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Introduction

In the field of universal algebra, a clone C on a finite set A is a collection of
finitary operations that satisfy two conditions: C contains all the projections and
C is closed under finite compositions. Clones are central objects in Universal
Algebra, where they enable us to study algebras up to term equivalence, and also
in Computational Complexity, where they provide complexity invariants, e.g.,
for the fixed-template finite-domain Constraint Satisfaction Problems (CSPs): to
every such a CSP one associates a certain clone and the complexity of the CSP
is fully captured by the associated clone.

Clones on a fixed domain A are naturally ordered by inclusion. Larger clones
in this ordering correspond to more structured algebras and to easier Constraint
Satisfaction Problems. However, full classification of this ordering of clones seems
currently out of reach already for three-element domains.

The focus of this thesis is on studying a preordering of clones that is coarser
than inclusion. This preordering is defined by the existence of a minion homo-
morphism, which is a mapping from clone A to clone B that preserves arities and
compositions with projections.

The motivation to study clones up to minion homomorphisms is that the
position of a clone in this order still fully captures the complexity of CSPs [I].
Moreover, describing clones up to this preordering seems to be a much easier
(albeit still challenging) task than up to inclusion. The description can be also
much nicer, as illustrated by comparing Post’s ordering of Boolean clones with
respect to inclusion [2] and Bodirky’s and Vucaj’s [3] ordering of the same class
of clones up to minion homomorphisms.

In accordance with standard practice for preorders, we consider two clones to
be equivalent if there exists a minion homomorphism from one clone to the other,
and vice versa. Describing the original preordering then amounts to describing
the equivalence and the ordering of clones factorized by the equivalence. It turns
out that two clones are equivalent if they have the same minion core. Here, a
minion is a weaker "version” of a clone: it contains all the projections and is
closed under finite compositions with projections. A minion is called a minion
core if every minion homomorphism to itself is an automorphism.

The thesis classifies the minion homomorphism preordering and minion cores
in a class of clones that we now introduce.

Clones can be in general described using relations, which in our case are binary.
An operation f is said to preserve a binary relation if the relation holds among
the results of applying f to the arguments if it holds among the arguments, i.e.
the following implication holds:

leyl /\$2R?JQ JAERWAN anyn = f('rla s )xn)Rf(yla e ayn>

We say that a clone C is determined by a set of relations if it contains exactly
those operations that preserve all the relations in the set.

The class of clones I study in the thesis is the class of clones on finite sets that
are determined by unary or binary relations whose both projections are at most
two-element. This class comes from an ongoing project of classifying all clones
on a three-element domain determined by binary arbitrary relations.



An equivalent viewpoint on this class of clones is via multi-sorted Boolean
cloned} clones on {0,1}* = {0,1} x {0,1} x --- x {0,1} whose operations act
component-wise on the k-tuples, i.e., an n-ary operation on the clone is deter-
mined by a k-tuple of operations on {0,1}. The class of clones above correspond
to the class of multi-sorted Boolean clones determined by multi-sorted unary or
binary relations. Note that the description of all multi-sorted Boolean clones
ordered by inclusion is widely open; the thesis’ result can be regarded as a step
toward describing multi-sorted Boolean clones up to minion equivalence.

The diagram below represents the poset of equivalence classes of clones. In the
following chapters and sections of the thesis, we provide a proof of the diagram’s
validity.

The first chapter, titled "Clones and Minions,” serves as an introductory chap-
ter where we present the fundamental concepts utilized throughout the thesis.

Building upon these concepts, the second chapter delves into their application,
demonstrating how they can be used to establish the validity of the diagram. The
results in this chapter are original. Within the section titled "Collapse,” we pro-
vide a proof that establishes the equivalence between each multi-sorted Boolean
clone determined by multi-sorted binary relations, and one of specific minions we
introduce. In the section labeled "Cores,” we present a proof validating that the
introduced minions indeed are minion cores. In the section titled "Ordering,” we
establish that the relations between the introduced minions align precisely with
those depicted on the diagram. Lastly, in the section labeled "Summary” we
summarize our results and present the final diagram.

Also we note that we used ChatGPT in order to improve sentences and for-
mulations.

Figure 1: Preliminary diagram illustrating the preordering of multisorted Boolean
clones determined by binary relations.

IThe thesis does not contain a proof of this equivalence. It will appear in a forthcoming
paper.



1. Clones and minions

1.1 Clones

For a nonnegative integer n we use the notation

n] ={1,2,...,n}.

Let A be a set and let n be a positive integer. We define A" as the set of
all n-tuples of elements of A. An n-ary operation on A is a function from A™
to A. The number n is referred to as the arity. Operations of arity 1 and 2 are
also called unary and binary operations, respectively. We denote the set of n-ary
operations on A as Op™(A).

For any positive integer n, ¢ € [n], and a set A, we define the n-ary projection
to the ith coordinate as follows.

mi'(ay,...,a,) = a; for every ay,...,a, € A

The set A should be clear from the context.

Now, suppose we have an m-ary operation f on A and m-ary operations
gi,---,9, on A. We define the composition of f with g¢q,...,¢g,, denoted as
fol(g1,---,9n), as the m-ary operation on A defined as follows.

(folg, - sgn))ar, . sam) = f(gi(ar, .- am), - gnlar, ... am))

An me-ary relation on a set A is defined as a subset of A™.
Let f be an n-ary operation and R be an m-ary relation on the same set A. We
say that f preserves R if for all m-tuples r1,...,7r, € R, we have f(ry,...,r,) €

R. Here, f(ry,...,7,) is computed component-wise:
T11 T21 Tn1 flri,ran, .o Tat)
T12 ’ 7'?2 L 7”7'12 cR — f(7"12,7“22.,---,?"n2) c R
Tim rgim r,;m F (T 1m, Pomy « s Tnm)

Now, we introduce the concept of a clone on a set A. Let Op(A) = U2,
Op™(A) be the set of all operations on A. A clone on A is a subset C of Op(A)
that contains all the projections and is closed under composition. We denote the
set of n-ary operations in C as C(™.

Given a set 6 of relations on the same set A, the set Pol(f) is defined as the
set of all operations on A that preserve all the relations in . It is not hard to
show that this set is always a clone as stated in the following theorem. In fact,
conversely, every clone on a finite set is of this form [4], but we will not need this
fact in this thesis.

Theorem 1.1 (see [4]). Let A be a set and 6 be a set of relations on A. Then
Pol(0) is a clone on A.



We will work with a generalization of clones to multi-sorted sets. We define
a k-sorted set as a k-tuple A = (A, Ay, ..., Ax) comprising k sets. A k-sorted
n-ary operation on (Ay, Ag, ..., Ay) is defined as a k-tuple f = (f1, f2, .-, fx),
where f; is an n-ary operation on A;. The n-ary k-sorted projection to the ith
coordinate (where i € [n]), denoted by &, is the k-sorted operation defined by

' = (n,..., ),
—_——

k times

where the jth projection in the tuple is on the set A;.

Let f = (f1, fo,..., fx) be an n-ary k-sorted operation on a k-sorted set A
and g' = (91, 93+ -+, 1) 9° = (67,93, -- -+ G3), ---» 4" = (47, G5 - - -, g ) be m-ary
k-sorted operations on the same k-sorted set A. Then their composition, denoted
as fol(g',g%...,g"), is the k-sorted m-ary operation defined as follows:

fo(g', g% ..., 9"
_(f O( 1 2 n 1 2 n 1 2 n
- 1 glagla-"agl)7f20(92a927"'792)7"'afko(gkagkv"'7gk))

A k-sorted clone on k-sorted set A is a set of k-sorted operations on A that
contains all the k-sorted projections on A and is closed under composition. A
multi-sorted clone is a k-sorted clone for some k.

An me-ary k-sorted relation on a k-sorted set A = (Ay, As, ..., Ax) of type
(11, .+, im), where iy,... 4, € [k],is asubset R C A;, x A;, x ---x A; . We say
that an n-ary k-sorted operation f = (f1,..., fr) on A preserves such a k-sorted
relation R if the following implication holds:

11 21 Tn1 fi1(7"11,7"21,~->7’n1)
T12 22 T'n2 f (7"12 22, ... 7’2)

A 70,00 Y ler = pYSm €R
T1im Tom T'nm fim (T1m7 T2my -« - 7Tnm)

We remark that the type of R is regarded as a part of the definition of R, so,
formally, a k-sorted relation is a tuple (R, i1,...,imn)-.

For a set 6 of k-sorted relation on a k-sorted set A, we define Pol(#) in a
completely analogous way as before, i.e., as the set of all k-sorted operations
on A that preserve all the k-sorted relations in . A multi-sorted analogue of
Theorem is also easily seen.

Theorem 1.2. Let A be a k-sorted set and 0 a set of k-sorted relations on A.
Then Pol(0) is a k-sorted clone on A.

1.2 Minions

In this section, we will define the concepts of minions and multi-sorted minions,
which generalize clones and multi-sorted clones. The concept of a minion comes
from [5].

Let A and B be any sets and let n be a positive integer. An n-ary operation
from A to B is a function from A™ to B. We denote the set of all such n-ary



operations as Op™ (A, B). Let Op(A, B) = U, Op™ (A, B) be the set of all
operations from A to B.

Note that, in general, composition as defined above does not make sense for
operations from A to B. However, it makes sense to compose such operations
with projections on A. Explicitly, for an n-ary operation f from A to B, a
positive integer m, and iy, ..., i, € [m], the composition f o (77", 77,... , 7]") is
the following m-ary operation from A to B:

(fo(my,....mi ) ar, ... am) = f(ai, ..., a;,).

The operation f o (7", m, ..., m") is also called a minor of f.
A minion on (A, B) is a nonempty subset M of Op(A, B) that is closed under
composition with projections; in other words, it is closed under taking minors.
A suitable analogue of a relation in this context is a pair of relations of the
same arity, one on A and the other one on B. Although we will not need a
generalized concept of preservation, we state it for comparison. We say that an
n-ary operation f from A to B preserves a pair of relations (R, S), where R is an
m-ary relation on A and S is an m-ary relation on S, if the following implication

holds:

11 21 Tn1 f(Tll, 215 .- 7Tn1)
12 22 Tn2 f(T’12 rog,...,T 2)

) . PR n E R :> ’ .’ ’ " E S
T1m Tom T'nm f(rlma Tomy - - 7rnm)

The set of all operations of A to B preserving a set of pairs of relations is always
a minion.

Finally, we generalize minions to multi-sorted minions in a similar way as we
generalized clones to multi-sorted clones. Let A = (Aj, As,..., Ax) and B =
(B1, Ba, ..., Bi) be k-sorted sets A k-sorted n-ary operation from A to B is a k-
tuple f = (f1, f2, .-, fx), where f; is an n-ary operation from A; to B;. Note that
k-sorted operations from A to B can still be composed with k-sorted projections.
Explicitly, if f = (f1, f2, ..., fx) is a k-sorted n-ary operation from A to B, m

is a positive integer, and iy,...,4, € [m], then the j-th component (j € [k]) of
fol(my,...,m")is fjo(nf",...,m"), which is an m-ary operation from A; to

B;. As above, the obtained k-sorted operation from A to B is called a minor of

f

Definition 1.3. Let A and B be k-sorted sets. A k-sorted minion M on (A, B)
is a nonempty set of k-sorted operations from A to B which is closed under
taking minors, that is, for every f € M, every positive integer m, and every
i1y ...,0n € [m] (where n is the arity of f), we have

fo(mi,....,m") e M.

For a positive integer n, we denote by M ™ the set of all n-ary members of
M and call it the n-ary part of M.

Note that every multi-sorted clone on A is a multi-sorted minion on (A, A).



1.3 Minion homomorphism

When ordering clones, there are various methods to consider. In this section,
we will focus on a preordering that is determined by the existence of a minion
homomorphism.

Definition 1.4 (Minion homomorphism). Let M, A be multi-sorted minions.
A map £ : M — N is called minion homomorphism if

e it preserves arities

o it preserves minors, that is, for all n-ary multi-sorted operations f € M
and all m € N, iy,4s,...,14, € [m],

(fo(mi,....mi))=&(f)o(miy, ..., m}")
For a positive integer n we denote by €™ the n-ary part of £, that is,
M = €|y 1 M — N,

We remark that the projections on the left hand side of the above equations
can have different number of sorts and be on different multi-sorted sets. The no-
tation is abused in this way for simplicity and hopefully will not cause confusion.

Using minion homomorphisms, we define a preordering on the class of all
multi-sorted minions.

Definition 1.5 (Preordering). Let M and N be two multi-sorted minions. We
say that M is less than or equal to A, denoted by M < N if there exists a
minion homomorphism from M to N.

The relation < is a preordering on the class of all minions, that is, a reflex-
ive and transitive relation. Reflexivity is clear as the identity mapping from a
minion to itself is a minion homomorphism. Moreover, if there exist minion ho-
momorphisms from M to N and from N to £, then their composition is a minion
homomorphism from M to L.

The preodering induces an equivalence in the standard way as follows.

Definition 1.6 (Equivalence). Let M and N be two multi-sorted minion. We
say that M is equivalent to N, denoted by M ~ N, if there exist minion homo-
morphisms from M to N and from N to M.

The thesis studies the partially ordered class whose elements are ~-equivalence
classes of multi-sorted clones (taken from some collection of multi-sorted clones)
ordered by <. We informally say that we order multi-sorted clones by min-
ion homomorphisms, although the elements of the partially ordered class are
~-equivalence classes rather than single clones.

The largest multi-sorted minion is the unique one-sorted clone 7 on the set
{1}:

T = the clone on {1}
Indeed, the unique mapping from a multi-sorted minion to 7 is clearly a minion
homomorphism.

The smallest multi-sorted minion is the one-sorted clone P on the set {0, 1}
containing only projections.

P = the clone of projections on {0,1}

7



1.4 Idempotent clones and minion cores

An operation f: A" — A is idempotent if f(a,a,...,a) = a for every a € A. In
other words, f is idempotent if it preserves all the singleton unary relations {a}.

Similarly, a multi-sorted operation f = (fi,..., fx) is idempotent if so are all
the f;. For a fixed k-sorted set A = (A4, ..., Ax), we denote by Z(A) the k-sorted

clone of all idempotent operations on A:

Z(A) ={(fr,--- fe) | (f1,..., fr) is a k-sorted idempotent operation on A}.

For a set # of multi-sorted relations on A, we write IdPol(6) for the idempotent
part of Pol(6):
IdPol(#) = Pol(#) N T

A well-known fact [I] is that each clone is ~-equivalent to an idempotent
clone, so-called idempotent core of that clone. This fact extends to multi-sorted
clones in a straightfoward way. The following formulation will be convenient for
our purposes.

Theorem 1.7. Let A = (Ay,..., Ax) be a k-sorted set with each A; finite and
let 0 be a set of k-sorted relations on A of arity at most m such that Pol(8) ¢ T .
Then there exists a k'-sorted set B = (By, Ba, ..., By) and a set 0 of k'-sorted
relations of arity at most m such that

o 1< |Bj| < maxjeqr,. xy |A4;] for every i € [K']

« Pol() ~ IdPol(#")

Proof. We prove this theorem in two steps. Firstly, we find a set of relations
0’ such that Pol(f) is equivalent to Pol(#’) for some set of multi-sorted relations
0'. Then, we show that Pol(#’) is equivalent to IdPol(#’). Finally we “remove”
one-element sets.

Let f = (f1,..., fr) be a unary k-sorted operation in Pol(f) such that its
image (fi1(A1),. .., fr(Ax)) is minimal with respect to componentwise inclusion.
Define the set B as

B = (By,...,B) = (fi(A1), ..., fu(Ar))

Define 6" in a natural way using restrictions of relations in 6, i.e.,

Q/Z{RQ(B“ Xoee XBim) |R€Q,
R is a k-sorted relation of type (i, ...,%in), m € N}

Let us observe a significant property of the set B. For any unary k-sorted
operation g = (g1, ...,gx) € Pol(#’) and any i € [k], the function g; is a bijection
on B;. Suppose, for the sake of contradiction, that there exists some j € [k] for
which g; is not a bijection. In such a case, consider the composition g o f. It
is a unary polymorphism of # and, moreover, the image of g o f is smaller, a
contradiction to the minimality of B.

Now we show that Pol(6) ~ Pol(¢).



In the left-to-right direction, we define a minion homomorphism ¢ : Pol(6) —
Pol(#") as follows:

Eh)=(fiohi By froh [B),

where h = (hq, ..., hy) is a k-sorted n-ary operation A — A.

Firstly, we show that this map is well-defined. Assume that S € 6’ is an
m-ary k-sorted relation of type (i1,...,%y), and (711, .., 71m), (P21, -« -, Tom)s - - -
(Tn1s .-y Tnm) € S. Then, from the definition of ¢, it follows that (r11,...,71m),
(ro1y - sTom)y -y (Tn1y- -y "um) € R for some R € 6. Therefore, as both h
and f are polymorphisms of 8, we obtain: (f;, o hy, (111,721, -, 7n1)s- -, fi,, ©
hi, (PimsTomy - - - s Tnm) € R. Moreover, it follows from the definition of f that
(fiy o hiy(ri1, 721, - s T01)s -+ fin, © Bi (T4, T2my -« - s Tum)) € B. Therefore, (f; o
hi IBys-- -5 fuo hi [B,) is a polymorphism of ¢, and the map ¢ is well-defined

Furthermore, ¢ is a minion homomorphism, as shown in the following compu-
tation:

Eho(m™,...,7"))

f((hl(ﬂgl,...,W{:),...,hk(ﬂx,...,W;?Z)))
= (f1Ohl(ﬂrf,~~Jﬂ:),---7fk0hk(7ﬁ?,~~,772:))
(flOhl,...,kahk>O(ﬂ;?,...,ﬂ;:)

= ¢(h)o(mm,. .. )

i1 ) in

In the other direction, we define a map ¢ : Pol(§’) — Pol(f) as follows:

C(h) =h'=(hy,... W),

where for each i € [k] and for each n-tuple @ = (ay,...,a,) € A"

h;(a’) = h’i(fi(al)’ cee 7fz(an))

Assume R is an m-ary k-sorted relation of type (i1, ...,4,) in 0, and (a1, .. .,
A1m), (@21, oy Qom)y oy (A1, - ooy Gpm) € R. Then, as f is a polymorphism of 0,
(fi(an), fis(ar2), - fi(aim)), - - (fi(an1), fir(@n2), - -, fi,, (@nm)) € R. Now,
as the image of f is the domain of h, we can apply h and obtain h;, (fi, (a11), .. .,
firlan1))s - hi, (fi,(@1m), -y fi,(@am)). Moreover, as (fi,(a11), fi,(a12),. ..,
fim(alm)), e (fll (anl)a fiz(anQ)a ey flm(anm)) €ERN (Bn X oo, XBim) € 0 and
h is a polymorphism of #', we obtain h;, (fi, (a11), .-, fi,(an1)), .- hi,, (fir, (G1m),
RN fim (anm)) e RN (le X ., XBim) S 6,, which 1mphes that hil (le (CLH), R
firlan1))s -y hi, (fi.(@m)s -, fir.(anm)) € R. Thus we have shown that ( is
well-defined.

Moreover, h' is indeed a minion homomorphism as shown in the following
computation. Assume a; = (a11,...,a1m) € A7, ..., ar = (g1, ..., akm) € AP
Then for each i € [k]:

h; e} (71';711, . ,71';:)(0/1‘) = h;(am, e ,Cln'n) = hl(fl<a“1), ey fz(amn))

Therefore



Ch)o(m,....w")(ay,...,ar) =h o(w]l, ..., 7" )(a,..., a;)
= (Ryo(m,....mi)(ar), ... by o (mf, ... mi)(a))

= (h(fi(a1s,), - "7f1(a1in)) oo b (fu(ansy ), "‘7fk(aki1)))

= (hyo(my,..., zn)(fl(all) -5 filaim)),

Sheo (my o m) (fe(ak), - - fr(arm)))
—C(hlo( T, WM),.. hko( . me))(a, ., a)
= C(ho(m},... m))(ay, ... ax)
As this holds for an arbitrary ai,...,a, we conclude that { is a minion
homomorphism.

Thus far, we have shown that Pol(6) ~ Pol(¢’).

Next, we prove that Pol(f') ~ IdPol(¢’). The existence of a right-to-left
minion homomorphism is obvious (it is just inclusion).

For the reverse direction, consider a polymorphism h = (hy, ..., h;) of #’. We
define a map z as follows:

z=(z1,...,2,) =ho(m],..., o)
—_———

n times

In other words, for each i € [k] and for each a € A;, we have z(a) =
hi((l, ce ,a).
———
n times
The map z is a polymorphism of 8, therefore it’s a bijection and there exists

an inverse z~!

R RN

We define a map v in the following way:

Yv(h)=z"toh
Notice that z7toh is idempotent, as for each @ = (ay,...,a) € A; X+ - X Ay:
zloh(a,...,a) =z (hi(as,...,a1),... he(ag, ... az))
——— —_——— ———
n times n times n times
— (7 (alans o 0o Ol @) = (an,e - ap)
——— ———
n times n times

Therefore the map v is well-defined.
Moreover, v is a minion homomorphism:

Y(ho (m,...,w") = Y(ho(m,. . om ), hy(m o m)
=z o (hy(m" ...,Wm),...,hk(wff,...,7TZ"))

(zrloha(mlr, .o w2y o hy(w, )
=(z7'oh)o(a,..., &) =¢(h) o (x],... &)

10



The only thing we have to ensure is that |B;] > 1. Without the loss of
generality we assume that |B;| = 1, i.e. there exist some b such that By = {b}.
We show that IdPol(6") ~ IdPol(8”), where 6" is the set of (k—1)-sorted relations
on By X -+ X By, obtained in a way that we remove the first coordinate from the
relations in #'. In left-to-right direction we define minion homomorphism 7 in a
natural way by removing the first coordinate of h = (hy, ..., hy) i.e.:

T(hla"'7hk) = (h‘Qv"'?hk)

In the other direction we define a minion homomorphism p as

M((h27 .- uhk>) = <h17h2a .- '7hk)7
where hy(b,...,b) = 0.

Ht./—/

In both ca%elsmist is easy to see that the maps are correctly defined minion
homomorphisms.

In this way we iteratively “remove” one-element sets from B. Consequently,
we obtain the set of k’-sorted relations on B; X --- X By, where K/ < k, and
|B;| > 1 for each i € [K’]. Also note that if all the B; are one-element, then
Pol(#) ~ T, which we assumed is not the case. O

We will use a different version of a core. To distinguish them from idempotent
cores we call them minion cores.

Definition 1.8 (Minion core). A multi-sorted minion A is called a minion core
if every minion homomorphism from A to itself is a minion automorphism, i.e.,
a bijective minion homomorphism.

It turns out that every (multisorted) minion has a unique (multisorted) minion
core; we will not prove this result in general in this thesis. The concept of minion
cores is important in the study of clones, as it provides a canonical representation
for each clone, and allows us to compare clones by comparing their corresponding
minion cores.
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2. Boolean multi-sorted clones

In this chapter we work with the k-sorted set
A:(AlaAZa-"7Ak)7 A1:A2::Ak:{071}7

where k is a positive integer. The k-sorted operations on A are called k-sorted
Boolean operations, they are k-tuples of Boolean operations {0,1}" — {0,1}.
The k-sorted clones on A are called k-sorted Boolean clones.

The goal is to describe the ordering by minion homomorphisms in the class of
all multi-sorted Boolean clones of the form Pol(#), where 6 is a set of multi-sorted
at most binary relations. This will be done by computing all possible minion cores
of these clones and the ordering between them.

Theorem will allow us to concentrate on idempotent multi-sorted clones.
We use the notation Zj, instead of Z(A).

7, = all idempotent k-sorted Boolean operations

We denote by < the natural ordering of {0, 1}, i.e., 0 < 1. This ordering is ex-
tended to tuples and Boolean operations: for @ = (z1,...,2,), ¥y = (Y1, .., Yn) €
{0,1}", and f,g € {0,1}" — {0,1} we define

o x <y if x; <y for every i € [n], and
o [<gif f(x) < g(x) for every x € {0,1}".

We denote by A and V the binary minimum and maximum operation on {0, 1},
respectively, and extend it to Boolean operations.

e zAy=min{z,y}, zVy=max{z,y}
« (fAg)(@) = f(z) Ag(e), (fVg)(x) = f(x)Vg(x) for every x € {0,1}"
Finally, we denote by T the “negation” of x and extend the notation to tuples:

e T=1-—ro,

o (21,22, 20) = (T1, T2, Tyr).

2.1 Boolean operations

We will see (cf. Example[2.7)) that a (fy, ..., f,) is in Pol() for a set binary multi-
sorted relations 6 if certain relationship hold between the f;. We now introduce
two of them and prove some basic properties.

Definition 2.1. (<) Let f and g be two n-ary Boolean operations. We use the
notation f < g to indicate that for every pair of n-tuples (x,y) such that x <y,
it holds that f(x) < g(y).

Note that while f < f holds for every Boolean operation, the relationship
f < f is nontrivial. Operations satisfying f < f are called monotone.
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Definition 2.2. (Dual) Let f be an n-ary Boolean operation. The dual of f,
denoted by ¢, is defined as follows:

@) =1~ f()

where T denotes the n-tuple obtained by negating each component of x, i.e., if
x = (r1,29,...,%,), then T = (1 — 21,1 —x9,...,1 —x,).

Lemma 2.3. Let f, g be two n-ary Boolean operations. Then the following state-
ments are equivalent:

(i) fg
(ii) there exists a monotone function g’ such that f < ¢ <g

Proof. To prove the left-to-right implication assume that for each pair of n-tuples
(z,y) such that & <y, we have f(x) < g(y). We will show that f <g, i.e. that
there exists a monotone Boolean operation ¢’ such that f < ¢ < g.

Define ¢'(x) to be the maximum of all values of f(y) such that y < . In
other words, ¢'(x) = max{f(y) | y < x}. Note that ¢’ is monotone because if
x < y, then for any z < @ also z < © < y, so {f(2) | z < x} is a subset of
{f(2) | z < y} and therefore ¢'(x) = max{f(z) | z < ¢} < max{f(z) | z <
yt=9(y).

We claim that f < ¢’ < g. To see this, note that f < ¢’ by construction of ¢'.
Moreover, for < y we have f(x) < g(y) by assumption, and therefore ¢'(x) =
max{f(y) | y < x} < g(y) for any y such that & < y. Hence, ¢'(x) < g(y) for
all  and y such that @ <y, which implies ¢’ < g.

Therefore, we have shown that f < ¢’ < ¢ for some monotone Boolean oper-
ation ¢'.

To prove the right-to-left implication we assume that there exists a monotone
Boolean operation ¢’ such that f < ¢’ < g. Let « and y be n-tuples such that
x < y. Since ¢’ is monotone, we have ¢'(x) < ¢'(y). Therefore, using the fact
that f < ¢ < g, we obtain:

f(®) < g'(x) < (y) <g(y)
This completes the proof of the right-to-left implication. O

Lemma 2.4 (Properties of Duality). Let f, g, and h be n-ary Boolean operations.
The following statements hold:

(i) Double Duality: (f%)¢ = f.

(ii) Duality of Joins: (fVg)? = f4Ag? and Duality of Meets: (f Ag)? = f2V g

Proof. We prove that f is dual to f?. Let & be an arbitrary n-tuple. Then:

(fY4z) = [U(=) = f(x) = f(z)

Here, the first two equalities follow from the definition of duality. As this holds
for any n-tuple @, we conclude that f is indeed the dual of f?, and therefore

(fH)?=f.

13



Similarly, we prove that f¢ A ¢? is the dual of fV g. Let & be an arbitrary
n-tuple. Then:

(fVvg)(x)=(fVy(@ = f@)Vy@) = f@) N9(@) = f'(2) A g'(2)

Here, the first equality follows from the definition of duality, the second one
from the definition of join, the third one is De Morgan’s law, and the last one is
again the definition of duality.

Duality of Meets is proven analogously.

O

Lemma 2.5 (Properties of <). Let f, g and h be n-ary Boolean operations. Then
the following statements hold:

(i) f<g? if and only if g < f¢
(ii) If either f < g and g<h, or f<g and g < h, then f <h.
(iii) If f<g and h<r, then f Ah<gAr and fVh<agVr.
(iv) If f<g, then f < g, i.e., the < relation is stronger than the < relation.

(v) If f is monotone, then f¢, f A f¢, and fV f¢ are also monotone. Moreover,
for an arbitrary function g, the following holds: f ANg< f<fVg.

(vi) If f<ag<f, then f =g

Proof. (i) Suppose f < g% We will assume for the sake of contradiction that
g4f? € D, i.e. there exist n-tuples & and y such that = < y, but g(z) = 1
and f%(y) = 0. By the definition of duality, this implies that ¢¢(Z) = 0 and
f(g) = 1. This means according to the definition of dual that g%(Z) = 0
and f(y) = 1. If ¢ < y, then § < . Therefore fg? and we have come to
a contradiction with the assumption.

(ii) Suppose f<g and g < h. Let & and y be n-tuples such that x < y.
Since f<g and & < y, we have f(x) < ¢g(y), and since g < h, we have
9(y) < h(y). Using the fact that < is transitive, we can combine these
inequalities to get f(x) < g(y) < h(y). Therefore, we have f(x) < h(y),
and since this holds for all n-tuples * < y, we can conclude that f <h.

Now suppose f < g and g <h. Let  and y be n-tuples such that < y.
Since f < g, we have f(x) < g(x), and since g < h, we have g(x) < h(y).
We can combine these inequalities to get f(x) < g(x) < h(y). Therefore,
we have f(x) < h(y), and since this holds for all n-tuples < y, we can
conclude that f < h.

(iii) We will use definition Assume that < y. Then f(xz) < g(y) and
h(x) < r(y). Therefore from the definition of A: f(x) Ah(x) < g(y) Ar(y).
This means that (f A h)(z) < (g A7)(y), therefore by R f Ah<g AT

The proof for V is analogous.
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(iv) Suppose that f and g are n-ary functions and that f <¢. Then according
to Theorem there exists a monotone function such that f < ¢ < g.
Transitivity of < implies that f < g.

(v) Monotonicity of f? follows from |(i)|as f < f.
For monotonicity of f A f¢ we use as f < fand f?< f9 Analogously
we prove that f Vv f? is monotone.

For the last inequality we use Theorem [2.3] The following chain of inequal-
itites holds trivially according to definitions of A and V:

fhg<faf<fVy

Using transitivity from we obtain:

fhgafafvy,
which is what we wanted to prove.

(vi) Assume f<g< f. By the property stated in this implies f < g < f.
Since the relation < is antisymmetric, it follows that f = g.
O

The following lemma will enable us to project a self-dual operation g to an
interval f < fe.

Lemma 2.6. Let f and g be functions such that ¢ = ¢% and f < f% Define
h=(gV f)A fi Then the following statements hold:

(i) h = h?

(it) f <h< [
(iii) If f is monotone, then f <h< f4

Proof. [[§] We have h% = ((g v f) A f)% = (g V f)*V f) = (¢" A f) V f) =
((gV HNUEVE)) = ((gV )N fY = h. In the first three equalities, we
expanded the brackets using Lemma [2.4(ii). Then, in the fourth equality, we
applied distributivity and the fact that ¢ = ¢¢. Finally, in the last equality, we
utilized the fact that f < f.

It is clear that h < f? from the definition of A. Moreover, from we
have h = h? = (g A f3) Vv f. Since f < f?, we know that f < (g A f?) V f from
the definition of V. Therefore, we conclude that if f < f?, then f < h < f4.

The relation f < h < f? can be proven in the same way as in .
Moreover, since f < f and f < h, we can apply Lemma to conclude that
f < h. Similarly, we have h < f4.

O
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2.2 Description

In this section we show that the clones of our interest can be described by means
of ¢, =, and duals (Lemma [2.10) and then we simplify the description (Theo-

rem [2.15)).

The following example illustrates the idea of the first part.

Example 2.7. Let k = 3 and 6 = {S11, N}, where S;; = {(0,0),(0,1),(1,0)} of
type (1,2) and N = {(0,1),(1,0)} of type (2,3). We claim that

IdPol(8) = {(f1, fo, f3) €L | fr < f = fs}.

(Here f1 < f& = f3 of course means f1 < f3 and f& = fs.)

Specifically, we show that (fi, fa, f3) preserves Siy iff fi<fd and that (fi, fa, f3)
preserves N iff fd = fs, from which the claim immediately follows.

To prove left to right implication we assume (f1, fa, f3) of type (1,2,3) pre-
serves the binary relation Si1 of type (1,2). Let € = (x1,...,2,) and y =
(Y1,---,Yn) be n-tuples such that * < y. This means that for each i € [n],
(i, y:) # (1,0), which is equivalent to (x;,7;) # (1,1), i.e., (x;,7;) € S11. Based
on our assumption, (fi(x), f2(¥)) € Si1. Since fi(y) = fo(y), we can conclude
that (f1(x), fi(y)) € S, i.e., fi(x) < fd(y), which is what we wanted to prove.

Sitmilarly, we can prove it for the second relation: If * = y, then for each
i €[n], (zi,y:) € {(1,1),(0,0)}, and therefore (x;,7;) & {(1,1),(0,0)}. This is
equivalent to (x;,7;) € Soo N S11. According to our assumption, (fo(x), f3(Y)) €
Soo N S11. This implies that (fo(x), f4(y)) & SeoNS11, i-e., fi(x) = f3(y), which
1s what we wanted to prove.

For the right-to-left implication, we assume that fi, fo, and f3 are n-ary op-
erations such that fi < f& = f3. We also assume that € = (x1,...,x,) and
y = (y1,...,Yn) are n-tuples such that for each i € |n|, (z;,y;) € S11. Therefore,
(25,7;) € Sio, i.e. * < 7. By applying the assumption fi < f& on tuples  and g,
we find that fi(x) < f3(y). This inequality is equivalent to (fi(x), f3(Y)) € Sio.
Consequently, we have (fi(x), f2(y)) € S, and finally, (fi(x), f2(y)) € Si1,
which is what we wanted to prove.

Similarly, we can prove it for the second relation: If (x;,y;) € Soo N St
for each i € [n], this means that x; # y;, and therefore x; =y, and T = y.
Applying the assumption yields f{(T) = f3(y), i.e., folx) = fs(y). This means
that (fz(w), fg(’y)) € Spo N S11.

We have shown that {(f1, fo, f3) €L | f1 < f& = f3} = IdPol({Si1, N}).

We formalize descriptions of clones similar to the example and show that we
can work only with such clones.

Definition 2.8 (Description). A description over a sequence of symbols (f;, f5,
..., Tx) is a set of formal expressions, called constraints, that can take one of the
following forms

£y <1y,

i I i

d d d d d d d d
fafd, flafy, flafd, £=1f;, £ =1 fi=1; £I=1
).

where 4, j € [k] (not necessarily distinct

If D is a description over (fy,...,fyx), then we define Clo(D) as the set of all
idempotent k-sorted Boolean operations (fi,..., fr) € Z, which satisfy all the
constraints in D (in the natural sense). We also say that D describes Clo(D).
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Example 2.9. The clone from Example is

Clo({f; af3,£s = £3}) = {(f1, fo, f3) € T | 195 = fs}.
We will also use a shorter notation such as, e.g.,
Clo(f; 9 £5 = f3).

Lemma 2.10. For each set 0 of at most binary k-sorted relations on the k-sorted
A, the clone Pol(0) is equivalent to T or to Clo(D) for some descriptionD (possible
over less than k-element sequence of symbols).

Proof. From Theorem , we deduce the existence of a k’-sorted set B = (B, B,
..., Br) and a set 0" containing k’-sorted relations with arity at most 2. It is
ensured that 1 < |B;| < max;cpy |A;] for each i € [K], and Pol(#) ~ IdPol(¢').
Since |A;| = 2 for every j € [k], we conclude that |B;| = 2 for each ¢ € [k'] and
we can assume that each B; is {0, 1}.

Now we construct a description D over (fi, ..., fir) € Z such that IdPol(#') =
Clo(D).

o For each relation {0,1}?\ {(1,1)} = Sy; in & of type (i,7), where i, j € [k],
we add £; < £§ to D.

o For each relation {0,1}*\ {(0,0)} = Sp in &’ of type (i,7), where 7,7 € [],
we add £{ < £; to D.

o For each relation {0,1}*\ {(1,0)} = Sy in &’ of type (i,7), where 7,7 € [k],
we add f; <fj to D.

« For each relation {0,1}?\ {(0,1)} = Sy in ¢’ of type (i,7), where 4, j € [k],
we add £§ < £ to D.

 For each relation {(0,0),(1,1)} = Eq in 0" of type (i,7), where i,5 € [k],
we add f; = fj to D.

 For each relation {(0,1),(1,0)} = Ineq in &' of type (i,7), where i, j € [k],
we add f; = fgl to D.

o Any relation in ¢ that is not mentioned above is ignored.

To prove that IdPol(¢") = Clo(D), we consider the inclusion in both directions.

C: Let f € IdPol(#'). Since f is idempotent, it is enough to show that f
satisfies all the constraints in Clo(D). For the constraints of the form £; <£§ and
f; = f? this was demonstrated in Example : For instance, if £; < fg.l is in D,
then 0 contains Sy, so f preserves Si; (since f € IdPol(#')), which implies f;< f]d
by that example. The proof for the other relations is completely analogous.

D: Let f € Clo(D). Again, f is idempotent. We need to show that f
preserves every relation R in #'. For relations Si; and Ineq this was again proved
in Example (e.g., if fi < f]d, then f preserves Si;). For relations Sy, Sio,
Soo and Eq, the proof is analogous. The remaining relations, which were ignored
while defining D, are the following.

o Trivial: (), {0,1}?
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e One-element: {(0,0)}{(0,1)},{(1,0)},{(1,1)},
o Two-element: {(0,0),(0,1)},{(0,0),(1,0)},{(0,1),(1,1)},{(1,0),(1,1)}

It is evident that all multi-sorted Boolean operations preserve {0,1}* (of any
type) and (). That the one-element and two-element relations are preserved by f
follows from idempotency. For example, for R = {(0,1)}, the implication

£i(0,0,...,0)

0)-0) ) = [sai=|-0)

n times

n times

is satisfied because f;(0,0,...,0) = 0 and f;(1,1,...,1) = 1; for R = {(0,1),
(0,0)}, the implication

0\ (0 0 £i(0.0,....0) 0\ (0
a ) a )ty a - n times € 1 ) O )
1 2 " fj(al,ag,...,an)
is satisfied because f;(0,0,...,0) = 0.

Now we move on to the task of making the description simpler. Namely,
we elimate expressions of the form f{ < f; from D and make = appear only in a
restricted way.

Definition 2.11 (Reduced form). A description in reduced form is a description
over (f1,...,f,,81,...,8a), Where m and n are nonnegative integers such that
m +n > 1, such that

(i) g; = gf is in D for each ¢ € [m],

(ii) all the remaining constraints in D are of the form £; <f;, f; <£§, £; < g, or
gi<8i, and

(iii) there are no <-cycles of length more than 1, that is, there are no chains
f;, <9f;,<---<f;, <f;, in D with [ > 1. (Here, again, the membership in D
means that f;, <f;, is in D, f;, <£f;, is in D, etc.)

We aim to show that each Clo(D) is equivalent to Clo(D’), where the description
D’ is reduced.
Minion homomorphisms will be defined by formulas such as

€(f17f27f3> = (f37f2d7f17f1)

and later by more complex formulas, e.g.,

E(f1s far f3) = (f5. (fs A f2) V f5).

We show that each such a formula defines a minor preserving map.
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Lemma 2.12. Let k, k' € N. Let ty, to, ..., ti be terms over the set of symbols
{f1,...,fx} in the signature {A,V, ¢}. For a k-sorted Boolean n-ary operation
(fi,---, fx) and j € [K'] we define t;(f1,..., fr) : {0,1}" — {0,1} in the natural
way (replace £5 by f; and compute the expression). Then the mapping & = Ty, — Ly
defined by

g(fla"'vfk) = (t1<f17"'7fk)7t2(f17"‘7fk)7"'7tk'(f17“'7fk))

s a minion homomorphism.

Proof. First we claim that for every term s over {fy,...,f;} in the signature
{A,V, } there exists a Boolean operation 3 of arity 2k such that for every n € N,
every k-tuple of n-ary Boolean functions f = (f1,..., fx), and every a € {0,1}",
we have

(s(F))(a) =5(fi(a),..., fula), fi(@),. .., fv(@))).

The claim is proved by induction of the depth of s. The base case when s = f;
for some j is clear. If s = s1 A s9, we have

so we can define
§(a1,...,ak,b1,...,bk) = ~1(a1,...,ak,b1,...,bk) /\32(a1,...,ak,bl,...,bk).

The proof for s = s;V s, is completely analogous. Finally, if s = s¢, then we have

so we can define
S(al,...,ak,bl,...,bk) =1 —§1(b1,...,bk,a1,...,ak).

The mapping £ clearly preserves arities. It also easy to see that ¢;(f1,..., fx)
is idempotent, so & is correctly defined. It remains to verify that that for every
n € N, every n-ary k-sorted f = (f1,..., fx) € Ly, every m € N, and every i,
..., iy € [m], we have

E(f)o(mil,mi,...,m") =&(Fo(mi,m, ..., ).

Both sides are k’-tuples of m-ary Boolean operations. We need to show that for
each j € [K'], the jth Boolean operations are the same on both sides. That is, we
need to prove

t;i(f)o (W;T,?TZL, oom)=ti(fo (77{?,77{2, o T).
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For any tuple a = (ay,...,a,) € {0,1}" we have

i(F)ai, - ai,)
i(filaiy, . aiy)s o felag, ... a;,)
AG@, @), fol@, @)
t}(fl(ﬂz?(a),...,71';:(&)),...,fk(ﬂir?(a),...,ﬂfz a)),
Alrii@), ... (@), ..., fu(7) (@), ..., (@)))
=1t;((fio (m~--> m)a), ... (fro (m, ... 7)) (a),
(fro(ml,....m)@),...,(fro (mi, ..., ™)) (@)
= (t;(fo(my,...,m)))(a),

as required. O

The second ingredient is a criterion for satisfiability of a 2-CNF from [6], which
we now state. 2-CNF is a formula of propositional logic of a specific form: it is a
conjunction of clauses, each clause is a disjunction of two literals, and each literal
is either a variable or a negated variable. Such a formula is e.g.

(x or y) and (—y or z) and (y or y).

(We use a nonstandard notation for disjunction and conjunction so that we do
not overload the symbols A and V too much.) A 2-CNF is satisfiable if there
exists an assignment ¢ : variables — {true, false} making the formula true.

The implication graph of a 2-CNF is the following directed graph. Vertices
are the variables and their negations. For each clause, the graph contains the
two edges corresponding to the two implications that are logically equivalent to
the clause; and there are no other edges. In the example above, the implication
graph has edges

=Y, Y 2T, Yy 2z, 2 Y, Y =Y, Y=y
The criterion for satisfiability is as follows.

Theorem 2.13 ([6]). A 2-CNF formula is satisfiable if and only if there is no
variable x such that there exists a directed walk ©t — --+- — —x and a directed
walk —x — -+ — x.

We are ready to reduce the descriptions. At first we give a simple example
and then prove the general theorem.

Example 2.14. Consider the description D = {f{<f,, f3<af,<f3<afs}. This
description is not in reduced form since it contains the constraint £$ < £, and
a cycle £3<f,<a£§<af3. We claim that Clo(D) is equivalent to Clo(D’), where
={fi<afd g =g% g ag}. Note that D' is in reduced form.
To demonstrate the equivalence, we define a minion homomorphism

¢ : Clo(D) — Clo(D') as follows:

f((f17f27f37f4)) = (fldaféiafii)
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We need to verify that the constraints in D' hold. Since fl< fy, and according
to Lemma (fHd = fy, we can conclude that f<(f3)%. Furthermore, from
fa < fa< fd<fs, using Lemma |2.4(vi) and |2.4(ii), we find that f3 = fy = f¢. By
replacing fy with f3 in f3< fy, we also obtain that f5 is monotone. Therefore, the
map & is well-defined since all the constraints in D' are satisfied. Additionally,
this map preserves minors by virtue of Lemma [2.13,

Conversely, we define a minion homomorphism ¢ : Clo(D') — Clo(D) as fol-
lows:

C((fla f27gl>> = (fldvfg?glagl)

Once again, we verify the constraints in D. Similarly to before, since f < fd,
Lemma implies (f)?<fd. Additionally, since g1 = g¢, replacing the second
occurrence of g with g¢ in g1 g1 yields g1 < g¢. If we replace the first occurrence
instead, we obtain g¢ < gy. Thus, we have g, < g, <gl<gy. Similar to the previous
case, ¢ preserves minors as stated in Lemma[2.19

Theorem 2.15. Let D be a description over {hy,...,hy}. Then there exists a
description D' in a reduced form such that the clones Clo(D) and Clo(D') are equiv-
alent.

Proof. Let D be a description over {hy, ..., h;}. Without loss of generality, assume
that there is no description over smaller set of symbols which describes a multi-
sorted clone equivalent to Clo(D) (if there is such, we can replace the original
description with one which has the smallest number of symbols and describes an
equivalent clone).

A consequence of this minimality assumption is that there are no i, j € [k| with
i # j such that every (hq,...,h;) € Clo(D) satisfies h; = h;. Indeed, if there are
such 7 and j, say ¢ = 1 and j = 2, then we define D’ over the smaller set of symbols
{hy, ..., h} by replacing every occurrence of h; by hy and every occurrence of h?
by hd. The mapping £ : Clo(D) — Clo(D’) defined by &(hy, ..., hg) = (ha,. .. hy)
is correctly defined: the constraints in D’ are satisfied since h; is always equal
to hy when (hi,...,h;) € Clo(D). Also £ preserves minors by Lemma [2.12]
therefore it is a minion homomorphism. On the other hand, it is easy to see that
¢ : Clo(D') — Clo(D) defined by &(hg, hs, ..., hg) = (ha, ha, hs, ..., hy) is a minion
homomorphism. Therefore Clo(D) is equivalent to Clo(D’), a contradiction to the
minimality assumption.

Similarly, there are no i,j € [k] with ¢ # j such that every (hy,...,hs) €
Clo(D) satisfies h; = h?. The differences in the above argument is that while cre-
ating D’ we replace hy by h§ (instead of hy) and h$ by h,, and we define the second
homomorphism by &(hg, hs, ..., hi) = (hS, ho, hs, ..., ht). The homomorphisms
are correctly defined since (h9)? = h; by Lemma .

Now we change the set of symbols {hy, ..., hy} of D (and change the con-
straints accordingly) to {fy,...,fn,81,...,8x} (n +m = k) so that for each
(fi,- s fus g1y 9m) € Clo(D) we have g1 = ¢¢ ..., gm = g% and m is

the largest with this property, i.e., for any i € [m] we have f; # f2 for some

(.f17 sy f’nagla cee 7gm) S CIO(D)
We make several adjustments to D, none of which changes Clo(D) because of

trivial reasons or We add to D all the constraints g; = gi (i € [m]), remove re-
dundant constraints of the form f; = £, f¢ = £f¢, g; = £;, gi¥ = g;, and g¢ = g,
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replace constraints £ <£§ by £j <f; (due to Lemma [2.5(i)), replace g§ by g; in
every <-constraint, and replace g; < f; by fgl <g; and g; <£§ by £5 <g; (again due
to Lemma [2.5(1)|). We refer to these adjustments of D as simple adjustments.

The only =-constraints left are g; = g since £; = £{ is not in D by the choice
of m and all the other =-constraints were either removed or are impossible by the
minimality assumption. Note also that g; <g; with ¢ # j is not in D, otherwise
every (fi,..., fn:91,---,9m) € Clo(D) satisfies g; < g; = g;-i ag? = g;, therefore
g; = g; (due to Lemma [2.5(vi))) , a contradiction to the minimality assumption.
The remaining <-constraints of D are thus of the form f; af;, f; <f§, £f$<f;,
f;<gj, £1<g;, or g; <g;. We need to get rid of the cases £ < £5 and £$ < gj.

The description D’ will be obtained from D by selecting some numbers 7 € N
and replacing f; by f‘; and vice versa. Note that whatever set of numbers we take,
the obtained clone Clo(D’) is equivalent to Clo(D) via the minion homomorphisms
defined in both directions as &(f1, ..., fx, g1, 9x) = E(f1, - oy [l G1s- -y Gr),s
where f] = fjd if j was selected and f; = f; otherwise. The numbers will be
selected according to a satisfying assignment of a 2-CNF defined as follows. The
set of variables of the 2-CNF is {f;,...,f,} and

« for each constraint £; <f; in D we add to the 2-CNF the clause (—f; or f;),

o for each f; <1f3.1 in D we add (—f; or —f;),

for each £{ < £ in D we add (£; or £5),

for each f; < gy in D we add (—f; or —f;), and

(
(
(
o for each £{ <g; in D we add (£f; or £;).

We claim that if (—)f; — (—)f; in the implication graph of the 2-CNF formula,
then the corresponding relation fi(d) af ) holds for every (fi,..., fnsG1,--+,9m) €
Clo(D). This follows from Lemma as follows. In the first item (i.e., £; < f;
in D) we added (—f; or f;) to the 2-CNF which gives f; — f; and £ — £{ in
the implication graph; we have f; < f; (since f; <f; in D) and fjd a f& (by that
lemma) for every (fi,...,gm) € Clo(D). The second and third items are similar.
The fourth item (f; < gj) gives £f; — (—f;) in the implication graph and for any
(f1,---,9m) € Clo(D) we have f; < g; = g < f. The fifth item is similar.

It follows that there is no symbol f; such that £; — --- — —f; and =f; —
.-+ — f; in the implication graph. Indeed, otherwise f;<---< fl<q- .-« f; for every
(fi,--,9m) € Clo(D), so f; = f&, a contradiction to the choice of m. Let ¢ be a
satisfying assignment to our 2-CNF guaranteed by Theorem [2.13]

We create D' by replacing f; by £§ and £§ by f; for every j such that
¢(f;) = true, and making the simple adjustments. Observe that the only =-
constraints in D’ are still g; = g¢ (and we have all such in D') and that all <-
constraints in D" are of the form f; < f5, f; < f?, f; < gj, or g; < g; by the choice of
the 2-CNF and the adjustments. It remains to observe that there are no cycles
fi, <f;, < <fy, <fy in D' with [ > 1 since otherwise f;, < fi, <--- < fi, < fi,

and thus f;, = fi, = ... for every (f1,...,9m) € Clo(D'), which is impossible
by the minimality assumption. Now the description D’ is reduced and Clo(D’) is
equivalent to Clo(D). The proof is concluded. O

22



2.3 Collapse

In this section we show that every multi-sorted Boolean clone of the form Clo(D),
where D is in reduced form, is equivalent to a multi-sorted minion from an explicit
collection.

We start by introducing the specific multi-sorted minions. For k£ € N we
define:

i. A ={(hi,h1,...,hg) €L | hy<hy<---<ahy < hi<---<ahd<hi}
ii. B, ={(h1,ha,....,hx) €ELx | hy<hy<---<ahy<hi<---<hdahd}

iii. Cr, = {(h1,ho,...,hx) €L, | hi<hy<---<ahy =h{<---<ahd<hi}
iv. Dy = {(h1,ha, ..., hig,hi1) € Tigq | hi <hg -+ < hy < hyyq = hyyq <
hi<---<hdahd, hy<ahd}

v. X ={(h) €, | h<ah<ah?<ahd}
vi. y:{(hl,fm)ezz|h1<]h1<lh2:h§l<lhil<lh(1i}
vii. W=1{(h) €Z, | h<h=h?<ahd}

Note that all these multi-sorted minions are on (A, A), where A = ({0, 1},
..., {0,1}) is 1-sorted for X and W, 2-sorted for Y, k-sorted for A, By, Ck,
and (k + 1)-sorted for Dj. Not all of these multi-sorted minions are multi-sorted
clones. This is caused by < in the “descriptions”. We remark that f < g iff (f, g)
preserves the pair of relations (Eq, Sig) of type (1,2).

Also notice that the “descriptions” of these minions contain redundant infor-
mation. For instance, consider By, = {(h1, ha, ..., hy) € L | hy<hy<---<ahy<hi<
-+~ <ahg<ah{}. In this case, the < relations following h¢ can be inferred from the
initial relation hy < hy <--- < hy, as per Lemma .

For each of these specific minions we give a sufficient condition under which
a multi-sorted Boolean clone described by a reduced description is equivalent to
it. It will follow from the subsequent result that this condition is also necessary,
because the above multi-sorted minions are pairwise inequivalent.

For the rest of this section, we fix a description D over (fy,...,f, g1,...,&n)
in a reduced form. We define monotone symbols, ranks of the f;, and chain rank
of D as follows.

Definition 2.16. We say that a function symbol £ is monotone if £ <f is in D.
We say that D is monotone-free if no symbol f; or g; is monotone.

A path of length | to £; is a sequence f;, <f;, <---<f;  <f; in D, where
iy = ¢ and the 4, are pairwise distinct.

We define the rank of £;, denoted as rank(£;), to be the length of the longest
such path, i.e.,

rank(f;) = max{l € N | f;, «f;, <---<f;, , <f; is a path to £;}.

Finally, the chain rank of D is defined as

chr(D) = max({rank(£;) | ¢ € [n]} U
{rank(f;) + rank(fy) | i,j € [n], f; <f§ is in D} U
{2rank(f;) + 1] € [n], £f; <gj is in D for some j € [m]})
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Note that if £; <f; and ¢ # j, then rank(f;) < rank(f;). Indeed, by appending
f; to a longest path to f; we get a longer path to f; (note that there are no
repeated symbols in the new path since D does not contain cycles of length greater
than one).

231 X
X ={(h) €Ty | hah<ah®ah¥}
Lemma 2.17. Assume that
e m=0, and
o there exists i € [n] such that £; is monotone.
Then Clo(D) is equivalent to X.
Proof. We define a mapping ¢ : Clo(D) — X as follows:

S((flmf?’7f277fn)):fl/\f7,d

This mapping preserves minors due to Lemma [2.12] Furthermore, we can

observe that (f; A f&)4 = feV f; due to Lemma and f; A flafin fiafiV f2
due to the last inequality in Lemma and transitivity in Lemma [2.5(ii)}
Therefore, we have shown that the following chain of inequalities holds:

fi /\fqufz/\fqu(fz /\fid)d7

which proves that (f; A f&) € X. Thus, we can conclude that £ is well-defined.
In the other direction we define a mapping ¢ : X — Clo(D) as follows

C((h)):(fhvfn):(h’vh)

This mapping preserves minors due to Lemma Moreover, ¢ makes sense:
if f; <f; is in D, we need to verify that f; < f;, which holds true because h is
monotone. Similarly, if £; < f? is in D, we need to confirm that f; < ff, which is
also true because h < he. O

232 )Y
Y ={(hi,hs) € Iy | hy <hy Qhy = hi < h{ < h{}
Lemma 2.18. Assume that
e m >0,
o there exists i € [n] such that £; is monotone, and
o there is no j € [m] such that gy is monotone.

Then Clo(D) is equivalent to Y.
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Proof. In this case we define minion homomorphism ¢ : Clo(D) — ) as follows.

(
5((f1af27 . '7fn7gl7 s 7gm)) = (fl A fzda (gl \% (fz A .fzd)) A (fz \ de))

Here, due to Lemma [2.6(i)| and |(iii)| as g1 = ¢¢, (fi A fO)¢ = f; V f¢ and f; is
monotone, then (g1 V (fi A fi)) A (fi V ) = (g1 V (fi A FD) A (fi v 7)) and
(i NFD (g Vv (i N ED) A (fi v ).

Furthermore, f; A fé< f; A f¢ due to Lemma

Thus, we have shown that £ preserves the relations in ), which completes
the proof that the map £ is well-defined. The fact that the map is a minion
homomorphism is shown analogously as in the previous case.

In the other direction, minion homomorphism ¢ : ) — Clo(D) is defined as
follows.

5((h17h2)) = (flaf?a"'afnagla"'7gm)
= (h1,- .. hi, has .. o)

n times m times

This map is well-defined:

o If f; <f;is in D for ¢, € [n], then we need to check that f; < f;, which is
true since f; = hy <h; = f;.

o If f; < £ isin D for 4,j € [n], then hy < hf.

o If f;ag;isinD for ¢ € [n] and j € [m], then hy < ho.

233 W

W={(h)eZ | hah=h?ahi}
Lemma 2.19. Assume that

e m >0, and

o there exists j € [m] such that g; is monotone.
Then Clo(D) s equivalent to W.
Proof. We define a mapping ¢ : Clo(D) — W by

5((f17f27'"7fnugla'-~7gm)) = (gj)

This mapping preserves minors as in previous case and makes sense since (g;) €
W.
In the other direction, we define a mapping ¢ : W — Clo(D) by

¢((h) = (h,-. - h)

n + m times

This mapping makes sense since h satisfies all the relations in D, and therefore

(h, ..., h) € Clo(D). O

n + m times
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In all the previous three cases description D contained a monotone function
symbol and we considered all the cases which could happen. Now in all the
following cases we assume that there are no monotone functions in the description.

2.3.4 A,
A ={(h1,h1,...,he) €Ty | hy9hy<---<ahy < hfa---<ahdand}

Lemma 2.20. Assume that

e m=020,

« D is monotone-free, and

 chr(D) is odd.
Then Clo(D) is equivalent to Ay where k = (chr(D) + 1)/2.
Proof. We have chr(D) = rank(f;) for some ¢ € [n] or chr(D) = rank(f;)+rank(f;)
for some 4, j € [n] such that £; < £§ is in D.

Consider first the second case. Assume that rank(f;) > rank(f;) (the proof for
the converse inequality is completely analogous). Let f;, <f;, <---<f;_ be a path
to f;, where iy,49,...,4, =i € [n], r = rank(f;). Similarly, let £;, <f;, <...f;,

be a path to fj, where ji,52,...,js = j € [n], s = rank(f;). Note that k£ =
(r+s-+1)/2. We define £ : Clo(D) — A, in the following way:

E((f1, fo, -y fn)) = (h1,hoy ... hy)
:(fil/\fjw fi2/\fj27 S fis/\fjs7

fis+1 /\fi(ia fi5+2 /\fiil.,la SRR fzk Afi)

k—s operations

Note that hy < h{. Indeed, hy = fi, A fE < fi, V fE = (fE A fi,)" = hi,

where we applied Lemma and .
We have

fir <’fi2<]"'<]fis<]fis+1<]fis+2<]"'<]fik

and
d d d
fjl<]fj2<]"'<]fjs<]fir<]fi7.,1<]"'<] i)

where we applied Lemma [2.5(i)] Applying [2.5(iii)| we obtain hy < hy < --- < hg.
We have shown that ¢ is well-defined and is thus a minion homomorphism, which
finishes the second case.

The first case is simpler and we only give the definition of . Let f;, <f;,<...
<f;, be a path to f;, where iy,is,...,4, = i € [n|, r = rank(f;). Note that
k= (r+1)/2. We define £ : Clo(D) — Ay, in the following way:

5((f1af2>---afn)):(fi1/\ i(i’ fiz/\ icf,lv T fik/\ zi)

It remains to construct a minion homomorphism ¢ : A; — Clo(D). For
(hi,hay ..., hg) € Ag we define

(R, by, .. by ) = (Ry by hay B RS R

26



and define ( in the following way:

C((hl,h?v"Wh )) ( ;ank f1)7h;ank(f2 T ;ank fn))

Note that rank(f;) < 2k — 1 (since 2k — 1 = chr(D) > rank(£f;)), so the indices

of b are in [2k — 1]. Also note that h} <hl<---<hb,_; by Lemma 2 and
and that k! < (h.)¢ whenever r + s < 2k — 1 by the same lemma.

The map ( is well-defined:

o Iff; <f;isinDfori,j € [n], then rank(f;) < rank(f;), therefore i, ¢, <
h/a k .
rank(£;)

o If £; <£§is in D for i,j € [n], then rank(f;) + rank(f;) < chr(D) = 2k — 1,
therefore Al e,y < (Pranie,))

2.3.5 B
By = {(hi,ha, .., hi) € Tt | ha <hy <+~ <y <hi <--- < hg <hi}

Lemma 2.21. Assume that
e m=020,
D is monotone-free, and
 chr(D) is even.
Then Clo(D) is equivalent to By where k = chr(D)/2.

Proof. The proof is similar to the previous one. We have chr(D) = rank(£;) for
some i € [n] or chr(D) = rank(f;) + rank(f;) for some i, j € [n] such that £; <£§
is in D.

In the second case, assume that rank(f;) > rank(f;). Let f;, af;, <---<f;,
be a path to f;, where i1,49,...,%, =i € [n], r = rank(f;). Let £, <f;, a...f;,
be a path to fj, where ji,j2,...,js = j € [n], s = rank(f;). Note that k =
(r +s)/2. We define £ : Clo(D) — By, in the following way:

5((f17f27-~7fn)):<h1’h27"'7hk‘)
:<fil/\fj17 f’iz/\sz7 ceey fis/\fjsv

fis+1 A f745+2/\ 1) ") flk/\ Zk+1)

k—s operations

Note that hk ahd. Indeed, if r > s, then hy = f;, A lk“ < fszrl A lk S

firea V fi = (fd Ty fi)d=h; if r =s =k, then hy, = f;, A fj, < /\ Zk <

4V fd = (f5 A fi)” = h{. The rest of the argument for this case is as in the
previous lemma.
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The first case is also similar. Let f;, <f;, <---<£f; be a path to f;, where
Q1,12 ...,0, =1 € [n], r = rank(f;). Note that k = /2. We define £ : Clo(D) —
Aj, in the following way:

g((flvf%"'vf )) (fll/\ fm/\ fp_1? "t flk/\ ’i+1)

In the other direction, for (hy, ha, ..., i) € By, we define
(R}, By, .. b)) = (hayhay o by, hE RS R
and define ( in the following way:

C((hlﬁh?v"‘7h )) (;ankh)? ;ank(fg T ;ankfn))

Note that rank(f;) < 2k (since 2k = chr(D) > rank(f;)), so the indices of h’ are
in [2k]. Also note that k) <hl<---<hb, and that A < (h.)? whenever r + s < 2k.
This implies that ( is well-defined as in the previous proof. O

2.3.6 C;
Cr={(h1,ha,...,h) €Ty | hy<hg<a---<hy = hi<---ah§<ahi}
Lemma 2.22. Assume that
e m >0,
e D is monotone-free, and
 chr(D) is odd.
Then Clo(D) s equivalent to C, where k = (chr(D) + 1)/2.

Proof. We have chr(D) = rank(f;) for some i € [n], or chr(D) = rank(f;) +
rank(£f;) for some i,j € [n] such that £; <£$ is in D, or chr(D) = 2rank(f;) + 1
forsomeze[ ], j € [m] such that £; <g; is in D.

As usual, consider first the second case. Assume that rank(f;) > rank(f;).
Let f;, <f;, <---<f;, bea path to £;, where iy,4s,...,i. =i € [n], r = rank(£;).
Similarly, let £;, <fj, <...f;, be a path to f;, where ji,ja2,...,Js = j € [n],
s = rank(f;). Note that kK = (r + s+ 1)/2. We define £ : Clo(D) — C;, in the

following way:

é((fl;f%--'afn»:<h17h2""7hk‘)
:(fil/\ij fiz/\szv ceey fis/\fjsa

fis+1 A fls+2 A zr 10 flk 1 zk+17

k—s—1 operations

(90 V (fae AT A (i AT

Denote hj, = fi, A fi. Similarly as in the previous two lemmas we obtain
hy<hy<hy_1<hj,. Note that b, < (hf)*and hy = (g1 Vh,)A(RL)?. By Lemma
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we have hy, = h{. From Lemma we obtain hj < hy. Combining this with
hi—1 < hj, we get hy_1 < hg. This finishes the second case.
As for the first case, let £;, <f;, <--- < £; beapathto f;, where¢y,4s,...,%, =
i € [n], r = rank(£f;). Note that k = (r +1)/2. We define £ : Clo(D) — Cy in the
following way:
5((f17f27"'7f)) (fll/\ f12/\ tp—1? " flk 1/\ ’Lk+1’
The third case is the simplest. Let f;, <f;, <---<f; be a path to f;, where

i1,1,...,0, = 1 € [n], r = rank(f;). Recall that f; <g; is in D and note that
k =r+ 1. We define £ : Clo(D) — Ci in the following way:

f((fhf% <. 7fn)) = (fi17fi27 s 7fir7gj)

It remains to construct a minion homomorphism ¢ : C, — Clo(D). For

(hi,ha, ..., hi) € C we define
(R, by, oo By ) = (ha, hoy oo iy B RS o R
and define ( in the following way:

C((hbh??"'vhk’)) :( ;ank(f1)7 ;ank(fz)"'w rank(£y) s g, - By )

m operations

n operations

Note

o that rank(f;) < 2k — 1 (since 2k — 1 = chr(D) > rank(£;)), so the indices
of b’ are in [2k — 1],

o that hj <hh<---<hby 4,
o that A/ < (h.)? whenever r + s < 2k — 1, and
 that h, < hj whenever r <k — 1.

The map ( is therefore well-defined:

« Iff; <f;isinDfori,j € [n], then rank(f;) < rank(f;), therefore hj, . ¢,) <
/
rank(f;)"

o If £, <f$is in D for 4, j € [n], then rank(f;) + rank(f;) < chr(D) = 2k — 1,
therefore Panies) < (Mrami(e ))d.

o If f;agfisin D for 7 € [n] and j € [m], then rank(f;) < (chr(D) —1)/2 =
k — 1, therefore h!_, k() <1hk
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2.3.7 Dy

Dk :{(h17h2>"'7hkahk+l) E:Zk—i-1|
hi<hy<---<ahy < hppg =hp <hl<a---<ahd hp<hi}

Lemma 2.23. Assume that
e m >0,
e D is monotone-free, and
o chr(D) is even.
Then Clo(D) s equivalent to Dy where k = chr(D)/2.

Proof. We have chr(D) = rank(f;) for some ¢ € [n] or chr(D) = rank(£;)+rank(f;)
for some i, j € [n] such that £; <£§ is in D (we do not have the third case here
unlike for Cy).

In the second case we define ¢ : Clo(D) — Dy, with the usual notation (noting
k= (r+s)/2) as follows.

§<(f1>f27"'7fn)) - (hlah27"'ahk>hk+l)
:(fh/\fju fiz/\fj27 ey fis/\fjs7
s operations
d d d
fis+1/\f’ir7 fis+2/\ Gp_1? " fik/\ g1
k—s operations

(gl \% (ka A zi+1)) A (fzk A idk;+1)d))

As in the proof for By, we get hmhz. As in the proof for C, we get h1<---<hy <
hk+1 and hk+1 = hg+1'
The definition of £ for the first case is as follows.

g((flvf%"')fn)) :(fil/\ z’i: fi2/\ ici,p SRR fik/\ z‘(i+17
(0 V (fi A, DA (i A Fi )9

The construction of ¢ : D, — Clo(D) is again analogous to the proofs for By,
and Ci. For (hy, ha, ..., hy) € Cx we define

(R, By, . ) = (hayhy .o By, R RS (L RY)
and define ( in the following way:

C((hlv ha, ..., hk-i-l)) = (hi"ank(h)? h;ank(b)’ R hiank(fn)v P, P, - hk-H)

'm operations

n operations
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2.3.8 Putting it together

Theorem 2.24. Let 0 be a set of at most binary l-sorted relations on a l-sorted
A = ({0,1},...,{0,1}) for some positive integer . The clone Pol(0) is equivalent
to at least one of the multi-sorted minions Ay, B, Cy, D, X, Y, W, T, k € N.

Proof. By Lemma [2.10} Pol(f) is equivalent to 7 or is equivalent to Clo(D) for a
description D. In the latter case, by Theorem |2.15| we can assume that D is in a
reduced form. As in the beginning of the section, let D be in a reduced form over
fi,...,f0,81,...,8n The following case analysis shows that our lemmas covered
all the cases.

« D contains a monotone symbol.

— m = 0. Then Clo(D) is equivalent to X by Lemma [2.17]

—m > 0.
* some symbol g; is monotone. Then Clo(D) is equivalent to W by
Lemma [2.19
* no symbol g; is monotone. Then Clo(D) is equivalent to ) by
Lemma 2,18

e D is monotone-free.

- m=0.
* chr(D) is odd. Then Clo(D) is equivalent to A(;ankm)+1)/2 by Lemma
2200
* chr(D) is even. Then Clo(D) is equivalent to Biank(p)/2 by Lemma
2211
— m > 0.

* chr(D) is odd. Then Clo(D) is equivalent to C(rank(p)+1)/2 by Lemma
2.22.

* chr(D) is even. Then Clo(D) is equivalent t0 Drankp)/2 by Lemma
223

O

2.4 Cores

In this section we show that all the multi-sorted minions from the last section are
minion cores. That is, we prove the following theorem.

Theorem 2.25. The multi-sorted minions X, Y, W, A,, B,, C,, and D,, are
minion cores for every n € N.

Recall that all these multi-sorted minions (apart from the trivial 7" which we
do not need to consider) are on (A, A), where A = ({0,1},...,{0,1}).

The following lemma follows from the fact that the sorts are two-element sets.
The second part shows that it is enough to show that the binary parts of minion
homomorphisms M — M are bijections.
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Lemma 2.26. Let M be a multi-sorted minion on (A, A).

(i) If &, v : M — M are minion homomorphisms such that €2 = v?) then
E=v.

(ii) If for every minion homomorphism M — M its binary part €2 : M® —
MO s a bijection, then M is a minion core.

Proof. (i) Let f = (fi1,..., fx) € M, say m-ary, and denote £(f) = (g1, ..., gx)
and v(f) = (hq, ..., hg). We need to verify that g; = h; for every i € [k]. To
prove it we check that g;(a) = h;(a) for every a = (aq,...,a,) € {0,1}™

as follows.
For any iy,...,4, € [2] we have
Ef)o(ml, .. m ) =P (fo(ml,. .., m))
= V(Q)(f © (7Ti217 "7771'2,”))
- V(f) © (772-217 77Ti2m>
By comparing the ith components of these tuples of Boolean operations we
obtain
gio(ﬂi,..., )= ho(“,...,wfm).
Now we have
gi(a) = giay, ... am) = gi(w a1+1(0 1),.... 7, 41(0,1))
( ( a1+17"’7 am+1))( 71)
( ( a1+17"'7 am+1))<071>
= hi(ay,...,an) = hi(a)

(ii) We need to prove that every minion homomorphism £ : M — M is a
bijection. Consider a homomorphism £. By the assumption, the mapping
€@ is a bijection on M?) . Therefore, there exists n such that

(P =@ ot® o 0@ =idye

n times

(one can take e.g. n = |M®@)|!). It follows from the first part of the lemma
that p = ¢! is a both-sided inverse to &: Indeed, we have (u o &) =
2 0@ = (@)1 0@ = (€@ = id§\2/27 so p1 o & = idy, and similarly

(Eop)@ =id'Y, so & op = id.
0

Binary (multi-sorted) operations will therefore play an important role. To
simplify notation, we denote

r=7i, y=m5, xT=mi=(v,2,....20), Y=m= U1, ...,Y).
There are exactly four Boolean idempotent binary operations, namely

x, Yy, N\, V.
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Observe that
AN<zy<V, A< zy<aV, zi=y yi=z Nl=V,Vvi=A.

A multi-sorted idempotent Boolean operation is e.g. the 3-sorted operation
(y, A\, V).

Our multi-sorted minions are all idempotent. This has the following conse-
quence.

Lemma 2.27. Let M be a multi-sorted minion on (A, A) whose all members are
idempotent and let £ : M — M be a minion homomoprhism. Then M contains
all the projections on A and for any m € N and i € [m]| we have

In particular, £(x) = x and {(y) = y.

Proof. Since M is nonempty, also M® is nonempty (take a unary minor of any
member of M). The only idempotent unary multi-sorted operation on A is .
! ™) =", so it is in M and we have

One if its minors is 7y o (7]

(m") =¢(myo(m")) = &(my) o (w]") = my o (") = 7"

]

The two lemmata combined already give the result for W, see Lemma [2.32]

For the remaining multi-sorted minions, we will use the fact that minion
homomorphisms “preserve identities” in the following sense. Let M and £ be as
in the last lemma. If t € M™ and s € M®) satisfy

to(mw! w wm):so(ﬂ';fl‘,ﬂg‘,...,ﬂZ),

,L'l, i27"’7 in

then by applying £ to both sides and using that £ is a minion homomorphism,
we get

E(to(m,my,...,m"))

E)o(ml,ml ... w")

217 12

£(so (71';311,77;3;, ce, )

§(s) o (mif',m

m m)
;! PR 9
7,2 ? ? 2.

In this sense £(s) and &(t) satisfy “the same identity”.
Because of the last lemma, £ also preserves identities where one of the sides
is just a projection:

to(m,m),..., w0 )=7m" = (@)oo (m, m), ... ,w)=m"

We will mostly use identities where m = 2. To increase readability, we write
identities in a simplified form: we use the convention & = 7% etc. above, we use

[13pl]

the plain font, and skip “o” and “,”. For example, the identities

2 92 2 9 o2\ 2 92 2 9 2 2 9 2 92 oy 9
to(my,my, wy, ™y, M) = s o (w], My, Wy, W5, ), 8o (M), 7], Ty, Ty, T5) = Ty
will be written as

t(xzzyy) = s(zyyyy), s(zzyyy) =y.
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The only other identities that will be used are identities for 5-ary multi-sorted
operations of the form

to (7‘-?7 71'3, ﬂ-g’ 7727 775?) =to (ﬂ—g(l)v 7l-3(2)’ 773(3)7 773(4)7 Wi(5)),

where o € S5 is a permutation on [5]. We write them as
(@1, T2, T3, Ty, T3) = HTo(1)s Ta(2), To(3)s To(4), To(5))-

The common strategy for the proof that the considered minion M is a core
is as follows.

o« We consider a set of identities.

o We show that M has multi-sorted operations satisfying those identities
and we prove that the identities (almost) uniquely determine the operations.
Moreover, binary minors of these operations will contain (almost) all binary
members of M.

e Because minion homomorphisms preserves identities, each minion homo-
morphism & : M — M maps these operation (almost) to themselves. The
last property from the previous item will guarantee that £ is a bijection.

« We conclude the proof by applying the second part of Lemma [2.26]

Remark 2.28. We will often use 5-ary idempotent symmetric multi-sorted op-
erations, i.e., idempotent multi-sorted operations t satisfying the identities

t(w1, T, T3, T4, T5) = HTo(1), To(2), To(3)s Toa)s Ta(s)) VO € S5

Such at = (hy,...,h,) will be represented by a table like the following.

t hi  he R Dy
10000 | 0 0 0 ?
11000 | 0 0 0 0
1110011 1 1 1
11110 72 1 1 1

The four rows correspond to the 5-tuples (1,0,0,0,0), (1,1,0,0,0), (1,1,1,0,0),
(1,1,1,1,0) and columns correspond to the components of t. The entries are val-
ues of the operations. For example, the one in position (3,2) (third row, second
column) indicates that hy(1,1,1,0,0) = 1. Note that such a table uniquely deter-
mines t because of the symmetry and idempotency. The question mark indicates
that the value is unknown at that point.

We utilize the following observations, where we use [i,j] to denote the value
at position (i, 7).

o hj_1 < hjiff [i,5 —1] < [i,4] for every i € [4]. In particular, if [i,j] = 0,
then [i,j — 1] =0, and if [i,7 — 1] =1, then [i, j] = 1.

o hj_1 = hj iff the columns 7 — 1 and j are identical.
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such that i > 1.

o hj1<hyiffi,j—1] <[i, E.yg., if
[i =

j| for every i,i' € [4
i,7] =0, then [i,5 — 1] =

]
i—1,7—-1]= 0.
o hj= h? iff [i,7] =1—1[b—1,j] for every i € [4]
Remark 2.29. In some cases, we utilize ternary idempotent multi-sorted op-
erations instead of 5-ary symmetric ones. multi-sorted ternary operation t =

(hi, ..., hy) will be represented as follows.
110 101 011
i ha By oo hea Ba b b B by o hea ot B W ho Ry o T Pt
RN N N N 0 0 0 0 0 0 ¢ 7 L1
100 010 001
hi hy hy ... hyao hy1 h, hi hy hy ... hyo h,1 h, hi hy hs ... hpo hy1 hy
0 0 0 .. 0 0 ¢ f 11 1 1 1 0 0 0 ... 0 0 ¢

The six tables correspond to the triples (1,1,0), (1,0,1), etc. and their
columns correspond to the components of T'. The entries are, again, values of the
operations. For example, the zero in position (101,2) (table labeled 101, second
column) indicates that hy(1,0,1) = 0.

In the following observations, we use [, j| to denote the value in the jth column
in the table labeled 1.

We write © < @' for triples 1,4’ € I if the inequalities hold component-wise.
This order is depicted in the figure by lines.

o hj_1 < h;iff[i,j—1] < [i,j] for everyi € I ={110,101,011, 100,010, 001}.
In particular, if [i,j] = 0, then [i,j — 1] = 0, and if [i,7 — 1] = 1, then
[, ] = 1.

o hj_1 = hj iff the columns 7 — 1 and j are identical.

o hj_y<h;iff [i,j—1] < [, ] for every i,7’ € I such that i > i.
[i,j] =0, then[i,j —1] =[i—1,j —1] =...,=0.

E.q., if
o hj=hdiff [i,j] =1—[111 — i, 4] for every i € I.

241 X
X ={(h) €T, | hahah®ah¥}

Lemma 2.30. X is a minion core.

Proof. Let € : X — X be a minion homomorphism. We aim to show that &®)
is a bijection. Note that the binary part of X is X® = {(2),(y),(A)}. By
Lemma [2.27] £( = (z) and £((y)) = v.
We use the followmg 1den1:1ty.
t(zy) = t(yx)
Note that (A) € X?) satisfies this identity and it is the only member of X that

satisfies it. Since £ preserves identities, we have £((A)) = (A).

We have shown that £ is the identity on X®. By Lemma [2.26, X is a
minion core. O
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2.4.2 Y
Y ={(h1,hy) €Ty | hy<hy<hy = h<hf<hd}
Lemma 2.31. Y is a minion core.

Proof. First note that the binary part is

y(Q) = {w = ($7$),y = (y,y), (/\>x)7 (Aay>}‘

We use the following identities

t(zzzzy) = t(rryyy)
t(@1, T2, T3, T4, T5) = H(To(1)To(2)To(3)To()To(s)) VO € Ss

We show that there are exactly two members of ) that satisfy those identities.

Assume that t = (hq, hy) satisfies the identities.

To begin, we establish that h;(11100) must be equal to 0. Let’s assume, for
contradiction, that hy(11100) = 1. Since hy < ho, according to [2.28] this implies
that he(11100) = 1 and ho(11110) = 1. Consequently, as hy cannot be V, we
conclude that ho(zzzyy) = x and hy(zzxxzy) = x. However, this contradicts the
assumption that to (x,z, z,x,y) =to (x,x,y,y,y).

Next, we aim to demonstrate that h1(11000) is also equal to 0. Let’s assume,
once again for contradiction, that h;(11000) = 1. By employing the same prop-
erty mentioned in we find that hy(11000) = 1 and ho(11100) = 1. This,
however, again contradicts the binary minors of ) since none of them contain a
V in the second position.

Therefore, by combining these two results, we can conclude that the first
operation in t(x, , x, y,y) is necessarily A. This implies that the first operation
into(x,x,x,x,y) is also A since to (x,z,z,x,y) = to (x,z,y,y,y) and t
exhibits symmetry.

Moving on, we consider the second operation in t o (x,x, x,y,y), which can
either be x or y. If the second operation is x, denoted as t o (x,x,x,y,y) =
(A, z), then due to symmetry, we can infer that t o (x,x,y,y,y) = (A,y) and
to(x,x,x,x,y) = (A, y) based on the assumption. Similarly, if to(x, x, x,y,y) =
(A,y), then applying symmetry leads to the conclusion that to (x,x,y,y,y) =
(A,z) and to (x,x, x,x,y) = (A, z) according to the assumption.

We have shown that if a multi-sorted operation satisfies the identities, then it
is either ¢ or ¢’ defined by the following tables.

t hi  hs
10000 | O O
11000 | O 1
11100 | O O
11110 1 0 1
t hi  he
10000 | 0 1
11000 | O O
11100 | O 1
11110 |0 O
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On the other hand, both of these multi-sorted operations are in ) (see Re-
mark [2.28).

Now consider a minion homomorphism £ : ) — ). Since £ preserve identities,
we have (t) =t or {(t) =t

Consider the second case. By Lemma and since ¢ preserves minors, we
get

e(a) =,

P(y) =y,
RN x)) = E(to (w,,y,y,y) =) o (z,2,y,y,9) = (A y)
(N ) =Eto (yy.z,m,@) =E(t) o (y,y, 2,2, @) = (A7)

Therefore £) is a bijection and then ) is a minion core by Lemma m
The first case when £(¢) = ¢ is similar.

2.4.3 W
W={(h) €T, | hah=h*<sh'}
Lemma 2.32. W is a minion core.

Proof. Let £ : W — W be a minion homomorphism. We aim to show that £?)
is a bijection. The binary part of W is W® = {(z),(y)}. By Lemma [2.27]

§((x)) = () and £((y)) = .
Therefore £ is the identity on X®. By Lemma [2.26 X is a minion core. [
2.4.4 A,
An: {(hl,hl,...,hn) EIn ‘ h1<lh2<l--~<]hn < hiqqhgqh?}

Lemma 2.33. The only binary n-sorted operations (hy, ha, . .., hy,), which satisfy
the relations hy <hy<---<h, <hd<-..-ahd<ahd are

o (AN, N)
——— ———
n times
o (NN N ), (NA T, e, (N o), (.. 3, T) =
n times n times n times n times
® (/\7/\7""/\7y)7 (/\’/\7"'7y’y)7"')(/\7y""7y7y>7 (y’y7""y7y):y
n times n times n times n times

Proof. For n = 1, the only binary operations hy that satisfy the relation hy; < h{
are A, x, and y. Thus, the lemma holds for n = 1.

Now assume that (hy, ha, ..., h,_1, hy) is an n-sorted operation satisfying hq <
hy<--+<h, <h®<a---<ah<h{ We will use the inductive assumption on the
(n — 1)-sorted operation (hg, ..., h,_1,hy,).

By the inductive assumption, the only binary (n — 1)-sorted operations that
satisfy the relations hy <---<h, < hd <-.- < hd are:
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o (AN, N)
N————’

n — 1 times

o (NN N D), (NN, (AT x), (e, ) =T
n — 1 times n — 1 times n — 1 times n — 1 times

® (/\7/\7""/\7y)7 (/\7/\7""y7y)7"'7(/\7y""7y’y)7 (y?y""7y’y):y
n — 1 times n — 1 times n — 1 times n — 1 times

Now consider the possible values of h;. If ho = A, then necessarily h; = A. If
hy = x, there are two possibilities: either hy = A, or hy = x. Similarly, if hy = vy,
there are two possibilities: either hy = A, or hy = v.

By combining these values with the operations obtained from the inductive
assumption, we have exhausted all possible cases, and we have shown that the
only binary n-sorted operations satisfying the given relations are as stated in the
lemma. O

Lemma 2.34. A, is a minion core for every n € N.

Proof. We use the following identities.

ti(zzzyy) = o
ta(zzayy) = ti(zazTy)
ts(vzayy) = t2(zvray)

ta(z2yy) = b (2222Y)
tn(yyyyx) = tn(zrrry)
ti($1$2$31’4$5) = ti(Q?U(l)IU(Q)$U(3)$J(4)JIU(5)) Vi € [n] Vo € 55

We show that there exist unique %4, ..., t, in A, satisfying those identities.
We start by proving uniqueness. Let ¢, ..., t, by such multi-sorted operations
in A,,.

We begin by applying the first identity ¢; (zzzyy) = x, which allows us to fill
the second and the third rows in the table for ¢;:

tl hfl h2 hn—l hn
10000 |7 7 .07 ?
11000 | O 0O 0 0
11100 |1 1 1 1
11110 | 7 7 ? ?

We fill in ones in the last row and zeros in the first row according to Remark
2. 28k

ty hy  hy 1 Dy,
10000 | O O 0 ?
11000 | O O 0 0
11100 | 1 1 1 1
11110 | ? 1 1 1
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Now we use the second identity to fill in the table for ¢5 (the identity says
that we should “copy” the first and the fourth rows of the table for £; and “paste”
them into the second and the third row of the table for ¢, respectively):

to hy  hy 1 Dy,
10000 | ? 7 ... 07 ?
11000 | O O 0 ?
11100 | ? 1 1 1
11110 | ? ? ? ?

Again, we use Remark to fill in zeroes in the first row and ones in the
last one:

tg hl h2 h3 hn,Q hn,1 hn
10000 {O O O 0 ? ?
11000 {O 0 O 0 0 ?
11100 |7 1 1 1 1 1
111107 7 1 1 1 1

We repeat the same until we reach the final operations. Therefore, in t,,_; we
have:

t,_1 hi hy hs hpo hpoi  hy
10000 | O 7 ? ? ? ?
11000 O 0O 7 ? ? ?
11100 | ? ? ? ? 1 1
11110 | ? ? ? ? ? 1
And for t,:
t, hi  hy hs hpo hp_i hy
10000 | 7 7 7 ? ? ?
11000 O 7 7 ? ? ?
11100 | ? ? ? ? ? 1
111107 7 7 ? ? ?

According to Lemma the only binary n-sorted operation which belongs to
A, and satisfies the last identity t,(yyyyx) = t,(zxzzy) is (A, ..., A), therefore
[

n times
we can also fill the first and the last rows in the table for ¢,,:

t, hi  hy hs hp—o  hn_1  hy
100000 O O ... O 0 0
11000 O 7 7 ? ? ?
11100 | ? ? ? ? ? 1
11110 |0 0 O 0 0 0

Moreover, we can fill zeroes in the third, and consequently, second row:

t, hi hy hs hp—o  hn_1  hy
10000 O O O 0 0 0
11000 O 7 7 ? ? ?
11100 |0 0 O 0 0 1
11110 |0 0 O 0 0 0
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tn hfl h? h& hn—? hn—l hn
10000 {O 0 O 0 0 0
11000 {O 0 O 0 ? ?
11100 {O 0 O 0 0 1
11110 {0 0 O 0 0 0

The only possibility for the last element in the second row is 0, otherwise
f(zzzyy) would be V, which contradicts binary n-sorted functions in 4,, as proven
in Lemma This zero then necessarily implies 0 in the previous position in
this row:

tn hfl h? hd hn—? hn—l hn
10000 {O 0 O 0 0 0
11000 O 0 O 0 0 0
11100 {O 0 O 0 0 1
11110 {0 0 O 0 0 0

Now if we use the n-th identity, we “copy” the second and the third rows of
the table for ¢, into the first and the fourth rows of ¢,,_;:

t,1 | h1 hy hs hp—o  hn_1  hy
100000 O O ... O 0 0
11000 O 0O 7 ? ? ?
11100 | ? ? ? ? 1 1
11110 |0 0 O 0 0 1

Again, we use Remark to fill zeroes in the second and the third rows:

t,1 | hi hy hs hpo hpo1  hy
1000010 0 O ... O 0 0
11000 |0 0 O ... ? ? ?
11100 |0 0 O ... 0 1 1
11110 |0 0 O ... 0 0 1

As before, the only possibilities for the last two question marks are zeroes as
there are no V. The remaining question mark is 0, because otherwise the minor

wouldn’t be in

t,1 | hi hy hs hpo hup_1 hy
100000 0 O ... O 0 0
11000 {0 0 O 0 0 0
11100 {0 0 O 0 1 1
11110 {0 0 0 0 0 1
We use the same approach until we reach t;.
tl hl h2 h/nfl hn
10000 |0 O 0 0
11000 |0 O 0 0
11100 [ 1 1 1 1
11110 {0 1 1 1

We have shown that if ¢, ...¢, are in A,, and satisfy the identities, then they
necessarily have the following tables:
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tl hfl h? h& hn—? hn—l hn
10000 {O 0 O 0 0 0
11000 {O 0 O 0 0 0
11100 |11 1 1 1 1 1
11110 01 1 1 1 1
t2 hl h2 h3 hn72 hnfl hn
10000 {O O O 0 0 0
11000 {O 0 O 0 0 0
11100 fO 1 1 1 1 1
111170 1O 0 1 1 1 1
tho1 | hi he g ho—2 hp-1 hy
10000 {O O O 0 0 0
11000 O 0 O 0 0 0
11100 {O 0 O 0 1 1
11110 {0 0 O 0 0 1
tn hfl h? h& hn—? hn—l hn
10000 {O O O 0 0 0
11000 {O 0 O 0 0 0
11100 {O 0 O 0 0 1
11110 {0 0 O 0 0 0

On the other hand, these multi-sorted operations satisfy the identities and
belong to A, as is easily checked using Remark [2.28]

Every minion homomorphism ¢ : A, — A, therefore satisfies £(¢;) = t; for
every i € [n]. Note that every binary member of A4,, is a minor of some ¢;:

tlo(w’wa%%y) =

tro(x,xz,z,y,y) = (A,z,...,7,7)
—
n — 1 times
tso(z,xz,x,y,y) = (A, A, 2,...,0,7)
—

n — 2 times

thao(x,z,x,y,y) = (AN, ..., A\ A T)
n — 1 times
tyo(x,x,xz,y,y) = (\A,...,\,\)
n times

Therefore the binary part ¢?) is the identity (see the argument in the proof
of Lemma [2.31)) and A, is a minion core by Lemma [2.26]
O
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Alternatively, in order to prove that A, is a minion core, we can use the

following ternary identities:

ti(yry) = x
ta(yzy) = ti(yzz)
t3(yry) = ta(yzx)

tn(yzy) = tp-1(yaz)
tn(xajy) =1y (yyw)

We start filling the table of the first multi-sorted operation ¢; from the first

identity:
110 101 011
hy  hy hs Mg hno1 by hy  hy hg hno hn1 hy hi hy hs hn—z hnr by
o 0 0 ... 0 0 0
100 010 001
hi hy hs hno hnoyr hy hy hy hs hn—a  hn1 hy hi hy hs hp—a hp_1 hy
11 1 ... 1 1 1

As explained in Remark [2.29] ones in the row below for 100 imply ones in the

rows above for hs, ..

., hy, for the elements 110 and 011 connected by vertical lines

with 010. Similarly, zeroes in the table above for 101 imply zeroes in the tables

in the row below for the elements 100 and 001 for the elements hy, ..., h,_1:
110 101 011

hi hy hy hno ho1 hy hy hy hs hpna hn1 hy hi hy hs hn—o hp1 hy

2 11 .1 11 0 0 0 .. 0 0 0 71 111
100 010 001

hy hy hy hoa hno1 by hi hy hs hno hno1 hy hi hy hs hn hnr by

0 0 0 .. 0 0 7 111 .1 11 0 0 0 O

According to Lemma [2.33] h,(zyz) cannot be equal to V. Consequently, we

are able to fill the final zero in the tables for 100 and 001.

110 101 011
hi hy hs hp_os hp_1 hy hi ho hs hp_o hp_1 hy hi1 hy hs hpnoo hp_1 hy
? 1 1 o1 1 1 o 0 0 ... 0 0 0 ? 1 1 1 1 1
100 010 001
hi hy hs hp—o hp1 hy hi hy hy hpo  hp_1 hy hi1 hy h3 hpo hp_1 hy
o 0 0 ... 0 0 0 1 1 1 o1 1 1 0O 0 0 0 0 0
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Utilizing the second identity, we replicate the tables corresponding to 011 and
100 for t; within the tables for ¢, representing the tuples 010 and 101 respectively.

110 101 011
hi he hs hpo hn_1 hy hi hy hy hp—o  hp_1 hy hi hy hs Ro—o hp_1  hy
0 0 O 0 0 0
100 010 001
hi hy hs hp_os hp_1 hy hi ho hs hpo hp_1 hy hi1 hy hs hpno hp_1 hy
71 1 1 1 1

Again zeroes in the table for 101, as it is located in the row above, imply zeroes

for operations hq, . ..

, hy—1 in the tables for 100 and 001 according to Remark [2.29]

Similarly, ones in the table for 010 imply ones for operations hg, ..., h,_1 in the
tables for 110 and 011:
110 101 011
hi hy hs hp_o hp_1 hy hi ho hs hpo hp_1 hy hi1 hy hs hnoo hp_1 hy
7007 1 1 1 1 0O 0 0 0 0 0 ?7 7 1 1 1 1
100 010 001
hi hy hs hnoo hu1 hy hi hy hs hpo  hp_1 hy hi hy hs hpnoo hp_1 hy
0o 0 0 0 0 ? ? 1 1 1 1 1 0O 0 0 0 0 ?

Moreover, again according to Lemma hn(xyx) cannot be equal to V.
Consequently we are able to fill final zeroes in the tables for 100 and 001.

110 101 011
hy hy hs hp_o hup_1 hy hi1 hy h3 hp_o hy1 hy hi1 hy hs hpno hp-1 hy
70701 1 1 1 0 0 0 0 0 0 707 1 1 1 1
100 010 001
hi he hs hn—o hno1 hy hi hy hs oo hno1  hy hi hy hs Ro—o hp_1  hy
0 0 0 0 0 0 701 1 1 1 1 0 0 0 0 0 0

Now using the third inequality, we “copy” and “paste” the tables for 011 and
100 into the tables for the tuples 010 and 101 respectively for the multi-sorted
operation ts:

110 101 011
hi hy hs hp_os hp_1 hy hi ho hs hp_o hp_1 hy hi1 hy hs hpnoo hp_1 hy
0o 0 0 0 0 0
100 010 001
hi he hs hoos hno1 hn hi hy hs hn—s> hp_1 hn hy hy hs hn—o  hy—1 hy
707 1 1 1 1
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And, consequently, utilizing Remark and then Lemma [2.33}

110 101 011
hi hy hy ... hypo hy [ hi hy hs Na—o hp
VO O | 1 0 ? 77 1 1
100 010 001
hi hy hs ... hypo hp_1 Rp_o hi hy hy ... hyp_o hy
o 0 0 ... 0 0 1 o 0 0 ... 0 0

manner, for ¢,_; we obtain:

110 101 011
hi hy hs o hpoy [ hi hy hs ... hyo hy,
(O ! ! 0 VO O O ¢ ?
100 010 001
hi hy hs ... hyo hyp hn—o hi ho hs ... hp_o ha1
o 0 0 ... 0 0 ? o o0 o0 ... 0 0
And for t,:
110 101 011
hi hy hy ... hpo hy [ hi hy hy ... hyo h,
0
100 010 001
hi hy hs ... hyo hy_y hp_o hi hy hy ... hypo hyp
?
Finally, utilizing the last equality we have:
110 101 011
hi hy hy ... hyo hp Rpo hi hy hy ... hypo hp1
0 o o0 0 ... 0 0
100 010 001
hi hy hs ... hypo hy1 Rp_o hi hy hy ... hpo hy
1 1 1 ... 1 1 ?

And again utilizing Remark [2.29}
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110 101 011
hi hy hs hp_o hp_1 hy hi ho hs hpo hp1 hy hi1 hy hs hpnoo hp_1 hy
0o 0 0 0 0 0 0o 0 0 0 0 0
100 010 001
hi hy hs Mg o1 By hi hy hy ... hyo hyq hy hy hy hs hp—a  hp-1  hy
? 7 7 ? ? 1 0o 0 0 0 0 0
110 101 011
hy hy hg hn—g hp1 By hy hy hs hn—g  hn-1 hy hy hy hs hp—a hp_1 hy
0 0 0 0 0 0 0 0 0 0 0 0
100 010 001
hi hy hs hp_os hp_1 hy hi ho hsy . hpo hp_1 hy hi1 hy hs hpn_o hp_1 hy
0o 0 0 0 0 ? o 0 0 ... 0 0 1 0 0 0 0 0 0

Now we return to the previous operations and fill the question marks. It turns
out that all of them are zeroes.

Therefore, we

have shown that if ternary operations ti,...

identities above, then necessarily:

Ly, z,y)==
t2<y7m7y) = t1<y7m7w) = (/\7':67 s 7x7y)
—_—————
n times
t3<ya Z, y) = t2<ya Z, w) = (/\7 /\7 Z,... ,l’,l’)
n times
th(y,x,y) =t, 1(y,z,x) = (A, A,..., A\, T)
—_————
n times
tn(wa T, y) = tn(y> Yy, fB) = (/\7 AYRIYAN /\)
—_————
n times

,t, satisfy the

On the other hand, these multi-sorted operations satisfy the identities and
belong to A, as is easily checked using Remark [2.29]
By using a similar argument as for 5-ary operations im Lemma [2.34] if ¢ is
a minion homomorphism, then the binary part of ¢® is the identity (see the
argument in the proof of Lemma , therefore A,, is a minion core by Lemma

2. 20l

2.4.5 B,

Bn - {(hl, hg, e
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Lemma 2.35. The only binary n-sorted operations (hy, ha, . .., hy), which satisfy
the relations hy <hy<---<h, <hd<---ahd<ah{ are

o (AN, N)
—————
n times
o (NMA L N, (NN, L, (A ), (e, x) =X
n times n times n times n times
® </\7/\7"‘7/\7y)7 (/\7/\7"'7y7y)7"'7(/\7y7"'7y7y>7 <y7y7“'7y7y):y
n times n times n times n times

Proof. The proof is analogous as for Lemma [2.33, because for binary n-sorted
operations relations hy <hy <---<h, < hfl<l---<1h§l<1h§l and by <hg<---<h, <
h <. <ahd<ahd are equivalent. O

Lemma 2.36. Minion B, is a minion core for n € N.

Proof. For minion B,, we use the same identities as in A,:

ti(zzzyy) = o
to(vrayy) = ti (zvray)
ts(vzayy) = t2(zvray)

to(zzayy) =t (z2TTY)
tn(yyyyx) = to(zzzry)
ti($1$2$3$4l‘5) = ti(fﬂo(l)$g(2)$0(3)$0(4)$0(5)) Vi € [TL] Yo € S5

The tables are filled exactly as in the previous case, as they are derived from
the given inequalities hy <--- < h,. Thus, we can conclude the following:

ty hy  hy o1 Dy,
10000 O O ... O 0
11000 | O O 0 0
11100 | 1 1 1 1
11110 | O 1 1 1
t2 hl h/2 h3 hn—l hn
1000010 O O 0 0
11000 | O O O 0 0
11100 | O 1 1 1 1
11110 |0 O 1 1 1
t,1 | hy hs hpo hp1 hy
10000 O O O 0 0 0
11000 fO 0 O 0 0 0
11100 |10 0 O 0 1 1
11110 |0 0 O 0 0 1
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tn hfl h? h& hn—? hn—l hn
10000 {O 0 O 0 0 0
11000 {O 0 O 0 0 0
11100 {O 0 O 0 0 1
11110 {0 0 O 0 0 0

We only need to check that these operations indeed are in B,.
The inequalities h; < hy <+ - - < h,, hold by construction.
We only need to verify that h, <h? for all operations t;, i € [n]. Consider the

last column in the table for operations hq, ...

L
10000

11000
11100
11110

7hn71:

>
3

— =0 O

It can be observed that h? has the same values as hy,:

t; hd
10000 | 0
11000 | 0
11100 | 1
11110 | 1

Both h,, and h? are monotone, confirming the relation h,, < hZ.
Now, let’s consider the last column for the multi-sorted operation t,:

tn
10000

11000
11100
11110

The corresponding values for h¢ are:

td

10000
11000
11100
11110

hon

O = O O

>
S

_ O ==

We can observe that x is a monotone binary operation that satisfies h,, < x <

he, hence h,, < he holds.

Therefore, in both cases, the relation h, < he is satisfied.
Similar to the previous Lemma [2.34] we have demonstrated the existence of

unique operations tq,...,t, in B, that fulfill the given identities. These opera-
tions yield the following binary minors:
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t10($7w7m7y7y) =

tro(x,z,x,y,y) = (A, x,...,z,7)
—_——
n — 1 times
tyo(x,z,x,y,y) = (AN, z,...,2,x)
—_——

n — 2 times

tho(x,z,x,y,y) = (AN, ..., A A T)
n — 1 times
tyo(x,x,x,y,y) = (\A,...,\,\)
n times

Therefore, each minion homomorphism ¢ would map them to themselves.
O

2.4.6 C,
Cn:{(hhh%"whn)ezn|h1<]h2<]"'<]hn:hiq"'ﬂthhf}

Lemma 2.37. The only binary n-sorted operations (hy, ha, ..., hy,), which satisfy
the relations hy <hy <---<h, = hd <a---<ahd<h{ are

o (NN N ), (NN, L, (A ), (T, x) =X

n times n times n times n times
® </\7/\7'”7/\7y)7 (/\7/\7"'7y7y)7"';(/\7y7"~7y7y>7 <y7y77y7y):y
n times n times n times n times

Proof. For n = 1, the only binary operations h; that satisfy the relation h; = h?
are x and y. Thus, the lemma holds for n = 1.

Now assume that (hy, ha, ..., h,_1, hy) is an n-sorted operation satisfying hq <
hy<--+-<h, <h®<a---<ahi<h{ We will use the inductive assumption on the
(n — 1)-sorted operation (hg, ..., h,_1,hy,).

By the inductive assumption, the only binary (n — 1)-sorted operations that
satisfy the relations hy <+ < h, o =h? ,<---<ahd are:

o (NMA, L N ), (NA T T), e (AN ), (. T, T) =@
n — 1 times n — 1 times n — 1 times n — 1 times

o (AAGAY) (AA YY) s (ANY YY)y (U Y YY) = Y
n — 1 times n — 1 times n — 1 times n — 1 times

Now consider the possible values of hy. If ho = A, then necessarily h; = A. If
hy = x, there are two possibilities: either hy = A, or hy = x. Similarly, if hy = vy,
there are two possibilities: either hy = A, or hy = v.

By combining these values with the operations obtained from the inductive
assumption, we have exhausted all possible cases, and we have shown that the
only binary n-sorted operations satisfying the given relations are as stated in the
lemma. O

48



Lemma 2.38. Minion C,, is a minion core for n € N.

Proof. For the minion C,,, we use the following identities:

ti(zzzyy) = o
ta(vzayy) = ti(zazey)
ts(vzayy) = t2(zvray)

tn—1(zzzyy) = t,—o(zrary)

tn(zrzyy) = tna(vrr2y) = ta(yyyyr)
ti(I1$2I3$4I5) = ti($U(1)xa(g)IU(3)$U(4)$U(5)) Vi € [n] Vo € S5

It is worth noting that these identities closely resemble those of B,,, with the
only distinction being the identity ¢, (zxxyy) = t,(yyyyx). Therefore the first
n — 1 tables are filled exactly as in the previous case.

Let’s analyze the last table for t,.

t hi  he P Dy

10000 | O O 0 ?

11000 | O O 0 0

11100 | 1 1 1 1

11110 | ? 1 1 1
to hy hy hs hpo hp1 hy
10000 |O O O 0 ? ?
11000 fO 0 O 0 0 ?
11100 | ? 1 1 1 1 1
11110 | ? ? 1 1 1 1
t,1 |1 hy hs hpo hpo1  hy
10000 {O 7 7 ? ? ?
11000 O 0O 7 ? ? ?
11100 | ? ? ? ? 1 1
11110 | ? ? ? ? ? 1
t, hi  hy hs hpno hp_i hy
10000 | 7 7 7 ? ? ?
11000 O 7 7 ? ? ?
11100 | ? ? ? ? ? 1
111107 7 7 ? ? ?

We h,,(11100) = 1. Also according to

Lemma h, cannot be A, therefore due to symmetry h,(11000) = 0, which
consequently implies that all the elements in the second row are zeroes. Moreover,
this implies that all the elements in the first row, except for the last one, should

contain zeroes.
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tn hfl h? h3 hn—? hn—l hn
10000 {0 O O 0 0 ?
11000 {0 0 O 0 0 0
11100 | 7?7 7 ? ? 1
11107 7 7 ? ? ?
Now we apply the identity ¢, (zzzyy) = t,(yyyyx):
t, hi  hy hs hp—o  hn_1 hy
100000 0 O ... O 0 1
11000 {0 0 0 ... O 0 0
11100 |0 0 O 0 0 1
11110 |0 0 O 0 0 0
Therefore, we have shown that ¢, o (z,x,z,y,y) = (A,...,A,x) and t, o
—_——
n times
(x,x,z,x,y) = (A, ...,\Y).
—_——

n times
Similarly as before, by “copying and pasting” the rows of the tables we obtain

the following tables:

ty hi  hy hs hp—o  hp_1  hy
1000010 0 O 0 0 0
11000 1O 0 O 0 0 0
11100 |1 1 1 1 1 1
11110 |10 1 1 1 1 1
to hi hy hs hp—o hn_1  hy
1000010 O O 0 0 0
11000 1O 0 O 0 0 0
11100 |0 1 1 1 1 1
111170 |10 0 1 1 1 1
tnfl hl h2 h3 han hnfl hn
1000010 O O 0 0 0
11000 1O 0 O 0 0 0
11100 |0 0 O 0 1 1
11110 |0 0 O 0 0 1
tn hl h2 h3 hn—Q hn—l hn
1000010 0 O 0 0 1
11000 1O 0 O 0 0 0
11100 |0 0 O 0 0 1
11110 |0 0 O 0 0 0
Binary minors of ¢, ..., t, are the following:
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tlo(mvmawvyvy):m
tyo(x,z,z,y,y) =t o(x,z,x,x,y) = (N, z,...,x)
—_————
n times

t3o($>ma$7y7y):t20($7m>ma$7y): (A7A7$7"'7$)

n times

t,—10 (m>maway7y) =t, 20 ($7m7maway) = (/\,...,/\,ZL’,[E)

n times
tno (m,w,w,y,y) :tn_10(337$,$,33,y) :tno (yayuyayaw) = (/\7”'7/\737)
N———

n times

Similarly as in the previous case, we have shown that there are unique op-
erations ti,...,t, satisfying the identities. Clearly, all of them are in in C,.

Therefore, each minion homomorphism & would map them to themselves.
m

Alternatively we could use the following ternary identities:

ti(yzz) =y
ta(yzr) = t1(yzy)
ta(yzz) = ta(yry)

to_1(yzz) = t,—o(yzy)
ta(yzz) = toi1(yzy) = ta(zyz)

Again, we start filling the table of the first multi-sorted operation ¢; from the
first equality:

110 101 011

hi hy hs ... hys hyi h, hi hy hs ... hyo hy1 h, hi hy hy ... hyo hay hy,
0 0 0 ... 0 0 0
100 010 001

hi hy hy ... hyo hp1 hy hi hy hy ... hyo hy1 hy, hi hy hy ... hpo hp1 hy,

1 1 1 o1 1 1

As explained in Remark [2.29] ones in the row below for 100 imply ones in the
rows above for ho, ..., h, for the elements 110 and 101 connected by vertical lines
with 100. Similarly, zeroes in the table above for 011 imply zeroes in the tables
in the row below for the elements 010 and 001 for the elements hy, ..., h,_o (as
hi<hg<---<Qhp_o<h,_1:
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110 101 011
hi hy hs hp_o2 hp_1 hy hi ho hs hpo hp1 hy hi1 hy hs hpnoo hp_1 hy
? 1 1 1 1 1 ? 1 1 1 1 1 0o 0 0 0 0 0
100 010 001
hi ho hs ho—o hp_1 hn hi ho hs B hp1 hy, hi hy hs No—o hpo1 hy
1 1 1 1 1 1 0o 0 0 0 ? ? 0O 0 0 0 ? ?

Moreover, as proven in Lemma there can’t be V minor. Therefore, we

can fill the last question marks in the tables for 010 and 001.

110 101 011
hy hy hy hn—o hpo1 hy hi hy hs oo hno1 hy hi hy hs Ro—s hp_1  hy
7 01 1 1 1 1 701 1 1 1 1 0 0 0 0 0 0
100 010 001
hi hy hs hp_o hp_1 hy hi ho hs hpo hp1 hy hi hy hs hpn_o hp_1 hy
1 1 1 1 1 1 0 0 0 0 0 0 0 0 0 0 0 0

Now using the second equality we “copy” the tables for 010 and 101 for ¢,
into the tables for 011 and 100 for ¢, respectively:

110 101 011
hi hy hs hp_o hp_1 hy hi ho hs hp_o hp_1 hy hi1 hy hs hpnoo hp_1 hy
0 0 0 0 0 0
100 010 001
hi hy hs hnoo hp1 hy hi hy hs hpo  hp_1 hy hi hy hs hpoo hp_1 hy
? 1 1 1 1 1

Similar to the case of t;, when examining the table for 100, the ones in

that table imply the ones in the tables above for functions hs, .

..y h,, which

are connected to 100 through lines. Likewise, if there are zeroes in the table for
, h,,_o, and, due to

011, it signifies zeroes in the tables below for functions A, ...
Lemma also for functions h,,_; and h,,:

110 101 011
hi he hs hn—o hpo1 hy hi hy hg Bn—o hpo1 hy hi hy hs Ro—o hp_1  hy
707 1 1 1 1 77 1 1 1 1 0o 0 0 0 0 0
100 010 001
hi hy hs hp_os hp_1 hy hi ho hs hp_o hp_1 hy hi1 hy hs hpnoo hp_1 hy
? 1 1 1 1 1 0o 0 0 0 0 ? 0o 0 0 0 0 ?
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Once again, due to the absence of a V minor, we can determine the final values
for the tables corresponding to 010 and 001:

110 101 011
hy hy hs hp_o hup1 hy hi1 hy h3 hp_o hy1 hy hy hy hy hp_o hp_1 hy
707 1 o1 1 1 7007 1 1 1 1 0o 0 0 0 0 0
100 010 001
hi hy hs hpo hno1 hy hi hy hg Bn—o hpo1 hy hy hy hs ho—o hp_1  hy
? 1 1 1 1 1 0o 0 0 0 0 0 0o 0 0 0 0 0

Continuing this process, for the multi-sorted operation t,,_;, we obtain the

following corresponding tables:

110 101 011
hi hy hs [ hy hy hs [ S hy hy hs hpn—a  hp_1  hy
0o 0 0 0 0 0
100 010 001
hi hy  hy hn—a  hny by hi hy hg hna hoy hy hi hy hs hy—2 hp1 hn
707 ? 1 1
And, consequently:
110 101 011
hy hy hg Pon—o hp_1  hy hi hy hs Bp—o hp_1 hy hi hy hs Ro—o hpo1 hy
? ? ? 7 ? 1 ? ?7 7 ? ? 1 0O 0 0 0 0 0
100 010 001
hi hy hs Moo hnoy hy hy hy hs hn—a hn1 hy hy hy hs hp—a  hp_1 hy
77 ? L7 1 1 0 0 0 0 0 0 0o 0 0 0 0 0
Therefore for t,, we obtain using the last equality:
110 101 011
hi hy  hy hn—a hny by hy hy hy hna ho1 hy hi hy hg hy—z hp1 by
0o 0 0 0 0 0 0o 0 0 0 0 0
100 010 001
hy hy hs Mg 1 by hy  hy  hg hn—o  hn_1 hy hy hy hs hp—a hp-1 hy
o 7 L7 ? 1 ?7 07 7 ? ? 1

Again, zero in the row above imply zeroes in the row below:
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110 101 011
hi hy hs hp_o2 hp_1 hy hi ho hs hpo hp1 hy hi1 hy hs hpnoo hp_1 hy
o 0 0 ... 0 0 0 o 0 0 ... 0 0 0
100 010 001
hi ho hs ho—o hp_1 hn hi ho hs B hp1 hy, hi hy hs No—o hpo1 hy
0 0 0 ... 0 0 1 0O 0 0 ... 0 0 1

Now, as in previous cases, we go back to the previous operations and fill their

tables. For t,_i:

110 101 011
hi hy hs hp—o hp-1 hy hi hy hg hpo  hp_1 hy hi1 hy hs hpoo hp_1 hy
o0 T L7 ? 1 o 0 0 ... 0 0 1 o 0 0 ... 0 0 0
100 010 001
hy hy hy hpn—o hn-1 hy hi hy hs hn—o hp-1 hy hy hy hg ho—o hp_1  hy
VO ? 1 1 o 0 0 ... 0 0 0 o 0 0 ... 0 0 0

And, zeros in the row above imply zeroes for hq, ...

, hy—o for the element 100.

110 101 011
hy hy hs hp_os hup_1 hy hi1 hy h3 hp_o hp_1 hy hi hy hy ... hps hy1 hy,
707 7 ? ? 1 0o 0 0 ... 0 0 1 o 0 0 ... 0 0 0
100 010 001
hy hy hy hp—o hpy hy hi hy hy ... hyo hy1 hy hi hy hs Ro—o hp_1  hy
o 0 0 ... 0 1 1 o 0 0 ... 0 0 0 0o 0 0 0 0 0
Finally for t5 and ¢, we have:
110 101 011
hi hy hs hp_os hp_1 hy hi ho hsy . hp_o hp_1 hy hi1 hy hs hpnoo hp_1 hy
77 1 .01 1 1 0o 0 1 | 1 1 0o 0 0 0 0 0
100 010 001
hi hy hy hy—2 honoy hy hi hy hy hna hon1 hy hi hy hy hn—a hpy by
0 1 1 1 1 1 0o 0 0 0 0 0 0o 0 0 0 0 0
110 101 011
hi hy  hy hn—a hny by hi hy  hy hno hoy hy hi hy hs hy—z hp1 by
? 1 1 1 1 1 0 1 1 1 1 1 0o 0 0 0 0 0
100 010 001
hi hy hs hp—o hp1 hy hi ha hy ... hyo hy1 hy hi hy hs hpoo hp_1 hy
1 1 1 1 1 1 o 0 0 ... 0 0 0 0o 0 0 0 0 0




Therefore we have the following tables for operations tq,...,¢,:
110 101 011

hy hy hs hp—o hpo1r hy hy  hy hs hno hno1 hy hy hy hs hp—a hp-1 hy

71 1 .01 1 1 0o 1 1 1 1 1 0o 0 0 0 0 0
100 010 001

hi hy hs hno hno1 hy hy hy hs hpn—a  hn-1 hy hy hy hs hp—a  hp_1  hy

1 1 1 1 1 1 0o 0 0 0 0 0 0 0 0 0 0 0
110 101 011

hi hy hs hp_os hp_1 hy hi ho hs hpo hp_1 hy hi hy hs hpno hp_1 hy

707 1 1 1 1 0 0 1 1 1 1 0 0 0 0 0 0
100 010 001

hi hy hy hno hooy hy hi hy hy hn—a hony Ry hi hy hg hn—z hp-1 by

0 1 1 1 1 1 0 0 0 0 0 0 0o 0 0 0 0 0
110 101 011

hy  hy hs Moz hpo1 by hy  hy hs hpn—g  hn1 hy hi hy hs hn—a hp-1 Dy

7077 ? ? 1 0 0 0 0 0 1 0 0 0 0 0 0
100 010 001

hi hy hy hng hnot hy hi hy hs hn—o hno1 hy hi hy hs hn—z hny by

0 0 0 0 1 1 0 0 0 0 0 0 0o 0 0 0 0
110 101 011

hi hy hs [ hy hy hs hn—a hn-1 hy hy hy hs hp—a  hp_1  hy

0 0 0 0 0 0 0 0 0 0 0 0

100 010 001

hi hy  hy hn—a hny by hi hy hg hna hn1 hy hi hy hg by hn-1 hn

0 0 0 0 0 1 0 0 0 0 0 1

Here after filling the tables it turns out that
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tlo(y,w,m):y
tro(y,z,x)=t,0(y,z,y) = (Ay,...,y)
——

n times
tn—l o (y7m7w) = tn—? o (yamay) = (/\7 <. '7/\ay7y)
—_—
n times
tno(y7w7w) :tnflo(yawvy) :tno<w7y7w) = (/\77/\73/)
—_————

n times

2.4.7 D,

,anl :{<h17 h27 SRR hn) € In ’
hi<hy<---<dh,_  <h,=h?<hd a...ahl<ahd h,_i<hl |}
Lemma 2.39. The only binary n-sorted operations (hy, ha, . .., hy,), which satisfy

the relations hy <hy <+ <hy, 1 < h, =hd <hd  <---ahi<ahd and h,_,<hd_,
are

o (NN N ), (NA T, e, (N o), (e, .. X, T) =X
n times n times n times n times
® </\7/\7"‘7/\7y)7 (/\7/\7"'7y7y)7"'7(/\7y7"'7y7y>7 <y7y7“'7y7y):y
n times n times n times n times
Proof. Again similar induction as before. O

Lemma 2.40. Minion D,,_, is a minion core forn € N, n > 1.

Proof. We will utilize the following identities:

ti(zzzyy) = o
ta(zzayy) = ti(zazzy)
ts(vzayy) = ta(zvray)

tna(zrryy) = tno(zrrIy)
tn(zzzyy) = tna(vrrry) = ta(yyyye)
ti(21292304%5) = 6i(X0(1) o (2)To(3)To(1)To(z)) Vi € [n] Vo € Ss
Notice that these operations are exactly the same as in Lemma We

start filling the tables in the same way as before. The only difference is that for
convenience as h, 1 <he_, we have an additional column corresponding to hd_;.

t, hi hs hoot he hi_,
100000 0 ... 0 7 0
110000 0 ... 0 0 0
111001 1 ... 1 1 1
11110 | 7 1 111
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Clearly h,(10000) is equal to 0.

t, hy  hy hoor he W,
10000 |0 0 0 0 0
11000 | 0 0 0 0 0
11100 | 11 111
11110 | 7 1 11 1

Again, we “copy” the first and last rows and “paste” them into the second
and third rows of the next table.

2 hi hy  hs hn1 hn RS,
10000 {0 0 O 0 0 O
11000 fO 0 0O 0 0 O
11100 |7 1 1 1 1 1
110?77 1 1 1 1
Then in t,,_; we obtain:
th 1 hl h2 hn—Q hn—l hn hf—i 1
10000 | 0 0 0 0 77
11000 | O O 0 0 0 0
11100 | 77 ? 1 1 1
11110 | 77 ? ? 71
And finally for ¢,,:
t, hl hz hn—2 hn—l hn hg—l
10000 e
11000 |0 0 ... O 0 77
11100 |7 7 .07 ? ?
11110
Again we fill zeroes which are implied:
tn hl h2 han hnfl hn hfz 1
100000 0 ... O ? 77
11000 |0 0 ... O 0 ?
11100 | 77 ? ? ?
11110
And apply the last identity:
tn hl h2 hn72 hnfl hn hz_l
10000 | 0 O 0 ? 71
11000 | O O 0 0 77
11100 | O O 0 ? 71
11110 | O O 0 0 77

Moreover, we can notice that h%¢_,(11110) is equal to 1, otherwise h,,_;(10000)
would be equal to 1 and the inequality h,_; < h%_ | wouldn’t be satisfied. This
means that h,_1(11000) is equal to 0.
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t, hi  hs hop—o hpoy h, he |
10000 | 0 O 0 0 7 1
11000 | 0 0O 0 0 77
11100 | 0 0O 0 ? 71
11110 | 0 O 0 0 7 1
Again we use the last identity and obtain:
t, hi  hs hop—o hp1 h, he |
100000 O ... O 0 71
11000 {0 O ... O 0 71
11100 {0 O ... O 0 71
1111010 O ... O 0 71

There are two possibilities for the column for h,,:

ty

10000
11000
11100
11110

>
3

>= O = O =

3

iy
10000
11000
11100
11110

—_— O = O

Consider the first case. Again, we fill the table for the last multi-sorted
operation t,, and then go back to the previous operations:

tn hl h2 hn—? hn—l hn hn_l
100000 0 ... O 0 1 1
11000 | O 0O 0 0 0 1
11100 | O 0O 0 0 1 1
11110 | 0 0 0 0 0 1
t,—1 hi  hs hon—o hno1 h, h2_,
10000 | O 0O 0 0 0 1
11000 | O 0O 0 0 0 0
11100 | 77 ? 1 1 1
11110 | O 0 0 1 1
tn—l hl h2 hn—? hn—l hn h'g 1
10000 | O 0O 0 0 0 1
11000 | O 0O 0 0 0 0
11100 | 0 0O 0 1 1 1
11110 | O 0O 0 0 1 1

We go back to operations t, and #;:
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to hi  hs hno1 h, he_,
10000 | O O 0 0 O
11000 | O O 0 0 O
11100 | 0 1 1 1 1
11110 {0 0 1 1 1
t, hi  hs Bno1 h, h%_,
10000 | O O 0 0 O
11000 | O O 0 0 O
11100 | 11 1 1 1
11110 | 0 1 1 1 1
Therefore we obtain the following tables:
t, hi  hs Bn_1  h, he
10000 | O O 0 0 O
11000 | O O 0 0 O
11100 | 1 1 1 1 1
11110 | 0 1 1 1 1
to hi  hs Bno1 h, he |
10000 | O O 0 0 O
11000 | O O 0 0 O
11100 | O 1 1 1 1
11110 | O O 1 1 1
to_1 | h1 hs hopo hp1 hn, he
10000 |0 O 0 0 0 1
11000 |0 0 0 0 0 0
11100 | 0 0 0 1 1 1
11110 | O O 0 0 1 1
t, hi  hs hop—o hpo1 h, he |
10000 |0 O 0 0 1 1
11000 | O O 0 0 0 1
11100 |0 0 0 0 1 1
11110 | O O 0 0 0 1

And the following binary minors:
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tlo(wam7m7y7y) =

tyo(x,z,x,y,y) =t,0(x,xz,z,x,y) = (A, z,...,7)
— 1 times
t3o(w7m7w)y7y) :t20<w7wuwaw7y) = (/\7/\) .ZU,...,{L‘)
—_——

n — 2 times

tn*l © (w7w7w7y7y) = tn*Q © (w,zc,a:,:c,y) = (/\7 : .,/\,I,SC)
n — 2 times

tno(w7w7w7y7y) :tn—lo(%wawﬂ?,y) :tno(ya’%%%w) - (/\,...,/\,[E)
——

n — 1 times

In the second case:

t, hi hs hoo hp1 h, he |
10000 | O O 0 0 0 1
11000 | 0 0O 0 0 1 1
11100 | 0 0O 0 0 0 1
11110 | 0 O 0 0 1 1
t hi  hs hpo huy h, he |
10000 | 0 0O 0 0 1 1
11000 | 0 0O 0 0 0 0
11100 | 7 7 ? 1 1 1
11110 |0 O 0 0 0 1
t hi  hs hypo huoy h, hi |
10000 | 0 0O 0 0 1 1
11000 | 0 0O 0 0 0 0
11100 | 0 0 0 1 1 1
11110 |0 O 0 0 0 1
We go back to operations t; and t;:

t, hi ho hny h, he

10000 | O O 0 0 0

11000 | O O 0 0 0

11100 |0 1 1 1 1

11110 |0 O 1 1 1

t) hi  hs hno1 h, he_,

10000 | O O 0 0 0

11000 | O 0O 0 0 0

11100 |1 1 1 1 1

11110 |0 1 1 1 1

Therefore we obtain:
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t hy s hoot  hn he_,
10000 | O O 0 0 0
11000 | O O 0 0 0
11100 | 1 1 1 1 1
11110 {0 1 1 1 1
t, hi  hs P S L
10000 | O O 0 0 0
11000 | O O 0 0 0
11100 {0 1 1 1 1
11110 | O O 1 1 1
t | hy ko hoy ha_y h, hi
10000 | O O 0 0 1 1
11000 | O O 0 0 0 0
11100 | O O 0 1 1 1
11110 | O O 0 0 0 1
t hi hs P hno1 hn he_,
10000 | O O 0 0 0 1
11000 | O O 0 0 1 1
11100 | O O 0 0 0 1
11110 | 0 O 0 0 1 1
tho(x,z,xyy) ==
tyo (x,x,x,y,y) =t o(x,x,z,z,y) = (A, x,...,x)
n — 1 times
th (maw7m>y7y) :t,QO (m7mawamay) = (/\7/\7 JT,...,Z’)
——
n — 2 times
t/n—l © (a:,a:,a:,y,y) = t;’L—Q © (a:,a:,az,:z:,y) = (/\7 ey /\,ZE,I)

n — 2 times

t;’],o(a:’$7m7y7y) :t;—lo(m7m’w7w7y) :t;zo(y7y7y7y7m) = (/\7""/\7y)

n — 1 times

We have shown that there are two sets of operations satisfying the identities,

namely the operations ¢, ..

., t, and the operations ¢/, . ..

/
.

On the other hand, these multi-sorted operations satisfy the identities and
belong to D, as is easily checked using Remark [2.28]
Every minion homomorphism ¢ : D,, — D, therefore satisfies {(t;) = t; or
&(t;) =t'; for every ¢ € [n]. Since every binary member of 4,, is a minor of some
t;, the binary part £? is either the identity (see the argument in the proof of

Lemma [2.31]), or the identity for all the binary minors apart from (A, ..., A,y):
———
n — 1 times
it maps (A,...,A\,y) to (A,...,A,z) and (A,...,A,z) to (A,...,A,y). In any
—— —r — —

n — 1 times

n — 1 times
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case, the binary part of the minion homomorphism is a bijection. Therefore D,
is a minion core by Lemma [2.26

]

2.5 Ordering

In this section, we will establish the mutual relations between the minion cores
from the previous section, as depicted in the diagram [2.1 We will accomplish this
by constructing minion homomorphisms between some of the multi-sorted min-
ions and demonstrating that there are no homomorphisms between the remaining
pairs of multi-sorted minions. Specifically, we prove the following theorem.

Theorem 2.41. The following inequalities are satisfied.

WSYy<x

X< KB <A <B < A<B AT
V< <D3<C<Dy<(C, <D <(
C,.<A,, D,<B, VYnelN.

There are no inequalities among the multi-sorted minions X, Y, W, A,, B,, C,,
D, and T other than those that follow from the above inequalities by reflexivity
and transitivity of <.

2.5.1 Inequalities

The inequalities are witnessed by the following mappings. That each of them
is a homomorphism follows immediately from the definitions of the multi-sorted
minions.

CBA:Bn%An
(hl,...,hn) )—)(hl,...,hn)

CDB : Dn — Bn
(hh e '7hn;hn+1) = (hla S 7hn)

CCA:Cn%An
(hl,...,hn) l-)(hl,...,hn)

CDC : Dn — Cn
(hl) e '7hn7hn+1) — (hla s 7hn—17hn+1>

CAB . An+1 — Bn
(hl, .. -;hnahn—i-l) — (hl, . ,]’Ln)
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Ccp : Cny1 — Dy
(hh ey hn, hn+1) — (hl, C.. ,hn, hn+1)

CyD . y — Dn
(hl,hQ) —> (hl, . ,hl,hQ)
—_———

n times

QXBI/Y—)Bn
(h) = (h .., )
——

n times

CyX . y — X
(h1, ha) = (R1)

Cwy : W =Y
(h) = (h, h)

2.5.2 Non-inequalities

Lemma 2.42. X £ C;.

Proof. There exists a binary multi-sorted operation t € X satisfying t(x,y) =
t(y,z) (the same multi-sorted operation we used in Lemma to prove that
X is a core). If £ : X — C; is a minion homomorphism, then &(t) o (z,y) =
E(to(x,y)) = E&(to(y,x)) = &(t) o (y,x), but there is no such multi-sorted
operation £(t) in C; (as there are no symmetric binary 1-sorted operations due
to Lemma [2.37). O

Note that Lemma implies the absence of any minion homomorphism from
X to either C, or D, for all n € N. The assumption of such a homomorphism
would inevitably lead to a contradiction. Suppose, for the sake of contradiction,
that a minion homomorphism exists from X to C,, for n > 1. In that case, if we
compose this homomorphism with a sequence of homomorphisms C,, — D,,_; —
Cph_1 — -+ — D71 — Cq1, we would obtain a minion homomorphism from X" to C;.
However, this contradicts the statement made in Lemma [2.42] Similar reasoning
applies to the case of D,,.

Lemma 2.43. B, £ C, for n € N.

Proof. Similarly as in the previous lemma we will utilize the symmetry argu-
ment. There exists a binary multi-sorted operation t € B, satisfying ¢(yyyyz) =
t(zxxzy) (the same multi-sorted operation we used in Lemma to prove
that B, is a core). If £ : B, — C, is a minion homomorphism, then &(t) o
v, y.9,y.x) =((to(y,y,y,y,2) =(to(z,z,x, x,y)) = o (t)(z,z,x,x, ),
but there is no such multi-sorted operation £(t) in C,, (as there are no symmetric
binary 1-sorted operations due to Lemma [2.37)). O

Lemma 2.44. C, £ B,, forn € N.
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Proof. In this proof, we use the same set of identities as used in Lemma to
establish the properties of C,,. These identities are as follows:

ti(zzayy) =
to(azayy) = ty(zzzay)
ty(azayy) = to(zzzay)

o1 (zzzyy) = th_o(zrzTy)
to(zxzyy) =ty (zzazy) = t,(yyyy)

t(w1, T, 73, T4, T5) = UTo(1)T0(2)To(3)To(4)To(z)) VO € S5

There are such operations in C,, as we have shown in Lemma [2.38 Assume
that there exist operations in B, satisfying these identities. We start filling the
tables:

ty hy  hy 1 Dy
10000 | O O 0 ?
11000 | O O 0 0
11100 | 1 1 1 1
11110 | ? 1 1 1
ty hi ho hp_1  hn
10000 | O O ? ?
11000 | O O 0 ?
11100 | ? 1 1 1
11110 | ? ? 1 1
t,—1 hi hy hn—l hn
10000 | O 7 ? ?
11000 | O O ? ?
11100 | ? ? 1 1
11110 | ? ? ? 1
t, hi hy hp_1 hp,
10000 | 77 ? ?
11000 | O 7 ? ?
11100 | ? ? ? 1
11110 | ? ? ? ?

Also, due to Lemma we know that h,, cannot be A, therefore necessarily
h,(11000) = 0, which implies that all the previous elements in this row are also
Zeroes.

t, hi  hs hn—1 Dy
10000 | 77 ? ?
11000 | O O 0 0
11100 | 7 7 ? 1
11110 | 7 7 ? ?
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Therefore h,(zxzxxyy) = x. lIdentity t,(zxzzyy) = t,(yyyyxr) and symmetry
then implies that h,(zzzry) = y:

tn hl h2 hn—l hn
10000 | 77 ? 1
11000 | O 0O 0 0
11100 | 77 ? 1
111107 7 ? 0

That is a contradiction with the assumption that h, <h, because, for example
ha(11000) = 1 — h,(00111) = 1 — h,(11100) = 0, but k,(10000) = 1. Therefore
there are no operations in B,, satisfying the identities

ti(zzzyy) = o
ta(vwayy) = i (vzzy)
ty(vzayy) — t(vzzy)

tn1(zaayy) = tho(zra2Y)
tn(zzayy) = too1(zzzay) = t,(yyyyz)

t(w1, T2, T3, T4, T5) = HTo(1)T0(2)To(3)Ta()Ta(z)) VO € S,

and, consequently, there is no minion homomorphism from C, to B,.

Lemma 2.45. A,,1 £ D,.

Proof. Once again, we employ the symmetry argument. In A,.;, there exists
a b-ary symmetric multi-sorted operation t that satisfies t(yyyyxr) = t(xzzry)
(e.g., the multi-sorted operation ¢, mentioned in Lemma . However, no
such multi-sorted operation exists in D,, since D,, lacks symmetric binary minors.
Consequently, there is no minion homomorphism from A, ,; to D,.

O

Lemma 2.46. D,, £ A,.1.

Proof. Here we use the same identities we used in Lemma to prove D, is a
core:

ti(zzzyy) = @
to(zzzyy) = ti(z2zay)
ts(vzayy) = t2(zv0Ty)

tn1(zz2yy) = ta2(TTTTY)
tn(zzzyy) = tu-1(zzzay) = t(yyyyx)
t(@1, T2, T3, T4, T5) = H(To(1)To(2)To(3)To()To(s)) VO € Ss
As usual, we show that there are no operations satisfying these identitites in

A,.1. For contradiction assume that such 5-ary operations exist in A,,;. We
start filling the tables, for t; we obtain:
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tl hl h2 hn—l hn hn-i—l
10000 | O 0O 0 0 0
11000 | O 0O 0 0 0
11100 |1 1 1 1 1
11110 | 71 1 1 1

As usual, in order to fill the table we used Remark and Lemma [2.33]
For t,:

to hy Dy S S
10000 | O O 0 0 0
11000 |0 O 0 0 0
11100 | ? 1 1 1 1
11110 | 7 7 1 1 1

Filling the tables in this manner, for ¢, ; we have:

tnfl hl h2 han h/nfl hn thrl
10000 | 0 0O 0 0 0 0
11000 | 0 0O 0 0 0 0
11100 | 77 ? 1 1 1
11110 |7 7 ? ? 1 1
And finally for ¢,,:
tn hl h2 hn72 h/nfl hn thrl
10000 | 0 0O 0 0 0 0
11000 | 0 0O 0 0 0 0
11100 | 7?7 ? ? 1 1
1111017 7 ? ? ? 1

Clearly, multi-sorted operation ¢, doesn’t satisfy the identity ¢, (zzzryy) =
to(yyyyz), for example because h,1(xzzyy) = hyoi(zzzxy) = x. Therefore
there are no such operations in A,,;1, and, consequently, there does not exist a
minion homomorphism from D,, to A,,;1.

O]
Lemma 2.47. B, £ A,4+1 forn e N.

Proof. Again, we use identities which hold in B,, but not in A,,;. As in the
previous examples, we use identities we used in Lemma to prove that B,, was
a core, namely the following identities:

ti(zzzyy) = o
to(vrayy) = ti (zvray)
ts(vzayy) = t2(zvray)

to(zz2yy) =t 1 (z2TTY)
tn(yyyyz) = tn(zrzzy)
ti($1$2$3$4$5) = ti(.CEU(l)1'0(2)1'0(3)1'0(4)370(5)) Vi € [n] Yo € 85
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We have shown in Lemma that in B,, there exist multi-sorted operations
which satisfy the identities. For contradiction assume that there exist such op-
Jt, in A, 1. We start filling the tables for them. Using the first
identity and then Remark for t; we obtain:

erations ¢4, ...

tl hl h2 h3 hn—l hn ]’Ln+1
10000 fO O O 0 0 0
11000 {O 0 O 0 0 O
11100 |1 1 1 1 1 1
1o |? 1 1 1 1 1

Using the second identity we get the following table for t,:

And for t,:

tl hl hg h3 hn—l hn hn+1

1000010 O O 0 0 0

11000 1O 0 O 0 0 0

11100 | 7 1 1 1 1 1

11110 {7 7 1 1 1 1

Continuing in this manner, for ¢,_; we have:

tn,1 h1 hg hg hn,Q hn,1 hn hn+1
10000 1O 0 O 0 0 0 0
11000 |O 0 O 0 0 0 0
11100 | 7?7 7?7 ? 1 1 1
1111072 7 7 ? ? 1 1
t, hi hs hs hpn_o hp1 hy, hp
10000 1O 0 O 0 0 0 0
11000 |0 0 O 0 0 0 0
11100 | 7 7 7 ? ? 1 1
11110 |72 7?7 ? ? 7 1

The table for ¢,, contradicts the last identity as from the table h, 1 (zxzry) =
x, which is not symmetric. Therefore there are no such terms in A, and there
is no minion homomorphism from B,, to A, 1.

Lemma 2.48.

VEW.

[]

Proof. We use the same identities we used to prove that ) is a minion core,

namely:

t(zzzzy) = t(rryyy)
t(@1, T2, T3, T4, T5) = H(To(1)To(2)To(3)To()To(z)) VO € Ss

Assume that t is a 1-sorted operation in VW which satisfies these identities.
The only monotone operation h which satisfies h = h? has the following table:
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t

10000
11000
11100
11110

l—lP—‘OO‘D‘

Clearly, it doesn’t satisfy the identity t(zxzzy) = t(zzyyy) as to(x, x, x, x,y) =
zand to (xz,x,y,y,y) =v. O

Proof of Theorem |2./1. The inequalities were established in the previous section.

Consider multi-sorted minions M and N appearing in the theorem such that
M < N does not follow from the established inequalities by the reflexivity or
transitivity of <. We need to show that M £ A. Assume, for a contradiction,
that M < N. We distinguish cases according to M.

e M = A,. Since the inequality A, < N does not follow from the estab-
lished ones, we have N' € {X, Y W, A1, Apniay- ., Bo, Buy1, ..., Ce,y oy
D1,...}. From the established inequalities and A, < N it then follows
that A, < B, or A, < C;. If A, < B,, then if we compose minion
homomorphisms from C, to A, and from A, to B,, we obtain a minion
homomorphism from C, to B, which is a contradiction with Lemma [2.44]
If A, < Cy, then if we compose minion homorphisms from X to A, and
from A, to C;, we obtain a minion homomorphism from X to C;, which
contradicts Lemma 2.42]

e M = Bn We have N S {X,y,W,An+1,An+2, c. ,Bn+1,8n+2, . ,Cl, ceey
D1, ... }. From the established inequalities and B,, < N it then follows that
B, <A, or B, <C;. The first case contradicts Lemma The second
case, if we similarly as before compose minion homorphisms from & to B,
and from B, to Cq, contradicts Lemma [2.42]

e M =C,. Wehave N € {X, YW, Ani1,...,Bn,...,Crs1,...,Dp,... }.
From the established inequalities and C,, < A it then follows that C,, < B,
which contradicts Lemma [2.44]

* M = Dn We haveN € {X,y,W,ATH_l,...,Bn+1,...,Cn+1,...,Dn+1,
... }. From the established inequalities and D,, < N it then follows that
D,, < A,+1, which contradicts Lemma [2.46]

e M = X. We have N' € {¥,W}, it then follows that X < ), which
contradicts Lemma [2.42]

e M =Y. We have Y < W, which contradicts Lemma [2.48|

e M =7T. We have T < A;. T contains a unary operation satisfying the
identity t(z) = t(y) whereas A; clearly doesn’t contain such an operation.

O
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2.6 Summary

Theorem shows that every multi-sorted Boolean clone of the form Pol(6),
where 6 is a set of multi-sorted binary relations, is equivalent to one of the multi-
sorted minions X, Y, W, A,,, B,,,C,., D,,, or T. Theorem then shows that the
ordering between these multi-sorted minions is exactly as in Figure 2.1 so the
ordering of the original multi-sorted Boolean clones is the same. We have addi-
tionally proved that the multi-sorted minions are minion cores in Theorem [2.25]

The diagram below summarizes our results and illustrates the preordering of
multi-sorted Boolean clones. Each rectangle in the diagram corresponds to a
minion, accompanied by its respective name and description.

69



h1<]h%

/

[CQI h1 < ho Zhgﬂh‘f]

/

Dy : hy < hy < hy =hd < h$ <hf,
[A3:h1<h2<1h3§hg<hg<1hﬂ ha < hg

/ /

[Bg: h1 < he < hs <1h§<1hg<hgl] [Csi hi < hg < hs =h§<h§l<lh‘f]

/

D3: hy <hy<hs < hyg=h$ <hd<hdahd,
h3<]hg

[m:mqmg@<mﬂ [
D,

/

[BQI hy < hy thﬁh‘f]

:m<m=@<w}

[X:h<h<wqhﬂ

[y: h1 < hy <]h2=hg <]h‘11<1h(11]

[W: h<1h:hd<1hd]

Figure 2.1: Diagram illustrating the preordering of multi-sorted Boolean clones
determined by binary relations.
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Conclusion

The thesis aimed to investigate the preordering of Boolean multisorted clones
determined by binary multisorted relations. The most important results are pre-
sented through Theorem [2.24] Theorem [2.25] and Theorem [2.41}

In Theorem [2.24], we established that each clone falls into one of the following
multisorted minions: A, B,, C,, D,, X, Y, W, T (with n being a natural
number). Furthermore, in Theorem , we demonstrated that these minions
are minion cores. Building upon these findings, in Theorem [2.41] we ordered
these minion cores. As a consequence, we obtained an ordering of equivalence
classes Boolean multisorted clones determined by unary or binary multisorted
relations.

The thesis presents its main result through diagram which depicts equiv-
alence classes of clones and their ordering.

In addition to the main result, the thesis opens up opportunities for further re-
search in two distinct directions. The first direction is to characterize multi-sorted
Boolean minions determined by pairs of unary or binary relations; examples of
such minions are the minion cores we found. Are there any others? The sec-
ond direction is to stay within multi-sorted clones but consider relations of arity
greater than two.
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