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Abstract: This thesis extends the existing results in the theory of random dynam-
ical systems driven by fractional noise in Hilbert space. In particular, it broadens
the scope of applicability of the results presented by Maria J. Garrido-Atienza,
Bohdan Maslowski and Jana Snuparkova in (Garrido-Atienza et al. [2016] for frac-
tional noise whose sample paths have a Holder exponent greater than 1/2. The
main object of the research is the following stochastic equation:

du(t) = (A(t)u(t) + F(u(t)))dt + Bu(t)dw(t), u(0)=wuy €V,

where (V|| - ||) is a separable Hilbert space, w is a stochastic process and the
stochastic integral is understood in the Zahle sense.

This thesis contains the proof of a Fubini-type theorem for integration in the sense
of Zahle. It is shown that the assumption about ergodicity for the underlying
fractional noise in |Garrido-Atienza et al.| [2016] is redundant and the statements
about random dynamical systems which are generated by the solution of the
equation and its random attractor remain valid. The thesis also contains the
proof of the existence and uniqueness of the solution to the equation above.

Keywords: random dynamical systems, random attractors, fractional noise, infi-
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1ii



Contents

Introductionl 2
(1__Preliminaries| 4
(1.1  Fractional integration|. . . . . . . .. . ... ... ... ... ... 4
(1.2 Fractional integration with respect to fractional noise| . . . . . . . 6
(1.3 Semigroup theory| . . . . . . . . ... 8
[1.4  Equations in Hilbert spaces| . . . . .. ... ... ... ... ... 11
(1.5 Evolution systems|. . . . . .. ... ... 12
[2 Solutions of semilinear stochastic equations with a bilinear frac- |
L__tional noisel 15
[2.1 Solution of linear stochastic equations with a fractional noise] . . . 15
[2.2  Solutions of semilinear stochastic equations|. . . . . . . . . . . .. 22
2.3 A mild solution is a weak solutionl . . . . . . ... ... ... 25
[3 Random dynamical systems| 30
[3.1 Random dynamical systems and random attractors| . . . . . . .. 30
[3.2  Random dynamical systems and random attractors: the second [
[ definition| . . . . . . . . . 33
[3.3  Random attractors for semilinear stochastic equations with a bi- |
[ inear fractional noisel . . . . . . . .. ... 35
4 Examples| 38
[4.1 Noise: examples| . . . . . ... ... o000 38
4.2  Equation: Examples . . . ... ... ... ... 0L 41
[Bibliography| 43




Introduction

Dynamical systems are mathematical models used to describe how a system
changes over time. They are widely used in various fields, including physics,
engineering, biology, economics, and finance, to study the behaviour of complex
systems Bianchi et al.| [2019], Mellodge, [2015]. A random dynamical system is a
type of dynamical system that describe behaviour of a process in the presence of
elements of uncertainty, making it useful for modeling systems with unpredictable
behaviour.

In recent years, there has been growing interest in the study of random dynam-
ical systems, as they provide a powerful tool for understanding and an extension
of dynamical system framework for systems which are driven by some random
source. L. Arnold’s book [Arnold [1999] made a significant impact on the field
by providing a comprehensive and rigorous treatment of the theory of random
dynamical systems and its applications. One more point of interest is long term
behaviour, among the pioneers in this field were H. Crauel, A. Debussche, F.
Flandoli, who introduced the concept of random attractors and developed the
theory for their existence and properties in their influential paper |Crauel et al.
[1997]. Another mathematician who has made significant contributions to the
theory of random attractors is B. Schmalfuss, whose research [Schmalfuss and
Flandoli| [1996], |Schmalfuss [2000] focused on the existence and properties of ran-
dom attractors for non-autonomous and infinite-dimensional random dynamical
systems.

Most of the results in the theory of random dynamical systems are known for
the finite dimensional case. Although the infinite dimensional case of stochastic
equations driven by fractional noise in Hilbert space has been explored in previous
works, such as [Duncan et al.| [2005], |Snuparkova [2010], the equations in these
articles has only a local solution that is why do not generate a random dynamical
system. In the present thesis, we aim to extend the existing results in this field by
building upon the work M. J. Garrido-Atienza, B. Maslowski, and J. Snuparkova
Garrido-Atienza et al.|[2016]. While this article primarily considers the Fractional
Brownian motion, our interest lies in verifying its statements for more general
types of fractional noises. To accomplish this, we investigate a specific equation,
which serves as the primary focus of our research:

du(t) = (A()u(t) + F(u(t)))dt + Bu(t)dw(t), w0)=uwecV, (1)

where the integral is understood in the Zahle sense. Such type of equation under
pre-defined conditions has a solution and generates a random dynamical sys-
tem. In the present thesis it was checked and shown that most of all results
in (Garrido-Atienza et al| [2016] hold for more general type of the noise w with
Holder exponent larger than 1/2.

The first section serves as an introduction to the main definitions and results
that are utilized throughout this thesis. A particular emphasis is given on the
fractional integration results in stochastic calculus, which were introduced by M.
Zahle in the seminal works Zahle [1998, 2001]. Additionally, the chapter includes
relevant definitions and basic results from the theory of semigroups, which are
used extensively in the subsequent sections.



In the second section, the results established in part 1-2 in |Garrido-Atienzal
et al. [2016] are extended. The scope of applicability has been broadened to any
fractional noise whose sample paths have a Holder exponent greater than 1/2, and
not just the fractional Brownian motion. Additionally, the Fubini-type theorem
(Theorem has been formulated for the integral in the sense of Zahle (L.1]),
and the solution to equation has been found in Theorems , serving as a
further extension of the previous work.

The third section provides a concise introduction to random dynamical sys-
tems, drawn from the seminal work of L. Arnold in this area (Arnold| [1999]).
Additionally, it contains definitions of random attractors from various sources, in-
cluding Crauel et al.| [1997], Schmalfuss| [2000], Crauel et al.| [2008], which propose
different definitions and criteria for random attractors (Remark [9)). Additionally,
the results presented in part of the article Garrido-Atienza et al.|[2016] about
random attractors were confirmed for a more general source of randomness. One
of the main achievement is omitting the assumption of ergodicity for fractional
noise (Remark [10]).

The focus of the fourth section is an exposition of various examples of noise
sources, showing that there are many processes which satisfy the requirements in
the previous sections. Examples of the equations are presented and it is shown
that a solution of a linear equation which is studied in Duncan et al.|[2005] has a
global solution and generates a random dynamical system whereas in the article
Duncan et al| [2005] this equation has only local solution due to the use of a
Skorokhod-type integral instead of a Zahle-type integral.



1. Preliminaries

This chapter covers main definitions and results which are used across the whole
thesis. It is devoted to the results of the fractional integration in stochastic
calculus introduced by |Zahle [1998] [2001], as well as to the definitions and basic
results from the theory of semigroups which are used in the further sections.

1.1 Fractional integration

In the present section results and definitions are taken from Samko et al.| [1993],
Zahle| [1998]. Through the course of this section, L, will denote the L,(a, b) space
on the interval [a,b], where a < b, H* denotes the space of Holder continuous
functions on the interval [a, b] with Holder exponent A and (—1)® is understood
as €™, where 7 is the imaginary unit. Let us start from the definition of the

fractional Riemann-Liouville integral.

Definition 1. For f € Ly and o > 0 the left- and right-sided fractional Riemann-
Liouville integrals of f of order a on (a,b) are given at almost all x by

12010 = 7 [ @ =0 iy

and

(-1
o)

respectively, where I' denotes the Gamma function.

(15 f1(x) =

[ sy,

Fractional differentiation may be introduced as an inverse operation. It is
sufficient to work with a class of functions where this inverse is well-determined
and the Riemann-Liouville derivatives agree with the (more general) version of
the derivative in the sense of Weyl (Lemma 19.3 Samko et al| [1993]). The
Riemann-Liouville derivatives are defined:

1 d/“ f)
a (

(D fl(z) = ﬂ(a,b)@)m% ~dy,

and

(=D d b fy)
(1 —Oé)d$~/:c (y—x)ady'

Let p > 1 and let 1%, (L,) be the class of functions f which may be repre-
®-)

(D5 f1(2) = Lap)(2)

sented as an [%, -integral of some L,-function ¢. The function ¢ in the above
(v-)
representation f = I%; ¢ is unique in L, and for 0 < o < 1 it agrees a.e. with
(b-)
the Weyl representation of the derivative:

L (e [0S

D, f1(z) =
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and

D8 710 = iy s (2 o [ Ty ) 1 o),

By the construction it follows from Theorem 2.4 Samko et al. [1993], that

[ o [DC:Z; =1 fe Les (Lp)

and

D% (1% fll =1, f €L

If f is continuously differentiable in a neighborhood of = € (a,b), then we have
Samko et al.| [1993]:

lim [D%; f](z) = f'(z), « € (a,b)

a—1— (b—)

Let us define:

Jar(2) = Liap) (@) (f(2) — fla+)), z€R
and

go—(x) = Lap)(2)(9(z) —g(b—)), v €R
Zahle [1998] defined an integral in the following way.

Definition 2. The (fractional) integral of f with respect to g is defined by

[ 1@y = 10 [1D5 )@ )
+ Fat)(gb-) = gla+))

provided that f.. € 12, (L,), go— € I,-*(Ly) for some 1/p+1/¢<1,0<a<1.

(1.1)

By Proposition 2.1 Zahle| [1998] Definition |1.1|independent of the choice of a.

If both the integrand f and g are nice enough, the definition of integral
coincides with the Lebesgue-Stieltjes integral (L-S) and in some cases with the
Riemann-Stieltjes integral (R-S) Theorem 2.4 |Zéhle [1998]:

Theorem 1. Suppose that g has bounded variation with variation measure p and
f and g satisfy the conditions of Definition |1.1] and one of the conditions below
is satisfied:

(i) I Iy I8, D5 far ]| (@) u(d ) < o0.
(i) If f is bounded and right-(or left-) continuous at p-a.a. points

Then ) )
| f@)dgte) = (L=8) [ f@)dg(a)



Remark 1. As a special case for any continuous function f in (ii) it holds:

[ f@rge) = ® =) [ f)dgo

Holder continuous functions require special attention since the fractional noise,
which is studied in the further chapters, will have Holder continuous sample paths
of order 1/2 or higher. Theorem 4.2.1 and Proposition 4.4.1 Zahle| [1998] give
properties of the integral in the case of Hoélder functions f and g.

Theorem 2. If f € H* g € H" for some X\ + p > 1, the Riemann-Sticltjes
integral (R-S) f; fdg exists and agrees with the integral ff fdg in the sense of

.

Proposition 3. If f € H*, g € H" for some A+ pu>1,1—pu < a < X and the
derivatives in are bounded, then

)
ﬂ(a’b)(')/a fdg c H*

and ,
]l(&b)(-) /(‘) fdg c H*

1.2 Fractional integration with respect to frac-
tional noise

The following section complements the results of the previous section with an
extension to stochastic calculus. Results from this section are also taken from
7ahle [1998), [2001).

Let us study integration with respect to fractional Brownian motion B on
(Q, F,P). The fractional Brownian motion is a real valued centered Gaussian pro-
cess on [0, 00) with stationary increments and variance E(B (t + s) — B (t))? =
s*H where s,t > 0 and H € (0,1) is a parameter of the process. In (Chentsov
[1956] it was proved that B¥ has a version with sample paths of Holder continuity
of all orders A < H on any finite interval [0, 7] P a.s.. Further, consider the set
Qo C Q with P(€) = 1 on which every sample path of B¥ is Holder continuous.

The Holder continuity of sample paths of BY guarantees the existence of the

integral in the sense (|1.1])
t
/ f(s,w)d B (s,w), 0 <t <T, weQy, (1.2)
0

for any random measurable function f such that f : [0, 7] x Q — R is measurable
and fo;(-,w) € I§, (L:1(0,T)) for some a > 1— H. For H > 1/2 it allows to solve
stochastic differential equations path-wise. It is important to highlight that there
is no requirements for adaptedness of random function f.

All considerations above might be transferred to any stochastic process which
has Holder continuous sample paths with exponent greater 1/2 with probability
1.



To study integral as an operator it is necessary to introduce some notation of
Besov- (or Slobodeckij-) type spaces W' for 0 < o < 1 (with modification) given
by the (semi) norms:

1/2

b b _ 2
I = ([ [ S )
[ llwe = 1Al zo + [ f [l
1w = [1f e + 1F T

b 9 1/2
v = ([ G Dmdz)  + 1y

T —a)

b 2 1/2
v = ([ Do)+l

The following theorems provide a connection between spaces of functions and
continuity properties of integrals Theorem 1.1 and Theorem 1.2 Zéhle| [2001].

Theorem 4. Suppose 0 < a < 1 then the following compact embeddings hold:
(i) For ap > 1 we have 1%, (L,) — HY/P.

(6—)

(i7) a+5(a+) — ]%Jr (L), 6 > 0.

(iii) I‘””S(Lg) SWe,0<d<1—a.
(iv) g € W implies g, € W (y—)(x,y) for any = € [a,b) and Lebesgue almost
all y € (x,0).

Theorem 5. Suppose 0 < o < 1/2. If f € I, (La), g~ € I,-*(Ls) and f is
bounded, then

()
x b
/ fdg and / fdg
are continuous functions in x € (a,b); and

(ii) it holds that

)
||/a fdg|’W£w < const(ﬁ)”f”wgoo”gb—”W,f(b—)

provided that 5 > 1/2.

Also Theorem (ii) guarantees that for gr_ € Wf(T—), fe me, pE Wzﬁm
and a € C*(R x R;R), where 1/2 < 8 < 1, the integral operator

)
fra+ [ alf e)dg

for fixed o € R acts from Wf « into itself. The theorem below gives a local

contraction property of the integral operator. For that, denote by Wf o (to, t; g, 1)
the set of functions f on (to,t) with f(to+) = 2o and || fio4||;ye (o) < 1
2,00 ’

7



Theorem 6. Let xo,y0 € R, 1/2 < § < 1, g € Wf, a € CY(RxR,R) and

assume that the partial derivatives (%‘1 and (%“2 are locally Lipschitz as function

of the first argument. Then for any ty € (0,T) and ¢ > 0 there exists some
t € (to,T) such that for any ¢ € me(to, t;yo, 1) the integral operator A defined

by
¢)
Af =30+ [ alf.0)dg
0
maps Wgoo(to,t; Yo, 1) into itself and we have
”Af - AhHWﬁ(}o(to,t) < ch - hHWéB,oo(t07t)

for all f,h € Wfoo(to,t;yo, 1).

Our area of interest in this thesis is the noise whose sample paths are Holder
continuous with an exponent grater than 1/2. The following change of variable
formula is valid.

Theorem 7. Let 0 < a < 1/2, f € I, (L2) be bounded, gr— € 1;-%(Ls) and

t
h(t) = h(0) +/ fdg, te(0,T).
0
Then we get for any C'-function F(z,t) on R x [0,T] such that ?TI; € C! and for
any 0 <tg <t <T:

toF tOF

E(h(t),t) = F(h(to), to) = ; 5y (1(s),8)f(s)d g(s) + \ 55 (1ls), s)ds.

1.3 Semigroup theory

This section contains results and definitions which are used in the next sections.
Most of results in this section are taken from [Pazy| [1983] except when results
have reference to another source.

Definition 3. Let X be a Banach space. A one parameter family T'(t), 0 <t <
00, of bounded linear operators from X into X is called a semigroup of bounded
linear operators on X if

(i) T(0) =1, (I is the identity operator on X )
(i) T(t+s)=T(t)T(s) for every t,s >0 (the semigroup property).
Definition 4. Let {T'(t)}ier+ be a semigroup and the linear operator A defined

t—0+

by
Tt —
D(A) = {x € X: limM exists}
t—0 t
and
Ttz —
Az = lim (t):;:c for x € D(A)

is called the infinitesimal generator of the semigroup T(t), D(A) is called the
domain of A.



Definition 5. A semigroup T(t), 0 <t < 0o, of bounded linear operators on X
s a strongly continuous semigroup of bounded linear operators if

lim T'(t)x =z for Vz € X.
t—0+

A strongly continuous semigroup of bounded linear operators on X is also called
a semigroup of class Cy or simply a Cy-semigroup.

Definition 6. A one-parameter family S(t), —oo < t < oo, of bounded linear
operators on a Banach space X is a Cy group of bounded operators if it satisfies:

(i) S(0) =1, (I is the identity operator on X )
(i) S(t+s)=S(t)S(s) for —oco < t,s < 0.
(7i) lim;_,o S(t)x = x for x € X.

Since {T'(t) }er+ is a collection of bounded operators the bound is provided
by the theorem below.

Theorem 8. Let {T'(t)}1er+ be a Cy-semigroup. There exists constants w > 0
and M > 1 such that

1T ()|l 2x) < Me® for 0 <t < oo.
There are some useful properties of Cy-semigroup which will be used later.

Theorem 9. Let {T'(t)}ier+ be a Cy semigroup and let A be its infinitesimal
generator with the domain D(A) in X. Then the following holds:

(i) For x € D(A), T(t)x € D(A) and

d
ET(t)x = AT (t)x = T(t)Ax.

(ii) For x € D(A),

Tt)r —T(s)x = /t T(r)AzxdT = /: AT (T)xdT

S

Let us introduce the following notation. The resolvent set p(A) of linear
operator A in X is the set of all complex numbers A for which \I — A is invertible,
i.e., (\[ — A)7! is a bounded linear operator in X. The family R(\ : A) =
(M — A)~1, X € p(A) of bounded linear operators is called the resolvent of A.
One of the question in semigroup theory is how to recover a semigroup from the
infinitesimal generator.

Theorem 10. Let A be a densely defined operator in X satisfying the following
conditions:

(i) For some 0 < <m/2, p(A) D X5 ={\:|argA] <7/2+ 3} U{0}.

(ii) There exists a constant M such that

M
HR(/\ : A)HL(X) < W for A € s, A 7& 0.

9



Then A is the infinitesimal generator of a Cy-semigroup {T (t)}icr+, which satis-
fies [|T'(t)]|z(x) < C. Moreover,

1
T(t :7/ MR(A: AV A,
()= 5 Jp & RO A)
where T is a smooth curve in X5 running from occe " to ooe® for n/2 < 6 <

7/2+ 6. The integral above converges for t > 0 in the uniform operator topology.

Earlier, we introduced semigroups whose domain was the real nonnegative
axis. But to introduce fractional power of operator it is necessary to introduce
some extensions.

Definition 7. Let A = {z : ¢1 < argz < 9, for some p; < 0 < ¢o} and for
z € A let T(z) be a bounded linear operator. The family T(z), z € A, is an
analytic semigroup in A if

(i) z — T(z) is analytic in A,
(i) T(0) =1 and lim -0 T(z)x =z, for every x € X,
zZE€
(iii) T(z1 + 29) = T(21)T(22) for z1,29 € A.

A semigroup T'(¢) is called analytic if it is analytic in some sector A containing
the nonnegative axis.
To proceed further it is necessary to impose the following assumption.

Assumption 1. Let A be a densely defined closed linear operator for which
p(A) DTt ={N\:0<w<|arg\| <7} UV

where V' is a neighborhood of zero, and

for Ne 7T,

RA: A <
| 22( )HE(X) =14 [N
For an operator A satisfying Assumption (1) and « > 0 the following operator
is defined:

-a = -« o -1
A _2m'/oz (A—zI)""dz, (1.3)

where the path C' runs in the resolvent set of A from ocoe™ to ooce® for w <
f < m, avoiding the negative real axis and the origin and z7¢ is taken to be
positive for real positive values of z. The integral converges in the uniform
operator topology for every o > 0 and thus defines a bounded linear operator
A~ Another representation of A~ has the following form:

sin(ma)

AT =

/ I+ A)dt, 0<a<l.
™ 0

The operator A~ has the following property:
Lemma 11. There exists a constant C' € (0,00) such that

|A™zx) < C for0<a <1

10



Now it is possible to introduce the definition below.

Definition 8. Let A satisfy Assumption |1] with w < w/2. For every a > 0 we
define

AY = (AL
For a =0, we set A*=1.

Then the operator from the definition above possesses the representation be-
low.

Theorem 12. Let 0 < o < 1. If x € D(A), then

Aoy = S(a) /OO VAT + A wd
0

™

Theorem 13. Let —A be infinitesimal generator of an analytic semigroup T'(t).
If 0 € p(A) then, the following holds:

(i) For every v € D(A*) we have T'(t)A%x = A*T (t)x.

(ii) For every t > 0 the operator A*T(t) is bounded and for some constants
M, 06 > 0 it holds:

AT ()| cx) < Mot~ e, t > 0.

(7ii) Let 0 < o < 1, x € D(A%). Then it holds, for some constant C,, > 0, that:
1T(#)z — 2|ox) < Cat™||A%]|, t > 0.

1.4 Equations in Hilbert spaces

Before we introduce the solution of a stochastic equation in Hilbert space, let us
introduce the definition of solutions to deterministic equations.

We start with the abstract Cauchy problem. Let X be a Banach space and
let A be a linear operator from D(A) C X into X. We wish to find a solution
u(t) to the initial value problem [Pazy [1983]

szMWt>Q

) — (1.4)

where by a solution we mean an X valued function wu(t) such that u(t) is continu-
ous for ¢ > 0, continuously differentiable and u(t) € D(A) for ¢ > 0 and equation
(1.4) is satisfied. If A is an infinitesimal generator of Cp-semigroup S(t), then,
for any x € D(A), the abstract Cauchy problem for A has a (strong) solution
u(t) = S(t)z for every x € D(A), according to Theorem [9]

Sometimes it is possible to come to a situation when a solution in the sense
above is too limited and it is necessary to find some generalization of the solution.
Let us consider the inhomogeneous initial value problem for f € L([0,T], X) i.e,
a Bochner-integrable function on the interval [0, 7] with values in the space X:

2t — Au(t) + f(t), t>0,
u0) =z, ze€lX.

(1.5)

11



Definition 9. Let A be the infinitesimal generator of a Cy-semigroup {T(t)}ier+-
Let x € X and f € L'([0,T],X). The function u € C(|0,T], X) is given by

u(t) = T()z + /OtT(t _$)f(s)ds, 0<t<T,

is called the mild solution of the initial value problem on [0,T].
Another type of a solution might be presented in the following way.

Definition 10. A function u € C([0,T],V), where V' is Hilbert space, is called
a weak solution of on [0,T] if for every v € D(A*) the function (u(t),v) is

absolutely continuous on [0,T] and

(u(t),v)y, = (x,v), + /Ot[<u(s),A*v>V + (f(s),v)]ds a.e.on[0,T].

1.5 Evolution systems

The results in this section are taken from [Pazy| [1983]. One possible extension
of the semigroup structure by introducing a new parameter is covered in this
section.

Definition 11. A two-parameter family of bounded linear operators U(t,s), 0 <
s <t <T, on Banach space X is called an evolution system if the following two
conditions are satisfied:

(i) U(s,s) =1, U(t,r)U(r,s) =Ul(t,s) for0<s<r<t<T.
(i) (t,s) — Ul(t,s) is strongly continuous for 0 < s <t <T.

Such systems arise during the study of the following non-autonomous homo-
geneous equations:

dt

{ZZ:)) :i(t>u(t) =0, s<t<T, (1.6)

where {A(t) }iepo,r) is the family of linear operators in X such that A : D(A(t)) C
X — X for every t € [0,T]. An X-valued function u : [s,T] — X is a classical
solution of if u is continuous on [s,T], u € D(A(t)) for s <t < T, u is
continuously differentiable on s < ¢ < T and satisfies .

Let us add some assumptions about the operator family {A(t)}icpo,n):

Assumption 2. The problem @ which satisfies the assumptions below is called
the parabolic initial value problem:

(A.1) The domain D(A(t)) = D of A(t), 0 <t < T is dense in X and independent
of t.

(A.2) Fort € [0,T], the resolvent R(\ : A(t)) of A(t) exists for all A € C with
ReX <0 and there is a constant M such that

IR(N : A))||2ex) < for ReA < 0, t € [0, 7).

Al +1
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(A.3) —A(t)A(0)~! is a Holder continuous function in L(X), or equivalently the
inequality

[A() = A(s)lep.x) < K[t — s[*

is satisfied for every s,t € [0,T], for some constants K > 0 and a € (0, 1],
where ||z||p = [[A(0)z|x.

Theorem 14. Under the assumptions (A.1)-(A.3) there exists a unique evolution
system U(t,s) on 0 < s <t <T, satisfying:

(i) For 0 < s <t <T exists constant C such that:

U, )| e < C. (1.7)

(i) For0 <s<t<T,U(t,s): X — D andt — U(t,s) is strongly differen-
tiable in X. The derivative (0/0t)U(t,s) is a bounded operator from X to
X and it is strongly continuous on 0 < s <t <T. Moreover,

gtU(t,S)+A(t)U(t,s):O for0<s<t<T,

!

vt

= [[A@®U(E,9)]| <

L(X)

ot t—s

and

AU, 8)A(s) Hepx)y <C" for0<s<t<T.
(iii) For every v € D and t € (0,T], U(t,s)v is differentiable with respect to s
on0<s<t<T and

0
%U(t, s)v = U(t, s)A(s)v.

Assumptions (A.1)-(A.3) guarantee that —A(¢) is the infinitesimal generator
of an analytic semigroup S(s), s > 0, satisfying

I|1S:(s)|| < C for s >0,

| Q

| A)Se(8) |2y < for s > 0,

S

where C' > 0 is some constant which depends on T'. The existence and uniqueness
of the solution of equation (1.6)) was shown in Theorem 5.6.8 |[Pazy| [1983] and has
the following form:

Ut s) = Sa(t — s) + /t S.(t — 7)R(r, s)d, (1.8)
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where
Ru(t, s) = (A(s) — A1) Ss(t — 5),
R (t,s) = / Ri(t,7)Ron(7, 8)d T,

(1.9)
R(t,s) =) Ri(t,s)
i=0
or
t
R(t,s) = Ri(t, ) + / Ru(t,7)R(r, s)d .
Calculation (5.6.26) from |Pazy| [1983] gives the estimation of R(t,s):
IRt 5)ll ) < C(t = )" (1.10)
One more useful estimation is given by equation (5.17) Tanabe [1979]:
t
/ S, (t — T)R(7,8)d 7| < Cyw(t — 5)°, (1.11)

where Cy, depends only on 7', see (5.16) [Tanabe, [1979].

Remark 2. By Definition |11] of an evolution system U(t,s) 0 < s <t < T we
have that:

lim U (¢, ) | x) = 1

and since U(t, s) is strongly continuous we can estimate its norm on the compact
interval:

sup U1, 8)]|ecx) = K(T) < .
(¢,8)€[0,T]%x[0,t]

We may notice that K(T) is non-decreasing in T'. Thus we have:

lim (T~ $)|U(t,9)] o) = 0.

T—s,t—s

This guarantees that the inequality:
K(T)(T-s)<1
always holds true for T € [s,a), where a > s.

To sum up all the properties described above, it follows that:

¢
1O )l oo < 15s(E = $)llex) + II/S Sr(t = T)R(7, 8)d 7 £(x)
<O+ Cw(t—s)* <K,

(1.12)

where K is some constant which depends on 7" only.
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2. Solutions of semilinear
stochastic equations with a
bilinear fractional noise

In this section, the following equation will be studied:
du(t) = (A(t)u(t) + F(u(t)))dt + Bu(t)dw(t), u(0)=wug €V, (2.1)

where (V)] - ||[v) is a separable Hilbert space, dw is understood as an extension
of Zéhle-type integral |Chen et al. [2013] and {A(t)}icpo,r is a family of linear
operators on V. In this chapter and further (w(t),t > 0) denotes a stochastic
process whose sample path are Holder continuous with exponent ' > 1/2.

This chapter aims at extending the results of |Garrido-Atienza et al. [2016]
and to show that the obtained results are valid not only for fractional Brownian
motion but for process (w(t),t > 0) as well. Further in this chapter we will work
with the equation path-wise and take some particular example of a path
w to work with it. It is possible since nothing except a Hoélder continuity of
the path is used. Thus all stochastic processes in this chapter are treated as a
particular path for given w € Q). A Fubini-type theorem for the integral in
the sense of Zéhle is proven in this section. As an extension to |Garrido-Atienza
et al. [2016] the solution to the equation is given for {A(t)}ejo,r) instead of
a time independent operator A.

2.1 Solution of linear stochastic equations with
a fractional noise

At first, let us consider the autonomous linear problem which is given by
do(t) = Av(t)dt + Bo(t)dw(t), v(s)=upeV, 0<s<t. (2.2)

All derivations for this type problem are done in Garrido-Atienza et al| [2016]
under the following assumptions:

(A) The linear operator A : D(A) C V — V is closed, densely defined and

generates an analytic semigroup {S4(t)}ters on V

(B) The linear operator B : D(B) C V — V is closed, densely defined and
generates a strongly continuous group {Sg(t) }ier

(C) D(A) C D(B), Sg(t)x € D(A) for all z € D(A) and the operators satisfy
the commutativity assumption

ASp(t)x = Sp(t)Azx, « € D(A), t € R.

Moreover, D(A*) C D((B*)?) and B*x € D(A*), for all z € D(A*).
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Assumption (A) for an analytic semigroup gives the following estimation
Garrido-Atienza et al. [2016):

t—r

ISalt = 5) = Salr = 9)lle) < Ka (

r—s

) L ac(01,0<s<r<t (23)
A strongly continuous group {Sp(t)}icr might be represented as

Sp,(t), t>0,

Sl = {SBH), t<0,

where Sp, (t) and Sp_(t) are Cy semigroups, then there exist some constants
Mp > 1 and ry, > 0 such that ||Sg||zn) < Mpe ™ holds for all t € R.
The nonautonomus version of the linear equation (2.2)) has the following form:

do(t) = A(t)v(t)dt + Bu(t)dw(t), v(s)=up€eV 0<s<t (2.4)

The solution of (2.4) was found in the Theorem below under the following

assumptions on the family of operators {A(t)},c0,7] and operator B:

(C.1) {A(t)}sejor is the family of closed densely defined operators and both do-
mains D = D(A(t)) and D* = D(A*(t)) are independent of ¢, for t € [0, T7.

(C.2) The closed densely defined linear operator B is defined on a domain D(B)
such that D C D(B), generates a strongly continuous group {Sg(t)}ier
with property: Sg(t)x € D for x € D, and Sg(t) commutes with A(s):

A(s)Sp(t)x = Sp(t)A(s)z, Vs >0, VteR, x € D.
Moreover, D C D((B*)?) and B*x € D*, for x € D*.

(C.3) For each t € [0,T], the linear operator A(t) is a closed densely defined
operator in V' whose resolvent set p(A(t)) contains the half-plane ReA < 0
and the resolvent R(\, A(t)) satisfies the following inequality:

M
RN, A®))|lzony < T VA€ C, ReA<0

for some constant M > 0 that does not depend on t. This condition implies
that A(t) generates an analytic semigroup for each fixed ¢ € [0,7T] which
will be denoted by Si(s) for s > 0.

(C.4) There exist constants L and 1/2 < o < 1 such that
|A(t) — A(s)|lzp,vy < L|t — s|* for s, t €[0,T],
where ||z||p is defined by ||z||p = ||A(0)x]||v

The equation in the form (1.6 which satisfies the assumptions above is called
the parabolic type equation. Theorem guarantees that equation (|1.6|) generates
an evolution system (S4(t,s),0 < s <t <T)on V which has the form (1.8].
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Remark 3. The assumption (C.2) gives us that:
Sp(t)S,(s) = Sy(s)Sp(t), Vs, q >0, Vt € R, (2.5)
where Sy(t),cp+ 5 an analytic semigroup generated by A(q).

Remark 4. The assumption (C.4) gives us that A(t) is a L(D, V') valued function
which is Holder continuous in the uniform operator topology for t € [0,T]. Thus
for each x € D we have sup,cio 7 [|A(t)z||p = R, < 0.

For the space H?, the norm is given by

lells = el = el + el 0
with
u(t) — u(s
s = 50 [u(s)l; ellpap= sup 4D =U)
selab] a<s<t<b [t — |

The symbol C([a,b]; R) denotes the space of continuous functions on [a; b] with
values in R with finite supremum norm.

Before we proceed further, it is important to introduce a lemma from (Garrido-
Atienza et al. [2016].

Lemma 15. Suppose that f € H" and g € H' such that 1 —~' < ~. Then

/:fdg

is well-defined in the sense of . In addition, Ya < s <t < b there exists a
constant ¢ depending only on b — a, v, v such that

t /
[ rdg] < clflhasllgllvantt = ) (26)

The solution to the equation ([2.1) will be searched in the following forms
(assumptions on function F' will be stated in the next section):

Definition 12. Given T' > 0, a stochastic process v = {v(t),t € [0,T]} is said
to be a weak solution to the equation , if, for any ¢ € D,

(0(t), = G0, Oy + [ 10(5), A()Q)y + (F(w(5)), Chy s

t
+%;@@)£ﬁdew@L t e [0,7]
provided that all the integrals above are meaningful.

Definition 13. A stochastic process u = {u(t),t € [0,T]} is said to be a mild
solution to the equation (2.1)), if

u@:U@mm+KU@@mmwm,tqmm
where
U(t,w,s) = Sp(w(t) —w(s))Salt,s), 0<s<t<T

and (Sa(t,s),0 < s <t <T) is the evolution system, which is the solution to
the equation @) with operator family {A(t) }icjor) and {Sp(t)}ier is the strong
continuous group generated by B.
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Remark 5. If the family of linear operators {A(t)}icpo,r does not depend on t,
then the weak solution has the form:

(0(0),Chy = (0, Oy + [ {05), A°Chy + (Fo(s)), s
+ [ (wl). B Oy duts), te 0.7,
and the mild solution has the form:
u@:U@®m+KU@@ﬂmmm,tQQH
where
Ut ,5) = Sul(t) —w(s)Salt —5), 0S5 <t<T,

where {Sa(t) bier+, {SB(t) }ter are the analytic semigroup generated by A and the
strong continuous group generated by B, respectively.

The theorem on the existence of the solution to the equation (2.2 was proven
in Garrido-Atienza et al.| [2016].

Theorem 16. Assume that assumptions (A), (B) and (C) hold. Then there exists
a weak solution v to the linear problem:

dv(t) = Av(t) dt + Bu(t) dw(t), wv(s) =ug €V,
which is given fort > s >0 by
v(t) = U(t,w, s)ug = Sp(w(t) — w(s))Sa(t — s)up. (2.7)

The existence of a weak solution of the equation (2.4) based on the idea of
the proof of Theorem [16] but with a new estimation for the evolution system
(Sa(t,s),0 < s <t).

Theorem 17. Assume that assumptions (C.1)-(C.4) hold. Then there exists a
weak solution v to the linear problem:

dv(t) = A(t)v(t) dt + Bu(t) dw(t), v(s) =ug €V,
which is given fort > s >0 by
v(t) = U(t,w, s)ug = Sp(w(t) — w(s))Sa(t, s)uo. (2.8)

Proof. At the beginning let us consider a case when ug € D. Our goal to apply
Theorem [7] Let us consider ¢ € D* and define G : [s,T] x R — R by

G(t7 27) = <SA(ta S)“’O? SE($)§>Va
further, it is necessary to define a function h(t). Let h(s) = 0 and:
t
M) = [ Tm(2)dew(z) = w(t) - w(s), e [5T)
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Theorem |§| and properties of Cy-semigroups give us that G € C1([s,T] x R;R)
and %%(t,-) € CHR;R) for any t € [s,T]. Based on the assumption about
(w(t),t > 0), wr— € I}2°(Ly([s,T])) and Ly 7y € 12, (Lo([s,T])) is bounded for
any 0 € (1 — /,1/2) that gives

G(t,w(t) —w(s)) = (uo, (v + /t Sa(r, s)ug, Sp(w(r) —w(s))B*()v dw(r)

+/ VS a(r 8V, S(w(r) — w(s))C)y dr

and by using the commutativity assumption (C.2), we have:
t
(U, $)uo, v = (o, Qv + [ {U(r,w, 5)uo, By du(r)

+ /:(U(r, w, 8)ug, A*(r))v dr.

This finishes the proof for uy € D. To continue with uy € V' consider a sequence
{Zp}nen C D such that ||z, — uollv — 0. Such sequence exists since D is
n o0

dense in V.
Thanks to assumptions (C.2), (C.3), continuity of w on [s, 7] and (1.12)) gives
|Sa(t, s)|| < K for Vs,t: 0 < s <t <T the following holds:

HSB(W(t) _ w(S))HL(V) < MBeTBh’J(t)*W(S)‘ < MBe2"’BSUP0§r§T lw(r)| < C’(w). (2.9>
Hence,
|U(t,w, 8)llevy = [[SB(w(t) — w(s))Salt, s)lcy < Cw)K < Cy(w), (2.10)

where C'(w) is a constant which depends on w and Cy(w) is a constant which
depends on both w and 7T'. Let us denote:

A= ’<$n>C>V - <U0,C>V\
Ay = [(U(t, 8)xn, Qv — (U(t, s)uo, )v |

A3 = Lt<U(T’ S)xm A*(T)C>V dr — /:(U(’f‘, s)uo, A*(T)C>v dr
Ay = /:(U(T, 8) T, B*O)v dw(r) — /:(U(r, g, B*C)y deo(r)| .

We want to show that Ay, A, A3 and Ay go to zero as n — oo. It is obvious
that Ay — 0. By using Cauchy—-Schwarz inequality and estimation ([2.10]), we
n o0

have:

(U(t, s)an: Qv — (U(E, s)uo, ()v]
(U(t, 8)(xn — uo), Qv

Cu(w)||zn = uollv|I¢]lv =——=0

n — oo

IN

and by using Remark [4
/:(U(r, §)ms A*(1)C)y dr — /:(U(r, $)o, A*(r)C)y dr
/:(U(r, ) (@ — 1), A*(r)C)y dr

< Cu(w)Rellzn — uollv(t —s) —— 0.

A3:
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To deal with A4 we want to apply Lemma It is necessary to show that
[{U(T,s)x, B*C)y| for z € V is a Holder continuous function of 7 with the expo-
nent § € (1/2,«), where « is the constant from assumption (C.4). At first, let
us show that the integrand convergences on [s, T':

sup |(U(7, 8)(xn — uo), B Q)v| < Cu ()| B*Cllv l|#n — uollv ——— 0 (2.11)

T€[s,T)

Now, for s < 74 < 75 < T' it is necessary to show Holder continuity:

((U(r2,8) = U(m1,8))2, B*Q)v|

= [((Sp(w(T2) —w(s))Sa(T2, ) — Sp(w(1) — w(s))Salm, s))z, B*Q)v|
= [{(Sp(w(T2) —w(s))Sa(T2,8) — Sp(w(m1) — w(s))Sa(T2, 5)

+ Sp(w(m1) — w(s))Sa(re, s) — Sp(w(mi) — w(s))Sa(m, s))z, B*C)v|
< [{Sa(72, s)(Sp(w(T2) —w(s)) — Splw(r) — w(s)))z, B*()v|

+ [(Sp(w(m1) — w(s))(Sa(r2, 8) — S, 8))z, B Qv| = L1 + I

Let us estimate the first term. From estimation (1.12)) we have ||[S4(t,s)|lz(v) <
Cyfor 0 < s <t < T, where C'4 depends on T only and use of Theorem @ (ii)

we have:
' < [(Salm 5), (Sh((m) — w(s)) — Sylw(n) — () B"Ov]
/W(Tz)_(s 155(2)(B*)C|lv d=

w(T1)

< CaC @)z llv 1B ¢ v lllwlllgrryma (72 — 72)*

< Callzflv

and
L
winamer(Ts — T1)°
< CAC W)y IS5l con (B CIv|wlllrsr (T — 8)7 P < oc.

The second term might be estimated by using assumptions (C.1)-(C.4) which

provide a representation (|1.8) for S4(¢,s), the estimations (1.10)), (1.11)) and the
fact that {S,(q)},>0 for each r € [0,7] is the analytic semigroup generated by
A(r). We have that:

I < [{(Sa(r2,s) = Sa(ri, 8))x, Sp(w(m) —w(s))B*()v|
= [{((Ss(m2 — 8) — Ss(m1 — 8)) = + (/T i Sy (19 — T)R(T, 8) dT) x

T1

+ (Sr (72 —7) — Sp(11 — 7)) R(7, 5) dT) z, Sp(w(n) —w(s))B*C)v|

s

Ss(12 = 8) = Ss(11 = 8)) &, Sp(w(m1) — w(s))B*()v|
(/T ’ S, (19 — T)R(T, 5) dT> x, Sp(w(m) —w(s))B*C)v|

([ (8= 1) = S1(r = DIRG9 dr ) @, Sl(m) = () By

1

We will split I, into three parts:
12 :L1+L2—|—L3.
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According to Remark |3, Corollary 1.10.6 Pazy |1983] and Theorem |§| we have:

Ly = [((Ss(m2 = s) = Ss(m1 = ) 2, Sp(w(m1) —w(s)) B*()v|
= |(SB(w(m1) —w(s))z, (S5(m2 — s) = S(1 — 5)) B* Qv

= [(Sp(w(n) — w(s))z, / S*(r)A*B*Cd )y | (212)
< ISa(w(n) —w@aly [~ ISHOABClvdr
< C(w)||zllv Mye™ | A* B*C|v |2 — 7,

where ||S(7) | zv) < Mse™™ for some constants M, > 1 and 7, > 0.
There is the following bound for the second term by using ((1.11)):

||/ (1o = T)R(7,5)dT||c(vy < Cw (e — T1)%,
Ly < Cw(m2 — 1) ||zl C(w)[| B*Cllv,

(2.13)

where « is constant from assumption (C.4).
The third term with the help of (2.3)), where the constant & is set equal to
the constant « from (C.4), is estimated by:

18072 = ) = S = ey | R ) e dr

<CK/ |72_Tl| Ir — s[>t dr
— 7|
1
SCKa’TQ_Tl|a/ | 7] i dr < CK.B(1 — a,a)|rn — 11|,
s |7 —T|%T —8|"7¢

Ly < CKoB(1 — o, a)|my — |* |||y C(w) || B*Cllv
(2.14)

where B(-,-) is the Beta function. The following estimation then holds:

I < C(w)lzllv(Mae™" (r2 = 1) | A" B*Clly + Cw(r2 — 70)* |1 B*C|lv
+ CKoB(1 = a, ) (e — )| B*Cl[v)

and having in mind that o > :

I,
sup -_—
s<T1 <12 <T (7'2 - 71)6

< sup C(w)|lzllv(Mee™ " (ra — 71) Pl A*B*|lv + Cw (2 — 71)* | B*C|lv

s<m<ma<T
+ CK,B(1 — a,a)(r — 1) ?|| B*C|lv)

Clw)lzllv(Mse™ (T = s)" | A*B*C|lv + Ow (T — 5)*7|| B*C||v
+ CKoB(1 — a,a)(T — s)*7°||B*C||y) < oo.

This gives us that [(U(-, s)x, B*C)v| € H?. From Lemma [L5| we have:

/;<U(7“7 8)z, B*C)v dw(r)| < (U (-, ), B*Qvlls,srlllwll| s (T — 5)7
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Combination of the estimation above and the result gives us that

Ay = /:(U(T', §)n, B*C)y dw(r) — /:<U(7", $)ug, B*C)y dus(r)] ——s 0

n — oo

and we have
A2:A1+A3+A4 n—>oo; Oa

which finishes the proof for each ug € V. m

Remark 6. As might be seen from the proof above, only the assumption about the
Hélder exponent of the noise sample paths was used. It means that Theorem
and Theorem |17 hold for noises whose sample paths have Hélder exponent larger
than 1/2 and not only for the fractional Brownian motion.

2.2 Solutions of semilinear stochastic equations

This part is devoted to the solution of the equation (2.1) for the mapping F :
V' — V which is assumed to be Lipschitz continuous, i.e. there exists L > 0 such
that

|F(u) = F(0)lly < Liju—vlly, woveV. (2.15)

The theorem below from Garrido-Atienza et al.| [2016] gives us the form of the
mild solution to

du(t) = (Au(t) + F(u(t)))dt + Bu(t)dw(t), u(0)=1u € V. (2.16)

Theorem 18. Given T > 0, under the conditions (A), (B) (C) and (2.15)) there
exists a unique mild solution (cf. Remark@ ue C([0,T],V) to (u for every
Ug € V.

The theorem below is an extension of the proof of Theorem 2.4 (Garrido-
Atienza et al. [2016).

Theorem 19. Given T' > 0, under the conditions (C.1)-(C.4) and there
exists a unique mild solution (cf. Definition W u € C([0,T7, to (W for
every ug € V.

Proof. Step 1. Assume additionally that F'is bounded, i.e. there exists a con-
stant K > 0 such that

IF(u)lly <K, ueV, (2.17)

and fix ug. Define the operator ® by

(B(1))(0) = U(t,0)uo + [ Ul F(y(r)dr, t€[0.T)

where U(t,r) is given by (2.8) (w is omitted here for shorter notation). Our goal
is to show that @ is a continuous contraction from C([0,7],V) into itself. At
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first, we show that ® : C'([0,T],V) — C([0,T],V). Take y € C([0,T],V) and
0<s,t<T. Then

[2(y) () — 2(y)(s)llv < |U(E,0)uo — U(s, 0)uo|lv
H/ (t,r)F dr—/OsU(s,r)F(y(r))dr y
For I the following holds:

= Il +IQ

Iy = [|(Sp(w(t))Sa(t, 0) — Sp(w(s))Sals, 0))uollv
= [I(S(w(?))Sa(t, 0) = Sp(w(s))Sa(t, 0)
+ 5p(w(s))Sa(t,0) — Sp(w(s))Sals, 0))uol|
< 1(S(w(t)) = Sp(w(s)))Salt, 0)uollv

) = Sa( :
+[198(w(s))(Sa(t, 0) = Sals, 0)uollv ———=77 0

s —=t—,8 > t+

by the continuity of w, Corollary 2.2.3 and Theorem 5.6.1 in [Pazy| [1983]. Let
s < t, then by estimation (2.10)) for ||U(¢,s)||zcvy < Cv and ([2.17)
+

[ - vemPueir| +| [ venFyes
[ (Sp(e(t) — () — Sp(e(s) — w(r))) Salt. F ()|
+ ‘ /0 Sp(w(s) = w(r)(Salt.r) = Sals, M) F(y(r)dr|

213+I4+CUK(t—S).

The last term as t — s+ or s — t— goes to zero. It remains to estimate I3 and
1.
To handle I3 it is necessary to re-order it:

I, <

\%4

<

t
+/ CuKdr

| (Sate(t) = wlr)) = Sp(els) - w(r))) Salt.r) Fly(r)dr|
= | [ (Satwt)Sa(-w(r) - Sa(w(s)Sa(-w(r) Satt. N Fur)dr|
— [(Saw(t) = Sp@(s)) [ Sn(-w DSt Fr)dr|

It is worth to notice that if Sg(—w(-))Sa(t,)F(y(-)) is a continuous function,
then [y Sp(—w(r))Sa(t,r)F(y(r))dr is also a continuous mapping. Define

K={zeV;0<si<t,<T: 2= /O S (—w(r))Saltr, r)F(y(r))dr).

Set K is a compact set since a continuous image of a compact set is compact,
which gives us:

limsup [[(Sp(w(t)) = Sp(w(s)))zllv =0

t—s zeiC

because a pointwise convergence becomes a uniform convergence on a compact
set. In other words we have for Is:

= [I(SB(w(®)) /SB r)Salt,r)E(y(r))dr(yv

Si‘g,fg“( (W ()) SB( (s)))z ||v—>07 ast — s+ ors—t—.
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Finally, we turn to I, for which with the help of estimations from Theorem

, , and , we obtain:

158(w(s) = w(r))(Sat, r) = Sals, ) F(y(r)llv
< KC(K, |t —s|*s —r[™ (2.18)
+ Cwlt —s|* + CK,B(1 — a,a)|t — s]?)

keeping in mind that 0 < o < 1 it gives us the following estimation:
I, < CK(K,|t— s\a/ |s —r|"“dr
0
+ Cw |t — s\o‘/ ldr + CK,B(l —a,a)|t — s|a/ ldr) < oo
0 0

Thus I, - 0ast— s+ or s — t—.
Let y1,y2 € C([0,7],V). Using (2.10) and (2.15) we obtain

19() ~ () lxor = sup /0 U (Fa(r) = Plaar))dr

< CuLT|lyr — yalloo0.1-

\%

If T < (CyL)™', then @ is a contraction. Such interval always exists. Let us
remind how constant C; is defined:

Using Remark [2| we obtain that the interval [0, (CyyL)™!) is not empty. A unique
mild solution to the equation exists by the Banach fixed point theorem on
the interval [0, (CyyL)™1). Tt is possible to extend solution to the closed interval.
Let us find lim;_, (¢, 1)1 u(?).

¢
w(t) = U(t, 0)ug + / U(t, s)Fu(s))ds € 0,(CuL)™)
0

and let

(CyL)~!

A=U(t,0)uy + / Ul(t,s)F(u(s))ds

0
so we have that:

A = u@®)llv </ HU (t,8)F(u(s))lvds < CyK((CuL)™ — 1),
which gives us limy_, (¢, 1)1 [|[A—u(t)|v = 0 in other words u(t) has a limit as t —
(CyL)~!. Now we can consider a new initial value problem for ¢t € [(Cyy L), T]
with initial condition v = u((CyL)™!) and obtain, using the same approach, that

a new solution for the problem is u' € C([(CyL)~!,2(Cy L)), V). Now we can
extend the solution u to the interval [0,2(Cy L)) by defining:

_Ju@), telo,(CuL),
ult) = {ul(t), te[(CuL),2(CuL) ). (2.19)
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u € C([0,2(Cy L), V) since we have shown that lim,_,c,1)-1 u(t) exists and u'
is continuous function on [(Cy L)~ 2(CyL)™1).

The second part of the proof where F' is a Lipschitz continuous function is
the same as the proof which is given in (Garrido-Atienza et al.| [2016] in Theorem
2.4 and it will be omitted here.

O

Remark 7. From the proof of Theorem 2.4 |Garrido-Atienza et al. [2016] it fol-
lows that there exist constants Cy(w), Co(w) > 0 such that

||u(t)HV S 01<OJ) + OQ(M)||U0||V, fort € [O,T]

Remark 8. As might be seen from the proof of Theorem we use only as-
sumption about the Hdélder exponent for the noise sample paths. Which means

Theorem and Theorem hold for noises whose sample paths have Hélder
exponent larger than 1/2.

2.3 A mild solution is a weak solution

The next step is to show that a mild solution is a weak solution. The main part of
the section is Theorem 2.5 |Garrido-Atienza et al.| [2016] for which some omitted
parts are recovered and the proof of a Fubini-type theorem for the integral in the
sense is provided. Let us start with Lemma 13.1 from [Samko et al.| [1993].

Lemma 20. If f(z) € H*, 0 < a < X <1, then

f(a) 1
['l—a)(zr—a)>

[D:+ [(z) = + ¥ (z),

where ¢ € H =% is such that ¢ (a) = 0, and satisfies |[1||gr— < c||f]|gr for some
c € (0,00).

Lemma [20| gives us property of the integral:
[lo-1w),,
a (z—y)t!

from the Weyl representation of the fractional derivative [Dg, f](z). The same
result might be achieved for the integral part of the derivative [Di~f](z). Now
it is possible to formulate a Fubini-type theorem.

Lemma 21. Let 8 and ' be such that B > 1/2, ' > 1/2 and f € C([0,T] x
[0, T],R) be such that for every r € [0,T], f(-,r) € H?([0,T],R). Then it holds
for the integrals from Definition [I.1]:

/Otltf(TaT)dW(T)dTZ/Ot/OTf(T,r)drdw(T), 0<t<T.

Proof. Since the definition of the integral (1.1)) by Proposition 2.1 Zahle| [1998]
does not depend on «, let « satisfy a < § and 1 —a < f’. Such value is possible
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because > 1/2 > 1 — . It follows from [Zahle [2001] that under assumption of
this lemma, the integral in the sense (|1.1)) takes the following form:

b b
[ sy detty = (=1 [ 105, A1) D e ]0) de.

Then the following estimations hold:
t t

/ / 7o) dw(r) dr = / (—1)° / 1D, £(-r))(1)[D)w, ) (r) dr dr
0 r

/ / ( 1—fo(;(:)— e T ”) (&(Oj))(t_ _wgf)a +w’(7)> dr dr

( (1 —f&:—)_ e T 7“>> (FQEEX))(; _wg e )>| dr dr
fr,r)

F(l . a)( _ T)a + |77Z)/(7—)|

clt — 7]5/

T(a)(t— 7)o

where p > 1 and p’ > 1 satisfy 1/p + 1/p’ = 1. In the second equality,
Lemma [20] is used, which guarantees that for each r, ¥(-,7) € H’=*([0,T],R)
and ¢'(-) € H?~1*([0,T],R). The Holder property of function w is used in the
last inequality. By the choice of 5, 8 and «, we have that there exists p > 1 such
that ap < 1 and '+ a—1 > 0 so that we have the following estimation with the
help of Minkowski inequality:

f(r,r)
HF(I —a)(t —r) + [o(7, 7))

+ (7, 7)] dr

/

Lpr Lp

-
Lp(rt;dT) B F(l o a> (T o T>a Lp(rit;dT)
+ ”"LP(Ta T)HLP(T,t;dT) < 00,

H r<§iff'§1_a + [/ (7))

clt — T|5/+°‘_1
P(Oé) LY (rit;dT)
() ot ) < 00,

<

LP (rt;:d )

where || f(7,7)| tr(rt;ar) defines LP norm of the function f(-,r) on the interval [r, ]
where the value of r is fixed. So we have:

/Ot /: D2, (-, 7)) (7)[DE=w,_|(7)| dr dir < oo.

To finish the proof we need to show that:

/ / () [DY=%w;_(7) dr dr
= (-1 o5, ( /0 FCr) dr D)D) (r) dr

Let us start with the proof that:

D5 ([ )i = [z (e dr (220)
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The left-hand side has the following Weyl representation of the fractional deriva-
tive:

D5, ([ £6m) dr)w)

1 Jo f(r,r Jo f(r,7) d"’ — J§ fly,r)dr (221)
I(l—a) ( “to / —y)i+e dy) '

The right-hand side has the following Weyl representation of the fractional deriva-
tive:

JALEACGOENIG

_/F &)<T_>T)a+ /fTr 1+a )dy>dr

[ 25 va [ [ 101000

/oT (£—77‘ adrta //f 1+a )drdy> (2.22)

/Or (f ,T ad / $r T7T2jr_)f10+a< )drdy>
)
(

B (1,7) Jo flryr)dr — [§ f(y,r)dr
“T(1-a) (/0 =t / - )1+a 4y
—a | ——dy].

o (T—y)tte

In the third equality the use of Fubini’s theorem is justified by the following

a

1l -«

l—«

o
1

F(l—a)(
1

i
1

estimation:
1+a ydr </ / e 1+a ayar
0 5—04 ‘(T—T)ﬁ’o‘—i-(T—r)ﬁ’a‘dr:/o Bia =77 dr < .
Let us consider the last term separately:
—af f(Tf_(Tyrlir / / ey 1+Oédydr

— a/OTf(T r) /0’“ (T_ly)lmdydr = —a/o f(r, r);(_T—a + (1 —r))dr
:/T f(T,r)dr_/TﬂT’T))dr: Jo f(r,r)dr fon(T,T)dT.

(1 —r) TO (1 —r)

(2.23)

Fubini’s theorem in the first equality was used. It is possible because f is contin-
uous on [0, 7] x [0,7] and we have sup, . eo7xjo,7) |/ (7,7)] = K < oo and the
following estimate holds:

IfTr // K / Y)
WA drdy < —————drdy =K 7d
/ / H—a r y— 0 v (T—y) r y y)1+o¢ y
1

-«

—K/ ey Ay =K (—(r =)+ (1 — 0)'%) = K < 0.

1l—« l—«

27



We obtain the following result by inserting (2.23) into ([2.22]):

1 g Jo f T?"dv"—f fly,r)dr
I —a) </ (T—r Firta [ e dy
"y frr)dr )

o Niaa Y

o (T—y)tte

:F(ll—a) </0T(7'—7“ dr+a /fo dr;)fﬂr‘{( )drdy
Jo f(r,r)dr 7 f(7,7)
—/0 ( dr)

TO T —7)®

B 1 o f Trdr o f dr—f fly,m)dr
_F(l—a><0 /0 y)lo+“ dy>'

We proved equality ([2.20]). This gives us:

(-1 / ( / £ ) )D-%w, (1) dr
// (1) drD}=%w;, (1) dr
/ / (1) (D} w_)(r) dr dr,

which finishes the proof that:

[ [ senasmar= [ [ sraraum

[]

The theorem below gives a connection between mild and weak solution. The
theorem is formulated for nonautonomous case and the proof is presented here
to show where Lemma is used to fill the gap in the proof of Theorem 2.5
Garrido-Atienza et al. [2016].

Theorem 22. Let the assumption of the Theorem[19 be satisfied and let u be the
mild solution to the equation . Then w s also a weak solution to .

Proof. Take t € [0,T], ¢ € D*. From the expression of the mild solution u and
the fact that U is a weak solution to the equation ({2.4)), we get

(u(t), Oy = (U1, 0)uo, Oy + / u(r)). ¢}y dr
(o, ¢ +/ U(7,0)ug, A d7+/ U (r,0)uo, B*C), dw(r)
+/ dr+/ / u(r)), A*(r)Q), drdr
+/ / u(r). BC)y dw(r)dr
(o, € +/ dr+/ (7, 0)ug, A*(r)C)y d 7
+/ [ WD F @), A ),y drdr
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/ U(t,0)ug, B*C),, dw(T -I—// ), B*Q)y drdw(r)

Uo, —|—/ dT"‘/
+/ uw(1), B*C)y, dw(T)
0

The use of Fubini’s theorem for the equality:

// derf// )), A*(r)C)y drd T

is justified by the following estimation with the help of Remark [ and Remark [7}

A*(r)¢)y drdr ,
< CuT?R(|[F(0)[lv + L(C1(w) + Cow)[[uollv)) < oo.

And Lemma [21]is used to justify:

// ), B*C)y dw(T dr—// ), B C)y drdw(r),

where the Holder continuity of (U(7,r)F(u(r)), B*¢), is known from the proof
of Theorem [I7 O
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3. Random dynamical systems

This section covers short introduction to random dynamical systems from |Arnold
[1999] and the definition of a random attractor from sources |Crauel et al. [1997],
Schmalfuss [2000], Crauel et al.| [2008] which give a different definition and criteria.

3.1 Random dynamical systems and random at-
tractors

In this section different approaches to define a random dynamical systems are
introduced. Let us start with definition from Arnold| [1999).

Definition 14. Let (2, F,P) be a probability space. Let 6, : Q — Q, t € R, be a
family of mappings satisfying the following conditions:

1. (w,t) = Ow is F @ B, F measurable, where B is the Borel o-algebra of R;
2. Oy =idg;
3. Flow Property: 0;,.s = 6,00, for s,t € R;
4. For each t € R, 0; is measure preserving i.e. 6, = P.
Then (2, F,P, (0;)er) is called a metric dynamical system.

Definition 15. A metric dynamical system (Q, F,P, (6;)icr) is called ergodic if
all sets in T ={A € F:0;,'A= A, t € R} have probability 0 or 1.

Definition 16. A measurable random dynamical system with time R on the mea-
surable space (X, B), where X is complete metric space, over a metric dynamical
system (Q, F, P, (0y)ier) is a mapping

P RxOx X=X, (t,w,z) = p(t,w)x
with the following properties:
1. Measurability: ¢ is B(R) @ F ® B,B-measurable.

2. Cocycle property: Fort € R and w € Q) the mappings p(t,w) = p(t,w, ") :
X — X form a cocycle over 0(-), i.e. they satisfy

0(0,w) =idx for allw € Q (0 € R)
and composition satisfies:

o(t+ s,w) = (t, 0(s)w) o p(s,w) forallw € Q, s,t € R. (3.1)

If (3.1) holds identically, then ¢ is called a perfect cocycle. If the cocycle
property (3.1]) holds only for fixed s and all t € R, P-a.s. then ¢ is called a crude
cocycle (where the exceptional set N can depend on s) and when (3.1)) holds
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for fixed s and ¢t € R, P-a.s. then ¢ is called a very crude cocycle (where the
exceptional set N, can depend on s and t).

Let us introduce an example of a metric dynamical system. If W is a standard
Wiener process in R? and Q = {w € C(R,R?) : w(0) = 0}, F° = (uncompleted!)
Borel o-algebra, P =Wiener measure, 6;w = w(t + -) — w(t) describes Brownian
motion as a metric dynamical system. This also has the name Wiener Shift.

One of the theorems represents a particular interest which gives a connection
between stochastic differential equations in the Stratonovich sense and random
dynamical systems |Arnold [1999] under appropriate condition on a probability
space and filtration on this space.

Theorem 23. Let C*° be the Fréchet space of functions f : R* — R whose k-th
derivative is locally 6-Holder continuous. Let fo € C*°, fi, ..., f, € C**1° and
i Y }%fj € Ck9 for some k > 1 and 6 > 0. Then:

dX; = fo(X)dt + > f(Xy) od W/, teR,

=1

where W for j € 1,...,m are independent Wiener processes and od is understood
as a Stratonovich-type integral, generates a unique (up to indistinguishability)
random dynamical system ¢ over the dynamical system describing Brownian mo-
tion.

The natural question is raised "Does generate a random dynamical sys-
tem?”. This question is studied later in further subsection, for now let us introduce
different approaches for random attractors and random dynamical systems.

In |Garrido-Atienza et al.| [2016] the definition and criteria of random attrac-
tors were used from Schmalfuss and Flandoli [1996]. Let us introduce them for

(Qa f? P7 (et)t€R>‘

Definition 17. Let H be a family of parametrized subsets D = {D(w)}weq,
D(w) C V. We call such a set system H inclusion closed if it fulfils the properties:

(i) If D € H, then for any w € Q the set D(w) C V is non empty.

(i) If D € H and D' = {D'(w)}yeq such that @ # D'(w) C D(w) for any
w € Q, then D' € H.

Definition 18. A parameterized set B = {B(w)}ueo € H is called H-absorbing
if for any D € H, w € ), there exists a ty = to(w, D) such that

o(t,0_yw, D(0_w)) C B(w), fort>t.

As the distance between two sets the Hausdorff semidistance on metric space
V = (V,d) is used, for A, B C V distance d(A, B) is defined:

d(A, B) = sup in]g d(z,y)

€A YE

Definition 19. The set-valued map A : Q — F, w +— A, where A, is closed
(compact) for allw € Q, is called a random closed (compact) set if for each x € X
the map w +— d(x, Ay,) is measurable.
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The attractor might be searched and studied across some subsets of all possible
subsets of space V. For this purpose in |Garrido-Atienza et al. [2016] the following
family of sets was used. Let us denote the positive part of logarithm function by

log_ .

Definition 20. (Tempered set|Arnold [1999]) A random variable X in'V is called

tempered if
log, ||X (0uw)llv

t—+oo ’t|

=0, we.
A random set D is called tempered set if the random variable

Q3w sup |lz|ly, we
z€D(w)

is tempered. In particular, the subset of all tempered sets will be denoted by D
for which the convergence relation

li log-‘r Supa&ED(@tw) Hl’| |V
1m
t—+oo ‘t’

=0

holds for all w € ).
Further we will work with the inclusion closed set system D defined above.

Definition 21. A random set A = {A(w)}ueq € D is called a random attractor
for the random dynamical system @ if, for any w € Q, A(w) is a compact, A(w)
is tnvariant in the sense that

o(t,w, Aw)) = A(bw), forallw e, t >0,
and moreover satisfies the pullback attractivness property

Jim d(e(t,0_;, D(0_w)), A(w)) =0, forall D e D, we Q.

The following theorem provides conditions that ensures the existence of global
D-attractors [Schmalfuss and Flandoli [1996].

Theorem 24. Let V be a complete metric space and ¢ is a random dynamical
system over metric dynamical system (Q, F, P, (0;)ier). The paths p(t,w,-)), w €
Q, t >0, are assumed to be continuous. Moreover, we assume the existence of
D-absorbing set B. Fach of these sets B(w), w € 1, is supposed to be compact.
Then the random dynamical system ¢ has unique global D-attractor

Aw)= 1 Ut 0w, B0-w))

T>t0(w,B) 2T

where to(w, B) is given in the Definition [1§
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3.2 Random dynamical systems and random at-
tractors: the second definition

One of the first definitions of random attractor was introduced in ICrauel et al.

[1997]. Suppose (X, d) is a complete separable metric space and (2, F,P) is a

probability space. Let S(¢,s,w) : X — X, —o0 < s <t < 00, be a parameterized
by w € Q family of mappings, satisfying the properties:

(D.1) S(t,r,w)S(r,s,w)xr = S(t,s,w)r forall s <r <t € X and P-a.a. w € Q;
(D.2) S(t,s,w) is continuous in X, for all s <t and P-a.a. w € €.
(D.3) for all s <t and x € X, the mapping
w i S(t,s,w)x
is measurable from (€2, F) to (X, B(X))

(D.4) The mappings s — S(t, s,w)x is right continuous at any point s € (—o0, t),
for all t,z € X and P-a.a. w € €.

So the S(t, s,w)z is the state at time ¢ of the system whose value at time s is z.

Definition 22. For givent € R and w € Q, we say that K(t,w) C X is called
an attracting set at time t if, for all bounded sets B C X,

d(S(t,s,w)B, K(t,w)) = 0, s = —0o0,

The system (S(t,s,w)i>s weq) s called asymptotically compact if there exists a
measurable set Qg C 0, with measure one, such that for all t € R and w € g,
there exists a compact attracting set K(t,w). The set

A(B,t,w)= () U S(t, s,w)B

T<ts<T

s called Random Omega-limit set of a bounded set B C X at time t. Random
attractor is the set:

Alt,w) = |J A(B,t,w).

BcX

Let assume that there exists a metric dynamical system (Q, F, P, (6;)cr), with
property that for all s <t and z € X,

S(t,s,w)xr =S(t—s,0,0w)x, P—a.s. (3.2)

If such a metric dynamical system exists, then it is necessary to show the
existence of an absorbing set at time 0.

Remark 9. It is possible to represent S(t,s,w) as a random dynamical system
@ cf. Definition . Assumption (D.1) gives the following relation:

S(t+s,s,w)S(s,0,w)r=S({t+s,0,w)z, s<t, zelX.
Now let us use the property .'

S(t,0,0,w)S(s,0,w) =S(t+s5,0,w) s<t,xeX, wel
if we set ¢(t,w) = S(t,0,w) then we obtain Definition under assumptions
(D.1)-(D.4).
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Proposition 25. Under assumptions (D.1)-(D.4) and (3.9), suppose that for P-
a.e. w there exists a compact attracting set K(w) at time 0, i.e., such that for all
bounded sets B C X,

d(S(0,s,w)B,K(w)) = 0, s & —00
Then the random dynamical system (S(t,s,w))i>swea @S asymptotically compact.

If the assumption of Proposition is satisfied, then the random attractor
might be defined as:
Aw) = A(0,w)

The main result for random attractors from Crauel et al.| [1997].

Theorem 26. Let (S(t,s,w))i>sweq be a random dynamical system satisfying
(D.1-D.4}). Assume that there exists a metric dynamical system (0, F, P, (0;)er)
such that holds and that, for a.a. w € ), there exists a compact attracting
set K(w) at time 0. For a.a. w € ), we set

Aw) = U A(B,w)

BCX

where the union is taken over all the bounded subsets of X and A(B,w) is given
by

AB,w)= (1 U S(0,s,w)B.
T<0s<T
Then for a.a. w € €):

1. A(w) is a nonempty compact subset of X, and if X is connected, it is a
connected subset of K(w) .

2. The family A(w), w € Q, is measurable

3. A(w) is invariant in the sense that
S(t, s,w)A(Osw) = A(Gw), s < t.
4. A(w) is the minimal closed set such that fort € R, B C X bounded
d(S(t,s,w)B, A(6w)) — 0, when s — —o0.

5. For any bounded set B C X, d(S(t, s,w)B, A(6;w)) — 0 in probability when
t — 00.

And if the time shift 0y, t € R, is ergodic, then we also have

6. There exists a bounded set B C X such

7. A(w) is the largest compact measurable set which is invariant in the sense
of 3.
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3.3 Random attractors for semilinear stochastic
equations with a bilinear fractional noise

Let us return to the equation ([2.16)) and its solution. The solution of the equation
(2.16) is defined by Remark 5| and by Theorem [1§|

u@m:U@%®m+KU@MQﬂM&@M&temjL
where
Ut,w,s) = Sp(w(t) —w(s))Salt —s), 0<s<t<T. (3.3)

Let F = B(Cy(R,R)) be a Borel g-algebra, where Cy(R,R) is a space of contin-
uous functions such that w € Cyh(R, R) satisfies w(0) = 0. Define as 2 the set of
p’-Holder continuous functions on any interval [—N, N] for N € N which are zero
at zero and satisfies assumption (E) (this will be stated later), moreover 2 € F.
Let P be the distribution of stochastic process (w(t),t € R) whose all sample
paths belong to €. (w(t),t € R) has stationary increments and P(Q2) = 1. So we
can restrict our probability space to (€2, S,P), where S = Fjq is restriction of F
to 2. The family of mappings (6;);cr on (€2, S,P) are the shift mappings:

Ow =w(t+-) —w(t), we Cy(R,R), Vt € R.

Appendix A.3 [Arnold| [1999] gives us that (6;)cr is P measure preserving, thus
(Q,8,P, (0;)er) is a metric dynamical system.

Theorem 27. Under the conditions of Theorem [18, the unique mild solution u
of generates a random dynamical system ¢ : RT x Q x V — V defined by

o(t,w,up) = U(t,w,0)ug + /Ot U(t,w,r)F(u(r,w))dr.

In the study of attractors of the solution to in (Garrido-Atienza et al.
[2016] additional assumptions were added. It is necessary to assume that the
mapping F' can be represented as F' = al + G, wherea € Rand G:V — Vis a
bounded Lipschitz continuous function. The bound of G is denoted by C. The

equation (2.16)) might be rewritten as
du(t) = (Au(t) + G(u(t)))dt + Bu(t) o dw(t), u(0)=uy €V, (3.4)

where A = al + A. This operator again generates the analytic semigroup Sy =
e™S(t) for t > 0. Thanks to Theorem [18 the equation (3.4)) has a unique mild

solution given by
N t .
ult) = U(t,0)uo + [ O(t.1)Glu(r)dr,
0
where U(t, s) = Sp(w(t) — w(s))S(t — s) = e®*U(t,s). The mild solution of

(3.4) generates a random dynamical system which is denoted by ¢ further. Also
let us assume that there are constants M4 > 1 and A € R for which we have:

1SA()|lcvy) < MaeM, t>0. (3.5)
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Also, let Mg > 1 and p € R be such that
1S5y < Mpe, ¢ € R.

In Garrido-Atienza et al. [2016] all derivation was done for a fractional Brow-
nian motion for which the law of iterated logarithm exists, but to work with a
general process, it is necessary to impose one more assumption:

(E) Stochastic process (w(t),t € R) satisfies w(t) = o(|¢t]) for t — Loo.

The lemma below is a slight modification of the proof of Lemma 4.3 from
Garrido-Atienza et al.| [2016] where instead of the law of iterated logarithm for
fractional Brownian motion, assumption (E) is used.

Lemma 28. Assume that the stability condition a + A\ < 0 s satisfied, and let
D = {D(w)}ueq be the family of tempered sets in V. Under the assumptions

(A,B,C,E), the ball By (w) = B(0, R(w)) with

0
R(w) = 205 MaMp / el (D)= @ X)r g (3.6)

[e.e]

is a D-absorbing set.

Proof. 1t is necessary to find an estimation of a solution to (3.4) in V, let us
consider w € () and its shift #_;w for t > 0. Note that

(2, 04w, uo) v
= HSB(Q_tw(t))SA(t)u[) +/O Sp(0_w(t) —0_w(r))S,(t —r)G(u(r))dr

14
< MAMBeﬂl(Lt“’(t)H(““)tHu0||v + CaM Mg /t 01w () =0 1w (r)[+(a+A)(t=7) 7 .
B 0

t )t 0 A
= MaMpe! =Ny |, + CoMaMp /_t eM=eW=(a+tNy g,

From this if R(w) is defined by (3.6]), in the estimation above take D € D and
replace [luollv by sup,,ep_,w) l[wollv + R(w), then the following inequality holds

lo(t, 0_yw, uo) ||y < MaMpet=EOHEENE sy lug|ly + R(w).
up€D(0_¢w)
Combining assumption (E) with the assumption a + A < 0, we get that for
up € D(0_,w) there exists tg = tp(w) such that

’l@(ta eftwa uO)HV g R<W), t 2 to.

This is true in fact, given € > 0 small enough such that ex + (a + \) < 0,

@ up gy =0

lim MO qup luglly < lim e
t—o0 uOED(G_tw)

=00 up€D(0_1w)

It remains to prove that By (w) is tempered. Choose 0 < k < —(a + A), then

0
lim 672n|t\/ o) =(a+N)r g,
t——o00 —co

0 a+tA at Ky K
= lim e“t/ e T Tem T Testeatetlwttr)—w(®) g,
t——o00 —c0

0

. _atA A K

< lim e / o= B B () Fulw ()| 5 (O+plw(B)] g
t——o00 —00

K 0 a
< sup  2BEHHHROD Jipy et / .
T€(—00,0] oo —o0
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The supremum above is finite due to assumption (E). Theorem 4.1.3 (i) |Arnold
[1999] helps to show that the convergence is in place also when ¢ — oo, hence
By (w) is a tempered ball. O

The assumption (A) guarantees that there exists fy € R such that the operator
(BoI — A) is strictly positive and the fractional power of operator (8o — A)° is

well defined for every § € (0, 1], see Chapter 2 Pazy| |[1983]. We need to add one
more assumption about the operator A.

(F) D((BoI — A)?) € D(B) for some v € (0,1) and (8o — A)~' is a compact
operator.

Lemma 29. Given 6 € (0,1), 8 € (0,H), 0 < e <T and R > 0, there exists a
random constant C' = C'(w) > 0 such that

[ullger < C(w)
and
1(BoI — A u(t)]lv < C(w)
holds for each t € [¢,T] and uy € V' such that ||uol|ly < R.

Lemma 30. Under conditions of Lemma there exists a family of compact
absorbing sets C' = {C(w)}weq € D for the cocycle .

Theorem [24] give us the existence of a random attractor to the equation ((3.4)).
The proof mimics the proof of Corollary 1 in (Garrido-Atienza et al.| [2016] but
the assumption about fractional Brownian motion is replaced by the assumption

(E).

Theorem 31. Under the condition (E) and (F') and the stability condition a +
A < 0, the random dynamical system ¢ has a unique random attractor A =

{A(w)}wea € D.

Remark 10. The proof of existence of a random attractor of random dynamical
system ¢ in |Garrido-Atienza et al| [2016] is done under the assumption that
the underlying metric dynamical system (0, F,P,(0;)ier) is ergodic. There is
only one reference to the ergodic property of (Q, F, P, (6;)icr) in the analogue of
Theorem which is taken from |Schmalfuss and Flandoli [1996]. The original
source of Theorem which is |\Schmalfuss and Flandoli [1996], does not have
the assumption about ergodicity of (2, F, P, (0;)ier). This gives us that all results
above are valid for more general process (w(t),t € R) and not only for fractional
Brownian motion.
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4. Examples

This section is devoted to description of examples for noise and some equations
for which theorems above hold.

4.1 Noise: examples

Fractional Brownian Motion

One of the main examples of noise is fractional Brownian motion which origi-
nally was used in |Garrido-Atienza et al. [2016]. This process has the following
representation for ¢ € R and Hurst parameter H [Picard| [2011]:

oo 1
b <t>_r(1+H)/R

where W is a standard Wiener process on R. The process has Hoélder continuous
version of every order § < H on any interval [-N, N] for N € N. Also, it
is known that fractional Brownian motion is ergodic with respect to the shift
mappings (0;):er (Garrido-Atienza and Schmalfuss [2011].

H—3 H

1
(t—r)y 2= (—-r)y 2|dW,, teR

Rosenblatt Process

Rosenblatt process might be expressed as a miltiple It integral éoupek [2018]:

2—H 2—H

20 =alt) [ [ ([ (=)™ (s =)y ds) awy, i, 120

and

Z(t) = a(H)/R/R (— /_(1(8 - yl):rQ_QH (s — yg);QEH ds) AWy, dW,,, t <0

where
A(2H —1)

TN )

and W is a standard Wiener process on R. This process has a Holder continuous
version of every order § < H on any interval [N, N| for N € N. It also was shown
in |Coupek| [2018] that Rosenblatt process has stationary increments which allows
us to show that the shift mappings (6;):cr are measure preserving transformations
with respect to (Z(t),t € R) and the probability space (€2, F,P) on which Z(¢)
is defined. The law of iterated logarithm for Rosenblatt process is provided by
Goodman and Kuelbs|[1993]. So all results which are obtained in Garrido-Atienza
et al. [2016] hold for Rosenblatt process.

As a generalization for the processes above we consider a process which has
stationary increments and for which assumption (E) holds true. It is known from
Samoradnitsky and M.Taqqu| [2017] that any second-order H-self-similar process
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{X(t),t € I}, where I C R is interval, with stationary increments must have the

following covariance function for some o > 0, H € (0,1):
2
EX ()X (s) = %(|s|2H P — - s, s,tel (4.1)

Certain processes with such covariance function was studied in [Mori and
Oodaira| [1986] for which the law of iterated logarithm exists. All results till
the end of the current section are taken from the paper Mori and Oodaira/ [1986].
The processes of the form are studied:

X(t) :/R.../RQt(ul,...,um)qul...qum, t>0, (4.2)

where the right side is the multiple Wiener integral with respect to standard Brow-
nian motion W with W (0) = 0 and symmetric functions Q; belong to L*(R™).
Q; is called the kernel. The following assumptions are imposed for the kernel:

Qet(cuy, ..., cupy) = cH’m/th(ul, iy Up), ¢ >0, t >0, (4.3)
where 0 < H < 1 is a constant, and
Qrin(Ury ooy tm) — Qe(ur, oy ttyy) = Quug — t, ooy, — ), t >0, h > 0. (4.4)

Those conditions imply that Qo(u1, ..., u,,) = 0. Condition implies that X is
self-similar with parameter H, and implies that X has stationary increments.
It is known that a multiple Wiener integral has moments of all orders, therefore
we have E|X (1)|" < oo and:

E[X(s) = X(0)" = E[X(|s — t)]" = |s — t|™E[X(1))"

This means that the process (X (t));>0 admits a measurable version and moreover
(X (t))i>0 also admits a version with Holder continuous sample paths up to the
order H by |Chentsov| [1956]. Let us make kernel () more specific. Introduce a
symmetric function ¢ on R which is homogeneous with degree —\, i.e.,

qcuy, ..., cuy) = ¢ q(uy, ..., un), ¢ > 0. (4.5)

It is supposed that A € (m/2, (m + 1)/2). In addition, suppose that ¢ satisfies
/R.../R|q(u1, e ) q(un 1, ooyt 4+ D d ur..d iy < 00, (4.6)
Then
Qi (U1 ey Upy) :/th(v—ul,...,v—um)dv (4.7)
defines a kernel satisfying Q; € L*(R™), and with H =m/2 — XA+ 1.

At first it is necessary to introduce the space in which almost every sample
path of X is contained. We now assume that m > 1 and H € (1/2,1). Let

v(t) = t1=™2(1 4 |log(t))™?, t > 0,
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and define C,,(R™) as a space of all continuous functions y on R* satisfying

lim y(t)/v(t) = lim y(t)/v(t) = 0.

t—00 t—0+

The norm of this space is defined as:
lylle, = supy(t)|/v(D),
>0

C,(R™) becomes a Banach space.
If ¢ € L?(R) is square integrable function and Q) satisfies (4.3]) and (4.4)), then

o0 = [ o [ @l st )€n)o Eum) s, £20, (43)
describes a function in C,(R™). From Schwartz inequality we have:

y@F < lQlIENE™ = £l QIENEN™

where @ = Q; and |- ||2 is a norm on a space of L? functions. And the continuity
follows from the estimate

ly(t+ 1) —y(O)F < [|Qeen — Q:ABIIENT™ = R2IQIZNENE™

Let us impose an assumption on the kernel ¢)

(G) @ is represented as in (4.7) with a symmetric function ¢ satisfying (4.5))
and (4.6)), where A\ =m/2+1—H, 1/2 < H < 1. K¢ denotes the set of all
functions y represented by (4.8) with & € L?(R) such that ||£]|2 < 1. Let

{X.,.} be a sequence of random functions defined by

B X (nt)
Xall) = nH (21og log(n))m™/2’

t>0, n>3.

Now it is possible to formulate a theorem Mori and Oodaira/ [1986].

Theorem 32. Let X be a self-similar process with stationary increments having
representation with kernel Q; satisfying (G). Then with probability one X,, €
Cy(RT), n > 1. Furthermore with probability one the sequence {X,,n > 3} is
relatively compact in C,(RT) and the set of its points coincides with K.

The following theorem guarantees that a process which is represented as
for almost all sample paths has the estimation X (t) = o(t) for ¢t — co. This means
that we have a big family of stochastic processes which satisfy to condition (E)
from Chapter 3. Both Fractional Brownian motion and Rosenblatt process are
particular examples of choice of function ¢ and normalizing constants ¢; and ¢
which gives E|X;|?> = 1:

g(u) = cyuf "

for the fractional Brownian motion and

Q(Ul,u2) = 02(U1)+

for the Rosenblatt process.
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4.2 Equation: Examples

Let us consider two examples which were observed in the article Duncan et al.
[2005]. At first, consider the following stochastic parabolic equation of 2kth order
and the stochastic process (w(t)):>o that satisfies assumptions from chapter above:

for (¢,£) € [0,T] x O, with the Dirichlet boundary conditions
ou\”
((%) (t,£) =0, (t,£) €[0,T] x 00, a € {0,1,....,k — 1},
where k € N, O C R? is a bounded domain of class C*, b € R/{0} and
L&) = Y ant.€)D" (110)

la|<2k

To satisfy assumption (C.1) we require that (4.101 is a strongly elliptic on O,
uniformly in (¢,€) € [0,7] x O and a,(t,-) € C*(O) for each t € [0,T]. So
equation might be rewritten in the form

{dX(t) = AW)X(t)dt + BX(t)dw (4.11)

X(O) =1z €V,

for ¢t € [0,T], where V = L*(O), (A(t)u)(&) = L(t,u(t, &), Dom(A(t)) =
D = H*(O)N HE(O) and B = bl € L(V). Tt is assumed that

sup |aq(t, &) — aa(s,&)| < M|t — s|”

139)
for |a| < 2k, s,t € [0,t] and a constant M. Hypotheses (C.3) and (C.4) are sat-
isfied (Tanabe| [1979], Theorem 3.8.3). Assumption (C.2) is satisfied. All those
assumptions guarantee the existence of a weak solution to the linear problem
thanks to Theorem . If operator A(t) = A is time independent then assump-
tions (A), (B) and (C) are satisfied. It means that if equation satisfies a
stability condition of Corollary (a =0, A < 0), all results up to Lemma
hold. In other words, the equation (4.11]) possesses a random attractor.

The second example is the stochastic Cauchy problem

= ¥ ay () 52 (¢, §)+E d;(t) Ge- (. €)
( Ju(t, €) + L, b (t,6) 44, (4.12)
U(O, f) = xO(f)?
for (t,€) € [0,T] x R%, where a;;,d;, c are Hélder continuous functions for Vi, j €

1,...,d and b; € R. To satisfy assumption (C.1) it is assumed that the differential
operator




is uniformly elliptic, which means

d

Z aij(t)vivj > 0

,j=1

is satisfied for v € RY/{0} and ¢ € [0, T]. Equation (4.12)) is rewritten as

{dX(t) = AW)X(t)dt + BX(t)dw(t), (4.13)

X(O) = Xy,

where X (t),7o € V, V = L*(RY), A(t) = L(t) with Dom(A(t)) = Dom(A*(t)) =
H*(RY), B = ¥ bige-, Dom(B) = C*(R?). Theorem 5.2.1 Tanabe [1979] pro-
vides that assumption (C.1),(C.3) and (C.4) are satisfied. Operator B generates

strongly continuous groups on V' that is:

[S()x0] () = wo(&1 + bit, ... €a + bat)

for £ = (£&1,...,&) € R¥ and t € R. So (C.2) is also satisfied. This means that
all requirements for Theorem [17| are satisfied and a weak solution to the problem
(4.13) exists.

Let us consider one dimensional case of problem (4.12)):

{gg(t,g) = aZh (t,€) + b3L(t, )% (b), (4.14)

u(07§> = IO(g)a
fort >0 and £ € R wherea >0 and b € R
{0}. The ellipticity condition is satisfied since a > 0. The solution for the

equation is given as

X(t) = S(w®)U(t, 0)xo,
where [S(s)z](§) = x(§ + bs) and U is the evolution system corresponding to the

equation
oy _ 0%
{ ot — Qg2

Thus, U is a heat semigroup on R

(Sa(t)20)(©) = [ (4m0) P exp [—5(6 = 0| r0(O)dc

and
X (t) = S(w(t))Salat)xy

Despite Example 2.5 in|Duncan et al.| [2005] for the same problem the solution
is defined only for ¢ € [0,7], where T" depends on a. This difference between
solutions is explained by integration type in article. In Duncan et al| [2005]
Skorokhod integral is used whereas we use the integral in the sense of Defenition
Zahle [2001], which gives us slightly different version of the solution, which is
defined for any ¢ > 0.
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