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Abstract: The goal of this thesis was to study Stokes problem with eigenvalue in
boundary condition. We were in particular interested in determining the asymp-
totic behaviour of the sequence of eigenvalues. We approached this problem by
modifying techniques used in several papers studying asymptotic behaviour of
eigenvalues in boundary condition for Steklov problem and we wanted to con-
clude similar results. Firstly, we introduced some theoretical results yielding that
the eigenvalue sequence of the problem is corresponding to an eigenvalue sequence
of a certain compact and self-adjoint operator. Next, we explicitly calculated pre-
cise asymptotic behaviour of eigenvalues of auxiliary problems on simple domains,
however, due to technical difficulties, we were only able to do in two and three
dimensions. Finally, by using Min-max Theorem, we managed to get estimates of
eigenvalues of the original problem on any bounded C? domain by eigenvalues of
considered auxiliary problems and thus by applying previous results, we managed
to prove the desired asymptotic behaviour.
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Notation

(LP ()"
(Whr(@))"

Tr
(WR2(2)"

n

divu

(Wad ()"

Natural number.
Set NU {0}.
Complex conjugate of a complex number z.

Bounded Lipschitz domain in R™ (by domain we mean open and con-
nected set).

Functions written in bold represent vector-valued functions g: 2 —
R™ while scalar functions are plain

The i-th coordinate of vector-valued function g.
The outwards unit normal vector to (2.

The inner product on space of complex matrices. For A;;, B;; € C™*"
it is defined as A : B = 37',_, A;; Bj;.

n-dimensional Lebesgue measure.
(n — 1)-dimensional Hausdorff measure.
Inner product on a Hilbert space H.

Linear operator T': X — Y applied to € X where X, Y are Banach
spaces.

Point spectrum of a linear bounded operator T': X — X where X is
a Banach space.

For k € N denotes the space of real vector-valued functions g: 2 — R”

for which are partial derivatives k-times continuously differentiable on
Q.

Holder space of real scalar functions which have continuous partial
derivatives up to order n and such that the n-th partial derivatives
are Holder continuous with exponent p € R;0 < p < 1.

Lebesgue space of real vector valued measurable functions g: 2 — R"
over the field of complex numbers where p € [1,00) (see Definition .

Sobolev space of real vector valued measurable functions g: 2 — R”
over the field of complex numbers where p € [1, 00) (see Definition .

Trace operator Tr: (W'P(Q))" — (LP(0Q))".
Space {u € (W'P(Q))"; Tr(u) - n = 0}.

The divergence of a vector-valued function w € (WP(Q))". Tt is
defined as divu = Y1, iu;.

Space {u € (W12(Q))"; dive = 0 in Q}.



Au

Gradient of the function p. For a scalar function p € W'?(Q) it is
defined as the matrix (0y,p, . ..,0np).

Gradient of the function w. For u € (W'?(Q))" it is defined as the
matrix Vu = (0;t4;)nxn-

The symmetric part of the gradient of w € (W'P(Q))". It is defined
as Du=1/2 (Vu + (V'u,)T).

The Laplace operator of a function (C?(£2))". It is vector valued func-
tion defined as (Au); = Y7, d7u; where i =1,...,n.



Introduction

Motivation for this thesis comes from studying problems with dynamic bound-
ary conditions. In our case we are interested in Stokes problem, i.e. for n € N,
Q) C R™ bounded Lipschitz domain, I C R non-empty interval, u: Q x I — R",
p: QAx I =R, f: QAxT—R"g: 00 x I — R" we consider

—Au+Vp=f in Qx 1,
divu =0 in ) x 1,

u-n=>0 on 0N X I,

Ou — [(Du)n|, =g on 092 x I

and some initial condition for w. In the formulation m denotes the outwards
unit normal vector and v, denotes the projection of v to the tanget plane to
Q, ie. v, = v — (v-n)n. We now replace term Jyu with Au for A € R and
assume that right-hand sides of the system are zero. We will study this modified
problem. Thus, in this thesis we will be dealing with stationary Stokes problem.
More precisely, let n € N and 2 C R™ be a bounded Lipschitz domain. For
u: Q= R” p: Q — R and A € R we consider the following system of partial
differential equations

—Au+Vp=0 in Q, (1)
divu =0 in €, (2)
u-n=0 on 0€), (3)

[(Du)n|, = \u on 0f). (4)

We will refer to the constant A in the formulation of the problem (I)-(4) as
an eigenvalue of the problem — if there exists a corresponding non-trivial
weak solution to the problem. Specifically, we will be interested in studying
the asymptotic behaviour of the sequence of eigenvalues (\;),—, of the problem
0-@.

Inspiration for approaching this problem comes from a thesis by Sandgren [I]
where they considered Steklov problem on a bounded C? domain Q C R™, i.e.

—Au=0 in Q, (5)
(Vu)n = pu on OS2 (6)

and studied asymptotic behaviour of the eigenvalue sequence (p),-, of the prob-
lem (B)-(6). Firstly, they calculated gy explicitly on simple domains and then
they improved the results to more general domains. Eventually, they managed
to prove that

HE = CStek(Q> n)kl/(nil) + O(kl/(nil)).

3

Later on, in a paper by von Below and Francois [2], they used this result to
determine the growth order of (uy),-, and to obtain lower and upper bounds for
the leading asymptotic coefficient in the following problem

—Au = pu in Q, (7)
(Vu)n = pu on OS). (8)



More precisely, they were able to get

M
Cstex (2, 1) < 11;1_1) g}lf Ty S hm Sup

oy < Ol ).
for some constants csiek, Csiex (2, 7) € R, cstek, Csiex (€2, 7) > 0 depending on di-
mension n and domain 2.

Our goal in this thesis will be to modify techniques used [I] and [2] for our
problem — in order to obtain similar results about the asymptotic behaviour
of (Ar)je,. Our hypothesis is that the growth order will remain the same even
for this more complex problem, i.e. we expect that

A
Cstokes(£2,n) < liminf ——— hm sup

o0 k}l/( D = OStOkeS(QJ n)

Ak
K1/ (n—

for some constants csgokes; Cstokes (€2, ) € R, Cstokess Cstokes(§2, ) > 0 depending on
dimension n and domain 2.



1. Preliminaries

In the chapter we introduce the most important definitions and Theorems
that we will use extensively throughout the whole thesis.

Definition 1. (Lebesgue spaces). Let p € R, p € [1,00], let n,d € N and let §)
be a measurable set in R"™. We define the Lebesque space (LP())" as a set of all
measurable functions g: @ — RY such that ||g|| (Lr(a)t < 00 where

(/ zdjlgz(w)\”dk"y/p ifpel,o00),

€SS-SUP,cq I{IllaX lgi(x)| ifp= 0.

77777

”gH(LP(Q))d -

Remark. Formally, Lebesgue space (LP(€2))? should be a set of equivalence classes
of functions which are equal A" almost everywhere in {2 in order for the pair
((LP(Q))d, ||-||(L,,(Q))d) to form a linear vector space. However, it is a common
convention to leave out the notion of equivalence classes.

Definition 2. (Sobolev spaces). Let n,d € N and let @ C R™ be an open set. Let

d
ke Nandp e R,p e [l,00]. We define the space of Sobolev functions (W’“’(Q))
as the set

(WF2(2)" = {g € (L(Q)"; Yo € (No)?, || < k: D*g € (LP(Q))"},

where D%g denotes the weak derivative of g with respect to o. We define the

functional ||’||(Wk’p(9))d as follows

1/p
(Z I Z|Dagz vw) ifpell o)
||g||(Wk,p(Q)) = || <k

IAX e85-5UP,eq  MAX. |D gi(x)| ifp=occ.
|laf<k {1

'''''

Remark. The set (W"”’(Q)) equipped with the functional ||-||

normed linear space.

(Whr ()’ forms a

Definition 3. (C** domains). Let k € N and p € R,0 < u < 1. Let n € N
and let Q be a bounded domain in R™. We say that Q is a C** domain if there
exist o, f € R, 0, B > 0 and M € N systems of Cartesian coordinates and C*+*
functions a, forr=1,... .M such that

o for r-th system we denote v = (z,,...,2,) as (z.,x,, ) and
A, ={z, eR" |z | <ai=1,....n—1},
o a,: A, = R and if we denote by T, an orthogonal transformation from r-th
system of Cartesian coordinates to global system of Cartesian coordinates

then for each x € O there exists r € {1,...,M} and x| € A, such that
z =T (z7,0,(27)),



o if we define

Vi={(zl,x.,) eR"; 2 € A, a,(2) <z, <a.(x))+ B},

()
Vo ={(zlx.,) eR 2 € A, a.(2)) — B <z, <a(z))},
A, ={(zl,2,,) ER" 2\ € A, a (7)) = 2, },

then T,(V.F) Cc Q, T,(V,7) C R*\ Q and UM T, (A,) = 09.

Theorem 4. (Trace Theorem). Let n € N and let Q be a bounded Lipschitz
domain in R", i.e. Q€ C%. Letp € R,p > 1. Then there exists a bounded linear
operator Tr

Tr: (WH(Q)" = (L7(09))"
such that Tr extends the classical trace operator, i.e.
Tr(u) = ’U,|aQ

for all w € (W1P(Q2))" N (C(ﬁ))n

Proof.  See [3], Section 6.4.
[

Theorem 5. (Riesz representation Theorem). Let H be a Hilbert space with inner
product (-,-) . Let o € H*, i.e. ¢ is a continuous linear functional on H. Then
there exists a unique y € H such that

<()07 u>H*,H = <u7 y>H

for alluw € H. Moreover,

1Yl = llpllar--

Proof. See [4], Theorem 5.5, p. 135.
[

Theorem 6. (Gauss’s Theorem). Let n € N and let Q2 be a bounded Lipschitz
domain in R™. Let u € (WY2(Q))". Then

/divud)\” :/ Tr(w) - ndH" "
Q o0

Proof. See [5], Theorem 1.1., p. 117.
O

Remark. For bounded Lipschitz domains in R™ the outwards unit normal vector
exists H"~! almost everywhere on 92 (see [5], Lemma 4.2., p. 83).



2. Basic properties and
asymptotics on simple domains

2.1 Formulation of the problem

Let n € N and Q C R™ be a bounded Lipschitz domain. For u: Q — R",
p: 2 — R and A € R we consider

—Au+Vp=0 in Q, (2.1)
divu =0 in Q, (2.2)
u-n=0 on 012, (2.3)

[(Du)n|, = \u on 052, (2.4)

where n denotes the outwards unit normal vector on 02 and v, denotes the
projection to the tanget plane, i.e. v, =v — (v-n)n.

First, we derive a weak formulation of the problem —. Suppose for
now that there exist u € (C*(Q))”, p € C=(Q) and \ € R such that (2.1)-(2.4)
hold. Assume that mapping ¢: Q — R” satisfies ¢ € (C*(Q))", dive = 0 in
and ¢ - = 0 on 9). Multiplying equation by ¢ and integrating both sides
over {2 we get

—/Au@dxu/vp-@w:o.
Q Q

Sine divu = 0, we have
Au = 2div Du.

Using Green’s formula we get
2/Du:mdA"—2 @-(Du)nd?—ln_l—l—/ p(@-n)dH"
Q o9

—/pdiva":o.
Q

o0

Using the assumptions on w and ¢ we obtain

/Du:mdva/ w- @A
Q o0

This motivates the definition of weak solutions and appropriate function spaces
where we will be looking for solutions.

Notation. Let V denote the space (Wiiw(ﬁ))n and let V denote the space
(Wa2()"

Remark. V and V are Hilbert spaces with the following inner product
(u,v), = / Du: Dvd\"+ [ Tr(u)- Tr(w)dH" !,
Q o0

where w,v € V. By |||l and ||| we denote their corresponding norms. Due
to Korn’s inequality (see [6], Proposition 3.13., p.271) and Trace Theorem (see
Theorem [4)), these norms are equivalent to the standard [|-[|w1.2(q))» norm and
we will use this equivalence throughout the work without mentioning.

8



Definition 7. Let A € R be fized. We say that w € V' is a weak solution to the

problem - if

/ Du:Dgd\" =\ [ Tr(u) - Te(@) dH" (2.5)
Q (o))

holds for all p € V.

Notation. Denote by A the set of all A € R such that there exist a non-trivial
weak solution to the problem ([2.1))-(12.4)).

Remark. We will only be interested in non-trivial weak solutions hence by setting
@ = w in (2.5) we immediately get that A > 0. Thus A C [0, 00).

2.1.1 Existence of weak solutions

Now we are going to investigate the question of existence of non-trivial weak
solutions to the problem (2.1))-(2.4). Since Tr(V) C Tr (W12(Q))") C (L?(9Q))"
(see Theorem , we define a mapping B: V x V — C in the following way

Blu.v] = /a Tr(u) - Te(v) dH"

Then B is clearly linear in the first coordinate, conjugate linear in the second
coordinate and there exists C' € R, C' > 0 such that

/(9Q Tr(w) - Tr(@) dH" < || Tr(w)l| 2200 | Tr (@) 2200 < Cllullv(lvllv (2.6)
holds for all u,v € V (see Theorem [4). Hence we get
sup{|Blu,v][; [[uly < L [Jvfly <1} < oo.

Using a version of Riesz representation theorem it follows that there exists a
unique 7" € L(V') such that

B[uvv] = <T(u)’v>v

for all w,v € V. Operator T is thus almost a solution operator to the fol-
lowing slightly modified problem. The precise relation to the solution operator
is addressed later in the proof of Lemma [10] For given g: 990 — R"™ we seek
v: Q — R" and ¢: Q — R satisfying

—Av+Vg=0 in €, (2.7)
divve =0 in €, (2.8)
v-n=0 on 012, (2.9)

(Dv)n|,+v=g on 0%, (2.10)

Weak formulation of this problem would have been derived in the same way as
for problem ([2.1))-(2.4)).
Definition 8. Let g € (L*(0R2))". We say that v € V is a weak solution to the

problem — if
/ Dv: Dpd\" +/ Tr(v) - Tr(e) dH" ' = / g-Tr(p)dH" (2.11)
Q 00 o9

holds for all ¢ € V.



Lemma 9. Operator T' is self-adjoint.

Proof. Self-adjointness of T follows immediately from definition since

(T'(u),v), = Blu,v] = Blv,u] = (T'(v),u)y = (u, T(v))y

holds for all u,v € V.

Lemma 10. Operator T is compact.
Proof. Firstly, it holds that operator Tr
Tr: (WH2(Q)" = (22(09)"

is compact (see [5], Theorem 6.2., p. 103). Furthermore, like in ({2.6]), we get that
there exists ¢ € R, ¢ > 0 such that

|9 T@) ar = < cliglzoay ey, (2.12)

for all ¢ € V. Thus, for given g the left-hand side of (2.12)) defines a continuous
linear operator on V. Using Riesz representation theorem (see Theorem [5)) we
obtain a unique element ¥ € V satisfying

(e.8)y = [ g Ta(@)dnr .

for all ¢ € V. Hence by using the properties of inner product, © € V is a unique
solution satisfying (2.11]) for all ¢ € V. Define a mapping ¢: g — 0, where © € V
is the unique solution from above. Then 9 is obviously linear. Furthermore, we

know that holds for v = ¥ and by taking ¢ = ¥ and using we get
811} = [ _g-Te@) " < clgllwzonye 15]v-

Using Young’s inequality we get
cllgll 20y 181l < ¢ (Ce)lglraon)- + lIBI)

where € € R, e > 0 is chosen in a way that ec < 1. Altogether this yields

1v(g)llv < Cllgllz2@a))n

for some C' € R,C' > 0 which then implies v € L((L*(99Q))", V). Finally, from
construction, it holds that
T =1 oTr. (2.13)

Using compactness of Tr, continuity of ¢ and (2.13]) we indeed obtain that oper-
ator T'is compact.
O

10



Lemma 11. Let A € R, A > 0 be fizred. A non-trivial function w is a weak solution

to the problem (2.7)- with g = ATr(w) if and only if w is an eigenfunction

of T' corresponding to eigenvalue 1/\.

Proof. 7 = 7 For all ¢ € V it holds that
<'U,, Q0>v = )‘B[Uaﬁo] = )‘ <T(’U,), (p>V )
hence dividing both sides by A and reorganizing we get
1
<u —T(u), go> = 0.
A %

Setting ¢ = (1/A\)u — T'(u) gives that

1
T(u) = T
7 <= 7 For all ¢ € V we have
1
(wehy = A(Jue) = MT(u),9)y = ABlu) (2.14)

hence ([2.11)) holds for all ¢ € V.

Remark. If a function w is an eigenfunction of 7' corresponding to eigenvalue 1/A
then using (2.14]) and setting ¢ = u we get

<u7 u>V > 1.

A= Blu,u] —

Lemma 12. Let A € R, X\ € (0,1]. Then A € 0,(T) if and only if 1/\ —1 € A.

Proof. It follows immediately from Lemma [L1]since A € 0,(7T") if and only if for
the corresponding eigenfunction u holds the following

J, Du: Dgax = (i - 1) [ Trlw) - o) dn !

for all ¢ € V. The Lemma follows.
O

Theorem 13. There exist at most countably many A € R such that there exist a
non-trivial weak solution to the problem —, i.e. set A is countable.

Proof. Lemma [0 implies that o(T') C R (see [4], Proposition 6.9., p. 165) and
Lemma [L0[implies that spectrum of 7" is at most countable (see [4], Theorem 6.8.,
p. 164). Lemma [12| completes the proof.

O
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2.2 Reconstruction of pressure

Natural question that arises is whether we do not lose any information about
the pressure. It is well known that for Stokes problem with Dirichlet boundary
condition it is not the case and we would now like to modify this result to our
problem. The core of the proof lies in the following Theorem and Lemmata.

Notation. For n € N;g € R;q € (1,00) and © C R™ measurable we denote
L(Q) = {g € L(Q); Jog = 0}.

Theorem 14. Letn € N and let q,¢ € R, 1 < ¢ < o0 satzsfymg 1/g+1/¢ =1.
Let Q C R" be a bounded Lipschitz domain. Let f € L*(Q). Then there exists a
solution v € (Wy?(Q))" to the following problem

divv = f in €,
2.15
v=0 on 0N (2.15)
such that
[ollwra@pn < Cllf Lo (2.16)
where constant C' € R is independent of f.
Proof. See [7], Theorem II1.3.3, p. 179.
O

Remark. There exists a bounded linear operator Bog: L’(Q) — (W, ()" such
that div (Bog(f)) = f in Q. We will refer to it as Bogovski operator.

Lemma 15. Let A: V — ILQ(Q) denote an operator defined by A(v) = divw.
Then

R(A") = (ker(A))" ={g € V'; Vo € ker(A) : (g, v)p~ > =0 }.

Proof. Operator A is clearly linear and continuous. Firstly, using Gauss’s
theorem (see Theorem @ we obtain for v € V that

/QA(’U) " :/Qdivvd/\“:/m Te(v) - ndH" ! =

hence A is indeed a mapping to iQ(Q). Due to Closed Range Theorem (see [§],
Theorem II.18) it is enough to prove that the range of A is closed in ZP(Q)
Assume that (f;),, is a sequence in R(A) satisfying f, — f in f/Z(Q). Owing to
the fact that R(A) C I~)2(Q), we can use Theoremﬂto get v, € (W (Q)" CV
such that A(vy) = fx and

[kl w2 < Cllfllz2@)

for all £ € N where constant C' € R is independent of fj. Since (kaHLQ(Q)):O_l is

bounded, (||lvk¢)se, is also bounded and since V is reflexive, we can extract a
subsequence (denoted the same) such that vy — v in V and hence div v, — divo
in L*(Q). Tt follows that A(v) = diveo = f in Q which implies f € R(A) and
thus R(A) is indeed closed in ZQ(Q).

[
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Lemma 16. Suppose that G € V' is such that
(G, )7 =0
for all ¢ € V.. Then there exists exactly one p € E2(Q) such that
(G, @) —/pdlvgod)\"
holds for all p € V.

Proof. The proof is almost identical to the case with zero Dirichlet boundary
condition (see [7], Theorem II1.5.3, p. 217) with slight modification proved in
Lemma [I5] We will show the proof for readers convenience. It clearly holds that

ker(A) = V. Thus G € (ker(A))" = R(A*), i.e. there exists z € (EQ(Q)>* such
that A*(z) = G. Using the definition of the adjoint operator we obtain

(G, @)v*,v = (A%(2), ‘P>(/*,(/ = (z, A(‘P)>i2(g)*,i2(§z) :

Finally, by using Riesz representation theorem (see Theorem we obtain a
uniquely determined p € Z)Z(Q) satisfying

(G @)y = <27A(90)>E2(Q)*,E2(Q) = /QFA(‘P) d\" = /QT?diWPd)\n

for all p € V.
O

We now have all the tools ready to finally prove the reconstruction of pressure
for our problem (2.1)-(2.4)) as we show in the following Lemma.

Lemma 17. Let A € R be fized and let uw € V' satisfy forall p € V. Then
there exists exactly one p € z2(Q) such that

/Vu:WdA"—A/ Te(w) - Tr(@) dH™! :/pdiv¢cw (2.17)
Q o0 Q
holds for all ¢ € V.

Proof. Define G for ¢ € V as follows

(G, @) o = / Vu: Ve d/\n—/\/ Te(w) - Tr(@) dH L. (2.18)
Like in ([2.6)), there exists ¢ € R, ¢ > 0 such that
[ Tr(w) - Te(@) a3 < clulyllelly

holds for all u,@ € V. Using Holder’s inequality in the first term in (2.18)) we
obtain that there exists C' € R such that

(G @)y y < Cllullyllely

holds for all w,p € V, ie. G € V". Lemma [16| completes the proof.

13



2.3 Auxiliary problem

In order to investigate the asymptotic behaviour of eigenvalues of the original
problem —, we are firstly going to investigate the asymptotic behaviour
of eigenvalues of a different problem on a simple domain on which we are going
to be be able to calculate the asymptotics explicitly. This approach would work
in any dimension but the calculations would get unbearably difficult and that
is why we were not able to generalize it to arbitrary dimension. We will firstly
investigate the two dimensional case.

Remark. Any symbolic calculation that we refer to in the thesis and are not
explicitly shown were performed in the Wolfram Mathematica program and the
corresponding files are added to the thesis externally.

2.3.1 Formulation of the auxiliary problem in two dimen-
sions and its basic properties

Notation. We denote 2 = (0,1)? and T = 9€2. Furthermore, let us denote

x1,T9) € ]R ; Lo = 0 X1 €

x1,T2 ER 1’1—11'26

{(z1,22) (
{(z1,12) €R? 21 = 0,25 € (
{(z1,22) (
{(z1,22) (

For u: Q — R? p: Q — R and A € R we consider a modified version of
problem ({2.1)-(2.4]) in the following way

—Au+Vp=0 in Q, (2.19)
divu =0 in Q, (2.20)
u=20 on I'y, (2.21)
0
o Auy and ugs =0 on I'y, (2.22)
(91’2
u(0,29) —u(l,xe) =0 for x5 € [0, 1], (2.23)
ou ou
a—xl((),xg) - a—xl(l,xg) =0 for x5 € [0, 1], (2.24)
p(0,x9) —p(l,22) =0 for x5 € (0,1). (2.25)

Thus, we consider periodic boundary conditions in direction z; on two parallel
sides of the square for w and also for the pressure p. The weak formulation of this
problem would have been derived in the same way as for the problem —
only the function spaces of solutions and test functions will be different.

Remark. Condition (2.22)) corresponds to condition [(Vu)n|, = Au on I'y.

Definition 18. We define space Vs as follows

= {u € (Wed (V)% Tr(w)lr, =0,
Tr(w)(0,29) = Tr(uw)(1,22) for o € [0, 1], Tr(u)z|r, = 0},
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Remark. Space V3 is again a Hilbert space. Due to the condition Tr(u)|r, = 0
in Definition [18] the fact that #!(I';) > 0 and the fact that § is connected, it
follows that for w,v € V5 the expression

(u,v),, = /QV’U, : Vo d)\?

defines a scalar product on V, and the corresponding norm |||y, is equivalent to
the standard ||-||y1.2 norm.

Definition 19. Let A € R be fized. We say that w € V5 is a weak solution to the

problem (2.19)-(2.23) if
/vm;vgdva/’ﬁmyIuamﬁl (2.26)
Q Ty

holds for all ¢ € V5.

Remark. We will only be interested in non-trivial weak solutions hence by setting
¢ = u we immediately get that A > 0. Moreover, for A\ = 0 we obtain by setting
¢ = u that (u,u),, =0 and hence the only weak solution is the trivial one.

In order to show that there exist only countably many values of A € R such
that there exists a non-trivial weak solution to the problem (2.19)-(2.25), we
would again define a mapping B: V5, x Vo — C by

Blu,v] = /F Tr(w) - Te(@) dH

and get the existence of a unique operator Ty € L(V3) satisfying
B[ua'v] = <T2(’LL), v)Vg

for all u,v € V5. The procedure would now be the same, i.e we would show
analogous Lemmata as in Section [2.1| with the only difference being the fact that
due to inner product on V5, we would not need to add additional term to the
boundary condition in the formulation of the problem to show compactness of
Ts. Hence the following Theorem holds.

Theorem 20. Operator 15 is compact and self-adjoint. For some fired A € R, A >
0, a non-trivial function w is a weak solution to the problem — if and
only if w is an eigenfunction of Ty corresponding to eigenvalue 1/X\. There exist
at most countably many A € R such that there exist a non-trivial weak solution

to the problem —.

2.3.2 Existence of solutions and asymptotic behaviour of
eigenvalues in two dimensions

In order to determine the asymptotic behaviour of \’s for which there exist
non-trivial weak solutions, we will now compute the solutions to the problem
([2.19)-(2-29)) explicitly and afterwards we will show that these solutions are in
fact already all non-trivial weak solutions to this problem. The particular form
of functions in which we will be looking for solutions was inspired by a paper by
Rummler [9].
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Proposition 21. For any k € 27Ny there exist A(k) € R of the form

! if k=0,
AR) = 2 (=14 —aeh) (2.27)
1 — 22k 4 etk _ fe2k)2 if k € 2rN

and functions a; ;,p; fori,j € {1,2} of variable x5 such that functions

a1 1(z2) cos(kxy) + ag 2(x2) sin(kzy)
Uk($1,$2) = ]
a1 (x2) cos(kxy) + ag2(x2) sin(kx)

and
pr(x1,22) = p1(x2) cos(kxy) + po(2) sin(kxy)

solve the problem — in the pointwise sense. Moreover, the multiplicity
of A(0) is one and the multiplicity of (k) for k € 27N is two.

Proof. Conditions ([2.23)-(]2.25]) are satisfied trivially. First, we are going to deal
with the case £ = 0. Then

a1,1($2)
UO(I17$2) =
G2,1(3?2)

and
P0($1,$2) = p1($2)'

Equation (2.20): Rewriting divug = 0 we want
alz,l(@) =0

for all 5 € (0,1). Thus ag;(z2) = co for some ¢z € R.

Equation : We want
a11(0) = a21(0) = 0. (2.28)
This already implies that co; = 0 and thus ag;(z3) = 0 for all x5 € (0,1).
Equation : Rewriting —Awug + Vpy = 0 we want
al1/,1<x2> =0

for all x5 € (0,1). Thus ay 1(z2) = dy 122 for some d;; € R and all x5 € (0,1) due

to (2.28). Next, we want
pi(z2) =0

for all x5 € (0,1). Thus py(x2) = p; for some p; € R.
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Equation (2.22)): The condition that us = 0 on I'y is trivial. The second boundary
condition for unknown A gives

dig = Ady ;.

Since we are only interested in non-trivial solutions, we require d; ; # 0 and thus
A = 1. Consequently, the moreover part of the Proposition for A(0) follows.

Suppose now that k& € 27N. Formally applying divergence to (2.19) and
assuming that (2.20)) holds we get that

div(—Au + Vp) = — A(divu) +Ap = Ap =0 (2.29)
=0

holds in 2. Using for the special form of p, we obtain that
P (z9) cos(kxy) + ph(x2) sin(kxy) — k*py(x2) cos(kxy) — k*pa(zs) sin(kxy) = 0
holds for (z1,z2) € Q. Rearranging the equation yields
cos(kx1)(py (z2) — k*pi(2)) + sin(kz1) (py(w2) — k?pa(2)) = 0.
Since this equation should hold for any (z1,z5) € 2 we deduce that for i € {1,2}
pi(x2) = k*pi(az) = 0
holds for all 25 € (0,1). Thus we can write p; in the following way

pi(z9) = pjet™ + ple~h2,

where 75 € (0,1) and p},p? € R for i € {1,2}. Plugging uy, and py, into (2.19) we
obtain (similarly as above) for (z1,x2) € €2 the following relations
COS(kIl)(CL/{J(JIg) — 1{720,1’1(1’2) — kp2($2))+
sin(kxy)(ay o(72) — k?ay o(w2) + kpi(22)) = 0
and
cos(kay)(ay , (x2) — K2ag1(22) — Pl (22))+
sin(ka1) (a5, (w2) — K2aza(22) — py(a2)) = 0.

Thus we again deduce that

GI1I71(332) - k2a171(x2) - kp2(£172) 0,
af o(w2) — K2y 2(x2) + kpi(a2) = 0
and for ¢ € {1,2}

al ;(v2) — K*agi(x2) — pi(x2) =0

holds for all x5 € (0,1). Solving these equations we get

x

ara(z2) = ailelm2 + aile’km + —22 (p%e"“”2 — pge’k“) , (2.30)
x

ara(z2) = ai,zek’”2 + aige_k“ + —22 (—pielm2 +p%e_’“”2) (2.31)
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and for ¢ € {1,2}

x
az(2) = a3 €72 + a3 e 4 T2 (pett 4 plen) (2.32)
where a! -,a?,j € R for i,j € {1,2}. Functions ug and p; of these forms thus

satisfy (2.19)).

Now we are going to determine for which values of A there exist nonzero co-

efficients such that uy also satisfy (2.20))-([2.22]).

Equation (2.21)): For all z; € (0,1) we want

uk(ml’O) _ a1 (0) COS(:I{L’El) + (11’2(0) sin(kxl) —0
a2.1(0) cos(kx1) + ag2(0) sin(kxy)

Thus we deduce that for 4,5 € {1,2} we need a;;(0) = 0. Plugging this into
(2.30)-(2.32)) we obtain for i,j € {1,2} that

Z?] Z?]

Equation (2.20): Rewriting divu, = 0 we want
—kay,1(x2) sin(kzy) + kay o (22) cos(kx1) 4 db 1 (22) cos(kxy) + ay o (x2) sin(kx,) = 0
for all (z1,25) € 2. Rearranging the equation yields
cos(k:cl)(aéjl(:vg) + kayo(z2)) + Sin(kxl)(aéjz(:@) — kay1(z2)) = 0.
Thus we deduce that
ay, (x2) + kayz(z2) = 0, (2.34)
dy 5 (22) — kaii(22) =0 (2.35)
for all z5 € (0,1). Using and we deduce for i € {1,2} that

ah (2) = b (6472 - e702) 2 (plebre 4 prehon) 4 222 (phebos — pembon).

Plugging this into (2.34)-(2.35)) we obtain
1
ka;l (em2 + e_km) + 3 (joiekm2 —|—p§e‘kw2) + k‘ai2 (em — e‘km) =0, (2.36)

kaj (ek"”2 + e*k”) - ; (p%ek“ + pge*k"f?) — kay (e’”2 — e’k”) =0 (2.37)

for all z, € (0,1). By comparing coefficients for each term €2, e=**2 in (2.36)-
(2.37)) we deduce the following relations

1
kal, + % +kal, =0, (2.38)
kal pj—kl =0 2.39
%,1"‘2 ayo =0, (2.39)
kal p—é—kl =0 2.40
a2,2+2 ay, =0, (2.40)
kal P kal, =0 2.41
a272—|—2—|— aq q . (2.41)
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Equation ([2.22)): The condition that uy = 0 on I'y is treated in the same way
as for equation (2.21)) and hence we obtain that ay;(1) = 0 for ¢ € {1,2}. Using

(2.32) and (2.33) we get

ay; (ek — e’k> + ; (p}ek —|—pfe’k) =0 (2.42)

for i € {1,2}. The second boundary condition for unknown A gives
ay 1 (1) cos(kxy) + af o(1) sin(ka1) = A (a1,1(1) cos(kxy) + ay (1) sin(kay))
for all ; € (0,1). Equivalently
cos(kxy)(a) (1) = Aay,1(1)) + sin(kzy)(a] 5(1) — Aay (1)) = 0.

Hence we finally deduce that
(1) = Aar (1) = 0

for ¢ € {1,2}. Using — we get

kaiy (¢ +e7t) + ; (phe" — p3e*) + l; (Phe" +p3e ™)

— Aaj (ek — e’k) — ;\ (péek — pge’k) =0, (2.43)

ka, (¢ +e7h) + ; (—pie +ple™) - ]; (pie" +pie ™)

— Aaj, (e’C — e’k> — ;\ (—p%ek —I—pfe’k) =0. (2.44)

Thus we end up with 8 equations for 8 unknown coefficients, i.e. equations
(2.38)-(2.44]). Let us denote the matrix of the considered problem by Aj. The
corresponding system then can be rewritten like

10 0 0 0 k k 0 pl
o+ 0 o0 0 kK -k 0 P
o 0 5 0 -k 0 0 k P
0 0 0 % & 0 0 k 2
et 1 (2) 0 -1 0 0 ;’12 -0 (2:49)
2 2 1,1
0 0 < F 0 0 0 e*-1f|al,
0 0 b1 by b3 0 0 0 ab
—b; —b, 0 0 0 0 bs 0 ay,
A
where
by _L%(Hk_A), bzzl(—1+k+x), by =k (¥ +1) = A (¥ —1)
2 2



In order for non-trivial solutions to exist, the matrix of this system must be
singular. We thus want

1
0 = det(A) = —1¢ (25 + A + €™ (=2k + A) — 2™ (A + 2k> (A — 2)))2
from which we obtain
2k (—1+ eth — 4¢?k)
)\(k?) - )
1 —2e%k + b — 42k )2
which completes the proof of (2.27)) and the first part of the Proposition. Concern-
ing the moreover part of the Proposition for A(k) where k € 27N, computations

yield that the kernel of the matrix A; for A = A(k) has dimension two which
completes the whole proof.

0
Remark. The denominator of A(k) is nonzero for all & € 27N. Solving
1 — 2% 4 et — 4e?PE? = o — % (2 + 4]{:2) +1=0

gives
2 + 4k £ V16k* + 16k2
= 2 26 L PV N S )
However, it clearly holds that

1+ 2k* £2kVE2 +1 <1+ 6k
for all £ € 27N. It can be proven by induction that

1+ 6k% < %
for all k£ € 27N, hence the claim follows.

Corollary 22. Let k € 27N and denote uy,, ui the linearly independent solutions
from  Proposition corresponding to A(k). Then the first coordinates of the
solutions on I'y can be chosen in such a way that

’l,lzllc(l'l,l)l = Cl<k') COS(/CIl),
ui(r1,1); = co(k) sin(kay),
for x1 € (0,1) where c¢i(k) and cy(k) are some non-zero constants. For k = 0

denote ug as the solution corresponding to A\(0) and fori € {1,2} denote ujy = uy.
Then for xy € (0,1) it holds that wo(z1,1); = ¢ for some non-zero constant c.

Proof. Proof eventually follows from computing the kernel of the matrix A, for
A= A(k).
[

Proposition 23. The values
1 if k=0,

k) =1 2k (—1 +etF — 462’%)

1 — 22k + etF — 4e2kf2

are exactly all the values of X for which there exist a non-trivial weak solution to

the problem (2.19)-(2.25).

if k € 2rN
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Remark. Throughout the proof we will use results and notation from Corollary
22

Proof.  One implication is trivial since for these values of A(k) we calculated
corresponding smooth solutions u; in Proposition and hence they are also
weak solutions.

On the other hand, suppose that there exists A* € R, \* > 0 such that

A ¢ {\(k); k € 27Ny}

and a corresponding non-trivial weak solution u* € V. Taking u} for i € {1,2}
and k € 27Ny as a test functions in (2.26)) we obtain

(wouy), =X /F Tr(w*) - Tr(ul) dH. (2.46)

Furthermore, taking u* as a test function in (2.26|) we obtain for ¢ € {1,2} that

(uf, u*)y, = A(k) /F Tr(uf) - Tr(u?) dH! = A(K) /F Tr(u) - Tr(ui) dH'. (247)

Relations (2.46)-(2.47)) imply that for ¢ € {1,2} it holds

0= <1*'u,*,u§'c> — <1u*,u};> = <u*,u};> (1* — 1) ,
A Va A(k) " 2\ A (k)
thus using the assumption on \* we get
(u, u;;>v2 =0 (2.48)
for : € {1,2}. Using and we obtain
/1“ Tr(w"), Tr(u}), dH' =0
4
for all k € 27rNy. Thus
/1“ Tr(u*); cos(kxy)dH' =0, (2.49)
4
/F (), sin(he )dH' =0 (2.50)
for all £ € 27Ny. Since the set {cos(kx),sin(kz1); k € 27Ny} forms an or-

thogonal basis in L?*((0, 1)), relations ([2.49)-(2.50)) imply Tr(u*); = 0 on T'y and
hence

Tr(u")|r, = 0. (2.51)
Plugging (2.51)) into (2.26]) we get that
/ Vu': Ve dd2 = (u', @)y, =0 (2.52)
Q
holds for all ¢ € V5. By setting ¢ = w* in (2.52) we obtain that u* = 0 in 2
which is a contradiction.

]
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Remark. Assume for now that \: [0,00) — R is defined by A(0) = 1 and

M) 2z (—1 + €' — 4e*x)
T =
1 — 2% + efz — 4202

for z € (0,00). It can be shown that A (z) > 0 for z € (0,00). Using this and
showing e.g. numerically that A(27) > A(0), it follows that A(k + 1) > A(k) for
all £ € 27Nj.

In order to formally determine the asymptotic growth of A(k), let us now
arrange A(k) into a non-decreasing sequence of positive numbers, i.e. we consider
the sequence (\;),—, where each eigenvalue \ appears according its multiplicity

and {\;; k € N} = {\(k); k € 27Ny}

Definition 24. Let (p),o, and (v),—, be a sequences of real numbers. We say
that

Mi ~ Vg

as k — oo if

Proposition 25. The asymptotic growth of the sequence (\i)p—, is linear and it
holds that
)\k ~ 2k

as k — 00.

Notation. For any z € R we denote |x] as the floor function, i.e. |z] gives as
output the greatest integer less than or equal to x.

Proof. Using the notation and results from Propositions we know that
eigenvalue A\(0) = 1 has multiplicity one and A(k) for & € 27N has multiplicity
two. Hence the sequence (Ag),—, has the following form

1 if k=1,
A = ) (2.53)
A(2m|k/2]) if k> 2.
Now the claim follows easily from Proposition [23| and Remark afterwards. Using
(2.27) and (2.53)) we obtain for k£ € N,k > 2 that
ar (k)2 (=1 + €58/2) — 8t b2 | /2]
BT 1 eanlk/2] 1 o8nlk/2) — 1r2etnlk/2] [k/2]2
For any k € N it holds that k/2 — 1 < |k/2] < k/2 hence

k/2 1
i /2L
Using
—1 + e87Lk/2] _ Qretnlk/2] | | /2]
lim =1
E—oco \ 1 — edrmlk/2] + e8mlk/2] _ 167r2ednlk/2] Lk/QJQ

we indeed get
>\k ~ 21k

as k — oo.
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Proposition 26. The sequence (\);, does not depend on the position of the
rectangle, i.e. if we consider ' = (ay1,by) X (ag,bs) for some a;,b; € R, a; < b
where i € {1,2}, then the sequence (\g),o., for this domain is the same as for
domain Q" = (0,b; — aq) x (0,by — az). Moreover, let ¢; € R e; > 0 fori € {1,2}
and denote Q2 = (0,£1) x (0,e2) and Sq = (0,e1). Then there exists c € R,c > 0
independent of the domain such that the sequence (\g),., for Q satisfies

ck
Ao~ 9.54
(S, (2.54)

as k — 00.

Proof. The fact that the sequence does not depend on the position of the square
is trivial since one can get solutions on different squares by appropriate affine
translations of variables.

Next, assuming that € = (0,£1) x (0,¢2), we need to suppose that k € 27N/e;
in order for - to hold. We could now go through the computations
from Proposition [21] again and we would eventually end up with the condition
for determinant to equal zero being

2k (—1 + etk — 462E2k82]€>
A(k) =

1 _ 262€2k + €4€2k _ 462€2k€%k2 :

Arrange A(k) again into a non-decreasing sequence (\;),-, where each eigenvalue
A is counted with its multiplicity and {\g; k € N} = {\(k); k € 2nNy/e1}. Using
the same calculations as in Proposition [25| yields that indeed

21k B 2k
&1 N Hl(Sd)

A ~

as k — oo.

2.3.3 Formulation of the auxiliary problem in three di-
mensions and its basic properties
Now we are going to deal with the three dimensional case, however, the ap-

proach is going to be the same apart from some changes in determining the
asymptotics so we will omit details and focus on parts that are different.

Notation. We denote Q2 = (0,1)? and I’ = 9. Furthermore, let us denote

Iy = {(21,29,23) €R? 23 = 0,21, 25 € (0,1)},
[y = {(21,22,23) € R®; 25 = 0,21, 25 € (0,1)},
[y = {(21,29,23) € R®; 21 = 1, 29,25 € (0,1)},
Iy = {(21,29,23) €ER? x5 = 1,21, 25 € (0,1)},
[s = {(21,22,23) € R®; 21 = 0,29, 25 € (0,1)},
Ds = {(z1,72,23) € R? 25 = 1, 21,25 € (0,1)}.



For u: Q — R3, p: © — R and A € R we now consider the following problem

—Au+Vp=0 in €, (2.55)
dive =0 in Q, (2.56)
u=0 on I'y, (2.57)
Ui _ \us for i € {1,2} and ug — 0 on T, (2.58)
01’3
w(x,0,23) — u(zy,1,23) =0 for x1, 23 € [0, 1], (2.59)
u(0,29,23) — u(l,x9,23) =0 for x5, 23 € [0, 1], (2.60)
ou ou
a—xl(o,xg,xg) — a—xl(l,xg,xg) =0 for 9, 23 € [0, 1], (2.61)
ou u
8—3:2(951,0,373) - 8—@(33171,953) =0 for x1, 23 € [0, 1], (2.62)
p(x1,0,23) — p(x1,1,23) =0 for x1, 23 € (0,1), (2.63)
p(0,x9,23) — p(1,29,23) = 0 for x9, 23 € (0,1). (2.64)

Thus, we again consider periodic boundary conditions on four parallel sides of
the cube for w and also for the pressure p.

Definition 27. We define space V3 as follows
Vs = {u € (Wi ()% Tr(u)lr, =0,
Tr(w)(x1,0,23) = Tr(w)(xq,1,23) for 1,23 € [0, 1],
Tr(w)(0,29,23) = Tr(w)(1,29,23) for z9, z3 € [0,1], Tr(us3)|r, = 0}.
Remark. As for space Vs, space V3 is again a Hilbert space, the expression
(u,v),, = / Vu : Vo d\?
Q
defines a scalar product on V3 and the corresponding norm |||y, is equivalent to
the standard ||-||y1.2 norm.
Definition 28. Let A € R be fized. We say that w € V3 is a weak solution to the

problem (2.55)- if
/ Vu: Vod\ =\ [ Tr(u) - Tr(@) dH (2.65)
Q

T's
holds for all ¢ € Vj.

Remark. We will only be interested in non-trivial weak solutions hence by setting
¢ = u we immediately get that A > 0. Moreover, for A\ = 0 we obtain by setting
¢ = u that (u,u),, = 0 and hence the only weak solution is the trivial one.

We again define a mapping B: V3 x V3 — C by
Blu,v] = /F Te(w) - Te() dH2
6
and get the existence of a unique operator T3 € L(V3) satisfying
Blu,v] = (T5(u), v)y,

for all w,v € V3. Completely analogous version of Theorem [20| holds also in this
case, however, we will formulate it nevertheless so we can refer to it later on in
this subsection.
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Theorem 29. Operator T3 is compact and self-adjoint. For some fired A € R; A >
0, a non-trivial function w is a weak solution to the problem — if and
only if w is an eigenfunction of Ty corresponding to eigenvalue 1/X\. There exist
at most countably many N € R such that there exist a non-trivial weak solution

to the problem (2.55)- .

2.3.4 Existence of solutions and asymptotic behaviour of
eigenvalues in three dimensions

In order to determine the asymptotic behaviour of A’s for which there ex-

ist non-trivial weak solutions, we will now (similarly to two dimensional case)

compute the solutions to the problem (2.55))-(2.64]) explicitly and afterwards we

will show that these solutions are in fact already all non-trivial solutions to this
problem.

Notation. Denote by N the set (2mNg x 27Np) \ {(0,0)}.

Proposition 30. For any ki, ke € 2Ny there ezist M(k1,ks) € R of the form

)\1<k1,]€2) = ) (266)
62\/k1+k2 _ 1
and
21— VR L4V R 3) i+ 13
Ao (k1,ks) = (2.67)

VRIS (2 4 4k? 4 4k3) — VFIHR

for (ki,ko) € N2 and X = 1 for ky = ko = 0 and functions a;;,p; for i €
{1,2,3},7 € {1,2,3,4} of variable x3 such that functions
Uk, kot T Uky iyt T Uy hp 1 T Ul
Uy oo (01,22,73) = u}chkz,Z + uil,kg,Q + uzth,Z + Uil,kﬂ
Uk, ko3 T Uky ka3 T URy ka3 T Uk ka3
and

_ 1 2 3 4
Pk ko (ZUl,ZUQ,ZL'g) - pkl,k’z +pk1,k2 +pk‘1,k2 +pk17k2

solve the problem — in the pointwise sense. Fori € {1,2,3} and j €
{1,2,3,4}, functions uy, , ; and py,, ., of variables x1,x4,x3 are defined as follows

kl’,@ J(21,29,23) = a;1(x3) cos(kiz1) cos(kaxs),
ukl ko i (T1,02,73) = a;2(3) cos(ky21) sin(kazy),
kl’,@ (21,m9,23) = a; 3(x3) sin(kyx1) cos(kazs),

( ) = aia(ws) sin(kiz1) sin(ka2)

ukl ko ,i T1,T2,T3
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and

pkl ko (T1,72,73) = p1(x3) cos(kizy1) cos(kaxa),
pk1 ko (T1,72,23) = pa(x3) cos(kyxy) sin(kaxs),
p,~C1 ko (T1,72,73) = p3(x3) sin(kyz1) cos(kaoxs),
]Dk1 ke (71,22,73) = pa(x3) sin(ky 1) sin(kaw)

Moreover, eigenvalues of form X\(ki,ks) where ¢ € {12} and (ki,ks) €
(27N x {0}) U ({0} x 27Ny) have multiplicity two and eigenvalues of form
Ai(k1,ke) where i € {1,2} and (ky,ks) € 2N x 20N have multiplicity four.

Proof. Conditions ([2.59)-(]2.64]) are satisfied trivially. First, we are going to deal
with the case k1 = k3 = 0. Then

Ug,0(21,%2,03) = as1(z3)

and
po(fﬂlafl’z,xs) =D (903)

Equation (2.56)): Rewriting divug = 0 we want
a:/3,1<5’73) =0

for all 3 € (0,1). Thus ag;(z3) = c31 for some c3; € R.

Equation : We want
a11(0) = a21(0) = a31(0) = 0. (2.68)
This already implies that ¢33 = 0 and thus as;(z3) = 0 for all z3 € (0,1).
Equation (2.55)): Rewriting —Awug,o + Vpy = 0 we want
a/1,,1<m3) = ag,1($3) =0

for all x5 € (0,1). Thus a1 1(x3) = dy 125 and ag1(x3) = da 125 for some dy 1,do €
R due to (2.68)). Next, we want

pi(xs) =0
for all x3 € (0,1). Thus pi(x3) = p3 for some p3 € R.

Equation ([2.58): The condition us = 0 on ['g is trivial. The second boundary
condition for unknown A gives

di1 = Ad;q
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for i € {1,2}. Since we are only interested in non-trivial solutions, we require
d;n # 0 for at least one ¢ € {1,2} and thus A = 1. Consequently, the moreover
part of Proposition [30| for k; = ko = 0 follows.

Suppose now that k1 € 27N and ky € 27Ny or k1 € 27Ny and ky € 27N.
Identically as in (2.29) we formally get that

Ap=0 (2.69)
holds in . Using (2.69) for the special form of py, r, we obtain that

2
O Diy ks

81’% - (k% + k%)pkl,kz =0

holds in 2. Similarly to proof of Proposition we deduce from this that for
i€ {1,234}
pi(x3) — (ki + k3)pi(as) =0

holds for all 23 € (0,1). Thus we can write p; in the following way
pi(xs) = p}e\/@wa +p?€_mm37

where p;,p? € R for i € {1,2,3,4}. Plugging py, x, into (2.55) we obtain the
following relations

cos(kyr) COS<k2$2)(GI1/71(x3) (k7 + k3)ay 1 — kips(z3))+
cos(kixy) sin(kgxg)(a'1"2(m3) — (K2 + k;g)al o — kipa(x3))+ (2.70)
sin(kiw1) cos(kowa)(af 5(x3) — (K + k3)ars + kip (:cg))+ .
sin(kiz1) sin(kowa)(af 4(x3) — (k] + k3)ar4 + kapa(x3)) =
next
COS(kleL'l) COS(ngZEQ)(agJ(l’g) — (k?% + k?2>CL2 1 — k2p2($3))+
cos(kyz1) Sin(kg.’lﬁg)(ag’z(l'g) — (ki + k3)aga + kopi (23))+ 2.71)
sin(klxl) COS(kQZL’Q)((Igg(ZE;;) — (k?% + k2)a2 3 — k2p4(l‘3))+ '
sin(kyz1) sin(koxo)(al 4 (3) — (ki + k3)ags + kops(w3)) =0
and finally
cos(kyxy) cos(koxa)(ayy (x3) — (K + k3)asy — pi(x3))+
cos(kyxy) sin(kyws) (ay o(x3) — (k7 + k3 )asa — ph(es))+ (2.72)
sin(kyz1) cos(kag)(agg(a;g) — (k2 4+ K))ass — phy(w3))+ .
sin(kyzy) sin(kow) (aj 4(x3) — (k7 + k3)asa — pi(xs)) =0
From ([2.70)) we deduce that for i € {1,2} and all z3 € (0,1)
a/l/’l-(xg) — (l{?% + k%)au - ]{lei+2($3) =0 (273)
and for ¢ € {3,4} and all x5 € (0,1)
a'l’yi(a;g) — (k% + k%)al,i —+ klpi,2<l’3> =0. (274)
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From ([2.71]) we deduce that

dy 1 (w3) — (k§ + k3)az — kapa(xs) = 0, (2.75)
ag,z(xza) — (k7 + k%)am + kopr(x3) = 0, (2.76)
dy (w3) — (K} + k3)azs — kapa(s) = 0, (2.77)
GIQI,4(333) — (ki + kg)au + kops(xs) =0 (2.78)

holds for all 23 € (0,1). Finally from (2.72) we deduce that for i € {1,2,3,4}
as;(w3) — (kY + k3)as,; — pi(ws) = 0 (2.79)
holds for all 23 € (0, 1). Solving equations (2.73))-(2.74]) we obtain for i € {1,2}
a1i(3) = aj eV 4 o} emVRTTR

k v
% <pg+26\/k%+k§zs —plige” ’“*’“) , (2.80)
2,k + 3

for ¢ € {3,4}
ar(r3) = aiie\/ Ki+kizs | aiie—\/wxgjL

s (Lo )
2,/k7 + k3

Next, solving equations ([2.75))-(2.78)) we obtain
a271(x3> = aj%,le\/k%+k§$3 + a%yle*\/k§+k§xg+

k v/ Y
% <p;6 k2 4k3zs pge— k%‘*”“%“) , (2.82)
2,/k7 + k3

2 (3) = VI | 2 o VRTRER

e <_P%e\/k§+k§x3 +p§e\/k¥+k§x3> , (2.83)
NCET

az3(ws) = a§’3e\/mxa n a%’ge_\/mxg_'_

k VS
% (mem’%m —pie” “’“) , (2.84)
2y/k% + k3

a24(v3) = CL%AQW“ + ag,4e‘\/mwa+
k
(e e VTR (2.5
2/k3 + k3
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Finally, solving equations (2.79) we obtain for i € {1,2,3,4}
asa(ws) = af o VHEFHES 4 g2 om Vv

2

3 (pieka”“%“ +p?e‘vk%+k§“> . (2.86)

where a; € Rfori e {1,2,3} and j € {1,2,3,4}. Functions wug, x, and py, ,

1,59 z

of these forms thus satisfy ([2.55] - Now we are going to determine for which values
of A there exist nonzero coefficients such that wg, i, also satisfy (2.56)-(2.58).

Equation (2.57): For all z1, x4 € (0,1) we require

1 2 3 4
(Wey ka1 T Uity ot + Uk a1 T Wiy o) (21,22,0)

ukl,kz <x17x270) - (uilvk%Q + u%17k272 + u217k272 + Uih]@z)(l‘l,xQ,O) =0.

1 2 3 4
(uk17k2,3 + Uk ko3 + Uy ko3 + uk17k273)(x1’x2’0)

After rewriting these terms using definitions we again deduce that for i € {1,2,3}
and j € {1,2,3,4} we need a;;(0) = 0. Plugging this into (2.80))-([2.86) we obtain

for i € {1,2,3} and j € {1,2,3,4} that

Equation ([2.56|): Rewriting div ug, x, = 0 we want

COS(leZEl COS(kJQIEQ)(leal 3( ) + k’QCLQ 2( 3) + ag’l(l‘g))—f—

(k1a1’4(373) — kQCLQ’l (.Z'g) + &372<l’3))+

(=k1a1,1(x3) + koaga(xs) + ag,3($3 )+
)

N
—
=}
—~
o
[\v)
8
no
—~
T
—
S
[y
[\
—~
]
w
N—

kray3(3) + koo 2(3) + a3 (v3) = 0,
k1a1,4(73) — koo (73) + a3 5(73) = 0,
—kia11(x3) + ka2,4(73) + a3 5(z3) =0,
—kia12(z3) — kaaz3(z3) + az4(z3) =0

for all 3 € (0,1). For i € {1,2,3,4} it holds that

az ;(r3) = Magyi(m) (ev ki+kies e—\/k%+k:§x3> n

2

)
— k2a273(:c3) -+ ag’4(333) =

\VEE+ k3
2 (e g g ) VLB (1 JRT5TEs i

(2.87)

\/kf+k§x3>

Plugging this into (2.88)-(2.91) and by comparing coefficients for each term

29



2 2 _ 2 2 . .
eVEiTks o=VEi+kes we deduce the following relations

kraly + koah o + /K2 + K3 ), p21 —0,
—kiay 5 — kaag, + K2 + KR ag, + ]921 =0,
Rial, — kaab, + kS + K3 al, + % ~0,
k1a14+k2a21 + \/k2+k2 CL32 ]322
—kyal, + kaak, + K2+ KB ak, + {;
kray, — kaagy + KT+ k3 ag 5 + % =0,
_kla%g - k2a§’3 +y k% + k a3 4t p24 =0,
kiay 5 + kaay 5 + \/ kT 4+ k3 ag, + p; =0.

(2.92)
(2.93)
(2.94)
(2.95)
(2.96)
(2.97)
(2.98)

(2.99)

Equation (2.58]): The condition that ug = 0 on I'g is treated in the same way as
before and hence we obtain that ag;(1) = 0 for i € {1,2,3,4}. Using ([2.86) we get

ol (ew/karkg N ) (p eVEHE | p2e \/k%+k%) _0

for i € {1,2,3,4}. The second boundary condition gives for i € {1,2}

cos(kyz1) COS(k‘QIg)(CL;’l(l) —Xa;1(1)) =0
cos(kyx1) sin(kawa)(ajo(1) — Aagz(1)) = 0,
sin(kyx) cos(kﬂg)(a;g(l) — Xa;3(1)) =0,
sin(ki21) sin(ka2a)(a; 4 (1) — Aa;4(1)) = 0.

CL/- (1) — )\CL@j(l) =0

i,j
for i € {1,2} and j € {1,2,3,4}.
Notation. We denote

Chton = R+ 13 (VI 4 1) - A (VIR 1)

Using (2:80)-(2:85) we get for j € {1,2}

1 k 62\/]6%“!‘]63
aijckl,k%)\ + p]J;\/ﬁ (1 + 4/ k% + k% — )\) +
1 2

(2.100)

2k
Pk (_L+W%+%+)):O(ZND

21/k? + k3
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and for j € {3,4}
aC + D} gk VIR
1,j Ok k2,2
s 2,k + 3

(-1 — R+ R+ /\> +
P} ok
_Piok1 (1 R R A) ~0. (2.102)
2,/k7 + 3

Finally, the last four equations are
11, o2V ki +k3
MR L )+

ak Cri ko) + ————

2,1 1,k2, 9 /{Z% I /{Z%

2k

_ P2 (—1+ N +k§+)\> —0, (2.103)
2,/k? + k3

p%kgez‘ /k3+k3
21/ k} + k2

1
a2,20k1,k2,/\ +

(—1—\/k%+k;§+/\>+

2k
. (1 R+ k2 — A) =0, (2.104)
2,/k? + k3
1 24/ k2+k32
W(1+\/l€%+k§—/\>+
2. /k2 + 2

2
piks _ 2 2 )_
2 k2+k2( LR+ A) =0, (2.105)
1 2

1
a2,30k1,kz,/\ +

2 2
p§k2€2\ / ki +k5

G + B (a4 a) 4
2,/k? + k3

2k
B2 (1B A) =0, (2100
2,k + k3

Thus we end up with 20 equations for 20 unknown coefficients, i.e. equations
(2.92))-(2.106]). Let us denote the matrix of the corresponding problem by Ay, ,-

In order for non-trivial solutions to exist, the matrix of this system must be sin-
gular. We thus want det(Ag, x,) = 0. Solving this equations yields two solutions

2V ki+ES g

)\1<k17k2) =

and

2 (1 — VTR g VR 2 1 k2 ) (R R

>\2(k17k2) = R )
AVEITR: (2 4 Ak} + 4k3) — etVIiTRe
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which completes the proof of relations — and the first part of the Propo-
sition. Concerning the moreover part of the Proposition, computations yield that
for (k1,k2) € (27N x {0}) U ({0} x 27N) and A = \;(ky,ko) for i € {1,2}, the ma-
trix Ay, x, has dimension two. Further, for (k1,ks) € 2aNx 27N and A = X;(k1,k2)
for i € {1,2}, the matrix Ay, s, has dimension four which completes the whole

proof.
O

Proposition 31. The values

(1 + 62\/k%+k§> VE + K3

k pu—
Al(kla 2) ezm_l

and

2 (1 - VIR 4V ) | RS
VIR (24 4k + 4k3) — e VHITR —

for (ki,kq) € N and A = 1 for kv = ko = 0 are exactly all the values of X for
which there exist non-trivial weak solution to the problem (2.55)- .

Ao (k,k2) =

Remark. The idea of the proof is the same as in Proposition [23 however, there
are slight technical changes.

Proof.  One implication is trivial since for these values of A;(k1,k2) and Ay(ky,k2)
we calculated corresponding smooth non-trivial wg, r, in Proposition and
hence they are also weak solutions.

On the other hand, suppose that there exists \* € R, A* > 0 such that

¢ <{)\i(k1,k:2); i€ {12}, (kiky) € N} U {1})

and a corresponding non-trivial weak solutions u* € V3. We are going to prove
that Tr(w*) is orthogonal to a certain orthogonal basis W in L?(T'g) x L*(T's) where
we consider natural scalar product, i.e. for (vy,vs), (w1,ws) € L*(T) X L*(T) we
consider

(1s02), (W102) a oyyrzry) = [ 0TTAHE+ [ v i
6 6

r
Denote
2oy oo, 1 (T1,72) = cos(k121) cos(kaxa),
Zhy ko 2(T1,22) = cos(kyz) sin(kaz2),
2ky ho,3(21,82) = sin(ki21) cos(kaxa),
2k kot (T1,22) = sin(kyxq) sin(kqzs).

Then the set {2k, ky.1s 2k1 k.25 2k ko.3s Zky kod; K1, k2 € 2Ng} forms an orthogonal
basis of L*((0,1)%). We will consider

W = {(2k) k2,6:0)5 (0,281 koi); @ € {1,2,3,4}, k1, by € 27N}
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which obviously forms an orthogonal basis in L*(T'g) x L?*(T's). We will prove
orthogonality of Tr(wu*) to the elements of W only for the case k;, ko € 27N since
the other cases would be proved in a similar way. Denote

W' = {(Zkl’kz,i,()), (O,Zkl,k%i); 1€ {1,2,3,4}, kl, kg € 27TN}

Using Proposition [30| we know that \;(ky,ks) for ¢ € {1,2} has multiplicity 4 and
calculations yield that the first two coordinates of the corresponding solutions
UL, y> Wiy kgs Wiy k> Uiy ky O1 L'g can be chosen so that

a11(1) cos(kyxy) cos(kaxs)

uil,kz(%,xz,l): az,4(1) sin(kyxy) sin(kexa) |

0

a12(1) cos(kyxy) sin(koxs)
Up, g, (T1,72,1) = az3(1) sin(kyxy) cos(kaza) |

0

al,g(l) Sil’l(l{ill‘l) COS(]{JQIQ)
Uil,kz (21,29,1) = az2(1) cos(kyxy) sin(kazs) |

0

ar4(1) sin(kyxy) sin(koxs)
Uil,h(!ﬂbﬂﬁz,l) = | az1(1) cos(kyxy) cos(kea2)
0

for 1,25 € (0, 1) where a; ; are some non-zero constants and a; ; differs depending
on X;(k1,k2),i € {1,2}. From now on we will distinguish uil’,@ for j € {1,2,3,4}
and a,,(1) for p,q € {1,2,3,4} depending on \;(k;,kz),i € {1,2} by adding A; to
the notation, i.e. ufcl,kw\i and a4, (1). For convenience, let us denote ugg =
u{,,o’)\i for i € {1,2} and j € {1,2,3,4}. Completely analogously as in Proposition
for two dimensional case, i.e. relations —, we would prove that

@fv“L¢LM>%:=0 (2.107)

for any ¢ € {1,2} and j € {1,2,3,4}. Next, taking uil,kz,ki as a test function in

(2.65) and using (2.107)) we obtain

— [y a7 _ * J 3
0= <u ’uk1,k2,)\i>VS - /QV’U, ) Vuk17k27>\i dA

= )\i(kth)/ Tr(u") ‘Tr(u‘lil,kz,xi) dH?

Ts

for all k1, ko € 27N and hence also

o (0N T g1 08+ [ T
I‘G . s AG FG 9 9 \g

bwﬁ):o
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for any o; € R, i € {1,2} and j € {1,2,3,4}. From this we deduce that

/(0 1)2 TI'(U*)I (aluil,ka,)\l (.Tl,xQ,l)l + a2ui1,kz,A2 (1’1,1’2,1)1> d(xlny)

+ /(0 b Tr(u")y (aluil’km)‘l(:cl,xg,l)g + agu{cl,kz,)‘z (xl,xg,l)g) d(xq1,25) = 0.

(2.108)
It can be computationally verified that for any j € {1,2,3,4} the matrix
arian (1) a1 (1)
azs—jn (1) az5-5,(1)
is regular and hence we can choose a1, @y € R in such a way that yields
(Tr(w), Tr(u")2) , (W1w2)) p2(rgyxr2(rg) = 0 (2.109)

for any (wq,ws) € W’. Suppose further, that we proved (2.109) for all (wy,ws) €
W. This implies that Tr(u*); = Tr(u*); = 0 on I's and hence

Tr(w")|r, = 0. (2.110)
Plugging (2.110)) into (2.65]) we get that
/ Vu': Vg d = (u', @)y, =0 (2.111)
Q

holds for all ¢ € V3. By setting ¢ = u* in we obtain that u* = 0 in 2
which is a contradiction.

O
In order to determine the asymptotic growth of the eigenvalue sequence to the

problem ([2.55))-(2.64)), we consider (A),—, as a non-decreasing sequence of eigen-
values appearing according to their multiplicity such that

D k€ NY = Dy(kks): i € {1,2), (hiks) € ROYU 1Y,

Notation. Denote ! as a counting measure on P(N) and p? as a counting measure
on P(N x N).

Proposition 32. Sequence (\g),., satisfies

A ~ {\//_gkl/z (2.112)

as k — 00.

Proof.  For convenience we will assume that mappings \; for i € {1,2} are
defined on Ny x Ny via the composition ¥: Ny x Ny — 27Ny x 27Ny where
V(k,ke) = (2mky, 2mks) for (ki,k2) in Ny x Ng. More precisely, for ¢ € {1,2} and
(k1,k2) in No x Ny we define mappings Af (k1,k2) = A(¢(k1,k2)) and we will further
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refer to A7 as A\;. This requires that ki, ks € Ny instead of kq,ky € 27Ny, For
(kl,k’g) € (NO X N[)) \ {(0,0)} denote

27T (1 + 647’“/’6%4’]&‘3)

D1 (k1 ko) =
(ko) A/ kiR

and

A (1 — STV gredmy/kiThS \/k% - k%)

TV IR (2 4+ 1672k7 + 1672k3) — 5™V R
First of all, for ¢ € {1,2} it holds

as ||(k1,ks)||]2 = oo where d; = 27 and dy = 47 since

Dy (ky,ks) =

lim Di(k’l,kg) = dz

[|(1,k2)|l2—00
The first step to prove this Proposition will be to prove that

5
pr({k €Ny M\ <A ~ ﬁxz (2.114)

as A — 0o. Knowing , we will be able to prove (2.112]).

Choose € € R,e > 0 small enough so that d; —e > 0 for ¢ € {1,2} and find
appropriate r € R,r > 0 such that for all ki, ky € N satisfying ||(k1,k2)|]2 > 7 it
holds that D;(ky,ke) € B(d;,¢) for i € {1,2}. Choose A € R so that

Az max{max{)\i(kl,kg); (&S {172}7 kla ky € NO? ”(kl?kQ)H? < T}?
max{(d; —e)r;i e {1,2}}}.
Hence for ¢ € {1,2} we have
{(lﬁ,kz) € N()XNO; H(kka)HQ < T} C {(l{il,kz) € N()XNQ; )\i(kl,kg) < )\} (2115)

and also

{(k‘l,]{?2> c N()XNO; ||(l€1,k}2)”2 < ’I“} C {(k’l,kQ) S N() XNO; (dz — 8) \/ k% + k% < /\}
(2.116)

Knowing the multiplicity for each eigenvalue of the problem ([2.55))-(2.64]) (see

Proposition and using the definition of the sequence (\;),—, we have

p{keN; A <A} = 4§j,ﬁ ({(k1,k2) € N x N; Ak k) < A)

=1

Using we get for ¢ € {1,2}

i ({k) €N XN (d+2) I+ 1 <2}) <
12 ({(k1,ka) € N x Ny ARy k) < A}) . (2.118)
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Using ([2.115) and (2.116) we get for i € {1,2}

1% ({(k1,k2) € No x No; \i(kp,ks) < A}) <
2 <{(/<71,k2) € No x No; (di — &) k2 + K < A}) . (2.119)

Let M C Ny x Ny. We can view the number of pairs satisfying (ki,k2) € M as the
area of the corresponding unit squares [ky — 1, k1] X [ky — 1, ko], i.e. X poyem 1-
Using this interpretation we obtain for i € {1,2}

2 ({0 € N N; (ds =) W2+ R < 0}) <

A2

7 (2.120)

since we can restrict only to a quarter circle. Furthermore, we obtain for i € {1,2}

(100 ) € (Mo x {01) U ({0} % N (d — <) R + K3 < A} ) <

+ 1.
i — &€

(2.121)
For the lower estimate of p' ({k € N; A\, < A}), it is enough to observe that
for A € R\ > 327 and 7 € {1,2} any point from the set {(z,y) € Rt x
R*; (d; + ) Va2 + y? < (A —167)} is contained in some unit square correspond-
ing to some pair in the set {(k1,k2) € N x N; (d; + ¢) \/k? + k3 < A}. This holds

since for the difference of radii of these two corresponding circles we have

A A 16w \ 167 S 167
di +¢ di+e di+e) di+e” max{d;ic{12}}+¢

Using that max{d;; i € {1,2}} = dy = 47 and the assumption that d; > ¢ for
i € {1,2} and thus 27 > ¢ we obtain
167 167

> > 2.
max{d;; i € {1,2}} +¢ = 67

Using this results we get the following estimate
7 (A — 167)°

2 ({(hado) € N XN (4 +0) iE+ R <2} ) 2 D000
Combining (2.118))-(2.122)) and plugging it back to (2.117]) we get

2

(A — 167r)2;(di+€)2 <p' ({k €N; A\ <A}

(2.122)

™

where for the lower estimate we forgot about the second sum on the right-hand
side of (2.117)). Dividing (2.123)) by A\? we get
A=16m)° & m o ({heN A< A
A2 Sdi+e)’ ~ X

(]
3
W
)



Since

_ (A—167)
gm s =1
e =Y
and for ¢ € {1,2}
li A 0
im =
A—oo A (dl — 5) ’
we get that for any ¢ € R, e > 0 it holds that
2 1L} S\, < 2
i=1 (dl + 6) A—00 )\ ’L:1 d - 6)

Since the same estimates could have been done also for limes inferior and

(it fs)

e=0+ \i7 (d; +¢) N i=1
we obtain X )
. {ke N A <A} T
Jim, e =2 p = o
i.e.

5
1 S\, < N 2
p ({keN; A\ <A} 167r)\

as A — oo hence we indeed proved ([2.114)).
Finally, we are going to prove (2.112)). Let d = 5/(167). Choose ¢ € R,e > 0
such that d —e > 0. For any A € R, A > 0 denote

Py=pt ({k € N: Ay < A)).
Using ([2.114) there exists Ay € R, Ao > 1 such that for all A\ € R, A > ), it holds

P,
d—e<p<d+5 (2.124)

We find ko € N such that (d+¢) Ay < ko. Fix any k € N,k > k,. For \; € R
defined by

N k

)\1 = d — + 3
we have that k < (d — ¢) 5\? and \; > Ao. Using (2.124)) we get that k < P;, and
by the definition of P5, this implies that A, < :\1. Next, let €1 € R, g1 > 0 satisfy

e1 < \/ko/ (d+¢). For Xy € R defined by

k J—
d+e

5\2 =
we have that k > (d + ¢) 5\3 Since by definition of kg it holds that

~ ko k
Ay < <
0 \/d+8_\/d+€
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we can choose &; sufficiently small so that we also have Ay > \g. Again, using
(2.124) we get that P5, < k and by the definition of P5, this implies that A, >

Ao. Thus we proved that for any ¢ € R, > 0 there exists sufficiently small
€1 € R,e; > 0 and kg € N such that for all £ € N, k > ky we have that

Ak 1 €1 1 € 1 1
—€|l——=———F—4+—F=| C | —— — ¢, +¢e 2.125
Vk (\/d+5 VE Vd—¢ \/E> (\/d+5 d—c¢ ) ( )
since k € N, k > ky > 1 and thus 1/\/E < 1 and &; can be chosen so that ¢; < e.
Sending ¢ — 07, relation (2.125)) implies that
Ak 1 4y

lim = —

ook VA VB

thus we indeed proved ([2.112]).
O

Definition 33. Let n € {2,3} and Q be a domain in R". We say that Q is
a cuboid in R? if the set Q can be written as Q = (ay,b1) X (as,be) for some
a;,b; € R,a; < b; where i € {1,2}. We say that Q is a cuboid in R3 if the set
can be written as 2 = (a1, by) X (az, by) X (as, bs) for some a;,b; € R, a; < b; where
i€ {123},

Proposition 34. The sequence (\),—, does not depend on the position of the
cuboid, i.e. if we consider Q' = (a1, by) X (az, be) X (ag, bs) for some a;,b; € R, a; <
b; where i € {1,2,3}, then the sequence (\;),, for this domain is the same as for
domain " = (0,by —ay) X (0,by — ay) x (0,b3 — ag). Moreover, let ¢; € R,e; > 0
fori € {1,2,3} and denote Q2 = (0,e1) x (0,e2) x (0,e3) and Sq = (0,£1) x (0, &2).
Then there exists ¢ € R, c > 0 independent of the domain such that the sequence
(Ak)pey for Q satisfies
Ck’l/2
M~ g (2.126)

as k — 00.

Proof. 'The invariance of position is trivial as in Proposition [26] Next, assuming
that Q = (0,e1)x(0,e2) x(0,e3), we need to assume that k; € 27rN/e; for i € {1,2}
in order for — to hold. We could now go through the computations
from Proposition again and we would once again end up with the fact that
asymptotic behaviour does not depend on e3. Moreover, we could do similar
estimates as in Proposition |32 with the only difference being that we would work
on an ellipse, not circle. Nevertheless, we would obtain that there exists d €
R, d > 0 independent of the domain such that

i ({k € N A < A)) ~ d (H2(S0) N2

hence it indeed follows that there exists ¢ € R, ¢ > 0 independent of the domain

such that
C/{Zl/2
E™ 757 a

H2(Sq)
as k — oo.
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3. Upper estimate of eigenvalues
on general domains

The goal of this Chapter will be to obtain upper estimates of eigenvalues of
the problem (2.1)-(2.4) by using the results we managed to get in Chapter 2]
We will state the following theorem for future references since we will be using it
extensively throughout this Chapter.

Theorem 35. Let A be a linear, self-adjoint and compact operator on a Hilbert
space H with inner product (-,-),. Denote 0,(A) = ()\k)ivzl where N 1is either
finite natural number or infinity. Moreover, suppose that eigenvalues of A are
non-neqative, they are sorted in a non-increasing order and each eigenvalue appear
according to its multiplicity. For k € Nk < N denote by Hy the set of all k-
dimensional subspaces of H. Then

(Alw), u) y

= in ——— 14 1
M= LA,y )
for all admissible k € N.
Proof. See [10], Chapter 28, Theorem 4., p. 318
O

Suppose that the assumptions of Theorem 35| hold and let k € N,k < N. Suppose
that A\x € (0,400). Then it is easy to check that (3.1]) implies

1 ' (u,u)y
[ — . .2
Ak bgé%lk UEI%%?O} (A(u), u) o

after the following slight adjustments. For some non-zero @ € H it may happen
that (A(@), @), = 0 and the denominator in (3.1)) would not be defined. However,
since we suppose that A\, € (0,00) there exists a specific subspace Ey € Hy such

that
(A(u), u)y
ueE\{0} (u,u)

This motivates the following definition. If for some k € N,k < N, £ € H; and
some non-zero & € E holds that (A(@), @), = 0 we define

> 0.

<u7 u)H

max —— —— = +00.
ueB\{0} (A(u), u)

With this definition formula (3.2)) indeed works. We will use this convention
throughout the rest of the thesis.

3.1 Generalization to cylindrical domain

Firstly, we are going to generalize our results to cylindrical domain in the
following way:.
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Definition 36. Let n € {2,3} and Q2 be a domain in R™. We say that Q is a
cylinder in R™ if the set Q can be written as Q = B(x,r) x I where B(x,r) C R*"!
is an open ball for some x € R" ', r € R, > 0 and I is some non-empty open
interval I C R.

Throughout this Section, we will assume that n € {2,3} and that Q2 denotes a
cylinder in R".

Notation. Denote by S, q the upper disk part of the boundary 0€2, by S, the
lower disk part of the boundary 0 and denote S, = 9\ (S;oU S, q). For
cuboid € € R™ we introduce the same notation but instead of S we use S’.

Notation. Let € C R™ be a cuboid. In order to emphasize on which set we
consider the space V,, we will write V,,(€2) instead of V.

For u: Q — R", p: Q@ — R and X € R we consider the following problem

—Au+ Vp=0 in Q, (3.3)
divu =0 in Q, (3.4)
u-n=0 on 02, (3.5)

u=0 on 902\ Su.q, (3.6)
[(Vu)n], = \u on Sy.q. (3.7)

The weak formulation of this problem would have been again derived in the same
way as for the problem ({2.1))-(2.4) only the function spaces of solutions and test
functions will be different.

Definition 37. We define space V.(S2) as follows
Ve(@) = {w € (Wyd (@) Tr(wloms, o = 0}

Remark. As for spaces V5 and V3, space V.(Q2) is again a Hilbert space, the ex-
pression

(u,v),, = /QVu : Vod\"

defines a scalar product on V,(§2) and the corresponding norm ||-||y, is equivalent
to the standard ||-||y1.2 norm.

Definition 38. Let A € R be fized. We say that u € V() is a weak solution to

the problem — if
/Q Vau : Vg d\' = A /S Tr(w) - Tr(@) dH" (3.8)

holds for all ¢ € V().

Remark. We will only be interested in non-trivial weak solutions hence by setting
¢ = u we immediately get that A > 0. Moreover, for A\ = 0 we obtain by setting
¢ = u that (u,u),, =0 and hence the only weak solution is the trivial one.

Remark. We will refer to the constant A in the formulation of the problem (3.3])-

(3.7) as an eigenvalue of the problem (3.3)-(3.7) if there exists a corresponding
non-trivial weak solution to the problem. This convention will be used also for

other problems.
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We again define a mapping B: V,(Q2) x V,(2) — C by
Blu,w] = / Tr(u) - Tr(v) dH™ !
Su,Q

and get the existence of a unique operator 7, € L(V.(Q2)) satisfying
Bluw] = (T.(w), )y, (39)

for all u,v € V,(Q2). Again, completely analogous version of Theorem [20| holds
also in this case, however, we will formulate it nevertheless for future references.

Theorem 39. Operator T, is compact and self-adjoint. For some fired A € R, A >
0, a non-trivial function w is a weak solution to the problem — if and
only if w is an eigenfunction of T, corresponding to eigenvalue 1/\. There exist
at most countably many A € R such that there exist a non-trivial weak solution

to the problem —.

Proposition 40. The set of eigenvalues of the problem — s countably
infinite.

Proof. ~ From Theorem we know that there exist at most countably many
eigenvalues of the problem —. Suppose for a contradiction that there
are only finitely many eigenvalues of the problem -. Since T, is com-
pact and self-adjoint operator, we can use Hilbert-Schmidt Theorem (see [4],
Theorem 6.11., p. 167) which gives that there exists an orthonormal basis W,
of V.(Q) consisting of eigenvectors of T,. Since dim (V,(£2)) = oo, we get that
dim (ker(7,)) = oo by our assumption and compactness of T,. Let u € ker(T).
Using for v = u we get that Blu,u] = 0 and hence Tr(u) = 0 on 0f2. Thus

ker(T,) C (ngiv(sz))".
However, using Theorem [14]it is not hard to construct an infinite sequence (uy,)5e
of linearly independent functions in V,.(€2) such that

uy, € (ker(T,))"

for k£ € N. This is a contradiction since by our assumptions we have only finitely
many linearly independent functions v satisfying v € (ker(7, C))L.

]

Notation. Let 2 be a cylinder R™ and let £2; be a cuboid in R™. When we refer to
the operators T,, and T, we always assume that they are defined on corresponding
functions spaces, i.e. V() for T,, and V,(2) for T.. Moreover, for m € {n,c

o0

[e.9]
_ / _ 8} / s
denote 0,(1,,) = ( vam)k:1 and 1/0,(T) = (Mi1,)pe; Where ( ’“va>k:1 is
sorted in a non-increasing order, (A, );—, is sorted in a non-decreasing order

and each eigenvalue in both sequences appear according to its multiplicity.

The following lemma will be crucial in proving the upper estimate for cylin-
drical domain.
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Lemma 41. Let 3 C Q be an n-dimensional cuboid satisfying Sior C Siq,
Suq C Suq and Q; NS, = 0. Then there exists a linear operator E: V() —
Ve(Q) such that E(u)|g, = w. Moreover, there exists C'(£2,€;) € R,C(Q,Q;) > 0
depending on € and §2y such that

2 n < 2 n )
/Q\Qle(u)y A" < C(Q,Ql)/ﬂlwfu,\ dA (3.10)

for alluw € V().
Remark. Estimate (3.10]) implies that F is also bounded.

Proof. Choose arbitrary cylinders Q; C R™ for i € {2,3,4} with the same axis
as (2 that satisfy Q; C Q; C Q, Q, # Qg for m € {1,2,3} and Q # Q. Let
: Q — R be a cutoff function satisfying ¢ € C>*(Q2), ¢» € [0,1] on Q, ¥ =1
on Oy and ¢ = 0 on Q\ O, ie. it also holds that V¢) = 0 on Q5 U (2 Q).
Moreover, there exists ¢ € R, ¢ > 0 depending on € and €; such that |Vy| < ¢
on . Let w € V,,(€;) and denote h € R, h > 0 as the height of the cuboid. Since
w is periodic on the sides of the cuboid, we can extend u periodically to R"~! x I
where [ is an appropriate interval of length h and then restrict w to 2. Denote
this periodic extension by E*(u). Then E*(u) € (W"(2))". Due to periodicity,
it still holds that div E*(u) = 0 in €. It follows that
div (E*(u)y) = div (E*(w)) ¢ 4+ E*(u) - Vi),

—_——
=0

in , i.e. div(E*(u)y) = 0 except from the set Q3 \ Q. Furthermore, function
E*(u)y has zero trace on S, U S o by construction and also (E*(u)y) -n =0
in the trace sense on S, since E*(u) - n = 0 in the trace sense on S,q by
construction. Using this, the definition of 1 and Gauss’s theorem (see Theorem
[6) we obtain that

[ 1) TN = [ div (B (w)p) X = [ (B () b <o,

hence E*(u) - V¢ € EQ(Q \ Q). Using remark after Theorem [14{ we obtain a
solution
h = Bog(E™(u) - Vi),

h € (Wy?(Q\ Q1)) to the following problem

divh = E*(u) - VY in Q\ Q,
h =0 0118(9\971)

such that
1Pl w2 gy < CIIE (W) - V|2, (3.11)

for some constant C' € R. Moreover, we extend h by zero on ; and we will
further refer to h as this extended function defined on whole 2. Define E(u) =
E*(u)y — h. Since operator Bog is linear, E is also linear. By construction it
follows that E(u) € (W'%(Q))", divE(u) =01in Q, Tr (E(u)) =0 on S,q U S
and Tr (E(u)) - m = 0 on S, o hence indeed E(u) € V.(Q).
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For the moreover part of the Lemma, firstly, for any w € V,,(£21) it holds that

VE)? =V (E*(u) — k) : V(E*(w)) — h) =
(v (VE"(w)) + (V¥) E*(u) = Vh) : (¢ (VE*(w)) + (V) E*(u) — Vh) .

Using linearity, Cauchy-Schwarz inequality and Young’s inequality we eventually
obtain that there exists K € R, K > 0 such that

VE(u)]® < K ([¢ (VE*(w)]* + (V) E*(u)* + |Vh|)

holds in 2. Using the assumptions on ¢ we get
VE@)]” < K (|VE*(w)]* + @[E*(u)] + |VA|?) .
Next, using (3.11)) we obtain

/ VE@)|?d\" < K (/ VE(w)[?d\" +/ |E*(u)|2d/\"> (3.12)
)\oN 9I\oN O\

for a different constant K € R, K > 0 now depending on €2 and €2;. Since €2 is
bounded and E*(u) is a periodic extension of u to €2, it clearly holds that there
exists constant K € R, K > 0 depending on 2 and €2; such that

/\|VE*(u)|2d/\” < fc/ V2 d". (3.13)
Q Ql Q1

Next, by construction we know that Tr (E*(u)) [, o\(Suanon:) = 0, hence we can

use Poincaré’s inequality (see [I1], Section 5.8.1., Theorem 1 for C' domains,
however, can be easily extended to Lipschitz domains by using Theorem 6.1., p.
102 from [5]) to get

Bl <D [ _|VE () 3.14
e EX@Pax <D [ IV () (3.14)

for some constant D € R, D > 0 depending on €2 and €2, and for the right-
hand side in we can now use . Using and (3.14) for the
right-hand side in (3.12]) we indeed obtain that there exists constant C'(€2,€;) €
R, C(2, ) > 0 such that holds for all u € V().

O

Corollary 42. Let k € Nk > 1. A finitely generated subspace W) =
span{uy,...,ux} of space V, (1) has dimension k if and only if subspace W] =
span{ E(u1),....E(uy)} of space V.(2) has dimension k.

Proof. Firstly, case k =1 is trivial. Assume now that k > 2.

?” = 7 By construction we know that for any w € V,(€) it holds that
E(u)|q, = u hence the linear independence of (uy,...,u) in V,(€Q) will be pre-
served for (E(uy),....,E(ug)) in V.(Q).

7 <= 7 Suppose for a contradiction that (E(u,),...,E(uy)) is linearly inde-
pendent in V.(Q2) and (wy,...,ux) is linearly dependent in V,,(€2;). Without loss of
generality, assume that u can be written as a linear combination of (wq,...,u_1).
By construction we know that if for w,v € V,,(£2;) holds that w = v in V()
then E(u) = E(v) in V.(Q). Since F is linear, F(uy) can be written as a linear
combination of (E(uy),...,E(uy_1)) which is a contradiction.

[
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Proposition 43. Let Q be a cylinder in R™ where n € {2,3}. Let Q be an n-
dimensional cuboid satisfying the same assumptions as in Lemma[{1] and suppose
moreover that A" (€21) = X"(Q2) /4. Then there exists a constant C(Q2) € R, C(§2) >
0 depending on ) such that

e, < C(Q) N, (3.15)
for all k € N.

Remark. The condition \"(€2;) = \"(£2)/4 is introduced in order to relate sets §2;
and €2 so that constants from Lemma {1{and Ax 7, depend only on the set €.

Proof.  Combining Theorem , Theorem 39| and (3.1)) we get for £k € N and
m € {n,c} that

PV o . <Tm(u>7 u>Vm
. = max min —————".
e DE(Vm), ueD\{0}  (u, u>Vm

Using (3.2)) it also holds

Ak, = min  max % (3.16)
’ DE(Vin), ue D\{0} (T, (w), )y,

Using the embedding of spaces from Lemma {41 and definitions we get

. <’U,,’U,>V (I41) . <U,U>V
by T, = Mmin max ——— < min max —————
De(Ve(@), ueD\[0} (To(w), u)y, DE(E(Va (1)), ueD\{0} (T (w), w)y,
() . (E(u), E(u))y,

min max
De(Va (), ue D0} (Te(E(w)), E(u))y,
JoIVE(u)? d\"

= min max
DE(Vn (1)), ue D\ {0} fsu,n | Tr(E(w))|> dH" 1
(S;ﬂlCSu,Q) 2 n
S, JolV E(u)? )

max
DE(Va (1)), weD\{0} [gr o |Tr(w)|? dH"!

=  min ma; 3.17
DE(Va (1)), ueD\{0} Jsr o |Tr(w)|? dH" ! (8:17)
Combining (3.10)) and (3.17)) we obtain that
. Jo. [Vu|? d\™
Aer. < C(2)  min ma L
e S C), min | Jex) Js, 1 Tx(w)[? dHn—1
thus using ([3.16)) we get
: Jo, [Vul* d\" . (u, u>Vn A
min max =  min max ————2%— =
DE(Vn (), ueD\{0} fgfu o [ Tr(w)>dHn=t De(Va(@n), ueD\{0} (T, (u), u)y, k. Tn
hence we indeed obtain
Mt < C(Q) e,
for all £ € N.
]
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Remark. If minimum (maximum) somewhere throughout the calculations in
Proposition [43| does not exist we replace it with infimum (supremum), however,
we leave the notation like this since in the formulas for Ay 7, and Ay 7, we know
that minimum and maximum exist by Theorem [35] We will use this convention
throughout the rest of the thesis.

3.2 Generalization to C? domain

In this Section we are going to prove upper estimate for eigenvalues of the
problem (2.1)-(2.4) for n € {2,3} on any bounded C? domain in R" using the
results obtained in Section 3.1} Throughout this Section, we will assume that
n € {2,3} and that Q denotes a bounded C* domain in R".

Proposition 44. The set A of eigenvalues of the problem — is countably

infinite.

Proof. By Theorem we know that there exist at most countably many
eigenvalues of the problem ([2.1)-(2.4). The rest of the proof would be almost
identical to the proof of Proposition |40}

[

Notation. If we want to emphasize on which set we consider the space V', we will
write V() instead of V. When we refer to the operator 7' we always assume that
T is defined on the corresponding function space, i.e. V(). Furthermore, we

denote 0,(T) = (M%T):Ozl and 1/0,(T) —1 = (A\e7),., Where ()‘;%T)Zozl is sorted

in a non-increasing order, (A7), is sorted in a non-decreasing order and each
eigenvalue in both sequences appear according to its multiplicity.

Proposition 45. Let k € N and suppose that A\ > 0. Then

. Jo Du : Dud\" (3.18)
== min max . .
T De(V(9), ueD\[0} Joq Tr(w) - Tr(@w) dH™!

Proof. Using Theorem [35] we have

T
A = max min (T(w), w)y

De(V(Q), ueD\{0} (u, u),

and hence ) ( >
. ’U,, u VvV
= min max ————. 3.19
Nep  De(V(@), veD\{o} (T (u), u),, (3.19)

For any u € V() we have

(w,u)y Jo Du : Dud\"
<T u>7 u)v B fBQ TI'('U,) . Tr(ﬂ) dHr1

Using (B.20) in (3.19) and Lemma [12] we get

1 1= . Jo Du : Dud\"
-1= = min  max )
N ST De(V(), ueD\(0} [y Tr(w) - Tr(w) dH

+1. (3.20)
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[]

The first step towards proving the upper estimate is to reduce the problem to
a different problem on an open subset €2, of € that we will be able to handle. Even
though the construction of the subset (2. is intuitively clear, it would be quite
long and technically difficult to describe it purely mathematically. Therefore,
we will demonstrate the construction on a picture. Let z € 9. Since Q € C?
there exists I'. C 0€) such that x € I', and T, is "small” enough so that we can
construct a "curved cylinder” ). C ) with the upper part of the boundary being
[, (see Picture . For u: Q. — R”, p: Q. = R and A € R we now consider

L

Figure 3.1: Construction of set (2.

the following problem

“Au+Vp=0 in Q,, (3.21)
divu =0 in ., (3.22)
u-n=0 on I, (3.23)

u=20 on 0Q.\ I, (3.24)
[(Vu)n], = \u on I'. (3.25)

Completely analogous theoretical results that we obtained for the previous
auxiliary problems are true also for this setting. We will formulate them without
proofs for future reference.

Definition 46. We define space Vey(€2:) as follows
Veur () = {w € (W3, ()5 Te(w)[anar, = 0}

Remark. As for spaces Vs, V3 and V., space Vo (€2.) is again a Hilbert space, the
expression

(u,v),, :/ Vu : Vo d\"
cur QC

defines a scalar product on V., (€2.) and the corresponding norm |-
alent to the standard ||-||y1.2 norm.

Vo 1S €quiv-
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Definition 47. Let A € R be fizred. We say that u € Ve (€2e) is a weak solution

to the problem -(5.29) if
/Q Vau : Vpd\' = A / Te(w) - Tr(@) dH™! (3.26)
c FC

holds for all ¢ € Ve ().

Remark. We will only be interested in non-trivial weak solutions hence by setting
@ = u we immediately get that A > 0. Moreover, for A = 0 we obtain by set-
ting ¢ = w that (u,w),, = 0and hence the only weak solution is the trivial one.

We again define a mapping B: Ve () X Veur(Q:) — C by
Blu.v] = / Tr(w) - Tr(w) dH"!

and get the existence of a unique operator Tey, € L(Veu(§2.)) satisfying
Blu,v] = <Tcur(u>7v>vcm
for all u,v € Vi ().

Theorem 48. Operator 1.y is compact and self-adjoint. For some fived A €
R, A > 0, a non-trivial function u is a weak solution to the problem -(5.239)
if and only if w is an eigenfunction of Te, corresponding to eigenvalue 1/X\. The

set of eitgenvalues of the problem — is countably infinite.

Notation. When we refer to the operator T, we always assume that T, is

defined on the corresponding function space, i.e. Vi (£2.). Furthermore, we

denote o0,(Tew) = (A%,Tcurﬁil and 1/0,(Tew) = (Me1on)pe, Where (Mf’Tcur)kﬂ is

sorted in a non-increasing order, (Ap7... ), is sorted in a non-decreasing order
and each eigenvalue in both sequences appear according to its multiplicity.

The advantage of having the condition that for any uw € V.. (€.) it holds
Tr(u)|so.\r. = 0 is that we can extend u by zero to the whole set €2.

Notation. For any u € V,,;(£2.) we denote by Eyp(u) the extension of u by zero
to the whole set €.

Remark. 1t clearly holds that for any u € V., (£2.) we have Ey(u) € V(Q).
An analogous version of Corollary 42| holds also for this situation.

Lemma 49. Let k € Nk > 1. A finitely generated subspace W) =
span{uy,...,ur} of space Ve (Q) has dimension k if and only if subspace W], =
span{ Eo(u1),...,Eo(ug)} of space V() has dimension k.

This allows us to formulate the first estimate where we will use the results and
notation introduced after Proposition [45|

Proposition 50. Let Q be a bounded C* domain in R™ where n € {2,3}. Let
x € 02 and let ). be the corresponding constructed set. Then there exists a
constant C' € R, C' > 0 such that

Mer < CXee (3.27)
for all k € N.
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Remark. As we shall see later in this Section, we will often need €2, and T, to be
chosen "sufficiently small” so that some estimates or claims hold. Since it would
be inconvenient to always specify that we will rather use a convention that sets
Q. and I'. are always chosen in such a way that the required estimates and claims
hold. Moreover, we will always choose I'. with the largest possible Hausdorff
measure and then choose the set €2, with the largest possible Lebesgue measure
so that the mentioned convention holds. This will ensure that A7, depends
merely on €2 and not Q..

Proof. Let k € N. Combining Theorem , Theorem {48 and (3.2) we get that

w,u
ATy = 1IN e )y,

max . 3.28
De(Veur (), u€D\{0} <Tcur(u)7 Iu’>chr ( )

Using (3.18]), the definition of Ey and the fact that Eo(Vew () C V() we
obtain

AT = min max Jo| Dul*d\"
' De(V(Q);, ueD\{0} [y | Tr(w)[? dH !
< min max C Ja ]Vu|2 dx’
= De(V(Q);, ueD\[0} [0 | Tr(w) |2 dH™ 1
min max ¢ fQ|V’u|2 ax'
= De(Bo(Veur (2)))), ueD\{0} [56| Tr(w)|? dH"1
(1f19) . C [o|VEy (u)]?d\"

min
De(Veur

N

max
(), weD\{0} [0 | Tr (Lo (w))[? dH"
(def. Ep) . C ch ’V’UIP d\"
= mi ma, 3 )
DE(Veur (), ueD\{0} [p_ | Tr(u) 2 dH

— C : <u’ u>v::ur
= min max .
DE(Veur (2c));, ue D0} (Teur (w), w)y,

Combining (3.28) and (3.29) we indeed obtain (3.27)) for all £ € N.

(3.29)

]

Proposition 50| tell us that in order to obtain upper estimate for eigenvalues
of the problem — on 2 it is enough to obtain upper estimate for eigen-
values of the problem — on {2.. We will essentially do this by using an
appropriate transformation of variables and then deriving estimates in a suitable
form so that we can use the results from Section [3.1l We will further refer to the
notation introduced earlier in this Section.

Notation. Let A = (a;;) be n x n matrix. We denote
Trace(A) = a;;.
i=1

Notation. For n € N we denote by e,, the n-th canonical vector in R". Moreover,
for € R™ we denote © = (xg, z,,) where £y € R" ! and x, € R.

Let Q be fixed. Suppose that y = (v, y,) € 09 is such that n(y) = e,. Let
r € R,r > 0 and suppose that B(y’,r) C R""!. Let a: B(y',7) — R be such
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that a € C? (B(y’,r)) and suppose that T'. = {(yo, yn) € R", yo € B(Y',7); yn =

a(yo)}. Let O be an open bounded subset of R™ such that O C B(y’,r) x (—o0, 0]
and that function ¢: O — R" defined by

d)(yo,yn)( Y ) (3.30)

Yn + Cl(y())

satisfies ¢(O) = Q..
Notation. We denote by X, the set B(y’,r) x {0}.

It follows that ¢ (3,) = I';, ¢ (00 \ %,) = 90, \ I'. and the inverse function
¢t Q. — O for (zg,x,) € . has the form

& (@o,n) = ( o ) .
x, — a(xp)

Furthermore, the following identities hold for y € O

Id n—1)x(n—1 0 n—1)x1
Voly) = | e T (3.31)
Va(yo) 1

where Id(,—1)x(n-1) stands for a (n — 1) x (n — 1) identity matrix and 0¢,—1)x1
stands for a column of (n — 1) zeros. Consequently we obtain

Id n—1)x(n—1 (Va(yO))T
(Vo(y) =| " (3.32)
01x(n—-1) 1
and
— Id n—1)x(n—1 0 n—1)x1
(Vop(y)) L= | 0 T (3.33)
—Va(yo) 1
Remark. From (3.31)) follows that for any y € O it holds
det (Vo(y)) = 1. (3.34)

Since ¢ is a bijection it follows that ¢ is a diffeomorphism.

Definition 51. Foru € (WY%(Q,))" we define a corresponding function v: O —
R™ by

v(y) = (Vo(y) ' uo ¢(y) (3.35)
for ally € O. We denote F(u) = v.

The main advantage why we introduce this definition is covered in the following
Lemma.
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Lemma 52. Let u € (WH23(Q,))". Then the corresponding function v defined by
lies in (WY2(O))". For any y € %, it holds

uod(y) -nod(y) =c(y)v(y)- e, (3.36)
in the trace sense for some non-zero function c: B(y',r) — R. For any x € (.
and y = ¢~ () it holds

divu(e) = Trace (Vo (y)Vo(y) (Vé(y)) ). (3.37)

Proof.  The first property is clear by construction. Concerning (3.36)), for any
Yy € X, we have

wod(y) nooy) B2 Ve(y)v(y) - no(y)
= (Vo(y)v(y)) nod(y) =v(y) (Vo(y)) nooy) (3.38)

in the trace sense. The first (n—1) columns of the matrix V¢ (y) span the tangent
space at point ¢(y) and thus combining (3.32)) and - we obtain

v(y) (Vé(y) nooy) =cly)v(y)- e, (3.39)

where ¢(y) = n,(y) and thus for sufficiently small r function ¢ is non-zero on

B(y',r). Thus (3.36]) follows. Concerning (3.37)), we get by using ({3.35)) that
u(z) =Veogp ' (z)vop ' (x) = (Vov)od ().
for all & € 2. Thus for 7 € N, 7 < n the j-th coordinate is

n

Z ad’y v))o P~ 1("13)

=1

Hence for all € ). we have

divu(x) = zn:(?juj(a:) = zn:(?j

=1

A
i

(0000297 (@))

=Y S0 (0 v) 0 b () 0,5 =)

i,j=1k=1

:zz (Oity) (Okvi)) 0 67 (@) 7 () (3.40)

since by using (3.31)) we know that for ¢,5 € N,j <n — 1,7 <n it holds 0;¢p; = [
where [ € {0,1} and thus for £ € N,k < n it holds 0,0;¢p; = 0. Moreover, for
7=mn,1€N;i<nand x € (). we have

n

O (((Dipn) vi) 0 ¢7") () =2 0u((On)v) 0 67 (@) Outy ' ()

z (00i;) 03) © () Duhy (@) +((DDrpr) 1) © &~ (2) Dy ()

=0 =0

£3°((00) (00) 0 67 (2) 0,07 (@)

k=1
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since function a depends only on the first (n — 1) variables and thus 0,,0;¢,, = 0.

Formula (3.40) for x € €. can be rewritten as

n

divu(z) = D ((8:¢)) (Ohvi)) 0 ¢ () 001, ()

i.j k=1
= Trace ((V¢Vv) o¢p ' (x) Vqﬁ*l(a:)) = Trace (V(]va (V¢)_1) o (x)
which implies ([3.37)).
[

Remark. If Vo(y) = Id,«, for all y € O, formula (3.37) would reduce to the
form divu(x) = divo(y).
From Lemma [52| we know that for any w € Vou(q,.) condition Tr(u)|r, -m = 0
transforms to condition Tr(F'(u))|s, - €, = 0. By construction it also follows that
condition Tr(w)|gq\r. = 0 transforms to condition Tr(F'(u))|so\x, = 0 and vice
versa. However, since V¢ # Id,, «,, the divergence free condition is thus the only
condition that is not preserved and that is a crucial thing that we have to deal
with.

The first step towards obtaining the desired upper estimate will be contained
in the following Proposition.

Definition 53. We define space V.2 (O) as follows

Vi (0) = {v € (W3*(0))"; Tr(v)]so\n, =0,
Trace (Vo(y)Vo(y) (Ve(y)) ') = 0}.

Remark. As for all the previous considered spaces, V. (O) is again a Hilbert
space, the expression

(u, v)y. :/OVU:Wd)\”

cur

defines a scalar product on V. (O) and the corresponding norm ||-|

alent to the standard ||-||y12 norm.

Corollary 54. Lemma[59 implies that F (Vew () = V2,
a bijection between Veu(§2e) and Vi (O).

Notation. We denote by ¢ the mapping ¢: B(y',r) — I'. defined by ¢o(yo) =

¢(y0a0)
Notation. For yo € B(y',r) we denote

vol (Veo(y0)) = \/det ((Vepo(30)T) Vebo(o))-

Remark. Since ©Q € C?, we can choose r to be sufficiently small so that for any
Yo € B(y',r) holds vol (Veo(yo)) > 1/2.

Proposition 55. Let Q be a bounded C* domain in R™ where n € {2,3}. Let
x € 0N be such that n(x) = e, and suppose that Q. and O are the corresponding
constructed sets. Then there ezists a constant C(2) € R,C(Q2) > 0 depending on
Q2 such that

v, 1S equiv-

C

(O). Moreover, F is

. Jo|Vvl? d\"
Moo < C(Q2
wiTe < O )De<%§rr<lo>>kvgzlv%}fgolTr(v)IQdH”‘l

(3.41)

for all k € N.
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Proof. Let k € N. From (3.28) we know that

. Jo [ Vul? dam
min max 5 o1
D€ (Veur (%)), ueD\{0} [ | Tr(w) > dH

A T =

Firstly, we will estimate from above the numerator in (3.28)). Due to the fact that
¢ is a diffeomorphism and due to relation (3.34]) we obtain by using the Change
of Variables Theorem (see, [12], Section 3.3.3, Theorem 2, p. 99) that

/QC|Vu( )2 d\" (z / (V) 0 ()2 dA"(y). (3.42)
From follows that
Vuo ¢(y) =V (VHF(u)) (y) (Vo(y)) ™ (3.43)

for any y € O. Using (3.43)) in (3.42) and using basic properties of Frobenius
norm yields

LIVw) o g@)Pax(y) < [ |V (Vor(w) () F[(Voly) " Fax'(y). (344)

Since each first and each second partial derivative of ¢ is continuous on O we
can estimate them by a constant depending on 2. Right-hand side of (3.44]) can
hence be estimated

LIV (VoF @) () P(Ve(y) ' X" (y)
< o(Q) [ [VF(u)(y) + |Fu)(y) (). (3.49)

Using Poincaré’s inequality (see [I1], Section 5.8.1., Theorem 1 for C! domains,
however, can be easily extended to Lipschitz domains by using Theorem 6.1., p.
102 from [5]) for the right-hand side in (3.45)) we get

() [ IVF@)(y) + |F(w)(y)* \'(y)
< d(©) [ [VF@)(y) dX'(y) = d(©) [ [Voly) ax'(y) (3.46)

for some constants ¢(€2),d(2) € R,c(2),d(©2) > 0 depending on Q. Now, we
will estimate from below the denominator in (3.28)). Using Change of Variables
Theorem (see, [12], Section 3.3.3, Theorem 2, p. 99) we obtain

/ ITr(w) 2 M) = / Tr(w 0 $)|? vol (Vbo) dH" . (3.47)
I'e Yo \—21,/2_/

Using (3.35)) for the right-hand side in (3.47) we get
/ ITr(w 0 )2 dH"™ = / Vo Tr(F(w))[? dHm
Yo %o
and it clearly follows that

/E |V T(F () A > /E [T ()i (3.48)
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Combining ((3.44)-(3.48) we obtain

. Jol V1 (w)]? d\
A < C(Q m m ) 3.49
ke < O >De(vcu1?§zc))k ueD%?O} Js, | Te(F(w)) > dHr 1 ( )

for some constant C'(2) € R, C(©2) > 0 depending on 2. Finally, Corollary
yields

Ll V)P dX(y)
DE(Veur (2)), weD\{0} [y, [Tr(F(w))|? dH"—?

Jol Vol dx"

=  min max . (3.50
DE(Vey (0)), veD\{0} [5, |Tr(w)|? dH™ ! ( )

Combining relations ([3.49) and (3.50|) finishes the proof.
O

With the knowledge of Proposition [55| we can now move on to the second step
towards obtaining the desired upper estimate.

Definition 56. We define spaces Ve (O) and V!

cur

(O) as follows

Vew(0) = {v € (W5.(0)"; Tr(v)]oors, = 0},

Vi (0) ={v € (W2*(0))"; Tr(v)|sors, = 0}

Remark. As for all the previous considered spaces, chr((’)) is again a Hilbert
space, the expression

()., = [ Vu: Voax:

defines a scalar product on Ve (O) and the corresponding norm |-, is equiv-
alent to the standard ||-|ly1.2 norm. Analogously for space V (O).

cur

As for space Vo (€2e), space chr(O) is a space of weak solutions to the problem
([3-21)-(3.29)) if we replace (2. with O and T'. with %,. We could again define
corresponding mapping B and obtain a unique operator Ty € L(V () sat-
isfying

Blu,w] = (Tew(u), v>f/m

for all u,v € ‘N/wr(O). Completely analogous theoretical results as for Ty, are
true also for this setting. We will formulate them without proofs for future
reference.

Theorem 57. Operator Ty is compact and self-adjoint. For some fived A €
R, A > 0, a non-trivial function w is a weak solution to the problem —
with Q. replaced by O and T, replaced by 3, if and only if w is an eigenfunction
of Towr corresponding to eigenvalue 1/X. The set of eigenvalues of the problem

— with Q, = O and T', = X, is countably infinite.

Notation. When we refer to the operator T eur We always assume that T is de-
fined on the corresponding function space, i.e. V., (O). Furthermore, we denote
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~ o0 ~ e¢] (o.9] .
0p(Lenr) = (A;§7Tcur>k:1 and 1/0,(Tcw) = ()\kﬁfpcu)k:l where (A;,Tcur)kzl is sorted
in a non-increasing order, ()\k’fpcm):o_l is sorted in a non-decreasing order and
each eigenvalue in both sequences appear according to its multiplicity.

Our approach will now be the following. We will prove that there exists
¢ € R,c > 0 such that for any k¥ € N and any k-dimensional subspace W' of
Veur(O) there exists a k-dimensional subspace W of V5 (O) such that

cur

fo\Vde)\" fO|V'v|2d)\"
< . 3.51
ol o [Te(o) PaH T = “0dw fy, [Te(v) [ dH! (351)

In order to do that, we will introduce an operator that is similar to Bogovski
operator mentioned in Remark after Theorem [14] First of all, we will proof
auxiliary Lemmata.

Notation. For y € O we denote by N(y) the matrix satisfying Vo (y) = Id,x, +
N(y) and by N~ (y) the matrix satisfying (Vo (y))” = Id,xn + N~ (y).

Lemma 58. Letv e V!’

cur

(O). Then

Trace (Vo (y)Vo(y) (Vé(y)) ') = divo(y)
+ Trace (Vo(y)N ™ (y) + N(y)Vo(y) + N(y)Vo(y)N~(y)) . (3.52)

forally € O.

Proof.

Trace (Vo(y)Vo(y) (Vo (y)) )
= Trace ((Idnwn + N(y)) Vo (y) (Idnn + N~ (9)))
= Trace (Vv(y))
+ Trace (Vo(y) N~ (y) + N(y)Vo(y) + N(y) Vo(y) N~ (y)) .

Since Trace (Vv(y)) = divo(y), claim follows.

Lemma 59. Let v € V] (O). Then

/O Trace (Vo(y) N~ (y) + N(y)Vo(y) + N(y)Vo(y)N(y)) d\" = 0. (3.53)

Proof.  Firstly, using Gauss’s theorem (see Theorem @ we get

/Odivv(y) = /Eo Tr(v)(y) - e, =0

since v € V! (O). From Lemma [58 it follows that it remains to show

cur

| Trace (Ve(y)Voly) (Ve(y) ) ax* = o.
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Using Change of Variables Theorem (see, [12], Section 3.3.3, Theorem 2, p. 99)
and Gauss’s theorem we get that

| Trace (Ve(y)Voly) (Ve(y) ™) ax”
_ /Q Trace (VYo (Vo) ') 0 ¢! (@) dX" = /Q div (Vo) o ¢~ (z)) dA"
= /FC (Vopv)o ¢ () n(x)dH" ' = /F ((V¢ v) o (,b_l(a:))T n(x)dH"*

c

_ /F (vood (@) (Voo '(x) nla)dH™". (3.54)
Similarly as in (3.39)) we obtain
/Fc ('v o ¢_1(w))T (Vq_’) o gb_l(a:))T n(x)dH" ' = /r c (’0 o qb_l(a:))T en dH" !

for some non-zero function ¢. Since v € V/

7 (O) it holds (vo ¢ (z)) e, =0
for any « € I'. and hence

/Fc (v o ¢>_1(a:)>T e, dH" ' =0. (3.55)

Combining (3.54]) and (3.55)) completes the proof.
[

n

We will now construct bounded linear operator Bog " : ZF(O) — (WOI ’2((’)))
such that
Trace (Vo(y)VBog (f)(y) (Vo(y)) ') = f in O,

. (3.56)
Bog (f)=0 on 00

for any f € E2(O). The crucial thing in (3.56) is that Tr (BogT(f)> =0.

Definition 60. Let f € iQ(O) and let Bog denote Bogouvski operator. We define
operator My: V! (O) —= V! (O) by

M (w) = Bog (f — Trace (V'wN_ + NVw + NVwN‘)) (3.57)

forw e V! (0).

Remark. Operator My is well defined by Lemma [59) and Theorem [14]

The operator norm of operator Bog, i.e. ||Bog||;2 ©)( » obviously de-

Wo*(0))
pends on the set 0. However, by our construction of sets O, we can estimate
it from above by a constant § depending merely on . Leaving out technical
details, it follows from a Lemma from Galdi (see [7], Lemma II.3.1, p. 162).

Thus
HBOgHﬁ(@)_)(W&a(O))" < B(Q). (3.58)

Definition 61. Let (P, o) be a metric space and f : P — P. We say that f
is a contraction if there exists v € R,y € [0,1) such that for all x,y € P holds

o(f(2),f(y)) < volay).
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Notation. Let A = (a(x); ;) be n x n matrix where a; ;: 2 — R for some 2 C R".
We denote ||Al|s = sup{|a;;(x)|; i.j € N,x € Q}.

Lemma 62. SetI'. can be chosen in such a way that operator My is a contraction.
- . =2
Remark. Lemma |62]is independent of the choice of f € L™(O).

Proof. Let u,v € V/

" (O) and denote w = u — v. Since Bog is linear we get

[ My (u) = My (v)]lvy, 0
= |[Bog (Trace (Vw N~ + NVw + NVwN ")) |lv, )
B39
< B(Q)| Trace (VwN~ + NVw + NVwN )| o)

< BQC(n) max {| N oo, [IN[loo, I N[locIN[loo } V0]l 120y (3.59)

where C(n) € R,C(n) > 0 is some constant depending on n. Let € € R, e € (0,1).
Since Q € C%, we can choose I, in such a way that

BC(n) max { | N oo, [N lloos [N locl N [loo } < & (3.60)

Thus (3.59) and - ) give that
[ M (w) — Mg(v)lly,

and hence M} is a contraction.

y <ellu—wv

Veur(0)

clur (

O

Remark. Further we will always assume that I'. was chosen in such a way that

(B-60) hold.
Remark. Banach Fixed-Point Theorem (see [I3], Theorem 2.1, p.7) ensures that
for each f € EQ(O) operator M, has exactly one fixed point.

Definition 63. For f € Ez(O) we define operator Bog' ZNLQ((’)) — (W&Q(O))n

by
Bog'(f) = w (3.61)

where w s fized point of operator M.

Corollary 64. Operator Bog' is linear and bounded. Moreover, it holds

HBOgTHﬁz(O)—)(Wé’Q(O))n < 26(Q)). (3.62)

Proof. Let f,g € EQ(O). Then there exist corresponding fixed points w; of
operator My and w, of operator M,. Denote w = w; +ws and h = f 4 g. Using

(3.57) and linearity of operator Bog we get
w = Bog (h — Trace (VwN_ + NVw + NVwN_)) :
Thus w is fixed point of operator M), and hence

Bog'(f 4+ g) = Bog' (h) = w = w; + wy = Bog' (f) + Bog' (9).
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Scalar multiplication would be proved similarly. Therefore, Bog' is indeed linear.

Furthermore, let f € Z2(O) and let w = Bog' (f) be corresponding fixed point
of My. Using similar estimates as in (3.59) we get

@l <A@ (120 + el gy )
for some small enough € € R e > 0. Suppose further that ¢ < 1/(26(2)). Then
we obtain 5
n < —————— 2(0)-
1wl (wp2iop) < 1—€B(Q)HfHL ()

and thus (3.62)) follows.
[

Remark. Further we will always assume that I'. was chosen in such a way that

(3-60) and (3.62) hold.

Corollary 65. Let f € E2(O). Then relations are indeed satisfied for
Bog' (f).

Proof. Denote w = Bog' (f). The fact that w € (W&’Q((’)))n follows from the
fact w is fixed point of M; and from properties of Bogovski operator. Moreover,
we get

div (My(w)) = divw = f — Trace (VwN~ + NVw + NVwN~) .
Using we obtain
Trace (Vop(y)VBog' (f)(y) (Vé(y) ") = f

in O. Hence the claim follows.
O

Now we are going to use operator Bog' to define another operator that will finally

allow as to prove the desired estimate (3.51).
Lemma 66. Let v € Vo, (O). Denote

L(v) = v — Bog' (Trace (VoN~ + NVv + NVoN~)).

Then
Tr(L(v)) = Tr(v) (3.63)
on 00 and
Trace (Vq’)VL(v) (Vq,’))_l) =0 (3.64)
in O.

Proof.  Relation for L(v) is well defined by Lemma [59] Relation (3.63) follows
from Corollary[65and the second condition in ([3.56). Relation (3.64) follows from
Corollary and the first condition in (3.56) since we know that v € V. (O)
and thus

Trace (V¢Vv (qu)*l) = Trace (VvN_ + NVov + NVUN_)
in O by Lemma
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Definition 67. We define linear operator L: V oy (Q) — V2

cur

(O) by
L(v) =v — Bog' (Trace (V’UN_ + NVov + NV’UN_)> (3.65)

forwv e chr(O).

Remark. Operator L indeed maps to V3,
is linear since Bog' is linear.

(O) by Lemma [66{ and Definition [53|and

Lemma 68. Let v € Ve (O). Then the following estimate hold

L)y (0) < 3llvllvs,0)- (3.66)

Proof.  Using (3.62)) and similar estimates as in (3.59)) and (3.60]) and convention

mentioned in Remark after Lemma [62] we indeed obtain

IL(v)]

Voo < 30

Ve (0)-

Lemma 69. Operator L is injective.

Proof  Suppose that w,v € V. (O) are such that L(u) = L(v). Denote
w = u — v and denote

h = Trace (VwN— + NVw + NVwN—) .

Using ([3.65)) we obtain
0= L(u) — L(v) = w — Bog' (h).

Thus by definition of Bog', w is fixed point of operator M,. By definition of M,
we get
w = M, (w) = Bog(0) = 0.

Hence u = v which completes the proof.
O
Finally, we prove the desired estimate (3.51]).

Lemma 70. Let k € N and let W be a k-dimensional subspace of V eque(O). Then
there exists a k-dimensional subspace W of VX (O) such that
Jo|Vv|? d\" Jo|Vv|? dA\"

max < 3max

veW [y, [Tr(v)|2dH 1 = " wew fy,, |Tr(v)[2 dH =1

(3.67)

Proof. We define W = L(W). Using Lemma [69] we get that W a k-dimensional
subspace of V¥ (O). Using (3.63) and (3.66]) we obtain
JolVv]? dA" JolVL(v)[* dA"
max = max
veW o, [Tr(v)PdH" ™ vew [y, [Tr(L(v))[? dH" !

ol Vol dx"
<3 .
= 2060 T | Tr(v) 2 dHT

Thus we indeed proved (3.68)).
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Proposition 71. It holds

min max fO|VU|2 " 3 min max Jo |V'v|2 A"
D€V (0)), veD\{0} [5, [Tr(v)[2 dH"1 — De(Veur(0)), vED\{0} Js, | Tr(v)[2 dH!
(3.68)

for all k € N.

Proof. Claim follows directly from Lemma [70]
O

With knowledge of Proposition [71]we can now move on to the last step towards
obtaining the desired upper estimate. We would now like to once again reduce
this remaining problem in such a way that we could use the results from Section
3.1} For the constructed and appropriate set O we construct a cylindrical subset
O, in the following way

0. = O N {(wo,x,) € R™; z, > 7}
where v € R,
3
7= inf{\' ({z, € R; (20,2,) € O}); 20 € B(y', 1)}

(see paragraph above (3.30)) for B(y’,r)). Thus the only change is in the lower
disk part of the boundary (see Picture |3.2] where the blue line is S; o, ).

2o

O

N

Figure 3.2: Construction of set O,

Notation. For any u € V.(O,) (see Definition we denote by & the extension
of u by zero to the whole set O.

An analogous version of Lemma 49| holds also for this situation.

Lemma 72. Let k € N,k > 1. A finitely generated subspace W) =
span{u,...,ur} of space Vo(O.) has dimension k if and only if subspace Wy =
span{&(uy),..., 0 (ux)} of space Vow(O) has dimension k.
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Proposition 73. The inequality

)\vacur S )\vaC'

holds for all k € N.

Proof. Let k € N. Combining Theorem , Theorem 57| and ([3.2)) we get that

A min ma Jo|Vol* dX*
o -
kT cur De(Veur(0)), v€D\0} fy;, | Tr(v)[? dH

Using the definition of £ and the fact that & (V.(O.)) C Vew(O) we obtain

Ao < min max fO‘VUP A"
B Tew = De(g(Ve(0e))), veD\[0} [y, |Tr(v)|2 dH !
172 . JolVE(v)|* d\™

= min

max
DE(Ve(0.)), veD\{0} [y, | Tr(Ey(v))|?> dH !
@f &) L Jo |Vv[? d\"
DE(Ve(0.)), veD\{0} [y, | Tr(v)[? dH !
. (v, 'U>vc(oc)
= min max
DE(Ve(0e), veD\{0} (Te(v), )y, (00,

=N, (3.69)

and the claim follows.

O
Thus we are finally able to formulate the general Theorem that we wanted to
prove.

Theorem 74. Let Q be a bounded C* domain in R™ where n € {2,3}. Then there
exists a constant C(Q,n) € R, C(2) > 0 depending on Q and dimension n such
that

Ao < C(QEYD (3.70)

for all k € N,

Proof.  Proof consists of applying and combining each particular result that
we proved so far. Step by step by applying Proposition [50, Proposition |55
Proposition |71, Proposition (73, Proposition |43, Proposition [26| and Proposition
we indeed obtain estimate ((3.70)).

m

Theorem 75. Let Q2 be a bounded C* domain in R™ where n € {2,3}. Then there
exists a constant C'(2,n) € R, C(Q) > 0 depending on  and dimension n such
that

. Ak,
hgisc}ip /D) < C(2,n). (3.71)

Proof. Theorem follows immediately from Theorem
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4. Lower estimate of eigenvalues
on general domains

So far we have only discussed the upper estimate of eigenvalues of the problem
(2.1)-(2.4) and the reason was that the lower estimate is a consequence of the work
of Sandgren [I] where (as mentioned in the Introduction) they studied Steklov
problem, i.e. for n € N, Q € R" bounded C? domain, u: Q — R"” and € R
they considered

—Au=0 in Q, (4.1)
(Vu)n = pu on OS2 (4.2)
and determined asymptotic behaviour of the eigenvalue sequence (yy),-, of the

problem (4.1)-(4.2). More precisely, they proved that there exists a constant
Cster(€2,1) € R, Csie (2, m) > 0 depending on Q and dimension n such that

Ui = CStck(Qy n)kl/(nil) —+ 0(/{21/(”71)). (43)

We will now briefly comment on theoretical results regarding problem (4.1))-
since it will be very similar to the results obtained for problem (2.1])-(2.4).
If not stated otherwise, we will assume throughout this Section that n € N and
Q is a bounded C? domain in R"

Notation. Let H'(Q) denote the space (W'%(Q))".
Remark. H'(Q2) is a Hilbert space with the following inner product

(U, V) 1) = /Q Vu : Vod\" + /ag Tr(u) - Tr(v) dH"

where u,v € H'(Q). By |-||lm( we denote corresponding norm. Moreover,
||l (@) is equivalent to the standard [|-|| w12y

Definition 76. Let u € R be fized. We say that w € H*(Q) is a weak solution

to the problem ({-1)-{4.3) if
/vm:?@w":ﬂ/'nmyiw@dﬁwl (4.4)
Q o0

holds for all ¢ € H'(2).

Remark. We will only be interested in non-trivial weak solutions hence by setting
¢ = u in (4.4) we immediately get that u > 0.

We could now once again define a mapping B: H*(Q2) x H*(Q2) — C
BmM:/’ﬂmyﬁ@me.
B
and obtain a unique operator Ts € L(H'(2)) satisfying

Blu,v] = (Tsex(v), v) g1 (q)

for all w,v € H'(Q). Then we would obtain completely analogous results as in
Lemma [12] and Theorem [13] We will summarize that in the following Theorem
without proof.
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Theorem 77. Operator Tsiex is compact and self-adjoint. For some fized p €
R, > 0, a non-trivial function w is an eigenfunction of Ts corresponding to
eigenvalue p if and only if w is a weak solution to the problem — with
1/n—1 instead of . The set of eigenvalues of the problem - is countably
infinite.

Notation. When we refer to the operator Tgi. we always assume that Tgie is

defined on the corresponding function space, i.e. H'(2). Furthermore, we denote
0. ]

O_p(TStek) = < ;fvTStek>k:1 and 1/0P(T8tek) - 1 = (AkaTStek);OZI Where ()\%7Tstek)k:1 IS

sorted in a non-increasing order, (Ag 7y, ), is sorted in a non-decreasing order
and each eigenvalue in both sequences is counted with its multiplicity.

Proposition 78. Let k € N and suppose that A\, 1y, > 0. Then

Jo Vs Y dA"
A = i 4.
o Tstek De(rlr{l%? ), ueD\0) [pg Tr(w) - Tr(w) dH"! (45)

Proof. Proof is completely analogous to proof of Proposition
]

We now have all the tools ready to prove the desired lower estimate for eigen-

values of the problem (2.1))-([2.4]).

Theorem 79. Let n € N and let Q be a bounded C?* domain in R™. Then there
exists constant Csiex(2,n) € R, Csiex(2,m) > 0 depending on 2 and dimension n
such that

LT
h}gr_l)g}fw Cstex (€2, ). (4.6)

Proof. Let k € N. Using Proposition 45| and Korn’s inequality (see [6], Proposi-
tion 3.13., p.271) we obtain

1 Du : Dud\" T - Tr(w) dH™ !
Mr = i e 2D DRV g Tr(w) - Tr(a)
’ Mo De(V(Q), ueD\{0} Joo Tr(w) - Tr(@w) dH"!
Jul]? (WL2(Q))"
> Ckorn  Min max
=K De(V(9)), ue D\{0} [oq | Tr(w)|? dH 1
. JolVu|?>d\™
> Ckorn . Min  max
= 7K De(V(9)), ueD\{0} [y | Tr(w)|? dH 1
(VQ)cH () 2 g\n
> CKorn min max fQ|VU| :OKOTH/\k,TStek' (47>

De(HL(Q)), ue D\{0} [56 | Tr(w)[? dH 1

Dividing both sides of the inequality (4.7)) by &/~ then taking lim infj_,., and

finally using (4.3) we indeed obtain inequality ({4.6]).
0
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5. Asymptotic behaviour of
eigenvalues on general domains

By combining the results from Chapter [2, Chapter [3] and Chapter [4] we are
able to summarize our results into one Theorem about the asymptotic behaviour
of the eigenvalue sequence of the problem — and confirm our hypothesis
from the Introduction.

Theorem 80. Let Q be a bounded C* domain in R" where n € {2,3}. Then
there exist constants Csiokess Cstokes(£2, 1) € R, Cstokes, Cstokes(£2,1) > 0 depending
on domain ) and dimension n such that

CStokes(Qa n) (51)

Cstokes (£2, 1) < hm mf < hm sup

Ak Ak
k1/(n— k1/(n—

Proof. Theorem follows from Theorem [75] and Theorem [79]
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Conclusion

Our goal in this thesis was to modify techniques used in [I] and [2] in order
to determine asymptotic behaviour of the eigenvalue sequence of the problem
— on bounded C? domains. The lower bound of the asymptotic growth
of the eigenvalue sequence was a consequence of the results from [I] (see Theorem
, however, the upper bound was, as far as we know, not known. The goal was
achieved, however, due to technical difficulties, only in dimension two and three.
Nevertheless, in these cases, our hypothesis about asymptotic growth turned out
to be true as summarized in Theorem R(l

Firstly, we introduced some theoretical results yielding that the eigenvalue
sequence of the problem — is corresponding to an eigenvalue sequence of
a certain compact and self-adjoint operator. This is particularly useful since we
have an explicit formula for the k-th eigenvalue of the considered operator (see
Theorem .

Next, we introduced auxiliary problems on simple domains for which we were
able to find all non-trivial weak solutions explicitly and consequently we deter-
mined the asymptotic behaviour of the eigenvalue sequences of these problems
precisely.

Finally, by using Theorem [35, we showed that eigenvalues of the problem
— can be estimated from above by eigenvalues of several different, aux-
iliary problems. Eventually, we were capable of estimating the eigenvalues of
these auxiliary problems by eigenvalues of problems for which we had proved the
precise asymptotic behaviour and thus yielding the main result of this thesis, i.e.
Theorem [R0l
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