of the independent subvectors and v is the characteristic generator.
Then the characteristic function of (X7, X5)" has the same generator and satisfies
for tl, tg eR

W (1] + l*) =) = $(ltw(|t)

since X; and X, are independent. Substitute g(u) = 1) (ué) and u; = |t;|%, then
for w1, us > 0 we have

glus + ) = o (s +ua)7) = () ¥ () = glur)glua).

The continuous positive solutions to Cauchy’s multiplicative functional equatz’onﬂ
are g(u) = e for some ¢ € R, which implies 1(t) = e/*l". Since the characteristic
function is bounded the constant c is negative. Thus ¥(t) = e~ 1" C' > 0, which
is a characteristic function of the symmetric a-stable distribution.

The converse implication is trivial.

]

The following theorem gives general instructions on how to create other a-
symmetric distributions. The process is used multiple times throughout the thesis
when constructing examples of a-symmetric distributions.

Theorem 16. Let X £ RY where the random variable R > 0 and the random
vector Y are independent. Then if Y is a-symmetric, X is a-symmetric as well.
Conversely, if X is a-symmetric and E (R™) # 0 for almost all t with respect to
the Lebesgue measure, then Y 1is a-symmetric.

3By additionally applying logarithm on both sides h(uy + u1) = h(uy) + h(uz) where h =
log(g) the equation becomes Cauchy’s functional equation whose continuous solutions are known
to be linear functions.
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Proof.  Let us find a characteristic function of RY where Y ~ S(n,«,1) is
independent of R. By the law of total expectation

E (eit’X) —E (eit’(RY)) —E (ei(Rt)’Y)
=E [E (¢®Y | R)| = E [b(|[Rt].0)]

which is a function of [|t]|, and the random vector X £ RY is a-symmetric since
its characteristic function is a univariate function of the norm. If R has a density
g on (0,00), the characteristic generator of RY is equal to

u /OOO Y(ru)g(r) dr, u>0.

If X is a-symmetric and X 2L RY for some independent R and Y, then for c
such that ||c|l, = 1 we have

RCY £ (RY) £ X £ X, £ RY;.

For the final argument that Rc'Y 4 RY) implies 'Y 2 Y, denote

(E|X] 0
WX(t)‘( 0 E|X\it.signx>’ tek

the characteristic transform (as defined by [Uchaikin and Zolotarev| [1999], Sec-
tion 5.7) of a random variable X. The characteristic transform exists for any ran-
dom variable and determines its distribution uniquely (Uchaikin and Zolotarev
[1999], Section 5.7). Moreover, for independent random variables U and V' the
product of characteristic transforms Wy (t) and Wy (t) is the characteristic trans-
form of UV. The characteristic transform applied on both sides of the equality
is Wr(t)Wey(t) = Wgr(t)Wy,(t), t € R, and since E (R") # 0 for almost all
t and R > 0 we obtain Wery(t) = Wy, (t) which concludes ¢'Y < Y;. Finally,
Corollary [3] is applied.

[

The following lemma (Misiewicz [1996], Theorem 11.2.3, for pseudo-isotropy
and n = 2) shows that a-symmetric random vector in R” cannot be concentrated
in any hyperplane.

Lemma 17. Let X = (Xy,...,X,)" be an a-symmetric random vector in R"
such that P(X = 0) = 0. Then for each hyperplane He, = {x € R" : £x = p},
£ e R"\ {0}, p € R, we have P(X € H¢,) = 0.

Consequently, the distribution of X has no atoms.

Proof. First let us show that for each point @ € R™ we have P(X = Q) = 0.
By contradiction let there be @ such that P(X = @) = ¢ > 0. Then there
exists a one-dimensional projection which maps ) onto the origin, thus the pro-
jected vector has an atom of size at least ¢ at the origin. Since all one-dimensional
projections have the same distribution (up to a scale factor), all have an atom at
zero. The kernel of a one-dimensional projection x — &€'x defined by & € R™\ {0}
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is {x € R": ¢x = 0}, i.e. a hyperplane containing the origin which means each
hyperplane H¢o has a probability at least g. For any line ¢ passing through
the origin we may find infinitely many hyperplanes such that ¢ = N H¢o. Then
P(X € {) is positive (otherwise the distribution would not be a probability mea-
sure).

The space R™ \ {0} can be decomposed into uncountably many distinct lines
intersecting at the origin. Each having a non-zero probability is a contradiction
with P(X € R™\ {0}) = 1.

Now let us prove again by contradiction that P(X € Hg,) = 0. For contra-
diction find & € R™ \ {0} and p # 0 (the case p = 0 is covered above) such that
P(X € He,) = g > 0. Which means P(X € H¢,,) = P(§¢'X =p) = P(||€]laX1 =
p) = q > 0 and each one-dimensional projection has an atom outside zero of
mass q.

Let us show that if X; has an atom outside the origin, then X = (X7,..., X,,)
cannot be a-symmetric for any a > 0, n > 1. It suffices to prove this only for
n = 2. If each one-dimensional measure has an atom outside zero then in each
direction there is a line with non-zero probability ¢q. From that, it is possible to
find a point with a positive probability which is a contradiction with the first
part of the proof.

O

Remark 7. Distributions without an atom at the origin will be referred to as pure.
Lemma (17| shows that for pure a-symmetric distributions, n > 1, the probability
of each affine subspace equals zero.

On the other hand, the Dirac dg distribution concentrated at 0 is a-symmetric
for each a € (0,00], n € N, and each a-symmetric distribution may be written
as a mixture of dg and some distribution without an atom at the origin (which
is consequently pure). Classes which satisfy S(n,«) = {1} (the only permissible
distribution is dg) will be called trivial.

If we combine Example [6] with Lemma [11] we obtain an important class of
a-symmetric distributions which are also symmetric stable.

Ezxample 7. (Schoenberg problem) The function e is a characteristic generator

of an a-symmetric n-dimensional random vector if and only if 0 < 8 < o(n, a)
where

2 n=1, 0<a< o,

_Ja n=>2, 0<a<?,
o(n,a) = 1 n=2 2<a<oo,
0 n 2<a<o0.

The value o(n,a) = sup{ € [0,2] : exp{—t’} € S(n,a)} will be referred to
as the Schoenberg constant. We may see that o(n,a) is well-defined (applying
Lemma and using substability (Remark [3) we can obtain o(n,«) = «, for
a < 2and n > 1. The Schoenberg problem relates to isometric embedding
as e’ € S(n,a) if and only if (R, || - ||o) isometrically embeds into Ls-space.
Cases which are not covered by substability, e.g. S(n, «), for « > 2 and n > 3,
are described in further chapters (the two-dimensional problem in Section ,
and the three-dimensional problem in Section .
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Zastavnyi [2000] found several sufficient conditions for a function f : [0, 00) —
R such that f(u?) € S(n,a) if A € (0,0(n,a)]. More details in Section and
Section 3.4l

Ezample 8. (Kuttner-Golubov problem) Another important class of generators is
pas(u) = (1 =)y, u>0,

such class of characteristic generators is useful in terms of creating sufficient
conditions for the characteristic generators from S(n, ) (Gneiting [2000]).

The parameter structure is the following: if for some A > 0 and § > 0 we have
s € S(n,a) then for any p > 0 we have ¢y 54, € S(n,a) since for a possible
a-symmetric random vector X with a generator ¢, s we can find an independent
random variable V' with a density

1

-1 pn—1 —5—u—11 -
B(5+1,/L>(U ) v (1, )(U)a

by B(:,-) we denote the Beta functionﬁ Then the characteristic generator ¢ of
VX is equal to

V) = Fr (s = s
B [ e s
=1/s L 5+1u /ui (1 — 2) L dz
:((5+1,u)/() (1—ud)PHsi(1— )z
—(1- u,\)aw.

The first integral automatically permits only u € [0, 1), otherwise, the integral is
equal to zero since the inner function includes a product of (1 — su*)d (s — 1)4".
We may write 1(u) = (1 — u*)2*.

Similarly, if for some Ay > 0 and § > 0 we have ¢),5 € S(n,a) then for
A € (0, Ao] we have )5 € S(n,a) as can be shown using the derived expression
for density in Example |10}

Ezxample 9. Let us find moments of a random variable X with a characteristic
function (1 — |u|*)%. for § € N. For non-integer § we may combine this result with
Example [§] Using Theorem [0 for r € (0, min{\, 1}) we have

A B e e
E X = cos(rg) I'(1 —r) / ultr du.

“The density implies & ~ Beta(d + 1, ).
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And the integral is equal to

ol —(1—luM 1 1] —(1—ut)?
/ ( IUI>+:+/ A-u?)
0 ultr r 0 ultr
1 11_25: (_1)k5u)\k
T 0 urr
1
T

e (2) [ d

k=1

2N R U
=2.(-1) <k>r — kA TE_o(r— kN

A similar result can be found for 7 € [1, ) using the second part of Theorem []
If we rewrite the product and factorial as Gamma functions, we have

P(1+0) (1- %)
cos(rg)I'(1 —r)l (5 +1-— §) 7

E|X|"= r <A

2.2 Density

The general expression for the density of an a-symmetric random vector can
be given only in an integral form. This section derives a general result, special
cases are discussed in Chapter [3] The results were first given by Richards| [1986]
through the Radon transform of the characteristic function and the following
approach is due to [Zastavnyi [2000]. Let us first present a very general lemma
for Riemann-Stieltjes integration of a composite function to prove Theorem [20]

Lemma 18. For a function p : X — [0,00) defined on a set X denote its lower
level sets By = {x € X : p(x) < t}. Let f € C([0,r]) for some r > 0 and
(B, F, 1) be a measure space with finite complex sign measure v and f(p(-)) and
p are F-measurable. Denote G(t) = u(By), t € [0,7], then

[, 10() dutx) = FOGO) + [ (1) dG) (22)
= FGE) - [ G dr) (23)
where the integrals are Riemann-Stieltjes.

Proof. 1t suffices to prove only as follows from the integration by parts
for Riemann-Stieltjes integrals (Rudin [1976], Theorem 6.22). Any finite complex
sign measure can be decomposed into positive/negative real and imaginary parts.
Hence, we may assume g is finite and positive, the integrals exist, and G(t) =
p(By) is increasing. Let T,, = {to,...,tm,} be a sequence of partitions such
that §(T,) = SUPy<pem, |tk — tho1| "= 0and 0 =ty < ... < t,,, = r and let
w(0) = sup{|f(s) — f(t)| : |s —t| < 6,s,t €[0,7]} be the continuity module of f.
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Then

mp—1

./ (P@) du(z) = F(0)G(0) - ]; S )(G(terr) — G(tr))

S e~ ) duta)

k=0 th+1 \Btk

mp—1

<Y [ M)~ f@)] dulo)
<O(T) S B\ Bu)

<w(6(Tn)) w(B,\ Bo)

which tends to 0 as n — oo (6(75,) — 0). The limit of

mp—1

F(0)G(0) + 2_: f ) (G(terr) — G(tr))

is the right-hand side of ({2.2]).
O

In further use, p is a quasi-norm (e.g. a-norm) on R” and p has a complex
density g with respect to the Lebesgue measure which means G(r) = [ g(t) dt
for some integrable function g.

Lemma 19. Let p be a quasi-norm on R"™ and f a continuous function on [0,7r),
r >0, heCYR). Forx e R" define

Fx)= [ Flpt)h(x't) at

where B, = {t € R" : p(t) < r}, r € (0,00). Using the function h set I(x) =
Jp, M(x't) dt and J(x) = [p, (nh(x't) +x't - K'(x't)) dt. Then I can be rewritten
as

F(x) = /0 RO () dt. (2.4)
If f is absolutely continuous on [0,r] then
F(x) = f(ryrmI(rx) — /0 P I(tx) dt. (2.5)

Proof. Fix x € R". Use Lemmawith G(u) = [, h(t'x) dx, u > 0, then since
p is a quasi-norm we have B, = uB; which means

C(u) = / h(adt) de = /B (b)) dt = w1 (ux).

p = p and du(t) = h(x't) dt. If f is absolutely continuous, we may use [’ as
a density in the Riemann-Stieltjes integral (2.3]). Thus,

Flx) = GO)f(r) = [ GO)S (B
= [ = [ foe) d
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For the first equation ([2.4) we have G(0) = 0 and

G'(u) = nu”_1/

B1
= u" ' J (ux)

h(x'(ut)) dt + u"/ x'th'(x'(ut)) dt

B1

which is absolutely continuous and the first equation holds.
O
The previous lemma is thus applied to h(t) = ¢~ and the a-norm. In case
of (R",]| - ||a), the function J = J,, , can be linked to the Bessel function. As in
our case the distributions are symmetric, i.e. for an a-symmetric random vector
X for any a > 0 and n € N then (X3,...,X,,) 4 (£X1,...,£X,) over all pos-
sible combinations of signs. Thus, we may use h(t) = cos(t) in further theorems.
The original statements were formulated by Zastavnyi [2000] with h(t) = e*.
The following definition formalizes the function J from the previous theorem for
a-norms. As for a = 2 the function is related to Bessel functions (Remark [9)),
the functions from Definition |[13| are called as in Richards [1986]. The original
definition by |Richards| [1986] was formulated in terms of surface integration (Re-

mark [§).

Definition 13. For n € N and o > 0 denote J, o the n-dimensional a-Bessel
function as

Ina(x) = / ncos(t'x) — t'x - sin(t'x) dt
B
where B! = {x € R" : ||x]|o < 1} is the unit a-ball.

Remark 8. Let S ! = {x € R" : ||x|lo = 1} be the unit a-sphere in R". Then
Tpa(x) = / e () (2.6)
Sa”

where the integration is given by

w(t) =Y (1) t; dty - dby_ydtiyy - - dty,.

i=1

The equality (2.6]) is due to Stokes’ theorem (Rudin| [1976], Theorem 10.33) as

/ w(t):/ n dty - - dt,.
sat B

Remark 9. The functions are called Bessel as before Richards [1986], only the
densities of spherically symmetric distributions (o = 2) were known from the
stochastic decomposition (Example . The characteristic function of the uniform
distribution on S"~' = S5~! satisfies

eo-r() (5
2/ \Itll2

where Jj is the Bessel function of the first kind of order k& (Bowman| [1958]).

Moreover, for any non-trivial 2-symmetric random vector (X, ..., X,)" the
density of the marginal vector (X1, ..., X,,)" for any m < n exists (details can be
found in Ranosova, [2021]).

n
2

-1
Jra(ltll2), teR”
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Now we may combine the definitions with Lemma [19|in order to find the den-
sity of an a-symmetric random vector X with an integrable characteristic function
¥([|t]]la), t € R™. The theorem is based on the inversion formula (Theorem [2)).

Theorem 20. Let ¢ € S(n,«a) correspond to the random vector X and satisfy

/OOO 7 Uab(8)] dt < oo.

Then the density of X is equal to

1

f(X) = (27‘(‘)”

/OO " () Ja(tx) dt, x €R™
0

Proof. The assumption of [;° " [4(¢)| dt < oo ensures we may use Theorem [2]
From Lemma (19| with » — oo and by setting h(t) = cos(t) where

I(x) = /5’1 cos(t'x) dt,

J(x) = / ncos(t'x) — t'xsin(t'x) dt
By

we have

L vt cos(t'x) dt = [~ et (ix) d.

Therefore, J(x) = J,(x) and the theorem is proven.
[

As the function J, , is not easy to compute we may either use the second part
of Lemma as in Corollary [4] or find a different integral representation as in
Remark [10l

Corollary 4. If the characteristic generator 1) € S(n, «) is absolutely continuous
then we can use the second part of Lemma [19[ and the density of X is equal to

1
(2m)"

f(x) = /0 T W) () dt, x € R

Remark 10. Misiewicz| [1996] (Lemma I1.4.1) obtains another form of J,, ,(x) as

1
«@

Jna(X) = / : / (cos(x'uy) + cos(x'u_)) (1 — g \ul\O“) duy -+ - dug_q,

{0 uile<1}
(2.7
where by u, and u_ denote the opposite vectors on S"~! i.e. are equal to u, =

1
(Ugy .oy Up_1, ), 0 = (Ug, ..., Up_1, —Uy) , where u, = (1 -yt |uz|°‘> .
The derivation of (2.7)) directly computes the density relying on the fact that

the norm || ||, the characteristic function (]| -||,) and, in conclusion, the density
is sign-invariant.

Special cases of Theorem [20] for o = 1, oo are discussed in Chapter [3] however
with the exception of a = 2 the density of an a-symmetric distribution cannot
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be generally written as a one-dimensional function of || - ||,. [Misiewicz [1989] ap-
plied Theorem [20|to S(3, 00) to show triviality of S(3, 00). Zastavnyi [2000] uses
Corollary (4] in order to establish a parameter structure in the Kuttner-Golubov
problem. A different approach to the same result can be found in |[Zastavnyi and
Manov| [2017].

Ezxample 10. (Kuttner-Golubov problem) Let us use the relationship from Corol-
lary {4 with the function ¢, s(u) defined in Example |8 in order to show that if
for some \g > 0 and 0 > 0 we have p,,5 € S(n,«) then for any A € (0, \o) the
function satisfies vy € S(n, a).

The density of a random vector with a characteristic generator ¢,, s is equal
to

Aod
(27m)"

where ¢ 5 = —Xod(1— %)% "t~ and the function I, , is defined in Lemma

1
Fros(x) = / (1 — o)y Tro=lynp (tx) dt, x € R",
0

Iy a(x) = /B e~ % gt

n
[e3

Kuttner [1944] showed that if for some function A(z) the following integral
1
Axos(2) = AOZWS/ (1 — 20 1o L Atz) dt
0

is non-negative for some \g > 0, 0 > 0 and any z > 0 and A, s is not identically
zero on the interval [0, 2], then for A € (0, \g) we have A, s(z) > 0.

Fix any x € R" and set A(t) = t"], o(tx) and A, s5(z) > 0 since fy,s(2x) >
0 for all z > 0. Since f),5(0) > 0 the condition is satisfied for z = 1 and
frs(x) = (2m) ™6 Ax5(1) is positive for any A € (0, \g). Theorem [I| implies that
©ors € S(n, ).

In conclusion, we may define an analogue of the Schoenberg constant as

A(n, @) = sup{\ € (0,2] : (1 —t*)} € S(n,a) for some § > 0} (2.8)
where the condition A < 2 is given by the fact that ¢% ;(0) = 0 for A > 2 which
would imply triviality from Theorem . If (1 —u")) & S(n,a) for any \,é > 0,
set A(n,«) = 0. Furthermore, we may define

§(A;n, @) =inf{d >0: (1 —t")% € S(n,a)}. (2.9)
In the one-dimensional case the function

§(A) = (N 1,2) =1inf{és > 0: (1 — [¢|)] is positive definite} (2.10)

is known as the Kuttner’s function, more details about the function §(\) can be
found in (Gneiting [2000] and |Gneiting et al.| [2001], however exact values for all
A are not available.
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Ezxample 11. Let us find Jo oo (21, 22) for x1, 29 # 0

1 1
J27OO<LL’1, l’g) = /_1 /_1 2COS(t1l’1 + tz]?g) - (t1$1 + tQ.IQ) Sin(t1$1 + tQIQ) dtldtQ
_ 2sin(wy) 4 225 cos(x) /1

i) —1

cos(tyxq) dty

2si 1
— 5111(1'2)/ tlxl SiIl(tll’l) dtl
) —1

_ 2sin(xy) + 229 cos(wy) 2sin(wy)  2sin(xg) 2sin(x;) — 221 cos(wy)

L2 L1 L2 L1
_ 4cos(wy)sin(x) N 4 cos(xq) sin(xg)
n T i) ’

The class S(2,00) is further discussed in Subsection together with S(2,1).
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3. Classes S(n, «)

The aim of this chapter is to present results about the existence of a-symmetric
distributions and the properties of non-trivial classes.

The one-dimensional a-symmetric distributions are simply all symmetric dis-
tributions for each a € (0,00]. For other dimensions the cases are usually split
into a € (0,2] and o € (2,00]. For n > 2 and a < 2 the class S(n,«) was
known to include random vectors of i.i.d. symmetric a-stable random variables,
and the problem of the (non-)triviality of S(n,a), a > 2, remained open until
solved independently by Lisitskii and Zastavnyi| [1992].

This chapter is divided into four sections. Section discusses the two-
dimensional a-symmetry where the isometric embedding of a two-dimensional
normed space derived in Theorem becomes useful, the class S(2,1) is dis-
cussed in detail. Section focuses on the multivariate 1-symmetry as it is the
only case of a-symmetry where a characterization using a stochastic decomposi-
tion is available. Other multivariate a-symmetric distributions are analyzed in
Section [3.3] and Section Firstly, the (non-)triviality of S(n, «) is proven and
several sufficient conditions are established.

The theorems from |[Eaton [1981] and Misiewicz |[1996] (Theorem I1.2.2) show
that spherically symmetric distributions (o = 2) are the only distributions among
a-symmetric which may have a finite variance or a bounded support.

Theorem 21. Let X = (X1,...,X,,) be an a-symmetric random vector such

that 0 < var(X;) < co. Then o = 2.

Proof. Denote var(X;) = o2 and let Var(X) = ¥ be a finite positive definite
matrix (all diagonal elements exist and are equal to o2, covariances between
components are also finite by the Cauchy—Schwartz inequality). Then for any
c € R” the a-symmetry implies

c'Sc = var(c'X) = var(|c[|aX1) = ||c||Z0>.

Thus, for each ¢ € R™ we have |[c[lo = /Z5¢/Sc and the only a-norm induced by
an inner product is the Euclidean, therefore o = 2.
O

Theorem 22. Let X = (Xy,...,X,)" be a non-trivial a-symmetric random vec-
tor. Then one of the following conditions hold:

(i) For each open set U C R the probability P(X, € U) is positive.

(i) The random vector X is almost surely bounded and oo = 2.

Proof. It suffices to prove the statement only for n = 2.
Assume we may find u,v € R such that P(u < X; < v) = 0. Then by
a-symmetry for any (¢;,%,)" € R?\ {0}

t1 X to X
P (u < L?Q < v) =0.
[(t1,22) ||
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Denote Cy, 1,y = {(21,22) € R? : ||(t1,82)||1 ' (t1z1 + toxs) € (u,v)}, which is
a subset of R? bordered by two parallel lines, and M = max{1, ||(v/2/2,v2/2)||o}

the maximal value of || - ||, on the unit circle. Then we may estimate the proba-
bility of B,

B = {(1‘1,1'2), - RQ . ||(.I‘1,£L’2>,||2 > MU} C U C(tl,tz)/'
(t1,t2)'€R?\{0}

For any compact K C B there exists a finite covering by sets C, 4,), therefore
P((X1,X3) € K) = 0, and consequently P((X;,X3)" € B) = 0. The random
vector (X7, X3)" has bounded support and a finite second moment E X? < oo.
By Theorem [21] we have o = 2.

[

The spherically symmetric distributions are by the previous theorems very
special cases among a-symmetric distributions. Those properties and the stochas-
tic decomposition mentioned in Example |5/ means spherical symmetry will not be
thoroughly discussed in the thesis. For the properties of spherically (and ellipti-
cally) symmetric distributions, we refer to |[Fang et al.| [1990]. Conditions for the
existence of spherically symmetric random vectors in R” using Riemann-Liouville
fractional calculus are discussed in Ranosoval [2021].

3.1 Two-Dimensional a-Symmetry

The two-dimensional a-symmetry is the most simple multivariate example. The-
orem (12| implies that any two-dimensional normed space embeds into some ;-
space. The positive definiteness of e~ ltle t € R? for @« > 1 can be proven
even without the theory of isometric embedding, instead relying on the inversion
formula from Theorem [2| since the function e~ tle t € R2?, is integrable (the
proof can be found in [Shestakov and Kuritsyn| [1985]). Moreover, Example [6] im-
plies that vectors of i.i.d. symmetric a-stable random variables are a-symmetric.
Thus, for any 0 < a < oo the class S(2, «) is non-trivial. Sufficient conditions
for generators from S(n, «) for o < 2 are presented in Section (3.4 and for o > 2
in Example 23]

Theorem [23| by |Zastavnyi [1992] provides additional necessary conditions for
non-trivial functions from S(2, ) for v > 2. Several examples of two-dimensional
a-symmetric random vectors are shown below. Subsection focuses on the
class S(2,1) where a stochastic decomposition was developed by |Cambanis et al.
[1983].

The following theorem by Zastavnyi| [1992] together with Theorem [37] is for-
mulated for general normed spaces and pseudo-isotropy defined by which is
thoroughly discussed in Chapter [ The proof of Theorem [23]is postponed after
Theorem |37] as they share similar steps.

Theorem 23. Let (E,| -||) be a two-dimensional normed space and a;,a; € E

linearly independent vectors. Define a function G(t,y) = 2 ||ta; +yas||, t,y € R,
and assume that H(y) = G(1,y) is integrable. If || - || is a standard of a pseudo-
isotropic random vector X from (2.1)) such that the characteristic function of X

satisfies limy_,o1 Y’ (t) = 0 then X is trivial.
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Corollary 5. The conditions of Theorem [23| are satisfied for (R?, || - ||,) where
a=1and a € (2,00]. The function

H(y) = (ly|*+1)="", yekR,

is integrable if 1 — a < —1, i.e. @« > 2. Similarly for &« = oo the function
H(y) = L(0,)(y) is integrable. The case av = 1 is included from the isometry with
a = oo (Example |3)).

Theorem [23| also solves the two-dimensional Schoenberg problem which asks
for possible 8 € (0,2] such that e € S(n,a) (see Example . Since we know
that ,

(e_t5> = —ﬁtﬁ_le_tﬁ, t € (0,00),

is equal to zero as t — 0+ for 5 > 1. Therefore, 0(2,a) = 1 for a € {1} U (2, o0]
as e~! is a suitable characteristic generator.

Similarly, we can check the parameter A in the Kuttner-Golubov problem
(Example |8) as for any A >0, 6 >0

((1=19%) = o1 - )11 e (0,1),

which as t — 0+ is equal to 0 if A > 1. The parameter structure is further
discussed in Section 3.4 Thus, as was proven for o(2,a) = 1 for any a € {1} U
(2, 00] we may bound A(2, &) from the Kuttner-Golubov problem (Example
as M(2,a) <1 for a € {1} U (2,00].

The relationship between A(n, o) and o(n, a) is studied in Section [3.4]in order
to develop sufficient conditions for S(n, a).

Example 12. For any a > 1 denote X the distribution with a characteristic
function e~Itle t € R2. Then both marginal variables X;, X, have a Cauchy
(symmetric 1-stable) distribution (L.1)). Moreover, the stochastic decomposition
is known from Lemma [11] and Remark [3|if « € (1, 2].

Denote Y7, Y; i.i.d. symmetric a-stable random variables so that Y = (Y7, Ys)’
has a characteristic function e~ I*lé, t € R?, and Z be a non-negative é—stable

variable independent of Y. By Remark [3| we may write X L 73Y.
Let us use the stochastic decomposition in order to find the mixed moment
of X. For my,ms € (0,1), m; + my < 1, we have

mi+mo
E (1™ X" = E (2755 g

mi+mg

—EZ7SE V™M E |Ya M

The moments of non-negative é—stable random variables are equal to (Matsui
and Pawlas [2016])
'l —ra) 1

7F(1—7’)7 —OO<7“<a,

and the moments of symmetric stable distributions are found in Example [2| The
mixed moments are thus equal to
['(1—my—ms) (1 — ™) (1 — m2)

E (X[ X5|™) = .

T (1 _ w) cos(m15)I'(1 —my) cos(ma3)T(1 —my)

EZ" =
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Remark 11. In the case of o = 1 the density of (X7, X;)" with a characteristic
function e~ =12l (¢ 1,)" € R? is
1

, . x) € R2
Pl Ld) T

If o = 2, the random vector with a characteristic function e~ V%, (t1,t2) €
R?| is the bivariate (spherically symmetric) extension to the Cauchy distribution
with a density

€9
w3 (1+ a3 +23)3

For a = oo the random vector with a characteristic function

, (1'1,1'2)/ € R2.

e tloe — gmmax(inblal (g 4y € R,

can be defined through Example . Denote (X7, X3)" where X;,X5 are ii.d.
random variables with the Cauchy distribution. Then the random vector %(X 1+
X5, — X, + X;) has a characteristic function e~ ™x{lf1ll2l} and the density can be
found using the linear transformation as
2
m2(1+ (21 + 22)?) (1 + (—21 + 22)?)’

(SL’l, fI?Q)l € R2.

Examples of two-dimensional a-symmetric distributions which are not sta-
ble (instead are Kuttner-Golubov) are discussed in Example 24] in Chapter [4]
Example [24] also includes visualizations.

3.1.1 Two-Dimensional 1-Symmetry

The case of a = 1 allows for characterization by stochastic decomposition (simi-
larly as for the spherically symmetric distribution{[) which was proven by |[Cam-
banis et al|[1983]. The properties and sufficient conditions of S(2,1) will be
discussed together for any n > 2 in Section [3.2 The classes of characteristic
generators coincide S(2,1) = S(2,00) and the results from this subsection hold
for || - ||o. This isometry between (R?, || - [|;) and (R?, || - ||o) is unique to n = 2
(Example [3)).

Let us first prove some properties of the special random vector which will serve
as a primitive distribution among the 1-symmetric distributions which means any
other 1-symmetric distribution will be a mixture of the primitive.

Lemma 24. Let (Uy,Us)" be a uniformly distributed random vector on the unit

circle S* and B ~ Beta(3, 5) independent of (Uy,Us)'. The random vector

has a characteristic function

D(|t] + [ta]) = E el¥itr+Yata) — f/ U0 du, i th €R, (3.1)
\

™ t1H—|t2‘ v

1See [Fang et al.| [1990], Theorem 2.3.
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and a joint density
1
2

—5" <1< <1< 3.2
2l — ] lur| <1 < fuaf or fus| <1 < ual, (3.2)

fo(u1,u2) =

and zero otherwise. The marginal densities of Y1 and Ys are

1

w2

1+ |ul

ol = T

log| , u#0. (3.3)

Proof. First, let us find the density function by transforming the random vector

(B,0), where B ~ Beta(3, 3) is independent of 6 ~ Unif(0, 27), 6 transforms into

the uniform distribution on the unit circle via the map (cos(6),sin(6))’. The joint
density of (B, 0) is

1
fiB.oy (0,0) = ———=,1101)(0)L(0,20) (¢
(B,6) 2 o0 D) 0,1)(0)L(0,22) (F)

and

(Y1,Y2) = G(B,0) := <

The Jacobian of GG is

B 1 cos?(d)  sin?(¥)
Delb9)==7 b(l—b)( b 1—6)

and the transformed density is equal to

folur, u2) = f(.0) (G (ur, u2))|Dg" (G (ur, us))]

1

where the first part 262 (1 — b)’% of the Jacobian cancels with the density f(p gy
and the second part is equal to u — u3. Now the constraints b € (0,1) and
0 € (0,27) ensure that G is well defined and the support of (Y3, Y5)" satisfies

jus| <1,
| cos | < Vb,
cos’¥ < b,
1 —b<sin?0,
1 < |ugl.

In conclusion, the density is equal to
1
2]

m ’U1|<1§|U2| or |U2|<1§|U1|

fO(ulaUZ) =

Furthermore, the density of (Y7, Y5)" can be rewritten using the difference of two
indicator functions as

Li1,00) (U1) = T1,00)(U2)
T (uf — u3) ’

fo(uy, ug) = (u1,up)" € R2. (3.4)
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The marginal density is easily obtained by integrating (shown only for positive
values, since the marginals are symmetric). For u; > 1 we have to integrate

2 i 1 1 1 1 1
h(ul) = /(; dUQ = /0 + dUQ

w2 Jo u? —u3 m2uy Jo up +us  up — us

and for 0 < u; < 1 the other interval is used

2 [ 1 2 o 1
h :7/ duty = / dt.
(1) 721 ud—ud 2 T2y 2 -1

1
w1

For the characteristic function let us use several known facts about the Beta
distribution and the uniform distribution on the unit circle. Firstly, the identity
proven by (Cambanis et al. [1983]: For ¢, s € R the following equality holds

s2 (s [t

B 1B B

Since B can be expressed as sin?(#), 6 ~ Unif(0,7/2) and for t,s >0, s+t > 0

(3.5)

s t?
sin?(#) * cos?(0)
where T,(0) = (z + cos26)/(sin20) and its distribution does not depend on
x € [=1,1], thus it has the same distribution as for = =1 (t = 0).
And secondly, the Bessel function of the zero-order .Jy is the characteristic
function of U; which means

E%MHM@:%(W%H@

and —Jy is the anti-derivative of the Bessel function of order one (Bowman
[1958], 1.6), i.e. Jo(az) =1 —z [ J1(vx) dv.

Let us now find the characteristic function of (Y7, Y3)": For (¢1,1,)" € R? denote
t = |t1] + |t2|, then by the law of total probability and

, LU 12104
E i(t1Y1+t2Y2) — E E . 1Y1 + 2U2 B
€ exXp4§? \/E m ‘
2 8 /
JO ( B + 1-B Jg \/E

:Kj«jﬁwﬂé—wﬁ
mzi/b2

::@+¢V<1+T?4m>

s+t

00 2
Joltx) ———— d
/1 of :U)mn\/ﬂ —1 ¢

o0 2 t 9 [0 1
= — d —/ —/ J ——— dx dv.
/1 vt —1 . 0 mJ1 l(vx)\/ﬁ—l vav

The first integral is equal to 1 and for the second, the inner integral is equal to
sin(v)/v (Cambanis et al.| [1983]) which means

, t1]+Ita] i oo i
E oiltiVi+taYe) _  _ 2 /I 1l+He2] sin v do — 2 sin v o
m™Jo (% T J|t1]+]|t2] v
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Figure 3.1: The density of the primitive distribution (3.2)) and its
one-dimensional marginal density (3.3)).

since [57sin(v)/v dv = /2.
O]

An alternative proof of can be found in Mazurkiewicz [2007]. Figure
shows the joint and marginal density for the primitive.

The stochastic decomposition of two-dimensional 1-symmetric distribution is
shown in the following theorem. Assuming the integrability of the characteris-
tic function, we implement Theorem and find the two-dimensional 1-Bessel
function Jy (21, xs) from Definition . It also provides a direct relationship
between the distribution function F' of the mixing random variable R and the
characteristic generator 1.

Theorem 25. The random vector (X1, Xa) with a characteristic generator 1 is
1-symmetric if and only if

vty = [ woltr) dE()

where F is a distribution function of a nmon-negative random variable and 1y is
the primitive characteristic generator (3.1)).
Equivalently, (X1, Xs)' is 1-symmetric if and only if

/

U U
VB V/1—-B

where R is a non-negative random variable with a distribution function F', the
random vector (Uy,Us) has a uniform distribution on the unit circle and B ~
Beta(%, %), variables R, B and (Uy,Us)" are independent.

The distribution of (X1, X3)" is I-symmetric if and only if it is absolutely

(X1, Xo) £ R (3.6)
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continuous on R\ {0} and with a density

a1, 25) = /0 T g (f}‘fﬁ) dF(r) (3.7)
_ F(lz)) = F(lza)

2

3.8
7_‘_2(1:1 . I%) ’ Ty # Ty, ( )
where fqy is the primitive density (3.2)) and F is the distribution function as above
(the distribution of (X1, Xs)" has an atom of size F(0) at the origin).

Proof. 'The proof is structured in the following order. Assuming the integrability
of the characteristic generator 1, the form of the density is shown for some
F' which defines the distribution of R. The form implies the stochastic
decomposition (3.6)) which implies the form of the characteristic function based
on Lemma 24

Without the assumption of integrability (of the characteristic functions) we
may modify the random vector (Xi,Xs) into (X; + %Zl,Xg + %ZQ)’ where
71, Zy are ii.d. Cauchy distributed random variables independent of (X7, X5)’
and (Zy, Z,)" is 1-symmetric with an integrable characteristic function e~*t/=f2l,
(t1,t2)" € R% Then the 1-symmetric random vector (X; + 271, Xo + +Z5) has
a characteristic function

w<|t1‘ + ‘tQD : 6_(|t1‘+|t2|)/n7 (tlatQ)/ S R27

which is integrable as e~(1l+#2D/7 is integrable and v (|t,| + |t2|) is bounded by
one (Lemma . If the random vector (X; + %Zl,Xg + %Zg)’ has a stochastic
decomposition R,(Y1,Y>)" as in (3.6), then R (non-negative) can be defined as
a limit of R,,, n — oo. Conversely, any of the conditions (characteristic generator,
stochastic decomposition, or density) implies 1-symmetry.

First, assume the vector (X7, X3)' is l-symmetric and its characteristic gen-
erator is integrable:

L 1elsl e ds e "™ [T )] dedu =4 [ ()] du < oo.

Then the density of (X7, X5)" on R? exists and the inversion formula (Theorem
may be used: First, 1-symmetry implies X; + Xo 4 —X; — Xy 2 X; — Xy 4
— X1+ X5, let us continue with z1, z9 > 0 and the final form will include absolute
values. We may use the 1-symmetry

1

flaras) = 15 [ e (it + [ta]) dbr dby

1 00 oo
- 7/ / cos(t1z1) cos(taza) Y(ts + t2) diy diz
w2 Jo Jo
u=t1+t2 1 oo u
w 72/ / cos(ty21) cos((u — t)xe) ¥(u) dt du.
w2 Jo Jo

Let us now use the identity cos(tz1) cos((u — t)z2) = 1 cos(zou — t(zs — z1)) +
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1 cos(zou — t(zo + 1)) for the inner integral. We get

1 oo —sin(ux;) sin(uzry) = sin(uzy)  sin(uxs)
- d
f(Il,QTQ) 271'2/0 [ Ty — X1 + Lo — 1 * To + X1 Lo+ 21 T,D(U) “
o S
= — sin(ux
272 Jo ! x1+x2 T, — To
1
+ sin(ux { ] ) u) du
(u2) Ty — T1 $1+$2 vl
:% % 14 sin(ua:lz x281n(ux2)¢(u) du (3.9)
w2 Jo — a3
1 0

T /OOO sin(uxq)Y(u) du — {Eg/ sin(uxq)(u) du

2 2 0

m (21 — x3)
for 22 # x3. Denote F(x) = x [{°sin(uz)(u) du for z > 0. Let us prove
that F' is a distribution function on (0,00) (non-negative, non-decreasing, and
JoT dF(r) =1). The function f is a density (f > 0) which means F(x) > F(x2)
for 1 > 25 > 0 and F(0) = 0. Since the density function f(x1,z5) can be
expressed via the density fy as in , for x1, x5 € R we have

Jlawr ) = <|:21|; )
- m2(z? — x2 [ . dF(r) 0|w2 dF(r)]
e D () = 1 (22)
= / ($1 —23) dF(r)

[ () o

Moreover, since f and f; are densities (Lemma

1 :/ f .I‘l,l’g) dl‘ldl'g

_/R2/ r2f, (xl :1:2> F(r) dxidxs
_/ /]R 2f0< > du1dzy dF(r)

:/ / fo .531,532) di‘ldig dF(?“)
0 R2

:/0°°1 dF(r)

we see that F' is a distribution function on (0, 00). The proof for absolutely con-
tinuous random vectors is concluded.

O

Other properties of 1-symmetric distributions are proven for general n € N in
Section 3.2 During the proof in (3.9)) we have shown that

Joa (w1, 25) = 472 Sm(‘”;g - i; SIn@2) ) € R, (3.10)
1 42

40



which resembles J; o, found in Example If the characteristic generator ¢ is
integrable, the distribution function of R is equal to

F(r)= r/oo sin(ur)y(u) du, r >0 (3.11)
0
and the density of R is equal to
g(r) = /oo(sin(ur) + ur cos(ur))(u) du, > 0. (3.12)
0

We may find the stochastic decomposition for some important examples from
S(2,1).
Ezxample 13. The cumulative distribution function of R in case of (X, X3)" being
i.i.d. Cauchy distributed is equal to
2

00 r
Fr) = / in(ur)e™ du= ——, 1 >0,
(ry=r ; sin(ur)e™ du e "
and the corresponding density g = F” is equal to
2r
= — >0

as can be verified through the primitive characteristic generator using Theorem [16]
as

—— dv dr

U v

/()Oog(r)l/Jo(Tu) dr = /OOO : 2r 2 /roo sin v

(E=E:

2 [o°si u 2
_ 7/ sinv / T de
mJo v Jo (1+4712)2

/OOO sin(us) i

T3 ds

2
™
= 6_u7

where the last equality holds through the residue theorem (Rudin| [1987], Theo-
rem 10.42).

Ezample 14. Let (X1, X3)" be a 1-symmetric random vector with a characteristic
generator (1 —u)3 = ¢ 3 as defined in Example 87| Then (X, X5)’ L R(W, Ys)
where R and (Y}, Y2)" are independent and (Y3, Y5)" is the primitive distribution

and the density of R is equal to
6(cos(r)r 4+ 2r — 3sin(r))

o) = = Looo ()
since ) 6 G
F(r)= r/ sin(ur)(1 —u)® du =1+ w, r > 0.
0 r

The moments E R™ exist for m < 2 and can be combined with Theorem [30)
from Section [3.2] to obtain moments of (X, X»)".

We may look at other random vectors with a characteristic generator (1—u)?,
e.g. for integer o > 3 as finding the density of R requires finding only the integrals
of type [y sin(ur)u® du and [y cos(ur)uf du for k < §. Example [§] shows an
alternative way how to generate variables with § > 3. Densities of for 0 € {3,4,5}
are shown in Figure [3.2]

2Theorem clarifies the choice of § =3 =2-2 — 1.
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Figure 3.2: Densities of R from a stochastic decomposition (3.6) for a bivariate
1-symmetric distribution with a characteristic generator (1 — u)?. for
d e {3,4,5}.

3.2 Higher-Dimensional 1-Symmetric Measures

For higher-dimensional 1-symmetric measures first, we need to find an analogue
to the primitive distribution — the Beta distribution of B and 1 — B is re-
placed by the Dirichlet distribution. Throughout the thesis, a random vector
(D1,...,D,) is said to have a Dirichlet dz’strz’butiowﬂ Dir, (51, - - -, Bn) with pa-
rameters [31, ..., B, > 0 if the joint density of (D, ..., D,)" is equal to
T (8 Bi) 1 i1
= ——= & 1{(d, ..., dy) € X"} (3.13)
L= T(5) 1;[1
where ¥" denotes the simplex X" = {(dy,...,d,) € [0,1]" : ¥, d; = 1}. Fur-
thermore, divided differences of functions are used: For a function f : R — R
and n € N denote

f(Dl,...,Dn)/ (d17 cee 7dn)

Pl ma) = 3 =)

_ 3.14
=0 Tk (zp — 5) (3.14)

the n-th divided difference at points o, . . ., z,, we shall write f!"!(x) for brevity.

Lemma [26] defines the multivariate primitive distribution and in Theorem
it is proven that any 1-symmetric random variable is a mixture of the primitive.
These results are taken from Cambanis et al.| [L983]. Further results of this section
(Theorem by (Gneiting| [1998] connect 1-symmetric and 2-symmetric random
vectors. Subsection then summarizes several consequences of the stochastic
decomposition.

Lemma 26. Let (Dy,...,D,) be a random vector with Dirichlet distribution
with parameters %, e ,% and (U, ..., U,) be uniformly distributed on the unit

sphere in R™ independently of (D1, ..., D,). Let (Y1,...,Y,)" be a random vector
defined as

U, U, )
vDi" '\/D,)

3For n = 2 the Dirichlet distribution (Dy, D3)" can be written as (B,1 — B)’ for some
Beta-distributed random variable.

(Yl,...,Yn)’:<
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Then its characteristic function can be written as E exp{it'Y} = ¢o(||t]]1) where

r (%> > 2
Po(u) = \/_F<21>/ Qn(vu)v~2 (v —1)"7 S dv, u>0, (3.15)

and Q,(u + -+ u2) = Q,(||lul|3) denotes the characteristic functiof| of the
uniform distribution on S™ 1.
The density function of (Y1,...,Y,)" can be written as

12(3) & (2 — 1)

Jolyr, - yn) = (n —2)lmm = Hj;ék(yk; yj)7

|yl|7é|y]], i,jzl,...,n.
(3.16)

Proof. First, let us prove a similar identity as in Lemma : For (Dy,...,D,) ~
Dirn(%, - 2) and any sq,...,s, € R:

n 2 n 12
Z Si i Zz 1|SZ|> (317)

which can be proven by induction. Both the Dirichlet and the uniform distribu-
tion on S™! can be generated recursively:

(Di,.... D) £ (1= D,) Dy D) (3.18)
(U,...,Uy) 2 <\/1 — Uﬁ-ﬁn_l,Un>/ (3.19)

where D,,_; ~ Dit,—1(3,-..,1) independent of (Dy,...,D,) and U,_; is uni-
formly distributed on the unit sphere in R"! independent of (Ui, ...,U,)" (Fang
et al. [1990], Theorem 1.5). Then by induction (the first equality uses the repre-

sentation ([3.18)) and the second the induction step for n — 1)

2
gd 1ol 2, (SEsl) s

o

1_D"z 1D Dy, Dl(l_Dn) D”'

u\w

5o

Now, all marginal random vectors have the same distribution (due to the sym-
metry of (3.13)) we may replace D, by (1 — D,)Dy. Thus, using the initial
case

2
S o 1 ((SE) 2 L Enlal) o s’
i=1 D D 11— Dn D1 D2 D1<]. - Dn) Dl

Since Dy ~ Beta(3, %;%), the stated form of the characteristic function is

4See Remark @
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obtained: For t = (¢1,...,t,) € R"
Ec*Y =EE (¢*Y [(Dy,..., D))

(oo )
o fu(50)

- \/_r(g)l)/ 2, (Htulh> w (1= w)'T dw

(%3
v=1/w F(g) /
= - W0 [E[o "3 (W - 1) dv.
VAL (#5h)

The density can be again found by induction using and - The
case n = 2 is covered by Lemma The induction step follows the same rela-
tionship. Denote again U,,_1, U, the uniform distribution on the unit sphere in
R"" and R", respectively, and D,,_1 ~ Dir,_1(3,...,3), D,y ~ Dir,(3,...,3), all
independent, thus

~ ~ !/
Voo )
\/EI Dn—l
is assumed to have the (n—1)-dimensional primitive distribution with the density
in (3.16) with n replace by n — 1. We aim to show that is the density of

The transformation is done as (Y, U,, D,)’ — (Y, D,)" and integrating the last
variable. The transformation is defined as

1—wu? w
=1,....n—1 =4/=
Yk = 1—4d yk7 k ’ y ) Yn d
which means
. 1—=d, 1—d
Y = 1_u2yk—yk 1— dy2’
and the Jacobian is equal to
1 —u? . % 1— dyfl ;1
- — .
The joint density of (Y, U,, D,,)
N I i
o C— ~— L(1%:| # 13;1)
(n = 3)lan=1 2:: ﬁek(y -7 ’

I (%) S(1— UQ)"T*?’

ris .

: 1(—1,1)(U)

n—3

(I=d)= - Ley(d)

[NIE
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since U, is a marginal distribution of U,_; (Fang et al.| [1990], Theorem 1.5) and
D,, ~ Beta(3, 251). The density of (Y, D,) is therefore equal to

FQ() i yp —1+d(ys —yp)i < 1 )"_3<1—dy3>n_2
(n — =1 Hj;ék:(yk yj) 1 —dy; 1—-d
R Y L. AN
(1—dy2)™2 - d 31— d)*% - d (1_d>
1y (WaVd) - Loy (d) - 1(Jyil # lys))

where 1 — dy?, 1 — d and d cancel out which results in

M

(n—3)r Hj;ék(yl% - 1/]2)
1 -y
‘ IL(_M)(yn\/g) Lo, (d) - L(lysl # ;1) - 1 (d > ) :
Y — i
Integrating d means for k = 1,...,n — 1 finding the integral
[t w — )]
Joloh =1+ = ub)” o202,
(n —2)(vi — )
where the domain D = [L, U] depends on y; and y, (as shown below D is an

interval for all possible options of y, y,) and Sy = (y2 — 1+ L(y> — y3))" 2% —
(y2 =1+ U(y2 — y3))" 2 The values L, U, Sy are based on the indicators in
(13.20)):

L U |S,
Yo, y2>11 0 e > (k- 1)"’2 (/)" (92 — 1) 2
1— _ n—
va > 1> 08 | e | v | (/)P (- 1)
2 2 1—y2 n—2
Ye>1>y, | O —yZ (v — 1)
1>y 2| 0 0

Table 3.1: Possible values of Si based on v, y, in (3.20)).

Table shows S, = (y? — 1)77% — (yi/yn) "2 (y2 — 1)72  All results
combined give

2) 5 (k= D )™ G~ 1)
(n—2)lm (Wi = ¥2) - Tjnen(¥i — ¥7)

— I? (2 ”2_:1 <y% _ 1)n72 (yn _ 1>n 2 n—1 yi2(n72)
)'7rn — Hg;ék(yk yj) yz(" 2 i=1 Hj;ﬁk(yl% _3/]2')

Finally, let us show

n—2 n— 2(n—2 n—
(y2 —1)n2nct D g2y

y%(nf2) = (Wi — v3) B (Y2 — v3)
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by the fact that
n 2(n—2)

ST )
This sum is the (n — 1)-st divided difference of the function ¢ ~— "2
at points y?,...,y2. The mean-value theorem for divided differences (Atkin-
son [2008], 3.2.12) states that the (n — 1)-st divided difference of f is equal to
FOY(€)/(n —1)! where € € (min; y?, max; y?). For f(t) = t"~2 that derivative is
zero for all t € R.
[

Mazurkiewicz [2007] gives explicit but complicated formulas for densities of
the (n — k)-dimensional marginal random vectors (Y, 1,...,Y,—x). For n =3
the marginal densities of (Y31, Y59, Y33) are equal to

vi—1, ‘1+|y1|

foanvaoy (W1, 42) = 4m2(y? — y3) <

|91 1 — [y
2
ys — 1 ‘1+|yz|>
|l 1 — |yo il # o2 (3:21)
1—(1—q?
Fosly) = 5 yery qo), (3.22)

and are shown in Figure [3.3] Note that for n > 4 the two-dimensional marginal
densities are bounded and for n — oo they resemble densities of the Cauchyf]
distribution. The density of Y3, from ([3.22)) is constant on (—1,1) and similarly,
the density of (Y41, Ys2)" is constant on (—1, 1) which is connected to the (n—2)-
dimensional marginals of the uniform distribution on S3~" which are uniform on
the unit ball By 2 (Fang et al|[1990], Theorem 1.5).

Remark 12. As mentioned in Remark [9|the characteristic function of (U, ..., U,)’
can be written in terms of Bessel functions (Richards [1986])

n_]
" 2 \?2
E etV =, (|t]2 :F(”) =) (|t t € R
e (H ||2) 9 ||t||2 > 1(” ||2>7 S )
where Jg—1 is the Bessel function of the first kind of order 3 — 1.

We may now move to the higher-dimensional version of Theorem which
again relies on Theorem [2]

Theorem 27. The random vector (X, ..., X,) is 1-symmetric if and only if its
characteristic generator can be written as

vl = | wolur) dF(7)

where F is a distribution function of a non-negative random variable and g is
defined by (3.15). The random vector can be decomposed as

U, U, )
VD, \/D,

5Section shows that the marginals of the primitive in S(c0, 1) are Cauchy distributed.

(X1,.... X)) LR ( (3.23)
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Figure 3.3: The two-dimensional (3.21)) and one-dimensional (3.22)) marginal

densities of the three-dimensional primitive distribution ((3.16)).

where R has a distribution function F' and is independent of the primitive defined

by Lemma [26]

The 1-symmetric random variable X = (X1,..., X,,) is absolutely continuous
(with the exception of a possible atom at the origin) with a density

f(x) = /[O’OO) 7 Cf) dF(r) (3.24)

- (3) 5 O (22 — p2nm2p2en g (r)
(n—2)lnm [T (27 — %2) 7

k=1

|z;| # |zel, 7, k=1,...,n.

Proof. As in the proof of Theorem [25]the proof will be done only for an integrable
characteristic function. Other cases are solved again by modifying X into X+ %Z
where Z = (Zy,...,%,) are i.i.d. Cauchy distributed random variables and by
taking a weak limit n — oco. Assuming integrability, the equation will
be proven which implies the existence of the decomposition . Converse
implications are trivial.

Firstly, assume X is 1-symmetric with a characteristic function ¢ (|t1] 4 -+
|t,]) which satisfies

A o0
' / u" () du < oco.
t'Jo

We may use the inversion formula (Theorem . Since 1-symmetric distributions
are sign-invariant let us define a symmetrisation operator

1
Evenf(xy,...,x,) = Q—an(ixl,...,j:xn)
cn

where all possible 2" combinations of signs are used. The sum over 2" possible
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signs is denoted by C". Now for x = (zy,...,2,) € R"

1 S
= -t Zi:1 Lz Cen Ce
169 = G e O(Jta] + -+ [tal) dty --- dt,

1 [e'S) oo N

= —/ .- / H cos(t;x;)(ty + -+ - +t,) dty-- - dt,,
T Jo 0 =1
1 [e'S) X0 n

= —Even/ / elZi:Itixiw<t1+...+tn) dty ---dt,
" 0 0

Let us again use divided differences defined in . The Hermite-Genocchi
formula (Atkinson| [2008], Theorem 3.3) states that if the integrals and derivatives
below exist then the n-th divided difference is equal to an integral of the n-th
derivative over the standard simplex X" = {(s1,...,s,) € [0,1]": X, s; = 1}.
Thus for any functions g, h assuming the integrals and derivatives exist

/0 /0 g (Zu) htb <me> dty - --dt,
— i=1
=1

:/ g(TYT W =Tz, ... Tw,) dT
0

_ ~_ h(Twy)
_/0 anaég( ;) i

which will be used to simplify the integral. For A"~V (t) = ¢ and g(t) = (1)

= ﬁEven /OOO Y(u)i " Z:: = du. (3.25)

The Even operator affects only the divided difference

i 1 n i iz,
m ? 1 [anl [T 2n (2 — £25) i c;1 [Tisk (=2 — ;)
1
oo

i[ zukun lxz 1 (_1)n—1€—iuxk2n—1x21]

[T zn(2f — 23) [Tje (27 — 25)
And the result of the last formula can be written as

Even

n n

2t cos(uxy,) "

2 sin(uxy,)
, fornodd, i E , forneven, (3.26)
5 it — ) 2 1L ala? - )

since sin(t) = 5 (e — e™) and cos(t) = 3(e" 4 e~"). If we denote the integral

part of (3.25 - as

i nytzt fo cos(uy/t)Y(u) du, n odd,
B, (t) = { 2-ny 5t fo sin(u \/z_f)qp(u) du, n even,
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where in both cases B, is real. The density f of X can be written as a divided
difference at points 2%, ..., 22:

n 2
i Bn(§k> 2 = iBLn*”(x%’ s 7:6121)
™ i (g —x3)  wn

f(x) =

Since k-th divided differences of polynomials of order less than k£ equal zero and
B, is (n — 1)-times continuously differentiable on (0, 00), the (n — 1)-st divided
difference of B, is thus equal to the divided difference of its integral remainder
of the Taylor series of B,, at zero (Apostol [1991], Theorem 7.6)

1

7(71 —) /Ot(w — )" 2B D (w) dw.

That means
1 e @—wi?
f(x) = 7/ BV (w) dw
(n—1D)lx" Jo k; [Tjn (2 — 5)
R S RN (- ey
oS
(n—Dlrm Jo o = Tljn(ag — 23)
1 oo 2 /p2 1) n—2 2
:7/ (l’k/zr . >+2 - 7B7(1n—1)(r2) dr
0 o Mypn(@f/r? —x3/r2) ¢

(n— 1)l

which is equal to (3.24]) if the density of R is set as

That completes the proof of the stochastic decomposition X < RY.
m

Again the expression for the n-dimensional 1-Bessel function J,, ;(x) (Defini-

tion was derived in the process in (3.26]): For n odd we have

w1 I af ! cos(y)
Tna(x) = (=1) 7 2" . (3.27)
2Tl o)
and for even n the cosines and sines are switched
n n—1 _:
Joa(x) = (—1)"772n S Tk sin(z) (3.28)

it et — 23)
Misiewicz| [1996] (Example 11.4.1) lists .J,,; only for n = 2, 3.

Ezxample 15. Let us find a stochastic decomposition for a random vector Z =

(Z1,...,Z,) where Z; are i.i.d. Cauchy distributed. The stochastic decomposition

uses the properties of the spherically symmetric random vectors (Fang et al.

[1990], Section 2.6). We may generate Z using two i.i.d. random vectors M, N ~
N,(0,1,) as

!/

(Zy1,...,2,) % (MlM”> .

| V1 | V|
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Each normal random vector has a spherical stochastic decomposition M L Ry U
and N £ RyU where Ry, < IM||2, R < IN|l2 > 0 have x-distribution with
n degrees of freedom and U = (Uy,...,U,)" is uniformly distributed on S™!.
Since (UZ,...,UZ2)" ~ Dir,(3,...,3) the random vector Z 2 RyY where Y has
the primitive distribution, Ry 4 Ry /Ry, Ry and Ry are independent with the
x-distribution with n degrees of freedom, which means R% ~ F(n,n).

The density function of R is then equal to

20 (n) !

=5 (%> s r > 0.

g(r)

The density of R will be derived in a different way in Example [16] an alterna-
tive approach using the function B,, from the proof of Theorem [27| can be found
in Fang et al.| [1990] (Lemma 7.2).

Furthermore, |Gneiting| [1998] found another connection between the (spheri-
cally) 2-symmetric and 1-symmetric distributions using repeated integration.

Definition 14. For a function f : [0,00) — R such that

/OOO f(z) dx

exists and is finite denote I f(t) the integral operator

If(t) = /t T f(x) dz, >0, (3.29)

The following lemma connects the Fourier transforms (i.e. finding the density
given a characteristic function) of functions ¥ (|| - ||1), %™V (|-]) and ™=V (||-|2)
for a differentiable function ¢ : [0,00) — R. The relationship follows the proof
of Theorem [27] and uses the properties of 2-symmetric distributions (Fang et al.
[1990]), and more generally functions depending on the Euclidean norm. The
Fourier transform| of a function can be again written as a one-dimensional norm-
dependent function (Grafakos and Teschl| [2012]).

Lemma 28. Let ¢ : [0,00) = R be a function with n—1 bounded and continuous
derivatives such that for k =0,... ,n —1 we have

/ 1R =10 (1] dt < oo.
0

Let g(z1,...,x,) be the Fourier transform of ¥(||ull1), u € R", hy(z) be the
Fourier transform of "V (|u|), u € R, and ha,_, be the Fourier transform of
YD (|Jufly), u € R* L. Then g, hy, han_1 are bounded and continuous and

g(x1,...,T) = 171 z”: ()

™ 4 Hj#k(l"z - 1’?)

f07n some 6 € (minlgign ’$Z|, maxij<i<n ‘Z’Z’)

SFor a given random vector, its characteristic function and density are each others’ Fourier
transforms (up to scale constants).
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Lemma by (Gneiting [1998] relies on the theory of spherically symmetric
distributions by [Fang et al. [1990] (Section 2.2), 1-symmetric distributions by
Cambanis et al.| [1983] and divided differences ((3.14]).

Theorem 29. Let ¢ € S(n,1) have n — 1 bounded and continuous derivatives
and lim;_,o () = 0. Then (—1)""'=D(0) > 0 and if we denote function

(n—1)
PTU(t) L0,

p(t) = )y 12

then ¢ € S(2n —1,2).

Let X be a 1-symmetric n-dimensional random vector with a characteristic
generator 1 and a stochastic decomposition X < RY from where R has
a cumulative distribution function F'. Furthermore, let V be a spherically sym-
metric (2n — 1)-dimensional random vector with a characteristic generator ¢ and

a stochastic decompositz'o V L SU and denote G the cumulative distribution

function of S. Then lim;_,oy F(t) = limy_oy G(t) = 0 and for any Borel subset
B C [0,00) we have

r2 (2
| (=0m1(0) d6) = [ ﬁré;)l)rnl dF(r). (3.30)

Conversely, if ¢ € S(2n — 1,2) and I"1p(0) exists where I is defined by
(13-29) applied (n — 1)-times. Then

W):m’ t>0

and (3.30) holds.

Corollary 6. The primitive characteristic generator vy (3.15) of S(n, 1) and the
functionff| we,—1(t) = Qa,—1(t?) are related in a following way

. In—1w2n_1 (t)

) = T, 0

t>0.

The integrability of wa,_1 is checked in |Gneiting| [1998] and the equality holds
because, in the respective stochastic decompositions, the mixing random variables
(in Theorem [29| denoted as R and S, respectively) have a Dirac ¢; distribution
(Fang et al.[[1990]).

Theorem 29 will be further used to establish some sufficient conditions in
Theorem [33]

Ezample 16. Denote ¢ (t) = e € S(n,1). Then its (n — 1)-st derivative equals
(—=1)"'e~* and as we know et € S(2n — 1,2), since e~ Itl2, t € R?!  is the
characteristic function of the spherically symmetric Cauchy distribution.ﬂ

"See Example
8See Remark
9Remark [11] specifies the two-dimensional density.
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Denote X a random vector with a characteristic function e~lltl2, ¢t € R?—1,
Fang et al.| [1990] (Chapter 3) derived the distribution of || X® ||, as having the
density

2 T2n—2

B(2n2717 %) (1 + 7,2)n’

r > 0.

The density of R where R is the variable from the stochastic decomposition of

XD £ RY where XM has a characteristic function e~ lIth t € R™ can be found
using Theorem [29] as

2 oy AD(EE) 0 or(p) e

I O N Ol

as was derived in a different way in Example |15]

3.2.1 Properties of 1-Symmetric Distributions

We may now utilize the stochastic decomposition to derive some properties of
I-symmetric distributions using the results by |Cambanis et al.| [1983] and Fang
et al. [1990] (Chapter 7). Theorem [30| uses results by Cambanis et al.| [1983]
but seems to be new as discussed in Remark . Some other properties (either
by |Cambanis et al. [1983] or by |[Fang et al.| [1990], Chapter 7) were omitted for
brevity.

Theorem 30. Let (X,...,X,) be a I-symmetric random vector with a stochas-
tic decomposition RY based on Theorem . Then for my,...,m, € (—1,1),
mi + - -m, = m, the mixed moments are equal to

E (ﬁXm> —ER"E (ﬁ U{”i> E (ﬁlp‘m>

=1 =1
()
P ()

T (m) I (n—m> . [T cos(m;m/2)

= ER™ ™

E (H X,
=1

2 2

if the moment E R™ is finite.

Proof. The stochastic decomposition by independent R, U (uniform on S"~!)
and D ~ Dir,(3,...,3) is proven in Theorem . Since the negative fractional
moment of the Dirichlet distribution is included, m; must be less than 1. Similarly,
m; > —1 to guarantee the existence of moments of U.

The fractional moments are found separately for U and D. First, using the
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density (3.13)):

where X" is the standard simplex from (|3.13)) and the integrand is up to a constant

equal to the density of Dlrn(1 L, ).

The moments of U are found using the standard normal distribution as in Fang
et al. [1990] with the fractional moments of normal distribution in |Winkelbauer

[2012]. Let Z ~ N,(0,1,), then U 4 Z/||Z||s which is independent of ||Z|]2.
Moreover, ||Z|3 is x*-distributed with n degrees of freedom. By [Winkelbauer
[2012] for any p > —1 and a random variable Z ~ N(0, 1)

EZP:ip 2gﬁ E’Z‘PZQQF(lgp) _ g\/_
(%)

VT F(lzp)cos(Q)
by the Euler reflection formula/"’] Then the mixed moment is equal to

e ({Tom) ~e (T2 € vz

=1 i=1

= HE zr (E(1zZIg)m?)
i D(3)

n
2
1

EonE

Similarly, for the mixed absolute moments we have

() i (727)

V) =gy ot

“)

which completes the proof.
]

Remark 13. The general form of the mixed moments based on the stochastic
decomposition was known to|Cambanis et al. [1983] (Section 4) and is mentioned
also in [Fang et al.| [1990] (Section 7.3). However, the moments of the uniform and
Dirichlet distribution are not found there (presumably because integer moments
do not exist) and the fact that raw mixed moments depend only on the sum of
the exponents was left unnoticed by them. Our result seems to be original.

10Gee Example
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Example [15{can be used to derive sufficient and necessary conditions for char-
acteristic functions from S(n,1). The main idea is to shift the problem to com-
pletely monotone functions which resembles Corollary [7}

Theorem 31. A function v : [0,00) — R belongs to S(n,1) if and only if

o0

WY(r dr (3.31)

0

is completely monotond] on [0,00). The function g used in ([3.31)) is defined in
Ezample |15 and takes the form

r) 2I' (n) rt -0
g(r) = , T .
2 (g) (L+72)"
Proof. Using Theorem [7] completely monotone functions are equivalent to

Laplace transforms of non-negative random variables. As in Example de-

note Z < RoY a stochastic decomposition of a vector Z of i.i.d. Cauchy ran-
dom variables and ¢ is the density of Ry and suppose X ~ S(n,1,) with

a stochastic decomposition X L RY is independent of Z, i.e. ¢ € S(n,1). Then

RyX 4 RoRY 2 RZ and RyX € S(n,1) with the characteristic generator ¢.
Similarly, we may write the characteristic function of RZ as

/ et gF(w), teR",
0

where F' is the distribution function of R. Since Ry X 2 RZ we obtain

o(s) = /OOO e " dF(u)

and ¢ is a Laplace transform of the random variable R.
Conversely, let ¢ : [0,00) — R be a function such that

o(s) = [ wlrs)g(r) dr. s >0,

is a completely monotone function. Using Theorem [7] we may find a non-negative
random variable R such that ¢ can be rewritten as

o(s) = /OOO e "™ dF(r), s>0,

where F'is a cumulative distribution function of R. Thus we may write

/Ooow(rs)g(r) dr = /OOO e " dF(r), s>0. (3.32)

The right-hand side of is a characteristic generator of a random vector RZ
where R and Z are independent and 71, ..., Z, are i.i.d. Cauchy. If we apply the
stochastic decomposition from Theorem then RZ < RRyY. The function g
is the density of the random variable Ry (Example . We know that RRyY is

11Gee Definition
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l-symmetric and by Theorem [16|we have that RY is 1-symmetric since E RY # 0
for almost all ¢. The characteristic generator ¢ of RY must satisfy (3.32)).
O

The discussion following Lemma [13|underlines the inclusion S(n, 1) C S(m, 1)
for m < n. The inclusion can be further characterized by the respective stochastic
decompositions in both dimensions.

Theorem 32. Let X™ £ R®WY®™ pe an n-dimensional 1-symmetric random
vector with a stochastic decomposition from Theorem (27 with an m-dimensional

subvector X which is also 1-symmetric and possesses a stochastic decomposi-
tion RU™Y (™) Then

R

where Vi, Vy ~ Beta(%, "5™) are independent of R™.

Proof. The proof of the theorem uses the relationship for subvectors of the uni-

form and Dirichlet distribution. If (Uy, ..., U,)" has a uniform distribution on the
unit sphere, then (UZ, ..., UZ)" ~ Dir,(3, ..., 3) (Fang et al| [1990], Theorem 1.5).
Let Z = (Zy,...,2Z,) = (ZW,...,Z®) ~ N,(0,1,) where ZW, ... Z®
are subvectors of dimensions nq,..., ng, ny + -+ + nx = n. Then Z/||Z||; has
a uniform distribution on the unit sphere and we may rewrite it as
( 7.(1) 7.(k) )’ (HZ(l)H2 7,(1) 1Z®)|,  Z®) )’
1zl 1zl )\ MZle 1200 1Z]2 [1Z0]:)
Since ZWY, ..., Z® are independent and ||Z"]|, is independent of Z® /|| ZY||,,

each vector Z® /|| Z™ ||, has a uniform distribution on the unit sphere in R™ (Fang
et al.| [1990], Theorem 2.6). Moreover, we have

<||Z(1)||3 ||Z('“)||§>I e i
5 5 NDlrk(,...,)
1Z]]3 1Z]]3 2 2
as [|[ZW||2,...,[|Z®]2 are independent y2-distributed. Therefore, let Y ...
Y ® be independent primitives of S(n;, 1), ..., S(ng, 1), respectively. Moreover,

denote VI,V ~ Dir, (2, ..., %) independent of all Y(). Then the vector

/
0 M
iy Vi 50
‘/1(2) R %(2)

has a primitive distribution on S(n,1). Since v v® ~ Beta("t, “5*) the
proof is completed.

[]

Remark 14. [Fang et al|[1990] (Lemma 7.6) derived the density of /V;/V2 where

Vi, Vs ~ Beta(%, 25™) are independent.
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The result by Gneiting| [1998] can be used to derive sufficient conditions for
S(n, 1) based on the sufficient conditions for S(n,2) which are known as Askey’s
theorem — let ¢ : [0,00) — R be a continuous function satisfying ¢(0) = 1,
limy—,0 ¢(t) = 0 and (—1)*¢*)(¢) > 0 is convex for k = |%]. Then ¢ € S(n,2).
In the one-dimensional case, n = 1 the criterion is known as Pdlya’s theorem.

Theorem 33. Let ¢ : [0,00) — R be a continuous function such that ¥ (0) = 1,
limy 00 ¥(t) = 0 and Y= (t) is convex. Then 1) € S(n,1).

Proof. Our aim is to use Theorem [29|in combination with the representation of
the m-times monotone functions from Theorem [§ If ¢ satisfies the assumptions
of Theorem [33[it is (2n — 1)-times monotone (Remark [2)) and we may find a non-
negative random variable R such that

U(s) = [T =Tt dF@), s>

where F' is the cumulative distribution function of R. Thus, we will apply Theo-
rem @ only to Kuttner-Golubov functions (1 —¢)%. (Example .

A function (1 —¢)% € S(n,2) if and only if 6 > [2] + 1 (Gneiting [1998])
which means (1 —¢)%. € S(2n — 1,2) if and only if § > n — 1. Furthermore, since
the anti-derivative of (1 —t)%. is equal to (1 —#)%"" up to a constant, Theorem
implies that (1 —t)° € S(n,1) if and only if § > 2n — 1.

[

Zastavnyi| [2000] further expanded Askey’s and Gneiting’s sufficient conditions
into general a-symmetry, i.e. (R" || - ||o) or other quasi-normed spaces, more in

Section [3.4]

3.3 Class S(n,«a) for n >3

Non-triviality of S(2,«a) for any 0 < a < oo can be established through sym-
metric 1-stable distributions and vectors of i.i.d. symmetric a-stable random
variables (Section . Higher-dimensional a-symmetric random vectors were
known only for a < 2. Firstly, we characterize S(oo,a) = N9,5(n,a) using
complete monotonocity. Then we shall focus on classes S(3, @), a > 2, as it is
the smallest trivial class (in terms of dimensionality).

The results by [Bretagnolle et al. [1966] for S(oco,a) show that the stable
distributions are a natural extension of the normal distribution not just in terms
of independence (Example@and Theorem but also in terms of dimensionality.
Schoenberg proved that ¢ € S(00,2) if and only if there exists a non-negative

distribution A such that -~
o) = [ e dA)
0

which for any n € N corresponds to the characteristic generator of a random
vector vVWZ where W has a distribution \, Z is n-dimensional standard normal
independent of W (Fang et al.| [1990], Section 2.6). The following theorem is an
analogue by Bretagnolle et al.| [1966] formulated in terms of random variables.
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Theorem 34. The function v belongs to S(oo,a), a < 2, if and only if there
exists a non-negative random variable R with a cumulative distribution function
F' such that

P(u) = /OOO e ™ dF(r), u>0.
If a > 2 then S(oc0,a) = {1}.

Corollary 7. We have a nice characterization of S(co, ), a € (0,2], from Sub-
section m By Theorem , a function ¢ (u) € S(co,a) if and only if 1(u=)
is completely monotone and ¥ (0) = 1. Completely monotone functions have by
Theorem [7| an integral representation through a non-negative random variable
with a cumulative distribution F' as

s»—>/ T E(r s> 0.

Theorem [34] replaces s by u®.

Ezxample 17. A non-trivial example (one which is not stable with a character-
istic generator equal to e *") of a completely monotone function and therefore
a member of S(oo, @), a € (0,2], is the so called generalized a-symmetric Linnik
distribution (one-dimensional version is defined in Devroye [1990]). Denote for
a € (0,2] and § € (0, 00) its characteristic generator

1

Va,p(u) = m, u > 0.

Since 1)y g is completely monotone (Miller and Samko [2001]) and 1, 5(0) = 1 we
have ¢, 5 € S(00, ).

Denote Y, the random vector with a characteristic function e~ Itla, t € R”,
and let V3 ~ Gamma(f3, 1) be a random variable with a density

1 ,Bflefv

r@E’

v > 0.

1
Then X = VY, is a-symmetric with a characteristic generator (Theorem
Yq,p since for t € R”

E X —EE [exp{it’ (V7 Ya )} Vi)

= E exp {-Vp[lt]c}

_ /0‘” esp {—(1+ [|6]%)u} F(lﬁ)uﬁ—l du
1

(Il
The moments of the Gamma distribution are equal to
Vﬁ%:/oo . va P le™ dy = (%+B)
o I'(B) INGE))

which may be combined with Example . Using Lemma we get that (1 +
ut)™? € S(o0o,a) for 0 < A < a < 2 as we may take Y, with a characteristic

1
function e ltla, t € R, and V3 as above.
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For a random vector X ~ S(n, a, (1 + u*)~?) there is a stochastic decompo-

sition

X LVIWaZ
where V' ~ Gamma(, 1), W is non-negative 2-stable and Y is composed of
i.i.d. symmetric a-stable random variables, all jointly mdependent.

Khokhlov et al| [2020] linked the univariate mixing variable V3W#a to the
generalized Mittag-Leffler distribution. For § =1, a = A = 2 the distribution of
X is known as the multivariate Laplace distribution.

The moments of X are for my,...,m, € (0,a), m; +---+m, = m < X equal
to

E (H IXk!m’“> =EVYEWS [TE (1Z:]™)

k=1 k=1

L+ (1—)ﬁ o - )
L) (1 2) ik oos ToE

This example is a new extension to the one-dimensional Linnik distribution de-
fined by Devroye, [1990] and the multivariate spherical Linnik distribution defined
by Khokhlov et al.| [2020].

Triviality of S(3,«), a > 2, was shown independently by Zastavnyi| [1992] and
Lisitkii. The following formulation (in terms of norm dependent positive-definite
functions) is due to Zastavnyi. The criterion set by |[Zastavnyi [1992] holds not
only for (R™, ), n > 3, @ > 2, but for even for C(0,1) and L, a > 2.

Let us first state two lemmas which will be helpful to prove Zastavnyi’s main
result (Theorem . Contrary to Zastavnyi the theory of random variables will
be used directly for clarity of some arguments.

Lemma 35. Let ¢ be a real characteristic function such that ¢'(t) exists for each
t # 0 and lim;_, ¢f (t) = 0. Then ¢ is constant on R.

Proof.  Since lim;_.q @ = 0, the limit lim; ,o ¢'(¢) = 0 which means ¢'(0) =

lim;_, M = limy,0 ¢'(£(t)) = 0 by the mean-value theorem (Rudin| [1976],

Theorem 5.10) and £(t) lies between 0 and ¢, i.e. lim;_,0&(¢) = 0. Thus we may
find the second derivative:

'(t) — ¢'(0 '(t

¢'(0) = lim LU =90y 910

t—0 t t—0 ¢

=0.

By Theorem (4] the variance of the corresponding random variable is equal to 0
and the random variable must be constant and almost surely zero. The charac-
teristic function is thus constant.

0
Lemma 36. Let (E,| -||) be a real normed space, f(|| -||) be a characteristic
function on (E,| - ||) and let g : [0,00) — [0,00) be a continuously differentiable

function with a compact support satisfying [5° g(t) dt = 1. Denote

= /OOO f(ts)g(s) ds, t>0.
Then
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(i) F(||-1) is a characteristic function,

(i) F has continuous derivatives on (0,00),
(117) limy_,o4 tF'(t) = 0 and there exists ¢ > 0 such that [tF'(t)] < c on (0,00),
(iv) F being constant implies that f is also constant,

(v) if imy oy f'(t) = 0, then limy_oy F'(t) = 0 and there exists ¢c; > 0 such
that |F'(t)| < ¢y fort > 0.

Proof.  For properties (i) and (v)), denote X a random vector such that f(|| - ||)
is its characteristic function and let Y be an independent real random variable
with a density g. The characteristic function of YX is F(|| - ||) (the procedure is
similar as in Theorem [L6). If F is constant (equal to 1), then Y'X is almost surely
zero and since Y is independent and absolutely continuous the random vector X
is almost surely zero, and f is constant That concludes (| . ) and (| .

Now for the derivatives in

-/ oof(tS)g(S) a2 [ rtwg () ay

which for ¢ > 0 by the differentiation of a product satisfy:

F’(t):—;/ooof(y)g (‘3) d —tlg,/ooof(y)g’ (i)ydy

which is continuous (proving part of this theorem). Rewriting again
tE(t / f(ts) g'(s)s] ds "3F f(O)/ g(s) + ¢'(s)s ds.
0

The last integral is equal to 0 since (sg(s))" = g(s) + s¢g’(s) and g has a compact
support, i.e. sg(s) = 0 for some s sufficiently large and sg(s) — 0 as s — 0+
since [5° g(s) ds = 1. That concludes the proof of and the first half of ().

The boundedness of ¢tF'(t) in is shown by setting ¢ = f(0) [~ |g(s) +
g'(s)s| ds as

|F' (1)t </ F(ts)|lg(s) + ¢'(s)s] ds
and f(0) > |f(t)| since f is a continuous positive definite function (Lemma [3)).

For the derivative of F’ assume that the compact support of g is covered by the
interval (0,a]. Then

()| = s lg(s) + ¢()s] ds

< sup
z€[0,at]

T O [ o) 4 /95

which tends to zero as t — 0+ if f’(0) = 0 since the integral is finite. Moreover,
since F' is continuous, F’(t)t is bounded and lim; o F'(t) = 0 (if limy_o4 f/(¢) =
0) then F” is also bounded for ¢ > 0. That concludes (v]).

[
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For the main theorem let us first state some properties of the norm:
Since || || is a norm (in particular a positive homogeneous function of order 1),

its partial derivative G(t, y1,y2) = 8t ||tas + y1a; + yeas|| satisfies

ot

||(kt + €)as + kyia; + kysas|| — ||ktas + kyra; + kysas||

G<kt7 kyla kyQ) = ll_{%

£
_ Jim K] [(t + £)as + yia; + yoas|| — [[tas + yra; + yoas||
50 k-2

=sgn k- G(t,y1,12)

for k # 0. Furthermore, G(t,y1,ys) is defined for almost all (t,4;,72) € R3?
since the norm is convex. The function is also bounded |G(t,y1,¥y2)| < |las]|
for any (¢,y1,y2) in the domain of G by a combination of convexity and the
triangular inequality. Assumptions of Theorem will be checked for the a-
norms in Corollary [8

Theorem 37. Let (E,| - ||) be a normed space with dimension at least 3 and
assume there exist three linearly independent a,,as, a3 € E. Define the functions

G(1,91,y2)

0
H(y1, = . Gty = —||tag + y1a1 + yoas||.
(y1,v2) ERTP————T (t, y1,12) at“ 3+ Y121 + yoas||

Furthermore, assume that H(y1, 1) is integrable on R? and let (]| - ||) : E — R
be a continuous positive definite function. Then 1 is constant.

Proof. The proof is done in several steps:
Take any positive definite continuous function (|| - ||) : £ — R, then

U (ty,ye) — v(tas + yiar + peasl), (£, y1,y0) € R,

is a continuous positive definite continuous function on R? which depends on the
norm (¢, y1,y2) — |[tag+yi1a;+y2as||. Denote X the random vector corresponding
to ¢. Using Lemma with some g (a density of some random variable Y
independent of X), denote W(|| - ||) the characteristic function of ¥ X.

Moreover, let us take a random vector Z., € > 0, independent of ¥ and X
with an integrable characteristic function h(zy, z2)e¢1*!, where h is an integrable
positive definite function. The density f of YX + Z. exists (the characteristic
function ¢. of is YX 4 Z. integrable) and is equal to (Theorem

1
f(X) - (271')3

/RS GiiXIt‘I}<||t33.3 + t1a1 + tQaQH)h(tl, t2>€78|t3‘ dtldthtg, X € R3.

For x = (0,0, s)’ the function f : s — f(0,0, s) is non-negative

1

f(S) = (27T)3

/ e~istageltal / L V(lltsas + tiay + taa||)h(ty, t2) dirdts dts.
R R

If we perceive the function f as a density (up to a constant) of some random vec-
tor, the characteristic function of such vector is equal to (using again Theorem

ty = e [ (|t + has + gl Dh(tr,ta) dhidt, t€R - (3.33)
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up to a constant. As the function is positive definite for any ¢ > 0, we
may take a limit ¢ — 0+ and the result will also be positive definite. Denote the
limit

dﬂzéﬂmmywﬁrwﬁﬂmm@MMﬁ%teR. (3.34)

Let us find the derivative of ¢ at point ¢ # 0. Using Lemma [36| the derivative
of U exists and [tW(t)| is bounded and G is bounded. Then

§(1) = [ W(lhar + toas + tas|) Gt 11, )Rty 1) dtd

yr=tr/t

= sgut o2 [ W g + i+ e )G (L, o) bty tye) dysdy
We aim to evaluate |¢'(t)/t| for t # 0: Denote

Q(t,y1,y2) = V'(|t] - lag + vra1 + yoas||) - [t] - laz + yra1 + yoas|.

Then for 7 # 0 we shall split R? into two sets: B, = {(y1,v2) € R? : |lyra; +
yoas|| < r} and its complement R?\ B,. The ratio |¢/(t)/t| is estimated as

¢'(t)
t

’ N ‘/Rz Q(t,y1, y2)H (y1, y2) h(tyr, tye) dyrdys
S/B |Q(t, y1, y2) H (y1, y2)h(tyr, tys)| dyidys

+/]RQ\B |Q(t, y1, y2) H (Y1, y2) h(ty1, ty2)| dyrdys.

Each integral will be treated differently. The function h is bounded by h(0,0) = 1
and |Q(t,y1,y2)| < sup|sV'(s)| where the supremum is taken over s satisfying
0 <s=|t||as+y1a1 +yeaz| < |t|(||as||+7). The first integral is bounded from
above by

sup [ W(s)sl - [ [Hpn )| dyndye.

0<s<|tl(r+[asl)

The second can be furthermore bounded by the constant ¢ satisfying |V’ (¢)t| < ¢
for t # 0 from Lemma [36] That concludes

¢'(t)
t

< s (W(s)s|- [ H )| dydy,

0<s<|t|(r+]as]])]
" du . 3.35
+C/R2\Br‘ (51 y2)| dyrdys (335)
As from Lemma [36]

limsup ~ sup  [¥'(s)s]- /B |H (y1,y2)| dyrdy> =0

t=0  0<s<[t|(r+]lasl)

we have that the lim sup,_,, ’@’ is bounded only by the second part of (3.35])

lim sup
t—0

¢'(t)
t

<ec- H dy,d
‘_c /RQ\BJ (y1,y2)| dyrdys
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which holds for any » > 0. Thus, for r — oo and since H is assumed to be
integrable, the limit is zero
¢'(t)

lim ——= = 0.

t—0

The upper limit of the first integral of is equal to zero based on
Lemma The inequality holds for all » > 0 and we may pass r — oo by
which (since H is assumed to be integrable) we get the limit lim, ¢ ¢'(t)/t = 0.
With the help of Lemma [35| a random variable with a characteristic function ¢ is
trivial.

Lemma [35] states that

o(t) :/W U(|[tas + tia; + toao|)h(tr, ta) dirdts, t€R  (3.36)

is thus constant. Our aim is to use a similar approach as in Lemma (espe-
cially (iv)) again in order to prove that W is constant. For that set h,(t1,t2) =
n?(1 — nlt1|)+ (1 — nlty])s which is a continuous positive definite non-negative
function with a support [0, +]* and

1
n

[, n0 = nltal) (U= nlta]) dtadty “ = [ (0= ) (1= Jaal)y deades = 1,

Using h,, n € N, we create ¢,,, n € N, as in (3.36)). Since all ¢,,, n € N, follow
(3.36)), all are constant. We can rewrite

onlt) = [ Wlltas +tias + o Yoo (11, 12) i,

=/, U(|tas + tia; + toas|)n*(1 — nlty|) (1 — n|ta|)4 dtidty

RZ

= ¢n(0)

r1a; + Toas
DI T T2 a,

. ) (1= fa) (1= [z} dasday

As n — o0, the last integral tends to

for(

In conclusion, ¥(||tas]]) = ¥(0) as it is a point limit of constant functions.
Lemma concludes the proof and finally, both ¥ and ) are constant func-
tions.

T1a; + roas
—— + tag

- ) (1=} (1 = foal) . dardas "5 W (tag])).

O

Corollary 8. Let us check that (R3] - o), @ > 2, satisfies the assumptions of
Theorem . For a-norms, i.e. for 1 < a < oo the function H is equal to

1
H(yt, o) =
(91,32) L+ g™ + |y2|@

which is integrable over R? if o > 2.
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Now for a = oo the function G is equal to

0, [t] < max{|y1], |y2]},
sign ¢, [t| > max{|vy1], |y2|}

G(tayl,%) = {

which means H(y1,v2) = G(1,y1,92) = L(max{|y1|, |y2|} < 1). The function H
is integrable and S(n, c0) for n > 3 is trivial.

Therefore, the class S(3,a), 2 < a < oo, is trivial. If we combine this
result, the fact that vectors of i.i.d. symmetric a-stable random variables are
a-symmetric for @ < 2, and the inclusion property of classes S(n,«) (discussed
under Lemma , we obtain an important result: for n > 3 the class S(n, «) is
trivial if and only if o > 2.

The implications of Theorem [37| will be discussed in terms of pseudo-isotropy
in Chapter [} Now we may look at Theorem its proof repeats some steps of
the proof of Theorem [37| until the estimation of (3.38)).

Proof of Theorem[23.  Let us again take some 1 : [0,00) — R such that ¢(]| - ||)
is positive definite on F and lim; o4 () = 0. Thus, (t,y)" — ¥(||ta; + yaz||) is
a positive definite function on R? depending on the norm (¢, y)" — ||ta; + yay|| of
some random vector X. Using Lemma [36] let us create a characteristic function
U(]| - ) (of a random vector YX where Y has a density g). The function ¥
also satisfies lim; o ¥(¢) = 0 (Lemma , part (V). Further, let h(z)e <,
(21,22)" € R?, be a characteristic function of random vector Z., ¢ > 0, indepen-
dent of X and Y.
The density of YX + Z. is equal to (Theorem

1 .
Flay,x0) = —— / e~i@t e g (|11 ay + toa|)h(ts)e ! dt dt.
(2m)? Jr2
Then f(s,0) is equal to
1
s / ¢t el / U(|[t1ar + taas|))h(ts) dts diy
(2m)? Jr R

and such function can be viewed as a density of a random variable (up to a con-
stant) whose characteristic function (up to a constant) is equal to

i e[ (it + 1ol (1)
R

due to Theorem [2] By limiting ¢ — 0+ the function is still continuous positive
definite:

(t) = /R\IJ(Htal + zau|)h(z) da. (3.37)
As in Theorem the derivative of ¢ is equal to

& (t) = /R\I//(Htal + za|))G(t, 2)h(x) da

=z/t
= sgnt-ft] [ Wt a+ yas|)G(L, y)h(ty) dy.

For the estimation of |¢/(t)/t| we shall separately consider 0 < y < r/||lag||
and r/||az|]| < y < oo for some r > 0. Then since G(1,y) is integrable and
1 = h(0) > |h(x)| we obtain
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¢'(t)
t

‘ - ’/R‘I’/(W lay 4 yaq||)G (1, y)h(ty) dyl

o0

< s W [IGApIdyte [T (GO Ay (3.39)

0<|t|(r+]laz]) 1> g7

Lemma (36 ensures that ¥’ is bounded and /() "237 0. As

¢'(1)
t

lim sup
t—0

<o lG(Ly)ldy
191> TagT

llazll

for any r > 0, we can take r — oo which means |¢'(t)/t| — 0 as t — 0. Therefore,
¢ must be constant. The rest of the proof follows the same steps as the proof of
Theorem BT

O

Among other results concerning higher-dimensional a-symmetric distributions
was the proof of triviality of S(3,00) by Misiewicz| [1989]. The proof uses the
density derived in Theorem [20f This result is covered by Theorem [37]

3.4 Sufficient Conditions for S(n,«)

The section follows the generalization of Askey’s and Gneiting’s sufficient condi-
tions (Theorem for the characteristic functions which are based on Kuttner-
Golubov and Schoenberg characteristic generators. The most important result of
this section is the connection between the constants A(n,«) and o(n,«). Recall
how the constants o(n, ), A(n,a) and §(\;n, ) are defined in Example [7| and

Example [I0}

o(n,a) =sup{B € [0,2] : exp{—t°} € S(n,a)}, (3.39)
An, @) = sup{\ € (0,2] : (1 =)} € S(n, ) for some § > 0}, (3.40)
§(A;n,a) =inf{d >0: (1-t)° € S(n,a)}, (3.41)

and 6(\) = d(\; 1,2) as the one-dimensional case.

Example and Example present additional possibilities of generating
[S-symmetric random vectors from a-symmetric random vectors. First, let us es-
tablish a connection between Schoenberg and Kuttner-Golubov problems (Theo-
rem [46| by Zastavnyi| [2000] established a less direct approach shown in Section.

Ezxample 18. Let A\(n,«) > 0 as defined in , then we can show A(n,«a) <
o(n, a) using the following computation. Let X4 be a random vector with a char-
acteristic function ¢y s([|t]lo) = (1 — [[t]|2)5, t € R, for A > 0 and § > 0 and
let V'~ Gamma(d + 1,1) be independent of X. Denote g the density of V', then
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1 . L .
V=xXy is a-symmetric with a characteristic generator

© _1 o0 t b 1 5
/0 %) (tv >\) g(?}) dv = /t/\ (1 - U> mv eV dv
— 1 > A6 v
_r(5+1)/tx (v — t")e™ du

o0 1
= d _—s
=e /0 F((5+1)S€ ds

and e~ € S(n,a) which means if 0 < A\(n,a) then 0 < A(n, o) < o(n, ).

The result is connected to Example 8| as for a random variable B,, ~ Beta(d +
1, ) the limit of uB, as p — oo has a distribution Gamma(d + 1,1) just as V
(Hasebe] [2014]). As was established in Example [§]

d -1
X.&Jr“ = BN /\X.(S
which means ) . ) ] 1
A X4 = (LLBM)_XX5 — V73 Xy.
O0+p

The limit of ,u_iX(;ﬂL where X, , has a characteristic function (1 — [|t]|2)5™,
t € R", can be found as a point-wise limit of the characteristic functions of

T ¢
- ( Ht”?x)éw el
lim (1 - —* = ¢ Ml
H—>00 Iu n

which is the characteristic function of V~-xX. This relationship between Kuttner-
Golubov and Schoenberg function was (in a different context) mentioned in |Jasi-
ulis| [2010] (without the connection to the limit behavior of the Beta distribution).

Let us look in detail at the properties of A(n,a) and d(\;n, ) (defined in
(3.40) and (3.41))). The following theorem and its proof can be found partly in

Zastavnyi| [2000]. The univariate properties of §(\) = 0(A;1,2) are taken from
Gneiting et al.| [2001].

Theorem 38. Let A(n,a) > 0. Then A — d(\;n,«), for 0 < A < A(n,a), is
a continuous increasing function satisfying:

(i) (1 —u)’ € S(n,a) if and only 6 > 6(\;n, ).
(i) For A > X(n,a) and any 6 > 0 the function (1 —u*)’. ¢ S(n, ).
(11i) Generally, limy_,o+ 6(A;n, ) > 0 and limy_,o4 6(A) > 0.4279.

(iv) There are only two possible situations for \g = \(n, ). Either (1 —u?)} ¢
S(n,a) for any 6 >0 and

lim 0(\;n,a) = oc.
)\—))\0—

Or the limit is finite and X\ — §(\;n, ) is continuous on (0, Ag]. Namely
A(1,2) =2 but limy_5_ §(\) = oc.
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Remark 15. Several authors established lower and upper bounds for (), A €
(0,2). |Gneiting et al.| [2001] found numerical lower bounds and 6(2 — ) < k for
any odd k£ € N. Further, 6(\) <1 for A € (0, 1].

We have established that A(n,a) < o(n,a) if A(n,«) > 0. From Theorem
we have A(n,«a) = o(n,a) = 0 for n > 3 and a > 2 as S(n,«a) is trivial. Theo-
rem [23] establishes A(2,a) < 1 and 0(2,a) =1 for a > 2.

The goal of the next theorem is the following: to show A(n,a) = a for n > 2
and o < 2 in order to prove A(n,a) = o(n, ) for any n € N and 0 < a < 0ol
Further, we aim to obtain simplification of §(a;n, ) using d(a) by Zastavnyi
[2000).

Theorem 39. Let (R™, p) be a quasi-normed space, \,d > 0 and D C R™ such
that {ux : uw > 0,x € D} =R". Forx € D denote

1

—up(t) Jit'x
fx(u)zw/n€ p()e dt, u > 0.

Then (1 — p(t)*)5, t € R™, is positive definite if and only if fx is completely
monotone for each x € D.

Proof. Denote for x € D

1, s oy
gx(v) = vi*‘;/ (1 —p(s))%e™ > ds e / (v —pM(t))%e™™ dt, v > 0.
Then Theorem [I] and Theorem [7] outline the equivalent conditions for positive
definite and completely monotone functions. The following statements are equiv-
alent:

(i) (1 —p(t)*)%, t € R", is positive definite;
(i) G(x) = fgn(1 — p(t)*)) €™t dt is non-negative for any x € R™;
(i) the function gx(v) = §(v3x) > 0 for any v > 0 and x € D;
(iv) the Laplace transform of gy is completely monotone for any x € D.

Equivalence of the first and second statements is a consequence of Theorem
relating densities and characteristic functions. Equivalence of and is due
to the definition of D. Statements ({iii) and are equivalent via Corollary
which connects non-negative functions and completely monotone functions. We
shall further use the equivalence of (jil) and .

12The proof of A\(2,a) > 1 for a > 1 is omitted for brevity but o(2,a) = A\(2,a) = 1 for
a > 2 (and can be found in [Zastavnyi| [1992]).
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Fix any x € D. Let us now find a Laplace transform of the function gx then
for u >0

/ e "gx(v) dv = /Oo 6_”“/ (v — pMt))5e™™ dt dv
R 0

]Rn
s=v—p(t) /°° o uls+ (£)) / sPe'* dt ds
0

n

it'x  —up*(t) 5 —su
= e *e s’e " ds dt
Rn 0

1

_ it'x  —up*(t)
= —F(5+ T /]R” et Xemur™(t) gt
= fX(u)

and the statement is proven through equivalence of and .
m

Corollary 9. Theorem can be used to derive the already established Theo-
rem [33| which sets sufficient conditions for the class S(n, 1) through the function
(1 — ).

We aim to use it for (R™, || - ||o), @ < 2. For that denote

hya(u) = / el et gt >0,

and (1— Jul*)%. is positive definite if and only if u="'hy ,(u) is completely mono-
tone for any z € R, i.e. § > §()) if and only if u=°"'h, ,(u) is completely mono-
tone for any x € R. Now for p = || - || and A = «a the function fx defined by
Theorem [39]is equal to

f(u) = W /R et gy
- P<6+11)u5+1 ,}Tl [ el ety
1 n
= Tot ot L e
S H w T o ()

therefore (1 — u®). € S(n,a), o € (0,2) if and only if =2 > §(a), ie. § >
né(a) +n — 1.

The Kuttner’s function 6(\) thus gives bounds for sufficient conditions
for non-trivial S(n, «) in terms of m-times monotone functions for some m > 0.
Theorem [40] excludes a = 2 as §(2) is not suitable for Theorem [40] (Theorem [39]
part (iv)). Sufficient conditions for S(n,2) were formulated differently (e.g. as
mentioned in the discussion above Theorem [33)).

Theorem 40. Let 0 < A< a <2, m=nd(a)+n—1and f:[0,00) = R be an
m-times monotone function such that f(0) = 1. Then f(t*) € S(n, ).
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Proof. First, let us simplify the proof: we may only work with Kuttner-Golubov
functions (1 — v*)%, v > 0 (Example . For any m-times monotone function

f:[0,00) — R we have an integral representation as

flu) = /0 T(1 = ur)™ dF(r) (3.42)

where F' is a cumulative distribution function of some random variable R (Theo-
rem . If we prove the statement for (1—u)"?, the representation from Theorem
will solve any other m-times monotone function.

Corollary (9 states that (1 —u®)™ € S(n,«) if and only if m > nd(a) +n — 1.
By Example [10]if (1 — u*)} € S(n,a), then also (1 — u*)} € S(n,a) for u < A.
Thus, we may implement m = nd(a) +n — 1 for any A € (0, ], since Corollary [J]
ensures that (1 —u®)™ € S(n,«) if and only if m > nd(a) +n — 1. Moreover,
Example [18| implies A(n,a) < o(n,«) and for n > 2 and a < 2 the Schoenberg
constant is equal to o(n,a) = a. However, A(n,a) > a as from Corollary [J] we
may find ¢ so that (1 — u®)%. € S(n,a). Thus, o(n,a) = A(n,a) = a for n > 2
and o < 2.

To put it together, Corollary [0 implies that for m = nd(a) + n — 1 the
function (1 —u®)7 € S(n,a) for @ < 2 and n > 2. Example |10 shows that
(1 —u*)™ e S(n,a) for any A € (0,a]. As any m-times monotone function with

f(0) =1 can be represented through ([3.42)), the function

) = [T =y = ar()

is a characteristic generator from S(n,a) where the last step is done using The-
orem [I6
O

FExample 19. We may compare two random vectors with Kuttner-Golubov charac-
teristic generators for o < 1 and a € (1,2), other bivariate random vectors with
Kuttner-Golubov characteristic generators are discussed in Example [24] Uni-
variate moments are computed in Example [9]

Let (X1, X3)" be a g-symmetric random vector with a characteristic function
(1 = |ta]5 — [t2])3, (t1,1) € R?, the parameters are set in order to satisfy
Theorem [40] Figure shows the density of (X1, X5)".

Let (Z1, Z»)' be a 3-symmetric random vector with a characteristic function
(1= |t;]3 — |t2|%)1, (t1,t2) € R? where the parameters where chosen so that
7=2-3+2-12>2-6(2—3%)+2—1 and that Remark [15|is satisfied. The density
is shown in Figure|3.5

The following examples show how to generate a-symmetric random vectors
which are not mixtures of i.i.d. a-stable random variables, both are mentioned in
Misiewicz| [1996], Section II.4.

Example 20. Let X be an n-dimensional a-symmetric random vector with a char-
acteristic generator . Denote

_1 _1 /
Z1 = (Dl aXl,...,DnaXn) 5

1 1 /
7y = (Dlo‘Xl,...,Dl aXn)
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Figure 3.4: The density of (1 — |t1]3 — [to]5)?, (f1,2)" € R?, and its contours.
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Figure 3.5: The density of (1 — [t,]5 — |t2|g)1, (t1,t2)" € R? and its contours.

where D = (Dy,...,D,) ~ Dirn(%,...,%) independent of X. Since Z, is a-
symmetric (Theorem , denote its characteristic generator 1. Let us show that
Y € S(n,5). For t € R" by the law of total probability

U(l[tlla) = E e

1
D At/
—EE ele tX|D1

_1
—E ¢ (D7 tla)
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Similarly, for t € R™ using the law of total probability and (3.17))

Eet?2 —EE exp{ Ztka Xk} ‘D}

k=1

which means ¥ € S(n, §).

Remark 16. Since the uniform distribution on the unit Euclidean sphere S™!
is the primitive distribution in S(n,2) (Example [5)), Example [20| applied to the
uniform distribution the unit sphere in R" resembles the primitive distribution
in S(n,1). |Cambanis et al| [1983] assumed that if we apply the technique of
Example 20| we may obtain a primitive in S(2, 3) which would be

(BK/IE’ (1- Bll)]\2/1_732’>/ (3.43)

where (Up,U,) is uniformly distributed on the unit circle in R?, independent
of By, By ~ Beta(é, ;) In the same article, they disproved that is the
primitive of S(2, ) and were not able to find any factorization of (3.43), i.e. a two-
dimensional distribution such that is a scale mixture of such distribution

with a non-constant scaling variable.

The next example follows similar arguments as above but combines it with
Lemma [I11

Example 21. Let X be an n-dimensional a-symmetric random vector with a char-
acteristic generator . Denote

1 1
V, = <ZfX1,...,Z€Xn> /
1 1 /
V, = (Zf‘Xl,...,Zan>

where Z4,...,Z, are i.i.d. non- negatlve f—stable random variables independent
of X with a Laplace transform , B < a. The stability of random variables

implies
n

Stz L tllsZ1, tr,... b > 0.

Again the vector Vs is a-symmetric and its characteristic function is equal to
O([[t]la) = E V2

—E ¢ (20 Itla)

70



and the characteristic function of V; is equal to

E 6i1;’V1 =EE |f3Xp {Z Zthkan}

k=1

Wz a>i)
¢ (2 ()"
—E (2 1tls)

= Gt

Zl,...,Zn]

and 1 € S(n, 5).

Remark 17. For each a > 0 and n > 2 the set Nz, S(n, B) is trivial. If we take
any 1) € Ng<a S(n, 3), then also ¢ € S(2, ) for any 3. Then for any ¢,s € R the

limit is
o(lt) s=0
Jim (It 5)lls) = S w(lsl) ¢=0
d(o0) st #0

which is continuous positive definite if and only if ¢ is constant.

71



4. Pseudo-Isotropic Distributions

This chapter aims to derive a generalization to a-symmetry where the a-norm
may be replaced by a general quasi-norm (Definition [J)). Several results of the
previous chapters may be reviewed and the a-norm may be replaced by a general
quasi-norm without any change in the proof. Theorem [37| and Theorem [23| were
already formulated in terms of norm-dependent positive definite continuous func-
tions and directly relate to pseudo-isotropy. The topic is divided into three parts:
general properties of pseudo-isotropic distributions, two-dimensional cases, and
higher-dimensional distributions. Several simple properties of pseudo-isotropy
are shown, and more complicated results are omitted for brevity.

Let us first use a general definition of pseudo-isotropy as a reformulation of
the Eaton problem (2.1

t'X £ ~(t)X;, teR” (4.1)

where X is non-degenerate, i.e. the linear span of the support of X is the whole
space. By (4.1) we automatically assume v(e;) = v((1,...,0)") = 1. We already
know (Theorem that if v permits a Blaschke-Lévy representation ((1.8)

V(1) :/S X[ du(x), tER"

for some « € (0,2], then v is a suitable standard for some symmetric a-stable
random vector X with a characteristic function e ?*®) t € R". We can show
that X is pseudo-isotropic, since for any t € R™ the characteristic function of the
random variable Y = t'X is

EeY = E WX = ") 4 e R. (4.2)

On the other hand the characteristic function of (t).X; is equal to
E (0%t _ E pimn(0efX _ "t 0y e R (4.3)
The characteristic functions (4.2)) and (4.3) are equal since e; = (1,...,0)" and
~v(e1) = 1 so that the Blaschke-Lévy representation implies positive homogeneity

of v. As in Example (7| we can define a generalized Schoenberg constant for a quasi-
normed space (R™,~) as

o(n,7y) = sup {ﬁ € (0,2] : e ") t € R”,is positive deﬁnite} : (4.4)
If X is pseudo-isotropic and v is the characteristic function of X; then
EetX = E "X — y(4(t)), teR"™ (4.5)

We may extend the definition of characteristic generators S(n,a) into S(n,~) as
functions v : [0,00) — R such that ¢ (y(t)), t € R", is a characteristic function
of some n-dimensional random vector. In terms of the notation from Chapter
we have S(n,a) = S(n, || - |la)-

Conversely, assume that v : R" — [0,00) is a non-trivial function satisfying
v(yt) = yy(t) for any t € R", y > 0, and ¢ : [0,00) — C is a continuous
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non-constant function such that ¢ (y(t)), t € R™, is a positive definite function.
Under these assumptions Zastavnyi| [2000] showed that v must be even and (|- |)
is a positive definite function. The following properties of standards are found in
Misiewicz| [1996], Section II.2, and |[Kuritsyn [1992)].

Theorem 41. Let v : R" — [0,00) satisfy (4.1)) for a non-degenerate random
vector X then

(i) v is an even continuous function.
(it) v(t) =0 if and only if t = 0.
(7ii) The function is positive homogeneous, i.e. y(yt) = |y|y(t), t € R", y € R.

(iv) For any n-dimensional norm p there exist constants m, M, K > 0 such that
for any t1,ts € R”

mp(t1) < (t:1) < Mp(ty), :
(b1 +t2) < K(y(t1) +(t2)). (4.7)

Proof. For any t € R", t # 0, pseudo-isotropy implies
d I~y d
V() X1 =t X = —(=t'X) = —y(-t) X,

which means |y(t)| = |y(—t)| and since v > 0 the function is even. The continuity
of the function v can be proven by contradiction. Assume ~ is not continuous at
to € R" and there exists t, "= to such that y(t,) does not converge to v(tg).
However, t/,X % /X which means (t,)X; % v(to)X; and by the assumption
of contradiction 7y(t,) 4 7(tg). The sequence {v(t,)} is either bounded (then
there is a subsequence with a finite limit and the limit must be equal to (o)
as Y(t,),v(top) > 0) or there is a subsequence with an infinite limit (which also

contradicts v(t,) X1 -5 7(to)X1). That concludes (.

Clearly, 7(0) = 0 and by contradiction if y(t) = 0, t # 0, then t'X 20 and
the random vector is degenerate since X € {x € R" : t’x = 0} almost surely. For
any t € R” and y > 0 we have

)Xy £ (yt)X =y t'X £y 4(t) X,

In combination with evenness of ~ this implies positive homogeneity from ().
For the last statement denote S, = {x € R™ : p(x) = 1} the unit sphere in
(R, p) and
m=miny(t), M =maxy(t)
which exist and are positive since v is continuous and positive on S, which is
compact and 0 ¢ S,. Then for any t € R" \ {0},

1(6) = p() (t) = p(t)1(%)

p(t)
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for some t/p(t) = x € S,. The inequality (4.7) is proven by setting K = % €
(0,00) since m > 0 and M < oco. Then for t;,t, € R

Y(t1 +t2) < Mp(ty +t2) < Mp(t) + Mp(tz)
<mKp(ty) + mKp(ty) < K(y(t1) +7(t2)).

]

Remark 18. Continuity of the standard is usually skipped as trivial and not
shown. [Kuritsyn| [1992] in his proof of continuity stated that since the standard
v is defined on R"™ it is bounded on compact sets. His argument is enhanced in
the proof above.

Thus, any suitable standard ~ is a quasi-norm. We may revisit isometric
embedding from Subsection [1.2.1} Lemma [42|is taken from [Zastavnyi [2000].

Lemma 42. Let (R",v1) and (R",72) be two quasi-normed spaces which are
isometric. Then S(n,v) = S(n,7).

We have already stated S(2,1) = S(2,00), another example of isometry be-
tween norms utilizes elliptical distributions (whose unit balls are ellipsoids). Such
norms in R™ can be written as y(t) = v/t/ At for some positive definite n x n ma-
trix A and we have S(n,2) = S(n,v). Elliptical distributions are discussed in
Fang et al.| [1990].

The following two statements show that the standard is (almost) uniquely
determined by the random vector and its sum (Misiewicz |1996], Section I1.2).

Theorem 43. Let X be a pseudo-isotropic random vector. Then its standard ~y
s uniquely determined.

Proof.  Let 71,7 : R™ — [0,00) be two standards of the random vector X
which satisfy yi(e;) = (er) = 1. If y1(t) # 72(t) for some t € R™, t # 0,
then 71 (t)X and v2(t)X do not have the same distribution (since the standard is
positive). However, v;(t)X Lyx L ~2(t)X which contradicts 7, (t) # 72(t) as

71(t),72(t) > 0.
O

Theorem 44. Let Xy and Xy be two n-dimensional pseudo-isotropic random
vectors such that X = X1 + Xy is also pseudo-isotropic. Denote the respective
characteristic functions of Xy, Xo and X as ¥1(71(t)), ¥a(12(t)), and ¥(v(t)),
t € R", and the standards are 1, 2, and y, respectively. Then either y1 = 5 = 7
or there exist constants 0 < m; < my < 0o and a function 7 : (0,00)* — (0, 00)
such that

1 (pu)ie(qu) = v(3(p, Qu),  u >0,
for any my < g < ms.
Proof. If the standards are equal we can rewrite the characteristic generator of
the sum as v (t)yo(t) with v as the standard. From Theorem 43| the standard is

unique since we have normalized the standards and v(e;) = 72(e1) = y(e1) = 1.
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Otherwise set g(t) = 71(t)/72(t) which is continuous and positive for t €
R" \ {0}. Denote m; = min{g(t) : t € S"'} and my = max{g(t) : t € S"'}.
Set p,g > 0 such that m; < § < mgy and find t € R™ such that g(t) = § and

A(p,q) = %' Then for any v > 0 we have

U1 (pu)iba(qu) = 1 (ug - g(t)) ¥2 (uq)
—on(025) 5 (225
- (71 (73(11)t>> v (72 <73(1::)t)> ’

(. ) = v (’V (vfg::)t))

where the right-hand sides are equal from pseudo-isotropy since they both repre-

sent a characteristic function of X; + Xy at point 7;ZZ”t)t.

]

Similarly, as in Theorem |21 the pseudo-isotropic random vector is bounded if
and only if it is elliptical (i.e. y(t) = vt At for some positive definite matrix A,
more in Fang et al.| [1990], Definition 2.2) and assuming no atom at origin each
hyperplane has a zero probability (see Lemma . The proofs in both theorems
are analogous to the ones presented for a-symmetric vectors.

4.1 Two-Dimensional Pseudo-Isotropy

Theorem [12| already stated that any two-dimensional norm p(t;,t5) is a standard
of a symmetric 1-stable random vector with a characteristic function e (12 {e.
0(2,p) > 1 for any norm where o(2, p) is defined in (4.4). Quasi-norms which
are not norms (their unit ball are not convex) must satisfy o(2,p) < 1 (in line
with Theorem[12)). Theorem 23] by Zastavnyi [1992] gives some conditions for the
two-dimensional pseudo-isotropy. Integrability of

0
H(y) = aﬂ(fal + yas) i

can be checked for other than a-norms.

FExample 22. The assumption of integrability is satisfied e.g. for norms whose unit
ball is not strictly convex (Zastavnyi [1992]). For that we have to evaluate the
condition of integrability outside the origin. Since the unit ball is not strictly
convex we can find two linearly independent vectors by, by such that p(ub; + (1 —
u)bg) =1 for each u € (0,1). Denote a; = by + by and as = by — b;. Then for
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any y € (1,00) and € € (0,y — 1) we have
p((L+e)az +yar) = p((y =1 — )by + (y + 1 +£)by)

—1—¢ +1+¢

2y 2y
—1 +1
2y 2y
= plaz +ya)
which means
0
H(y) = a*ﬂ(“h + yay)
t t=1

_ i P+ E)as +yan) — plas + yau)
S0+ €

Thus, if p is a two-dimensional norm which is not strictly convex we have

o(2,p) = 1.

Theorem [23| ensures that non-strictly convex norms satisfy o(2, p) < 1 and The-
orem (12| implies o (2, p) > 1 for any norm.

Remark 19. Let (X1, X3)" be a two-dimensional pseudo-isotropic random vector
such that E | X;| < 0o, i.e. E X7 = 0 since X is symmetric, then its characteristic
generator satisfies 1'(0) = OH Then norms that satisfy the conditions of Theo-
rem [23| thus cannot be norms of pseudo-isotropic random vectors with finite first
moments.

Ezxample 23. As shown in Theorem [12] two-dimensional norms are characterized
by o(2,p) > 1 and the following statements are equivalent (as mentioned above

Theorem

(i) (R?,p) is a normed space,
(i) o(2,) > 1,
(iii) (1 —w)% € S(2,p) for § > 3.

Ezample 24. Let us compare the densities corresponding to characteristic gen-
erators (1 — u)? € S(2,a) for different values of @ > 1. We may notice in
Figure [4.1] that in the case of a = 1, the distribution is more concentrated on the
axes although for higher « the distribution is concentrated on the diagonals (due
to the isometry from Example . Spherically symmetric (o« = 2) characteristic
functions define spherically symmetric densities which is not the case for other a.

We may also implement (1 — u)3 for other norms, e.g.

|(t1,t2)'[|2 t1-t2 >0,

4.8
(t1,ta) |l 1 -2 < O, (4.8)

p(tb t2) = {

1See Theorem
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The unit ball of p resembles an eye. The marginal density corresponding to all

these distributions is equal to w, t € R, and moments are found in

mtd
Example [9]
10+
10+
5_
5_
il @ il @
-54
54
-10 1
-104
10 5 0 5 10 -10 5 0 5 10

10 5 0 5 10 10 5 0 5 10
(©) I 1o (d) p

Figure 4.1: Contours of densities of a bivariate pseudo-isotropic vector with

a characteristic generator (1 —¢)%, t € R%, for || - ||1, || - [l2, || - [li0 and p as

defined in .

4.2 Higher-Dimensional Pseudo-Isotropy

Pseudo-isotropy in more than two dimensions can be again perceived in terms of
isometric embedding (essentially creating stable pseudo-isotropic random vectors)
or with Theorem 37| which was formulated for norms. [Zastavnyi| [1992] offered an
extension of Theorem [37] for some quasi-norms.
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Corollary 10. Let v : R"™ 1 — [0,00), n > 2 be a quasi-norm, and denote

1
Va1, xn) = (|o|* + (22, ..y z0))e, (21,...,2,) € R”

for @ > 2. By setting az = e1, a; = eq, and ay = e3, the function H(y,ys2) from
Theorem [37] is equal to

1
H(y1,2) =
( ! 2) 1+7a(y17y2707"'a0)
which is integrable for v > 2 as y(y9, y3, 0, . .., 0) is a two-dimensional quasi-norm.

Lemma[d2]states that for isometric quasi-normed spaces, the classes of suitable
characteristic generators coincide. By that, we may characterize all norms in R™
induced by an inner product.

Ezample 25. Let (R™, p) be a normed space which satisfies the parallelogram rule

2(0°(x) + p°(y)) = p°(x+y) +p°(x—y), x,y€eR"

then (R", p) is isometric with the space (R™, || - ||2) and thus S(n,p) = S(n,2)
and in conclusion o(n, p) = o(n,2) = 2 and A\(n,p) = A(n,2) = 2.
From |Zastavnyi [2000] we have the converse implication and the statements

(i> )‘(n7p> =2,
(i) o(n, p) =2,
(iii) (R™, p) and (R™, || - ||2) are isometric

are equivalent.

If for a pseudo-isotropic vector there exists some fractional moment of the one-
dimensional marginal variable, the situation is much simpler since the isometric
embedding of (R™,7) into L, can be used ]

Theorem 45. Let X = (Xy,...,X,)" be a non-trivial pseudo-isotropic random
vector with a standard ~y vector such that E |X1]° < oo for some ¢ > 0. Then
there erxists a maximal o € (0,2] and a finite symmetric measure p on S™ ' such
that

¥2(t) :/ x| du(x), tER".
S’!L*

Proof. We can take E | X[’ < oo for 0 < p < min{e, 2} into
E t'X]P =~P(t)E | X1]P < o0
for any t € R™. Denote ¢ = E | X;|? € (0,00) then

1
77(t) = —E [t'X?
C

1
_ / [t~ dPx ()

2See Subsection m
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where Px is the distribution of X. Theorem |§| implies that e™"® t € R™,
is a characteristic function of some symmetric p-stable random vector. Denote
a = sup{p € (0,2] : e7"® is positive definite}, then e=7*®) is a positive definite
continuous function (it is a limit of positive definite functions and also continu-
ous) and ~ has a Blaschke-Lévy representation for a € (0, 2] which is by its
definition maximal.

[

The previous theorem seems simple but has several consequences:

Theorem for example implies that it is impossible to construct a non-
trivial pseudo-isotropic random vector (Xj, ..., X,,)" with a finite expectation and
a standard  with a non-convex contours (unit balls). That is because Theorem [47]
implies the space (R™,~) embeds to some L;-space which is a normed space. The
triangle inequality can be checked with the Blaschke-Lévy representation ((1.8)):
If a function v can be represented as

v(t) = /S » [t'x| du(x), teR",
for some finite symmetric Borel measure g on S™!, then for t;,t, € R” we have

V(b1 +t2) = /

Sn—

< [ 6]+ ltsx] diu()
= (t1) +7(t2)

and ~y is a norm (by Definition E[) There are several corollaries of Theorem [45[in
terms of stability.

(1 + t2)'x| dp(x)

Corollary 11. The Blaschke-Lévy representation which was obtained in the pre-
vious theorem implies that under the assumptions of Theorem the function
e 7" (®) is a characteristic function of a symmetric a-stable random vector.

The theorem bears a resemblance to the generalized central limit theorem.
Kuritsyn |[1992] showed that under the assumption that X; lies in the region
of attraction of some a-stable random variable and X is a non-trivial pseudo-
isotropic random vector with a standard -, then ~ possesses the Blaschke-Lévy
representation with said . The connection between moments and the region of
attraction of stable distributions is discussed in Tucker [1975].

On the other hand by a contrapositive of Theorem if v does not have
a Blaschke-Lévy representation for any « € (0, 2] then it cannot have any moment
finite.

Even though the assumption of the finiteness of E |X;|® for some £ > 0 in
Theorem 45| seems weak, it was attempted to find a general proof of the existence
of a Blaschke-Lévy representation for any suitable standard. This problem (i.e.
the question if any suitable standard has a Blaschke-Lévy representation) remains
open f

Corollary 12. The existence of fractional moments of X; is linked to the integral
of the characteristic functionﬁ Thus, let ¥(y(-)) be a characteristic function

3As stated in the most recent article [Koldobsky] [2011].
4See Corollary
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of a pseudo-isotropic random vector X with a standard ~ such that ¥(| - |) is
a characteristic function of X;. Thus, E |X;|° < oo for some € € (0,2] holds if
and only if (Corollary

LK”_MOw<m. (4.9)

t1+5

Since characteristic functions are uniformly continuous and bounded[] the
integral condition can be reformulated in terms of the behavior of ¢ in the
neighborhood of origin, i.e. the moment of order € > 0 exists if for some u > 0,
C >0and ¢ € (¢g,2]

1 —yt)| < Ct°, te(0,u).

This condition was known to Koldobsky| [1991] without the connection to
moments but Koldobsky used it only to derive the finiteness of (4.9). By that
the results are essentially equivalent to Misiewicz| [1996], Theorem II.2.6.

The following theorem does not assume the existence of a pseudo-isotropic
random vector with a given standard however, it assumes a certain limit behavior
of some characteristic function near the origin. The limit bears resemblance to
Corollary |1] of the existence of moments E |[t'X|#.

Theorem 46. Let X be a random vector on a quasi-normed space (R™, p) with
a characteristic function @ which for some > 0 and § > 0 satisfies

1 —
lim L= 2(ut)
u—0+ ut

— B (1) (4.10)

for each t € R™. Then e € S(n,p) and p < o(n, p).

The proof of Theorem |46 uses several properties of positive definite functions
and can be found in [Zastavnyi [2000].

Corollary 13. Theorem implies a similar result for a general quasi-normed
space (R", p) as it was derived directly in Example [18|such that

Aln, p) < o(n,p) <2

where A(n, p) is defined analogously to A(n, «) in (2.8)).

Koldobsky and Lonke| [1999] implemented the proof of Theorem |37 by |[Zas-
tavnyi [1992] in order to obtain a second-derivative test for the isometric embed-
ding of three-dimensional normed spaces.

Theorem 47. Let (E, p) be a three-dimensional normed space with a normalized
basis ey, e, €3 and for fived (xq,x3)" € R? denote gy, ., (t) = p(te; + roey + 13€3).

Assume that gy, ., has continuous second derivatives on R and g, ,.(0) =
9y 25(0) = 0. Moreover, assume that there exists a constant C' > 0 such that for
any (x2,x3) € R?, p(x2ey + x3€3) = 1, the function g}, .. is bounded by C' on R.

Then the function e=?"(®) s not positive definite for any (B € (0, 2].

The proof of Theorem [47| can be found in Koldobsky and Lonke [1999] and
follows similar steps as Theorem [37, Theorems such as Theorem [£7] are useful for
norms that are defined implicitly.

5See Lemma
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Ezample 26. The a-norm can be generalized into Orlicz norms. Let M : [0, 00) —
[0,00) a non-decreasing convex function such that M(0) = 0 and M (¢t) > 0 for
any t > 0. The Orlicz norm || - ||ar is defined implicitly as

éM( i >:1, X = (z1,...,7,) € R\ {0},

1 a1

For M(t) = t* the Orlicz norm is the a-norm (L.4).

Koldobsky| [1997b| found that for Orlicz norms satisfying M’(0) = M"(0) =0
all conditions of Theorem 47| are satisfied and e’”t”ﬁf, t € R", is not a character-
istic function for n > 3 for any 5 > 0.

A weaker condition than the existence of moments is E |log | X;|| < co. If X is
a non-trivial pseudo-isotropic random vector with a standard v and E |log | X;]|| <
oo then there exist a finite measure v on S"~! and C' > 0 such that

log v(t) = c+/ log x| dv(x), tER". (4.11)
-

This integral representation was linked to isometric embedding into Lg spaces as
defined in Kalton et al. [2007]. Koldobsky| [2011] found a proof of the following
statement without the additional condition E |log|X;|| < oo.

Theorem 48. Let (R",p) be a quasi-normed space such that there exists a non-
constant continuous function f : [0,00) — R such that f(p(x)), x € R™, is
positive definite. Then p can be written as

log (t) = C + / log|t'x| dv(x), teR" (4.12)
-

for some finite measure v and C' > 0.

Remark 20. Theorem [4§]is necessary but not sufficient since all three-dimensional
spaces (R, || - ||a), @ > 2, embed in Ly (Kalton et al. [2007]). However, the class
S(3,a), @ > 2, is trivial as shown in Theorem The condition in
Theorem 48] is thus necessary but not sufficient.
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Conclusion

This thesis presented the problem of the existence of a-symmetric distributions
and their properties. The concept of a-symmetry naturally generalizes spherically
symmetric (also called radial or isotropic) distributions, expanding the charac-
terization through projections. Thus, the a-symmetric distributions are defined
through their characteristic functions. Only a few examples are widely known,
among them are the vectors of i.i.d. symmetric a-stable random variables for
a < 2. It is known that stable distributions are power-tail heavy and their mo-
ments exist only for orders less than «. The thesis derives a connection between
a-symmetric distributions and their moments and presents several examples of
a-symmetry, including several new ones.

Chapter (1| summarized the two tools mentioned above: the relationship be-
tween characteristic functions and moments of non-integer order. Further, it
defined symmetric stable distributions in R™. Symmetric stable distributions and
the link between stable distributions and isometric embedding of quasi-normed
spaces are presented. The definition and basic properties of a-symmetric dis-
tributions can be found in Chapter [2 where the theory concerning the density
of a-symmetric distributions is presented. Specific classes of n-dimensional a-
symmetric distributions for pairs of n € N and 0 < a < oo are discussed in
Chapter [3]

Non-trivial two-dimensional a-symmetric distributions exist for any «. Con-
trary, higher-dimensional a-symmetric distributions are non-trivial if and only if
a < 2. Section is dedicated to 1-symmetric distributions with a special place
among a-symmetric distributions. For other pairs of dimension n and index «,
only sufficient conditions for characteristic functions are available.

Similarly, as a-symmetry generalizes spherical symmetry by replacing the Eu-
clidean norm in the definition with an a-norm, we may further generalize the
problem to pseudo-isotropic distributions where the a-norm is replaced by a gen-
eral quasi-norm in Chapter dl The necessary conditions for pseudo-isotropy are
formulated in terms of isometric embeddings.

Stable multivariate distributions have numerous applications (many of them
mentioned in |Uchaikin and Zolotarev| [1999]). Stable a-symmetric distributions
and their mixtures can be used in limit theorems: Khokhlov et al.| [2020] used
elliptically symmetric Linnik distribution as a limit of a random sum of ran-
dom variables where the number of summands has a particular negative binomial
distribution. Pseudo-isotropy (and a-symmetry in particular) can be used in
any setting where we are interested in the distribution of linear combinations.
A particular application of pseudo-isotropy in portfolio theory was developed by
Framstad| [2015]. Spherically and elliptically symmetric distributions are also
widely used e.g. in regression.

Misiewicz and Ryll-Nardzewski [1987] explored a generalization of pseudo-
isotropy to general Banach spaces and [Jasiulis and Misiewicz [2008] further con-
nected pseudo-isotropy to weak stability (a generalization of stability). The most
recent result is by Misiewicz and Volkovich| [2020].

There are several open problems concerning pseudo-isotropy in R™:

1. Is there a stochastic decomposition for multivariate a-symmetric distribu-
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tions other than o = 1,27

2. Is there a stochastic decomposition for multivariate pseudo-isotropic distri-
bution for a given quasi-norm?

3. Does it generally hold A(n,v) = o(n,7) for any quasi-norm = in finite-
dimensional quasi-normed spaces?

4. Does any pseudo-isotropic standard in R™ have a Blaschke-Lévy represen-
tation?
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