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Introduction

Consider a dynamical system that we would like to describe by means of a stochas-
tic differential equation. Formally, we have a physical model

o(t) = [t 0(t) + &, v(t),

where f represents the underlying physical law and £ represents some noise. Thus,
both f and £ need to be specified and it is the modeller’s task to convert their
knowledge about the system into properties of both f and &. After doing so an
obvious question arises: how do our model assumptions play together? Necessar-
ily, our equation should have a solution. In the second step, we should also be
interested in the solution’s properties as we might reject our model if it does not
encode the modeller’s a priori assumptions.

Some of the key model properties relate to the long-time behavior of a solution.
We shall be interested only in systems that are stable in some sense: either the
solution does not grow unboundedly in some sense, it possess an equilibrium point
represented by a stationary solution (or invariant measure) or we might even want
the solution to converge to a single point.

It is in the famous work |Lyapunov| [1907] where methods for determining the
stability properties of deterministic systems where proposed. Since then similar
techniques have proved useful for stochastic systems as well and those have been
referred to as Lyapunov techniques in many important works. In this Thesis
we make advantage of the fact that Lyapunov methods help us to answer many
questions on the growth of solution, existence of invariant measure and a conver-
gence to a single point even when the particular shape of the solution is unknown.
Therefore, also non-linear systems can be considered.

In this work we bring new results in the setting of stochastic differential equa-
tions with jumps represented by Lévy noise. The novelty lies in the fact that we
are able to cover non-linear systems where no assumptions on the existence of
moments of the noise are needed. We arrive at conditions fully specified in terms
of the coefficients of the model and interpret them geometrically. The results can
be divided into two parts.

Firstly, we investigate a stability property that may be called “boundedness
of solutions in probability in the mean” which together with the Feller prop-
erty verifies the existence of an invariant measure by means of the well-known
Krylov—Bogolyubov Theorem. In particular, we are interested in some situations
when the equation is “stabilized” in the above sense by noise. This phenomenon
is well understood in the case of Gaussian noise (as discussed already in the
classical Khasminskii’s monograph Khasminskii| [1980], for infinite-dimensional
systems Leha et al.| [1999]) and we focus on contribution of the stochastic jump
terms. Stochastic differential equations driven by Lévy noise have been exten-
sively studied in recent years. Important fundamental results in this field are
presented, for instance, in the monograph Applebaum| [2009] from which we take
the basic setting of the problem.

The topic addressed is related to the problems of stability (and stabiliza-
tion) of trivial solution to Lévy-driven stochastic equation which was recently



studied in several papers. In|Applebaum and Siakalli [2010], asymptotic a.s. sta-
bility is shown in the linear case (under conditions analogous to those in this
work if restricted to such case). In Applebaum and Siakalli| [2009], asymptotic
stability in probability, in the mean and the moment stability is studied. The
paper Nane and Ni [2017] deals with boundedness in probability and the moment
boundedness, for a time-changed Lévy noise, an analogous problem in the case of
Gaussian noise is also investigated in [Nane and Ni [2017]. Some related results
can be also found in |Grigoriu [1996], Li et al. [2002] and an analogous problem
for equations driven by discontinuous semimartingales are studied in
Rodkinal [1995]. Reference presents a general treatise on stochastic
stability. Existence of stationary distributions has been addressed in [Bhan et al|
2012] and . In the latter paper, the existence is shown by means of
Lyapunov method but the effect of stabilization by noise is not considered (the
noise has to be “small enough”). In Albeverio et al|[2016], a class of invariant
measures is described in general terms by means of Fokker—Planck equation. For
infinite-dimensional systems, existence of invariant measure has been studied, for
example, in |Applebaum| [2015] or Kumar and Riedle| [2021]. A related problem of
existence of random attractors for equations with two-sided Lévy noise has been
treated in |Zhang et al.|[2019].

Secondly, criterions for convergence of a solution to a single point by means
of Lyapunov methods are applied in the context of stochastic approximation
procedures.

Stochastic approximation algorithms originally proposed as a tool for find-
ing a root of a function (the Robbins—Monro procedure) or its minimum (the
Kiefer—-Wolfowitz procedure), these algorithms found various applications in op-
timization and machine learning. See, e.g., the books Bhatnagar et al.| [2013],
Borkar| [2008], Browder| [1963], [Chen! [2002], [Kushner and Clark| [1978], [Kush-|
ner and Yin [2003] for a thorough discussion of various aspects of stochastic
approximation algorithms and their use. (Let us mention also [Gwinner et al.
2022, Chapter 8] for very recent applications to variational inequalities with ran-
dom data.) Nevel’son and Khas'minskii developed a continuous-time approach
to stochastic approximation, which in the case of the Robbins—Monro-type pro-
cedure leads to a stochastic differential equation

dY; = a(t) (R(Y;) + o(t, Y;)dY;) (0.0.1)

driven by a Wiener process W. Having advanced tools of stochastic analysis at
their disposal—in particular the Lyapunov functions method from the stability
theory of stochastic differential equations—they showed that sufficient conditions
on coefficients of implying convergence of its solutions almost surely as
t — o0 to the (unique) root of the drift R may be found and proved in a straight-
forward and transparent way. See their book Nevel'son and Khas'minskii [1972]
for a systematic development of these ideas and, for example, the papers
1994], Komarov and Krasulinal [1999], Pflug [1979] and the book
1984 for further results on continuous-time stochastic approximation.

As discrete-time systems indicate, it is reasonable to consider more general
driving noises in Eq. . Stochastic recursive procedures described by equa-
tions driven by semimartingales were considered by Mel'nikov [1989] and




et al| [1997], [Lazrieva et al.|[2003], Lazrieva et al. [2008], Lazrieva and Toron-
jadze [2010]. Precise statements of their results are rather technical, but roughly
speaking, the martingale part of the driving noise is a locally square integrable
martingale or a random measure like a compensated Poisson random measure;
proofs in these papers are based on results on convergence of semimartingales.
A number of results concerning equations driven by square integrable processes
with independent increments are stated in the book Korostelev| [1984]; proofs, us-
ing Lyapunov functions techniques, are given, however, only in the discrete-time
case.

The Thesis is divided into three chapters.

The first Chapter consists of 5 sections where basic definitions and standard
results are stated. Exposition to the theory of Lévy processes, stochastic inte-
gration with respect to them and stochastic differential equations with jumps are
mostly based on |Applebaum [2009]. Sections introducing the topics of stochastic
approximation procedures and invariant measures for Markov processes are also
included.

The second Chapter is based on Maslowski and Tybl [2022] and is devoted
to boundedness in probability in the mean and existence of invariant measures.
First, the problem is posed and some preliminary standard results are recalled
then results are presented in four following sections.

In Section 2.1 general Lyapunov criterion for boundedness in probability in
the mean is presented. In principle, for the most general formulation of the stabil-
ity theorem we only need local boundedness of the coefficients besides existence
and uniqueness of solutions. However, we also present some standard conditions
(Lipschitz and linear growth conditions) which verify this basic assumption and
which are also helpful in more specific cases.

The general theorem from Section 2.1 is applied to the equation containing
the drift, diffusion and compensated integral terms in Section 2.2. The main
result (Theorem 2.2.1) is formulated for locally bounded coefficients and then
specified in the linear growth case (Corollary 2.2.1). This result allows us to
discuss stabilizing roles of particular terms in the equation and their mutual
influence. The Section is closed by an example where such interplay of particular
terms in the equation is demonstrated and also, relation to moment stability of
solutions is discussed.

In Section 2.3, the general statement from Section 2.1 is applied to the equa-
tion with uncompensated integral term, drift and diffusion. Theorem 2.3.1 is
analogous to Theorem 2.2.1 from the previous section. In Theorem 2.3.2, a dif-
ferent approach is adopted and a stability criterion is found which is expressed
directly in terms of jumps. Section 2.3 is closed by two examples: In the first one,
the linear equation is studied. In the second one, the influence of the parameter
dividing small and big jumps is discussed.

Section 4 summarizes consequences of the previous parts for the existence of
invariant measure (stationary solution) if the equation defines a Feller Markov
process, which may be viewed as the main result.

In the last Chapter results on approxistochasticmation procedures are pre-



sented based on |Seidler and Tybl [2023]. First, we introduce the equation we
deal with precisely and we state the 1t6 formula in a form required in our proofs.

In Section 3.1, the main results are proved: Theorem 3.1.1 giving general suf-
ficient conditions for convergence of solutions to a stochastic differential equation
driven by a Lévy process to a singleton and its Corollary 3.1.1 concerning the
Robbins—Monro procedure.

In Section 3.2, we show how to apply these results to particular systems.
Compared with the available results, we admit a non-compensated Poisson pro-
cess as a driving noise and essentially no hypotheses of the L%-integrability type
are needed. Employing the Lyapunov functions approach, we generalize results on
convergence of the Robbins-Monro procedure from Nevel’son and Khas'minskil
[1972]. It may look odd that the noise in is not centered since then the
last term on the right-hand side influences the drift R (e.g., if ¢ is changed) and
hence also its roots. Indeed, it may happen that solutions of converge to
a given point which, however, is not a root of R. Nevertheless, a nontrivial class
of coefficients H and K exists such that solutions to converge to the root
of R under conditions weaker than those used in the diffusion case (0.0.1)) as no
monotonicity-type hypotheses are needed. Moreover, in the case of a drift with
multiple roots, by choosing K in a suitable way we may select a unique root of
R the solutions will converge to. Again, in the diffusion case the behavior is dif-
ferent. In Remark 3.2.1, we discuss the differences between behavior of solutions

to (0.0.1) and (3.0.1)) in detail.
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1. Theory review

1.1 Lévy processes

In this Section we briefly recall what is a Lévy process together with its relation to
infinite divisibility, Lévy-Itd formula and present some examples. The exposition
follows |Applebaum| [2009].

Definition 1.1.1. Let n € N and (Q,.%, (%;)1>0, P) be a stochastic basis with a
normal filtration (.%#;);>0. An R"-valued (.%;)-progressively measurable stochastic
process L is called an (%;)-Lévy process if

e Lp=0, as.,
o L has stationary and independent increments,
o L is stochastically continuous, that is
P (|Lytp — Lt >€) -0, h—0
for every t € R and € € R.g (with limit from the right only if £ = 0),

e L has almost surely cadlag paths.

If the normal filtration (%) is clear from the context we speak about Lévy
processes for short.

The concept of Lévy processes is closely related to the notion of infinite di-
visibility. To describe this relation we also recall what is a weakly continuous
convolution semigroup. Recall that if x € R", n € N then ¢, denotes the dirac
measure at x.

Definition 1.1.2. A family (p,t € Rg) of probability measures in R", n € N is
said to be a weakly continuous convolution semigroup if

* po = do,
e we have
Ps+t = Ps ¥ D, 5,6 € Ry,
where x denotes the convolution operator,
e we have

pe — 0  weakly

as t — 0+

'In our case this congergence simply means that Jon f()dpe(y) — f(0) as t — 0+ for every
continuous and bounded function f: R"™ — R.



Remark 1.1.1.

It is easy to see that the marginal distribution of a Lévy process at any fixed time
is infinitely divisible. Indeed, if L is a Lévy process and ¢ > 0 then we shall write

k

L= (Ls—Liy,)

=1 "

for any £ € N. So with k£ € N given setting Y :th—L%t,j: 1,...k we have
shown that

for Y;,j =1,...,k independent and identically distributed (by the independence
and stationarity of the increments of L), which shows infinite divisibility of the
distribution of L;.

On the other hand, if we are given an infinitely divisible probability distribution
on R™ n € N, then we can construct a Lévy process L with p being the distribu-
tion of L, as follows: First, by the celebrated Lévy-Khnintchine formula (see e.g.
[Satol (1999, Thmeorem 8.1]) the characteristic function of y is of the exponential
form u — e"™ for a suitable complex function 7. By simple arguments one can
show that the family of characteristic functions

(et", t e Rzo)

corresponds to some family (p;, ¢ € Rsq) of weakly continuous convolution prob-
ability measures on R"™. Now a canonical process of projections

it(w) = (,L)(t), w € Q,t € Rzo

on the set {2 of functions on R with values in R" starting from 0 is constructed.
We equip € with the cylinder o-algebra %, filtration generated by L and a
probability measure P given by the condition

P({we:w(t)eA,. . ., w )GA }) =
/n / ]‘Al yl (yl—i-—l—yn)ptl(dyl)ptn(dyn)

for every Ay,...,A, € BR"), t1,...,t, € Ry, which is justified by Kol-
mogorov’s extension theorem. Using standard arguments one can show that L
is a process starting at 0 of stationary and independent increments and that L
is stochastically continuous. The construction is completed by taking a cadlag
modification L of L that exists and is again a Lévy process as shown in [Apple-
baum), 2009, Theorem 2.1.7] and taking the augmented canonical filtration which
satisfies the normality conditions by |[Applebaum), 2009, Theorem 2.1.9]. For more
details of this construction see Applebaum| [2009).

We have seen that there is one-to-one correspondence between Lévy processes
and infinitely divisible distributions. Let us now present some key examples.

Example 1.1.1. The following processes are Lévy processes:

7



e any linear deterministic function ¢ — bt for some b € R",

o ()-Wiener process, that is an R"-valued process W with continuous paths
starting from zero with independent increments and such that W; — W; has
centered Normal distribution with covariance (t — s)@ for some positive
semi-definite and symmetric matrix ) € R™*" for any 0 < s < t < 00,

o Poisson process, that is a cadlag R-valued process N with independent
increments and such that

P (N, =n)= ();? e neN

for any t € R>( and some A € R.o (which is called the intensity of N),
« compensated Poisson process, that is the process of the form
N, = N, — X\,
where N is the Poisson process with intensity A € Ry,

o compound Poisson process, that is if N is a Poisson process independent

of sequence of i.i.d. R"-valued variables Y7, Y5,... then we consider the
process

Nt

2.V,

j=1

o a-stable process, that is a Lévy process for which any marginal distribution
is (strictly) a-stable with some common stability parameter o € (0,2].
We note that this is the only example of a self-similar Lévy process as
shown e.g. in [Sato, (1999, Proposition 13.5]. We recall that a stochastic
process X is self-similar if there exists so-called Hurst index H € R~ such
that (Xu,t € Rso) and (aHXt,t € Rzo) have the same finite-dimensional
distributions for any a € R>. In this case we have H = 1/a.

It is easily checked that a sum of independent Lévy processes is again a Lévy
process. It is due to the famous Lévy-It6 formula that we can decompose any Lévy
process into the sum of four independent processes of simple form. The above-
mentioned examples: linear deterministic function, ()-Wiener process, compen-
sated Poisson process and compound Poisson process are the key building blocks.
However, before stating this result we need to introduce some notation. For
more detailed exposition the reader may consult with |[Jacod and Shiryaev, 2003,
Chapter II.] where even more general case is treated.

First, we define the jump measure for an (.%;)-Lévy process L as follows: we
denote

N(t,A):= > 14(ALy), t€Rs,Ac B[R, (1.1.1)

0<s<t
where

AL, :=L,— lim L,

u—s+



denotes the jump of L at a given time s. One can show that N defines so-called
(Z:)-Poisson random measure on Ry x (R™\ {0}) with some intensity measure
dtv(dy) (see [Jacod and Shiryaev, 2003, Chapter I1.] or [Applebaum)| 2009, Chap-
ter 2.3] for the details).

As directly follows from the path regularity of a Lévy process we have that
it A € Z(R") is such that its closure does not contain the zero element 0 € R"
then there are only finitely many jumps AL, with AL, € A on any finite interval
s € [0,t] almost surely. Thus, the integral process

/AyN(t,dy) - /[Ot]XAyN(dt,dy): S (IA(AL)AL,), teRsy (1.1.2)

0<s<t

which represents the sum of all jumps of L with values in A up to a given time
is a piecewise constant process. In fact it is a compound Poisson process (see

Example [1.1.1). On the other hand, if A € Z(R") is bounded (but its closure
may contain the zero element) the limit

/ yN(t,dy) := lim (/ yN(t,dy) —t yy(dy)> , teRsy (1.1.3)
A Anly|>e Anly|>e B

e—0+

in L2(Q2, R™) defines (up to taking the cadlag modification) an (.%;)-Lévy process.
Now we are ready to formulate the Lévy-Ito formula and provide some remarks
on its applicability.

Theorem 1.1.1. Any (%#;)-Lévy process L in R" can be decomposed as

Lt:bt+Wt+/{| }yN(t,dy)+/{ _UN(dy), eRs (L14)
Yy|zc

yl<e
almost surely, where ¢ € Ry, b € R", W is an (.#;)-Wiener process with co-
variance () with values in R™ which is independent to an (.%#;)-Poisson random
measure N on R, x (R™\ {0}) with intensity measure dtv(dy), where v is a Lévy
measure on R™\ {0}, that is

/Rn\{o} (Iy* A1) v(dy) < o0 (1.1.5)

Proof. See [Sato|, 1999, Theorem 19.2]. O

Remark 1.1.2. e The four terms in represent the drift, diffusion,
small jumps (up to size of ¢) and large jumps respectively. While the large
jumps can be separated due to the cadlag property into a finite random
sum, the small jumps are compensated (which can be seen in the formula
(1.1.3)). In more detail, both the terms

t—bt and t+— yN(t,dy)
{lyl=c}

are processes of finite variation while

t— W, and t+— yN(t,dy)
{lyl<c}

are L2-martingales. We see that any Lévy process is a semimartingale.
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e The decomposition (|1.1.4]) is unique for a given choice of ¢ € R.q. In fact,
for each choice of ¢ we obtain possibly different decomposition: if b is the
drift term associated with given ¢ then

b+ / yv(dy)
d<Jyl<e

is the drift term associated with the choice 0 < ¢ < c.

o The marginal distribution of L is determined by a triplet (b, Q,v), where
b € R™, () is a covariance matrix of a R"-dimensional process and v is a Lévy
measure if ¢ € Ry is fixed. Thus, we call this triplet the characteristics
of the Lévy process L. Such definition is consistent with the definition
of characteristics of a semimartingale which possibly depend on the so-
called truncation function which is 1y, in our case. The semimartingale
characteristics are time-dependent and random in the general case.

e One can figure out many properties of a Lévy process L from its character-
istics, for example

— We have that E |L;| < oo for some (and hence all) ¢t € R if and only
if

/{WC} Iyl v(dy) < oo (1.1.6)

for some (and hence all) ¢ € Ry. In that case

EL =t <b+/ yy(dy)> .
{lyl=c}

In fact, finiteness of any moment of L; is equivalent to the respective
integrability of || over {|y| > ¢} with respect to v, that is any Lévy
process with bounded jumps has all moments finite. Moreover, if if v is
a symmetric measure and b = 0 then L; is centered for every ¢t € R.,.

— L is of bounded variation if and only if
/ lylv(dy) < oo and Q=0
{lyl<c}

for some (and hence all) ¢ € Ry.

— L is continuous if and only if v = 0, that is the only continuous Lévy
process is a Wiener process with drift.

— L is a martingale if and only if ([1.1.6)) holds and

b +/ yr(dy) =0
{lyl=c}

for some (and hence all) ¢ € R .

— L, has rotationally invariant distribution for some (and hence all) ¢ €
R if and only if Q = al for some a@ € Ry and v is rotationally
invariant.

10



— L has infinitely many jumps on any time interval almost surely if and
only if v is infinite.

More details can be found e.g. in [Applebaum) 2009, Chapter 2.4].

o The condition ([1.1.5)) on the Lévy measure v is given by the fact that even
though it might be that

> |ALy 1y<1 (ALy) =0 a.s.

0<s<t

for some t € Ry, we always have

E =t ly|* dv(y) < co, t e Rsg.

ly|<1

Z |ALS|2 1|y|§1 (ALS)

0<s<t

Remark 1.1.3. The decomposition (1.1.4)) of a Lévy process L is obtained in
several steps which we briefly comment on now. The whole procedure depends
on a parameter ¢ € Ry that we fix in the sequel of this remark.

o In the first step, we extract the large jump, meaning that we denote

L= .—r, —/ yN(t,dy)
{ly|>c}

=Li— Y (L{yg(AL)AL,), t€Rsg

0<s<t

(recall the definition of the integral in (T.1.2))). One can show that L{lv/<c}
is again a Lévy process, moreover, it is clear, that the jumps of Lil¥I<¢} are
bounded by the constant c. As any Lévy process with bounded jumps has
all moments finite we can further define

Z)j'yKC} ::L;t{ly\<0} . ]EL;{'yKC}
_piWl<el g g {vi<e)
:Lt{|y‘<c} —tb

for t € R where
b=E [Ll —/ yN(l,dy)] .
{lyl>c}

o In the second step, we show that if all the jumps of L are bounded by ¢
then

Wy =Ly —/ yN(t,dy), t€Rsg
{lyl<c} B

(see for the definition of the integral on the right-hand-side) is a
Wiener process with some covariance (). First, one can show that W is
continuous local martingale. Then the result follows by Lévy characterisa-
tion theorem (see e.g. [lkeda and Watanabe, 1981 Theorem I1.6.3]).

11



o The previous two steps already show ([1.1.4}) so it remains to show that the
intensity measure

v(A):=EN(1,A)

is a Lévy measure which is closely related to the fact that

/ yN(1,dy)
{lvl<e}

has a finite second moment.

The above described procedure is a particular case of a way how to obtain
the semimartingale characteristics when the underlying process is Lévy, see e.g.
[Jacod and Shiryaev, |2003, Chapter I1].

1.2 Stochastic integration

Let L be a Lévy process with the decomposition ((1.1.4]). Then we formally define
a stochastic integral process with respect to L via (|1.1.4]) as

/0 F(6)dL, = /0 F(6)d (bt+ W, + yN(t,dy) + /{ - yN(t,dy))

{lyl<c}

— /O'f(t)bdtJr/O'f(t)th

- /0 /{|y<c} f(t)yN(dt, dy) + /0 /{|y|20} f(t)yN(dt,(iy; )

for a suitable R"™*"-valued process f. The first integral on the right-hand side in
(1.2.1]) is defined pathwise, while the second one is defined using the standard 1t6
theory, cf. |Karatzas and Shreve [1991], if f : Rs¢ x © — R™" is progressively
measurable and

/Ot 1f(s)]?ds < o0 as.

for every t € R>o. The aim of this section is to summarize the standard procedure
how to define the last two terms in ([1.2.1)) following the approach in [Applebaum,
2009, Chapter 4]. In fact, we even define more generally

/O. /{yKC}H(t,y)N(dt,dy) and /0 /{|y>C}H(t,y)N(dt,dy)

for suitable processes H : R>¢ x R" x 2 = R™.
First, we give two definitions.

Definition 1.2.1. Let (Q,. %, (%)i>0,P) be a stochastic basis and n € N. The
o-algebra & which is defined as the smallest o-algebra for which all mappings
F:Rs5p x R" x Q@ — R such that

e (y,w) — F(t,y,w) is BZ(R") ® F-measurable for any ¢ € R,

12



o t+— F(t,y,w) is left-continuous for any y € R", w € 2

are measurable is called predictable o-algebra. If H : R>o x R" x @ — R is
P-measurable we say that H is predictable, similarly we may treat also space-
homogeneous mappings H : R>o x 2 — R.

Note that any predictable process is progressively measurable, cf. [Cohen and
Elliott, 2015, Remark 7.2.2.].

Definition 1.2.2. Let p be a o-finite measure on a measurable space (X, Z).
A family of random variables {N(A), A € 2"} defined on some probability space
is called Poisson random measure with intensity p if

o N(A) follows Poisson distribution with intensity rate pu(A) for any A € 2
(with N(A) = oo almost surely if pu(A) = c0),

e N(Ay),...,N(A,) are independent if A;,..., A, € Z are disjoint,
« almost surely we have that A +— N(A) defines a measure on (X, Z).

It follows from [Applebaum)| 2009, Chapter 2| that the jump measure (1.1.1))
defines a Poisson random measure with intensity p that satisfies

p([0,t] x A) =tv(A), teRso, Aec BR"Y),

where v it the Lévy measure from Theorem |1.1.1| (here we take X = R>q x R” )E|
Thus, we may define the (pathwise) 1ntegra1

/ot /A H(s,y)N(ds,dy),  tE€Rs, A€ BR"),0¢ A (1.2.2)

for any measurable H : R>oxR" x () — R™ as a finite random sum due to the fact
that v(A) < oo if A € B(R"),0¢ A. In the case of deterministic integrand such
that H(s,y) = h(s,y) almost surely for every y € R™ and for some measurable
h:Rsp x R* = R™ we have

E[/t/hs,yNds,dy}:/t/hs,ydsdyy),
VAR[// syN(dsdy} //|hsy|d8du()

for t € Rsg, A € B(R"),0 ¢ A and by the construction of N also

[ [ s 9)N (s dy) = 3> (1a(AL)H(s AL)), as.
0 JA 0<s<t
which is in compliance with .

We always assume that H in is predictable to ensure nice properties
of the integral.

More delicate is the case of the integral with respect to the compensated
measure N where the pathwise approach fails and an L2-theory is used instead.

2The jump measure N moreover satisfies that N (¢, A) — N(s, A) is independent of .Z; if it
is given by an (.%;)-Lévy process for any 0 < s < t < oo and A € Z(R™). In such case we talk
about an (%;)-Poisson process
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Definition 1.2.3. Let (X, .2") be a measurable space, % be an algebra over
X that generates the o-algebra 2 and p be a o-finite measure on the prod-
uct space (R>o ® X, B(R>o) ® Z7). A family of random variables {M (¢, A),t €
R0, A € %} on a filtered probability space (£2,.7, (%#)i>0, P ) with normal fil-
tration (%;)i>o is called an (%#;)-martingale-valued measure on Rso x X with
controlling measure p if

« almost surely for any ¢ € R we have that M(¢,-) is a pre-measure on %,
o the process t — M(t, A),t € R is a cadlag martingale for any A € %,

o the increment M (t, A) — M (s, A) is independent of .Z; for any 0 < s <t <
oo and A € %,

e we have

EM(t,A)? =p(t,A), t€Rsg,ACc¥.

An important example of a martingale-valued measure to which the developed
theory will be applied comes from the jump measure of a Lévy process L. Recall
that we denoted N the jump measure defined by . Then we define the
compensated Poisson measure by

N(t,A) = N(t, A) — tv(A), t€Rsp, A€ BR),0¢ A, (1.2.3)

where v is the intensity measure of N(1,-). Note that N is well defined as v(A) <
oo for A € B(R"),0 ¢ A by the fact that there are only finitely many jumps of
size larger than some fixed constant on any finite interval for the underlying Lévy
process almost surely. One can show that N is a martingale-valued measure on
R0 x R™ with controlling measure dtv(dy).

Now let M be as in Definition |[1.2.3|and fix T" € R+(. Details of the following
construction may be found in [Applebaum, 2009, Chapter 4]. We define H to be
the Hilbert space of equivalence classes of predictable mappings H : [0,7] x R™ x
Q — R™ with respect to equality P ® p-almost everywhere such that

l// H(t,y)]” p(dt, dy)| <

equipped with the scalar product

(Hy, Ho)y = E [/OT/TL(Hl(t,y),Hg(t,y»p(dt,dy)] . Hy, H, cH.

Now we define the integral of a simple process against M. By a simple process
we mean a linear combination

:ZZ apby L 014, (1.2.4)
j=1k=1

for some 0 < t] <ty < -+ <ty < T aq,...ap € R, k €N, Fi, bounded,
(ﬂtj>—measurable and R™-valued random variables and A;,..., A, € %, n € N.
For a simple process of the form ([1.2.4) we set

n

ITM = i Z Ckat ( j+1, Ak) - M(tj, Ak)) . (125)

Jj=1k=1
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If we denote S C H the linear space of simple processes of the form ((1.2.4)) then
one can show that

[T,M 'S — L2<Q,Rm)
is a linear isometry. As S is dense in H one can uniquely extend Iy gy to H.
Similarly to the classical case of It integral we may further extend Ir gy to the

linear space IP of equivalence classes of predictable mappings H : [0, T x R" x )
R™ with respect to equality P ® p-almost everywhere such that

/ / H(t,y))? p(dt, dy) < oo,  a.s. (1.2.6)

It is due to the fact that S is dense in P if P is equipped with a suitable (and
sufficient for our considerations) topology (see [Applebaum, [2009, Chapter 4.2.2]
for details) and the inequality due to |Gikhman and Skorokhod, 1972, page 20]

P ([Irm(H)| > €) <+P<// tylpdtdy)>K>

for any ¢, K € Ryy and H € S. Finally, one can show that if a predictable
mapping H : [0,T] x R™ x Q — R™ satisfies ([1.2.6) for every T' € R then there
exists a modification of the process

{L,m(H),t € Rso}

that is a cadlag local martingale. This modification is then denoted as

/ HdM.
0

In the special case of a martingale-valued measure N with a control measure
dtdv(dy) associated with a Lévy process we use notation

// ty (dt dy /1{|y|<c}HdN
{lyl<e}

if 1{‘y|<c}H € P, that is if

T
/ / (H(t,y)> dtdv(y) < 0o as.
0 J{lyl<c}

This notation is compatible with the previously adapted notation, that is we have

t - ~
// yN(ds,dy)z/ yN(t,dy), t€R>, as.
0 J{jyl<c} {lyl<c} -

in the Lévy-It6 decomposition ((1.1.4]). Moreover, by the fact that I g is isometric
between H and L?*(Q2, R™) we obtain the Ito-type isometry

V /{y|<c} H(t,y)[* N(dt, dy] V /{W} (t,y)[* dtdv(y)| (1.2.7)

for H € H.
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Remark 1.2.1. Using the above construction we can give a meaning to a process
with the following decomposition

/o. F(s)ds+ /0. G(s)dW; + /0. /{|y<c} H(s,y)N(ds,dy)

. (1.2.8)
—i—/o /ﬂylZC}K(S,y)N(ds,dy)

for predictable mappings I’ : R>g x 2 = R, G : Ry x Q@ — R™", H K :
R>o x R" x 2 — R™ where we assume

/OT <|F(S)| + |G(S)|2 + /{|y|<c} |H(s,y)|2 V(dy)) df < o0 s

for every T' € R.y. Processes of the form are called Lévy-type process
and are cadlag semimartingales. For more insight into a further generalisation
of the processes of the form we recommend [lkeda and Watanabe, (1981}
Chapter II] (however, a rather interesting fact is that we cannot construct the
process where W and N would be defined on the same filtered space and
would not be independent at the same time, see [[keda and Watanabe, |1981),
Theorem 11.6.3]). On the other hand, for some Lévy processes we do not need
to follow the construction leading to a Lévy-type process if we want to define a
stochastic integral process with respect to them. For instance, in the case when
L* is a symmetric a-stable process with o € (0,2), that is its decomposition

(1.1.4) satisfies b =0, Q = 0 and v has a density

for some ¢ € R., then we may define

/0 fALe

directly via the usual Riemann sums as a limit in a properly chosen space if
f 1 Rsp x Q = R™" is predictable and

/Ot f(s)|*ds < 00 as. (1.2.9)

for every t € R>o. The condition (1.2.9) is different from the condition that one
has to impose in the case of the integral process of the form ([1.2.8]). The details
can be found in Rosinski and Woyczynski [1986].

We conclude this Section with the It6 formula.

Theorem 1.2.1. Let X be a process with decomposition (1.2.8). If V € €*(R™),
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DV € ¢,(R™R™), D*V € €(R™;R™*™) then we have
V(Xr) = /T(<F( ), DV(X,)) + ;Tr (G(t)TDQV(Xt)G<t))) N
+ / (O DV(Xy), ) dW,
' /0 /{|y|<c} V(Xe + Hit,y) = V(X )| N(dt, dy)
* /OT /{|y|<c} V(X + H(t,y) - V(X))
—(DV(X0), H(t,y))] v(dy) dt
* /oT /{Mzc} [V(th + K(ty) — V(th)} N(dt,dy).

almost surely for every T € Rx,.

Proof. See Theorem 4.4.7 and Remark below in |Applebaum| [2009]. [

1.3 Stochastic differential equations

Similarly as in the previous Section where we exploited the Lévy-1t6 decomposi-
tion ((1.1.4) to define the integral with respect to a Lévy process L as in (1.2.1])
we now formally consider stochastic differential equations of the form

X, = z0 + /tf(Xs_)dLs

— 20+ / (bs + W, + yN(ds, dy) + yN(ds, dy))
{lyl<c} {lyl<c}
t
:1‘0+/ F(X.) bds+/
/ / L)y N(ds, dy) +// f(Xs-)yN(ds, dy)
{|y\<c} {lyl<c}

(1.3.1)

for a suitable coefficient f : R>¢ x R™ — R™*" and some initial condition z.
Having the general form of Lévy-type process from Remark in mind we arrive
at the following definition of a stochastic differential equation and its solution.

Definition 1.3.1. Let m,n € N, c € Ry, and suppose that Borel functions
fI RZO x R™ —>Rm, g: RZO x R™ _>Rm><n7 H: RZO x R™ x R" —>Rm,

are given. Suppose that (Q, F, (L%)te]g% ,IP’) is a filtered probability space with
normal filtration, W is an (.%;)-Wiener process with values in R™ which is inde-
pendent to an (.%#;)-Poisson random measure N on R>q x (R"\ {0}) with intensity
dtv(dy), where v is a Lévy measure and N is the compensator of N and z is
an .#y-measurable R”-valued random variable. An R"-valued (.%;)-progresively
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measurable cadlag process X that satisfies

t t
X, = w9 +/ f(s, Xs)ds +/ g(s, Xs) dW;
0 0
t R t
+/ / H(s, X,_,y) N(ds, dy) +/ / H(s, X._,y) N(ds,dy) P-a.s.
0 J{lyl<c} 0 J{lyl=c}

(1.3.2)
for all ¢ € R is said to be a solution to the equation

¢&:fwxaw+gmxam%+»ﬂ‘}H@X@wwww@w
y|<c

=+ H(tv thay) N(dt7dy>7 13 Z O
{ly|>c}

(1.3.3)
with the initial condition xy. We say that the solution to (|1.3.3)) with the initial

condition xg is unique if whenever X Y are solutions to (|1.3.3) with the initial
condition zg then

P (X(t)=Y(t), teRsg)=L1

Denoting

a(t,z,z) = g(t,z) (g(t,y))", tERsy, z,y€R™

we formulate the standard sufficient conditions for existence of a solution to (|1.3.3))
(see |Applebaum [2009], Section 6.2).

General Lipschitz condition: There exists measurable and locally bounded func-
tion l; : R>g — R such that

lf(s,x) — f(s, Z)|2 Va(t, z,x) — 2a(t, x, z) + a(t, z, Z)|2

v {lyl<c} |H(t,x’y) - H(tv z,y)|2 l/(dy) S ll(t) |:L' — Z|2,
y|l<c

(1.3.4)

for any x, 2z € R™.
General growth condition: There exists measurable and locally bounded function
lQ : RZO — R>0

el + ol + [ (HEa ) < BEO ). (139

yl<e

for any x € R™.
Continuity condition: We have

H(-,y) € €(R™R™) (1.3.6)
for all y € {|y| > c}.

Remark 1.3.1. Based on [Applebauml 2009, Section 6.2] several remarks shall
be made.

o The existence and uniqueness of a solution to ((1.3.3)) under ([1.3.4)),(1.3.5]
and (|1.3.6)) is shown using so-called interlacing. That is, first, we omit the
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integral with respect to N and look for a suitable process X that would be
a solution to

AX, = f(t, X)) dt + g(t, X,) AW, + H(t, X,—,y) N(dt,dy), (1.3.7)

{lyl<c}

for ¢ > 0. Such (unique) process can be found using the standard Itd
isometry for the Wiener integral and the It6-type isometry together
with the fact that all the stochastic integrals defining X can be shown to
be L2-martingales and thus the classical Doob’s inequality can be applied
leading to the technique of Picard iterations. If v({|y| > c}) = 0, that is
there are now jumps of magnitude larger than ¢, the process X is already
a solution to (L.3.3). In the case v({|y| > c¢}) > 0 we construct the Markov
times of big jumps

0=0, 7, =inf{t >7,1: Nt {ly|>c})=n}, neN

and we obtain that 7, > 7,_1 for n € N and 7, — o0 as n — oo. The

solution X to (1.3.3)) is then obtained as
X(t)=Xo(t), 0<t<m
X(n) = hm Xo(s )+H(51HBFXO<S)’AP(TI))’ t=mn
(t) (T1)+X1(t—7'1), 1 <t<Ty
X(72)

where X, is the (unique) solution to 7)) with initial condition X (7,) for
n € NU{0} and

Pt = yN(t, dy), t € RZO

{lyl=c}

is the compound Poisson process composed of the large jumps. The unique-
ness of the solution to (1.3.3]) follows from the uniqueness for ((1.3.7)) and
by the above interlacing procedure.

The interlacing procedure is only one possible way how to show existence of
a solution in our case. For more general semimartingale setting see |[Protter,
2005, Chapter 5.

Generally, the solution to (1.3.3) has discontinuities originating in the in-
tegrals driven by N and N. It can be shown that no jumps occur almost
surely if

v(ye R"\ {0} : |H(x,y)| >0) =0, (1.3.8)

for x € R™, which corresponds to the case when can be rewritten as
a classical equation driven by a Wiener process. The necessary condition for
path-continuity is more delicate as the solution might avoid points z € R™
for which - fails even if the driving jump processes N and N are
non-degenerate.
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o Similarly to the Wiener case it can be shown that under , and
(11.3.6) if v({|y| > ¢}) = 0 then for every t € R there exists a constant
I(t) € Ry such that the second moment of the solution X to (1.3.3]) can be
bounded

EX@®)F <it) (1+E |[X(0)).

That is, whenever we have an L2-integrable initial condition, the whole
solution is L*integrable (with the second moment possibly growing un-
boundedly). This, however, may fail if the large jumps are present, i.e.
when v({|y| > ¢}) > 0 and the solution might not have any positive mo-
ment finite.

o If we replace ([1.3.4]) and ((1.3.5)) by its obvious counterparts that are local
in space coordinates x,z € R™ we obtain that there exists a unique local

solution to (L.3.3). That is there exists an (.%;)-progressively measurable
cadlag process X that satisfies for all ¢ € R5( almost surely on the
set {w € Q:t < 7(w)}, where 7 is a suitable almost surely positive Markov
time usually called the explosion time for .

1.4 Stochastic approximation procedures

Let R : R™ — R™ be an unknown function representing regression equations.
Our goal is to find a root of R, a point xy € R™ such that R(z) = 0 even though
we are only able to measure the values R(x),x € R™ up to some error. We aim
at providing an appropriate experiment consisting of consecutive measurements
of R at some points z; for which the convergence x; — xy as ¢t goes to infinity is
guaranteed under only mild assumptions on the behavior of R such as, for exam-
ple, continuity or monotonicity. While several methods such as Newton’s tangent
method work in the case when the measurement error is negligible and provide
rapid convergence to a root xy under mild assumptions, one must be satisfied with
slower convergence when the measurement error is significant. We briefly sum-
marize basic facts from the theory of stochastic approximation procedures that
tackles the case of significant measurement error which is mostly due to Robbins
and Monro in Robbins and Monro| [1951] (see Nevel’son and Khas'minskii| [1972]
for a comprehensive exposition and source for this Section).

We begin with a discrete-time case, i.e. a situation when R is measured at
points x; for t € N. In this case it is natural to assume that the measurement of
R at a point x at a time ¢ is given as

R(z) + G(t,z) (1.4.1)

for some measurable G : N x R™ x 2 — R™, where () represents a probability
space, such that EG(t,z) = 0 for any t € N and = € R™. The so-called Robbins-
Monro procedure in this case is given as a sequence X, for t € N where X is some
given initial point and

Xiy1 = Xe 4+ at) (R(Xy) + G(t, X)), teN, (1.4.2)
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for some {a(t) }en C Rsg such that

ia(t) =00 and ioﬂ(t) < 00. (1.4.3)

t=1 t=1

One can show that for an L? convergence
E | X, — xzo|° = 0, t— oo,

for any initial condition zy in the real case, that is m = 1, is is enough that
R is strictly decreasing continuous bounded function and E G?(t, ) is bounded
uniformly in t € N and = € R (cf. Robbins and Monro| [1951]).

The imposed condition forces the sequence of coefficients «(t) to de-
crease to zero under a specific mode, allowing us to take for instance a(t) = 1/t.
It easy to see that if the convergence is too fast, namely if Y72, a(t) < oo it can’t
be that X; — ¢ even in the case of zero measurement error, G = 0, for any
initial condition X as in this case we always have

YK — X < (SUP |R($)|> > alt),
t=1 z€R t=1

where the right-hand-side is finite and does not depend on X,. Therefore, if the
root xq is sufficiently far from our initial guess Xy we cannot hope for the desired
convergence as the sum of increments X; ;1 — X; is not allowed to reach any value.

On the other hand, the second condition in (|1.4.3]) is only sufficient and not
necessary. It can be weakened as in [Nevel’son and Khas'minskii, 1972, Theorem
4.5] where it is only assumed that

Y a(t)=o0c and «t) =0, t— oo
=1

The continuous-time case, when the measurement of R is given as in (1.4.1))
but now with ¢ € Ry was considered in Driml and Nedoma| [1951], [Sakrison
[1964] and |Cypkin and Nikoli¢| [1970] where the continuous analog of (1.4.2) is

naturally given as
dXt = Oé(t) (R(Xt) + O'(t, Xt)dI/Vt) s te RZO (144)

with initial condition X, € R™ where we replaced G(t,z) by a stochastic differ-
ential

O'(t, Xt)th

for some (possibly unknown) coefficient o : R5¢ x R™ — R™*"™ and Wiener pro-
cess W. Note that in this setting the measurement errors of R are represented
by Gaussian white noise (cf. Section 3 of this work where more general noise is
treated). Using the fact that the set of solutions to for different (deter-
ministic) initial conditions defines a Markov process with known generator one
can show the following result in the case of one dimension and time-homogeneous
diffusion coefficient:
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Theorem 1.4.1. Assume that g € R™ and L € R. are such that

R(z)(x — xo) <0, x# m,
o*(z) < L(1 +2?), z €R,

/OO (t)dt = 0 and / t)dt < oo,
0

then any solution (if it exists) to satisfies
lim X; =2y, a.s.
t—00

Proof. Follows by |[Nevel’son and Khasminskii, (1972, Theorem 3.8.2] O

It is easy to see that in the case when z( is the (unique) root of R Theo-
rem (1.4.1] provides sufficient conditions on the noise coefficient and the unknown
function R such that the stochastic approximation procedure given by
provides desired convergence.

In the multivariate case, m > 1, the same conclusion as in Theorem can
be obtained under conditions on R and o that are typically expressed indirectly
through existence of some type of Lyapunov function V : R™ — Rso. In one
simple case we shall assume that V' is sufficiently smooth and satisfies

V() =0 < =2y and V(z) = o0, [z]— oo,
(R(z),DV(z)) <0, x# x,
Tr(a(t, z)T D*V (x)o(t, x)) < L(l + V(x)), t € Rsg,z € R™

for some 2o € R™ and L € R, where DV and D?V denote the first and second
Fréchet derivatives of V. These conditions on V' can be interpreted geometrically:
under these conditions any solution X to reaches eventually the surface
{r € R™ : V(z) = ¢} at some Markov time and afterwards remains in the set
{z € R™: V(z) < ¢} which can be formally seen from the inequality

v (X,)
dt

= a(t)(R(X;), DV (X)) <0,

(cf. |Nevel’son and Khas'minskii, (1972, Section 4.4]). An example of a Lyapunov
function is

V(z) = (C(x —x0),x —x), x€R"

for some rg € R™ and a positive-definite matrix C' € R™. This choice leads to
the following conditions on R and o

(R(x),C(x —x0)) <0, x#
o(t, @) < L(1+z]), t€Rs0,z € R™

for some L € R.y.
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1.5 Invariant measures for Markov processes

In this Section we remind basic notions related to the theory of Markov processes
with emphasis on the relation to stochastic differential equations. We conclude
this Section by stating the celebrated Krylov-Bogolyubov Theorem which is an
example of how the theory of Markov processes can help us when studying prop-
erties of stochastic equations.

Definition 1.5.1. Let m € R™. Any function P : R™ x Z(R™) — [0,1] that
satisfies

e P(z,-)is a Borel probability measure on R™ for any x € R™,
o P(:,A) is a measurable function for any A € Z(R™)
is called a Markov kernel.

Naturally, any Markov kernel P can be understood as a linear operator on
the space of measurable bounded functions B,(R™) by the following relation (this
operator is again denoted as P):

Pf@)i= [ f@)P@.dy). f€BR")

One can show that in fact P is then a bounded linear operator on By(R™) and
thus it makes a good sense to talk about a composition of Markov kernels, which
leads us to the following definition.

Definition 1.5.2. A family of Markov kernels P = {P, };cr., is called a (time-
homogeneous) transition semigroup if

Ps+t = PsPt, s,t e RZO (151)
and
Py is the identity operator on By(R™) (1.5.2)

Remark 1.5.1.  « The equality (1.5.1]) is called Chapman-Kolmogorov equal-
ity and is closely connected to a Markov property,

 The condition ([1.5.2)) is not standardized across literature as some authors
do not include it in the definition of transition semigroup and those transi-
tion semigroups that satisfy (1.5.2)) are then called normal transition semi-
groups.

Now we can proceed to the definition of a Markov process which is originally
due to Dynkin| [1965].

Definition 1.5.3. Let (Q,ﬁ, (ﬁt)teRzo) be a filtered measurable space, X =
{Xi,t € Ry} be an (%#)-adapted R™-valued process and (P,), gm be a family
of probability measures on (2,.%) and P be a transition semigroup such that

P, ({weQ: Xo(w) =x}) =1
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for any x € R™ and
P,{weQ: Xy(w) € AlF:}) = P_s(Xs, A), P,-as.

forany x e R, 0 < s <t <ooand A € B(R™).
Then the triplet ((Q,ﬁ, (L%)teRzO) , X, (Px)xeRm) is called a Markov process

with transition semigroup P.
An important class of Markov processes are so-called Feller Markov processes.

Definition 1.5.4. We say that a Markov process with transition semigroup P is
Feller if

Ptf € CgbGRm)v f € %(Rm)7
for any t € Rxo.

There is a confusion among authors as some of them prefer to use the space
of compactly supported and continuous functions on R™ instead of the bigger
space 6,(R™) leading to a stronger definition in our setting (cf. [Schilling, 1998,
Theorem 3.2]). For some results (not needed in our work though) one has to
impose a condition

bif € G(R™), [ e By(R™),

which corresponds to the definition of strong Feller Markov process.

A particular class of Markov processes is of our interest in this work. Sup-
pose that for any (deterministic) initial condition = € R™ there exists a unique
solution to the equation , which we denote as X7, where we assume that
all coefficients are time-homogeneous:

fls,2) = f(z), g(s,2) =g(x), H(s,x,y) = H(z,y)

for all z € R™, y € R™ for suitable measurable functions f : R™ — R™ g : R™ —
R™ " and H : R™ x R — R™. It can be shown (cf. [Applebaum), 2009, Theorem
6.4.6]) that the collection {X*, x € R™} gives rise to a Markov process with some
transition kernel P for which we have a relation

Pf(z) =Ef(X?), [ € ByR"™),z €R™,

for t € R>y.

Therefore, it is convenient to use results from theory of Markov processes to
study some properties of stochastic differential equations. One example, impor-
tant for this work, is the existence of invariant measure for a stochastic differential
equation.

Definition 1.5.5. We say that Markov process induced by the equation (1.3.3|)
with time-homogeneous coefficients possesses an invariant measure if there exists

a Borel probability measure p* on R™ and a solution Y to ((1.3.3)) such that

Ef(Y) = [ fl@u(dn), feB®R™.

for every t € Rs.
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Remark 1.5.2. The notion of invariant measure of a Markov process induced
by a stochastic equation is closely related to existence of a stationary solution,
that is if 4* is an invariant measure for ([1.3.3) then there exists a solution Y to

such that

and the distribution of Y; is independent of ¢t € Rx.

Before we state Krylov-Bogolyubov Theorem we need to introduce the follow-
ing definition.

Definition 1.5.6. A measurable stochastic process Y = {Y;,t € Rso} on a
probability space (£2,.%,P) with values in R is bounded in probability in the
mean if

1 t
lim limsup;/ P[]V, < R]ds =1 (1.5.3)
0

R—0o0 {500
The following statement is a particular case of Krylov-Bogolyubov Theorem.

Theorem 1.5.1 (Krylov-Bogolyubov). Markov process defined by (1.3.3]) with
time-homogeneous coefficients possesses an invariant measure, if both

1. it is Feller,

2. there exists a (deterministic) initial condition for which the unique solution

to ([1.3.3)) is bounded in probability in the mean.

Proof. The proof can be found e.g. in Krylov and Bogolyubov| [1937]. m
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2. Invariant measures and
boundedness in the mean

Let (Q, %, (%)ier-,, P) be a filtered probability space with the normal filtration
(Ft)ter-, and assume that W is an (.%;)-Wiener process with values in R™ which
is independent to an (.%;)-Poisson random measure N on R, x (R™\ {0}). The
Poisson measure N has the intensity measure dtv(dy), where v is a Lévy measure
on R™\ {0}. Let N denote the compensator of N.

We study an equation driven by the pair (W, N). More specifically, assume
we are given Borel measurable mappings f : R™ — R™, ¢ : R™ — R™*"
H, K :R™ xR" — R™ and a constant ¢ € Ry and consider the equation

dXy = f(X;-)dt + g(X;-)dW,+ H(X;—,y)N(dt,dy)

{lyl<c}

4iA|>}}(@&_40ANdudyL teRsy (2.0.1)
Yy|=zc

Recall the standard requirements on the coefficients in that are suffi-
cient for existence of an unique global solution for any .%y-measurable initial con-
dition (1.3.4), and (1.3.6)). In this Section we deal with time-homogeneous
equation therefore we restate these conditions in our particular caseﬂ.

Lipschitz condition: There exists L; € Ry such that

|[f (@) = f)V g(x) = g(=)* v [H(z,y) — H(z y)["v(dy)

{lyl<c}
<Li|z—=z[>, (LIP)

for any x, z € R™.
Growth condition: There exists Lo € R such that

/{m} [H(z,y)]* v(dy) < Ly(1+[2]*), (GRO)

for any x € R™.
Continuity condition: We have

K(-,y) € €R™R™) (CON)

for all y € {|y| > c}.

In the following, we may proceed without (LIP), (GROJ]), (CON), however,
under these assumptions the results can be substantially simplified.

We only assume that for any = € R™ the unique solution to denoted as
X7 is given and it defines a time-homogeneous Markov process. It is convenient
to assign the Markov process in the usual manner a translation semigroup of
linear operators (S, t € Rxg) acting on B,(R™) as

Sif(x) =E f(X7), f€ By(R™),ze€R™, (2.0.2)

'We also impose the conditions on ¢ directly instead of slightly more general setting in
(1.3.4) formulated in terms of gg”.
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for t € R>0.

In the sequel we consider two concepts of stability of the equation . The
first one, existence of an invariant measure as in Definition [1.5.5] considers the
Markov process induced by , while in the second one can be formulated for
any stochastic process as in Definition [1.5.3]

2.1 General Lyapunov criterion

In this section we investigate general criterion for stability the system in
terms of boundedness in probability in the mean.

We will deal with a specific Lyapunov function that takes the following form.
For p € (0,1) denote V,, an arbitrary (but fixed in the sequel) element of €?(R™)
satisfying

DV, € €,(R™,R™), D%V, € €,(R™;R™™) (V1)
Vo) =lzl”, |z] =1 (V2)
0<Vp(z) <[al”, |a] <L (V3)

If follows that the derivatives of V), take the following form

DV,()
D*V,(x)

pleff e (2.1.1)
plp—2) "~ wa” +plaf’? 1 (2.1.2)

for x € Bf, where I is the identity in R™*"™.
Using only (V1] the 1t6 formula may be used to obtain the differential of
V,(X), where X is a solution to (2.0.1)).

Proposition 2.1.1 (It6 formula). Let X be a solution to (2.0.1)) and p € (0, 1).
Then

V(X)) = ((FX0), DY) + 5 T (90X )T DX )g(X,0)) ) e
+DV,(Xi-)  g( X )dW,
e HX ) = V(X )Nt dy)

+/{y|<c} (VED(Xt_ + H(Xt—v y)) - V;;(Xt_)

L DV,(Xo ), H (X, y>>) (dy)dt

+/{  VelXe K (X)) = V(X )N (d, dy), (2.1.3)
Yy|zc

for t € Rzo.

Proof. Follows directly from Theorem [1.2.1] O]

The form of It6 formula (2.1.3) motivates us to study the linear operator
L that is given as follows. Denote Dom(L) the linear subspace of €%(R™) of
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functions V' € €*(R™) such that the following prescription
LV (z) =(f(z), DV (x))
1
5T (9(x)" D*V (2)g(x))
Ff LV H ) = V@)~ (Hz,y), DV (@)v(dy)
+/{| ‘ }V(:v + K(z,y)) — V(x)v(dy), ze€R™, (2.1.4)
y|=>c
defines an element of B,(R™). Then define £ : Dom(L) — B,(R™) by (12.1.4]).
In fact, our aim is to rewrite (2.1.3) as
dVy(Xy) = LVp(Xe-)dt + DV, (X )" g(X,- )dW,
+ Vo(Xew + H(Xi,y)) = Vo (Xo )N (d, dy)

{lyl<c}

n /{|y|2c} Vo(Xo- + K(X,_,y)) — Vo (X, )N(dt, dy)

- Vo(Xee + K(Xio,y)) = Vp(Xo-)v(dy)dt, (2.1.5)

{lyl=c}

for t € Rsy and any p € (0,1).
We will prove (2.1.5) under some additional conditions on the coefficients.

Assumption 2.1.1. The following mappings

z— f(x), (2.1.6)
x> g(z), (2.1.7)

- /{ L H )P (), (2.1.8)
T ool K (z,y)|" v(dy) (2.1.9)

are locally bounded on R™ for p € (0,1).

Note that the following would hold even under weaker assumption of local
boundedness of (2.1.9)) only for p € (0, p*) for some p* € Ry.

Lemma 2.1.1. Fix p € (0,1). Under Assumption we have that V, €
Dom(L) and the It6 formula (2.1.5)) for V), holds.

Proof. Let p € (0,1) be given. To show that the first two terms in are
well defined and locally bounded in z is straightforward. We proceed with the
integral terms in more detail.

The compensated term: We use Taylor’s reminder in the integral form and
as follows

/{|y<c}|v”(‘r +H(z,y)) = Vy(2) = (H(z,y), DVy(2))| v(dy)

v(dy)

/01 H(% y)TD2V;)(:v + QH(:L‘, y))[—[(g;7 y)(l _ 9)d9

{lyl<c}

<[Pyl [ lH@ )P ),
o Hlyl<c}
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for € R™. By the Assumption Assumption local boundedness of the
compensated term now easily follows.
The uncompensated term: We use (V2)), (V3] and estimate

[ Walar K Ga) = Vo)l ()
<) Vola+ K(wy) = lo + Ko y)P| v(dy)
[ et Kl + Ve
<[+ [ K el + Vieeld)

<v({lyl = ) @+ e + V@) + [ K(@y)Pudy) (2110

{lyl=c}

for x € R™ with the last term being locally bounded by the Assumption [2.1.1
The formula (2.1.5) is valid as it is just a different form of (2.1.3)) provided
that

/{|y|>c} Vo(Xim + K(Xio, y) — Vp(Xe-Jv(dy)

is well defined for every ¢t € R>y almost surely, which is the case by (2.1.10]) and
the almost sure local boundedness of the trajectories of the solution to (2.0.1). [

Having Lemma [2.1.1| we will now prove the main criterion for boundedness in
probability in the mean. The proof is an adaptation of work of R. Khasminskii
(cf. [Khasminskii [1980]) established for the special case of diffusion processes.

Theorem 2.1.1. Let the Assumption hold. Then the solution to (12.0.1])
with any deterministic initial condition is bounded in probability in the mean
if there exists p € (0,1) such that there exists Ry € R+ such that for all R €
(Ro, 00) there exists Ag € R.q with

Arp 00, R— o (2.1.11)
and
LV,(z) < —Agr, |z| > R. (2.1.12)

Proof. Let © € R™ and write shortly X = X* for the unique solution to ({2.0.1)
with the initial condition x. As X is a global solution, the stopping times

= mf{t € Rzo, ‘Xt_| > k’},
for £ € N, tend to infinity almost surely. Now fix ¢ € R>(, £ € N. By Lemma

the It6 formula (2.1.5) implies
Vo(Xinn,) = V(2) =
tATY tATE
_ / LV, (X, )ds + DV,(X, ) g(X,_)dW,
0 0
tATY ~
[T VX H(X, ) = VX, )N (ds, dy)
o <o)
tAT,
[ VX K (X)) = V(X )N (ds, dy)
0 {ly[=c}
tAT)
S K (X)) - V(X rld)ds. (2113)
0 y|>c
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We compute expectations of all the stochastic integrals in (2.1.13]).
We have DV,'g € L5, (R™) and X,_ is bounded almost surely on (0,7),
therefore
tATE

E DV, (X, )" g(X,_)dW, = 0.
0

Similarly, the compensated integral is centered,

tATL
B[] ViXe o+ H(X, ) = V(X )N(ds,dy) = 0
0 {lyl<c}
as from Taylor’s expansion and local boundedness of (2.1.8) we have

tATE
. /0 /{y|<c} |VP(XS_ + H(X,_,y)) — Vp(Xs_)|2 v(dy)ds =

tATy
=/
0 {lyl<e}

1 9 tATE 9
< IDVLE [ H(X, ) vidy)ds < .
0

2

[ DV + 0H (X)), B ) (1= 6)a6)] w(dy)is

For the uncompensated term by ([2.1.10)) and local boundedness of (2.1.9) we have
tATy
B[] (X + KX, y) = V(X )| v(dy)ds
0 {ly[=c}
AT
<E [ vl = @+ X P+ Vp(X,0)ds
AT
+E [0 [ KXyl v(dy)ds < oo
0 {ly[=c}
Therefore,
tATE
B[ [ VX KX y) = V(X )N (ds,dy)
0 {lyl=c}
AT
B[ [ V(X + KX y) - V(X w(dy)ds.
0 {lyl=c}
Finally, £V, € L5 (R™) so
tATY
E/ LV,(X,_)ds.
0
is well defined. We have shown that
EAT,
V(z) SEV)(Xin) — V(z) = IE/ " LV(X, )ds.
0

For R € (Ry, o) we have from the assumption (2.1.12)) and local boundedness of
LV, that

LV,(z) < = Apl{jaj>r) + (ISUI; ﬁ%(ﬂﬁ)) Ljel<ry
x|<

< - AR].{|QC|ZR} + sup L:V;)(JI) < Q.
TrER™
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Denote
k= sup LV,(z) < oco.
zeR™
We shall write
tATE
—V(z) <E /O —Apl{x. sap + #ds.
Now taking the limit as £ — oo. We obtain

t
V() < —AR/ P [|X, | > R]ds + xt
0

with ¢ € R> arbitrary. Finally for ¢ > 1

1 st Vv

7/ PlIX. | > Rlds< L9 0 R

t Jo AR
by (2.1.11)), which already implies (1.5.3)). The assertion of the theorem now
follows by the equality X, = X, almost surely for any s € R. O

2.2 Stabilization by compensated jumps

Throughout this section we assume Assumption to hold. We investigate
stabilization properties of compensated jumps. Thus, for simplicity, we put K=0

in (2.0.1) and obtain the equation:

dX, = f(X,_)dt + g(X,_)dW, + H(X,_,y)N(dt,dy), te€Rso. (2.2.1)

{lyl<c}

The main result of this section is presented in Theorem [2.2.1] and in an im-
portant Corollary where the conditions are simplified under specific growth
assumptions. First, we prove some technical formulas.

For our purpose it is useful to denote

H(z)={y eR": |y| < c,x+ H(zx,y) =0}, (2.2.2)

for x € R™.
Note that by the relations

|H(z,y)* v(dy) < |H(z,y)* v(dy) < oo

2
z|"v(H(x)) = /
‘ ’ ( ( )) {lyl<c}nH(z) {lyl<c}

for z € R™, which are due to Assumption 2.1.1] it follows that
v(H(z)) < oo, ze€R™x#0. (2.2.3)

First, we prove a technical Lemma.
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Lemma 2.2.1. For p € (0,1) we have

/{y|<c} Vola+H (z,y)) = Vp(z) — (H(z,y), DV (2))r(dy)

x+ H(x,y H(z,y),x
{yl<chrti(z)e || Ed
H 2
WP <log |z + (af,y)|> v(dy)
2 J{lyl<ernt(w)e |z

< 00, (2.2.4)

_ (; _ 1) V(H(2))

for z € BY.

Proof. Take p € (0,1). Now, fix z € Bf and distinguish two cases.
Step I. If y € H(z) then we have

Vo(z + H(z,y)) = Vy(x) = (H(z,y), DVy(z)) = |z[" (p — 1), (2.2.5)

by (2.1.1).
Hence, ([2.2.3)) yields

L, Vol Hw0)) = Vi) = (H (. 9), DYy () () <

SpuVWmer—p-
(2.2.6)

Step II. For the second case, when y € {|y| < c}NH(x)¢, we remind the particular
form of Taylor’s expansion

aP —1

=loga+ = 5 (loga) , (2.2.7)

for p € Ry and some p € (0,p) with a € R.; fixed. We now apply (2.2.7)) to the
case

_ e+ H(z,y)|
| ]
and use (2.1.1]) to compute
Vol + H(x,y)) = Vp(x) — (H(z,y), DV,(x)) =
(H(z,y),x)
o
et Ayl _
z H(x,y), x
_p|a;\p< ] _ (H(zy)

=z + H(z,y)| = |=[" — pzf” + (Vo(z + H(z,y)) — |z + H(z,y)[")

p |ﬂ2>)+ﬂﬂx+H@wD—w+H@wW)

et Hzy)| (et Hayl) _ (Hy),)
g +2Qg ) P )*
)

=p |x|” (10g

+ (Vp(x + H(x,

]
) =z + H(z,y)[").
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The term
(Vo(@ + H(z,y)) — |z + H(z, y)[")
is not positive by the definition of V,, (cf. (V3)) and since p < p, we have
Vole + H(z,y)) = Vy(x)—(H(z,y), DVy(2)) <

H H
| ||
2 H 2
2 || (2.2.8)

Both the terms on the right-hand side of (2.2.8)) are integrable over {|y| < ¢} N
H(z) as follows from the fact that log(a) < a — 1 for any a € R.q:

H 2
0< / (log \x—i—(m,y)\) v(dy) <
{lyl<c}nt(z) |z

2
< H (@)l v(dy) < oo. (2.2.9)
{lyl<c}nH(z) ||

by local boundedness of (2.1.8). Similarly, we estimate from above
H H
/‘ log X H@ Y« @g%@ymw
{lyl<c}nH () ] |z]
1 il ("
1 g lE A ()
2 Jiyl<eni(a) |z]

]
1 x+ H(x,y 2 z)? H(z,y),x
o+ HE )P o <|$|2> )iy

S,
2 Hlyl<eynti(a) ||

2
= ——F ] v(dy) < oc. 2.2.10
{W«%M@( || ) (dy) ( )

Estimation from below is not needed as the left-hand side of ([2.2.8]) is integrable.
Therefore, by (2.2.8]) we have

Vo(z + H(z,y)) = Vp(2) — (H(z,y), x)r(dy)
Sp |JI| </{y|<c}ﬂ’H(x) IOg |l’| - ’.Z’|2 V(dy)

2
p |x+H®wﬂ>
z log = T (dy 2.2.11
2{m«mmm< || (dy) ( )

Now by (2.2.6) and (2.2.11)) we get the desired inequality in (2.3.3)). O

Now we prove the main result of this section. For this purpose, we assume
that there exists b € R and ¢,7 € R.g and K > 1 such that

(f(2),x) < blaf,

’g(x)Tx’ . (2.2.12)

/{|y<c}ﬁ"ﬂ(1)

l9(x)| <7 Jaf, 5
|z

for x € B%.
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Remark 2.2.1. An important example of coefficient g : R™ +— R™*™ that satis-

fies (2.2.12) is when n = 1 and
g(x) =Gz, ze€R™,

for some G = (g;;) € R™ ™ positive-definite. Then we may take & = |G| and we
have

‘Q(I)Tx‘ = (Gx,z) > Q|a7|2, reR™
for some o € R..

Theorem 2.2.1. Assume that f, g satisfy (2.2.12)). Let Ry € (1, 00) be such that

H H
o= sup / o+ Hizy)l | (x,yQ),x)V(dy) < oo, (2.2.13)
reBy, Hlyl<chi(a)e || ||
and
2
H
sup / <log |x—i—(x,y)|> v(dy) < oo, (2.2.14)
we B Hlyl<ani(@): |z]

where H(z) is defined in (2.2.2)). Then the solution to (2.2.1]) with any determin-
istic initial condition is bounded in probability in the mean if

1
b+ 552 -’ +a<0. (2.2.15)
Moreover, the condition (2.2.15)) need not to be satisfied if v(H(x)) € Rs( uni-
formly in x € B, .
If we assume the growth condition (GROJ), then o < Ly < oo, where Ly is
from (GRO)) and « is from (2.2.13)) . Moreover, the condition (2.2.14)) is satisfied.

We summarize this claim in the following Corollary.

Corollary 2.2.1. Assume (GRO) and (2.2.12). Then the solution to (2.2.1))

with any deterministic initial condition is bounded in probability in the mean if

(2.2.15)) holds, where
[z + H(z,y)|  (H(z,y) )

o= sup/ log — v(dy). 2.2.16
ze B¢ HJyl<cnH(z)e || Els (dy) ( )
Proof. Tt easily follows by (2.2.9), (2.2.10)) and Theorem [2.2.1} O

Proof of Theorem [2.2.1. We have to verify that (2.1.12)) holds when Ag satisfies

@1.11).
Let p € (0,1) be fixed. First, observe that due to (2.2.12]), we have K € (1, 00)

such that
(@), DVy(a)) 4 Telo(a) DV (w)g()) =
—ple 2 (f(2),2) + 5plp — 2 o [o(x)
+5plel 2 gl

‘ 2

1 1
<p|z’ <b + 552 +-(p— 1)02)

2 (2.2.17)
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for x € BY.

Combining (2.2.17)) with (2.3.3]) we obtain

1 1
LV () <plal? [b+ 57° + (5p - e’

2 2
x4+ H(z,y H(z,y),x
| g T HE)_ (Hm).a)
{lyl<c}nH(z)e || ||
H 2
p (10 |z + (:c,y)|> v(dy)
2 J{jyl<c}n(a)e ||

(o]

1 1
<plal’ [b+ 30°+ S~ D’ +a

I 2
+2 Sup/ <log|x+(x’y)|> v(dy)) |, (2.2.18)
{lyl<ctnH(z)

2 IL‘EBRO |x|

for x € B, where R = Ry vV K. In (2.2.18) note that 1/p —1 > 0.
Now taking p € R sufficiently small we get that there exists k € Ry such
that

LV,(z) < —r|z|", (2.2.19)

for z € B, if (2.2.15) holds.
Moreover, if v(H(x)) € Ry uniformly in B , taking into account that

1

- ( - 1) v(H(z)) = —oo, p— 0+,

p

uniformly in z € B%, (2.2.18)) implies (2.2.19) even if (2.2.15]) does not hold.
Finally, (2.2.19) already guarantees (2.1.12)) with Ag satisfying (2.1.11]), which

completes the proof. O

We can see that in the condition (2.2.15) the sign of a that comes from
(2.2.13]) determines if the compensated integral stabilizes the system. The sign
of «v is determined by the interaction of two terms

ot Hwpl o H@y)a) 2.2.20)

lo
T ER

for x,y € R™ fixed. We can interpret the coefficient value H(z,y) as the (vector)
jump of the solution from state point = given that the driving noise attaines value
of y. Moreover, both the terms in have always opposite sign. The first
one is negative if the jump H(z,y) "aims towards the origin” while the second
one, coming from the compensation, is negative only when |z + H(z,y)| > |z|.
This can be seen if we rewrite it as

@) o h )

]

|H (z,y)]
]

I

where ¢(x,y) is the angle between H(x,y) and x. The following example quan-
tifies this interplay in the case of simple linear equation.
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Example 2.2.1. Let v({|y| < ¢}) < oo, m = n = 2 and consider the unique
solution to the equation

dX, = H(X,_,y)N(dt,dy), teRsg
{lyl<c} -

Xy =z € R?, (2.2.21)

where H(z,y) = qRyz, z,y € R? for some g € R, and rotation matrix Ry

R, = <Cos¢ —singb) 7

sing coso

where ¢ € [0,27) and 2o # 0. In this case we can separate jumps and the
compensating drift, so (2.2.21]) shall be written as

dX; = — qu({|y| < C})R¢Xt_dt + qRyX—dP;, te Ry
XO =c R2,

where P = N(-, {|y|] < ¢}) is a Poisson process with intensity v({|y| < c}).

We can use Corollary to assess boundedness of X in probability in the
mean. If ¢ = 1 then H(z) = {]y| < ¢} and X is bounded in probability the mean.
Rewriting (2.2.16]) we see that the same holds if

R R
o log [z +qRsx| (g ¢-T;7$>
{lyl<c} || ||

v(dy) <0

for x € R?, x # 0. More specifically,

x4+ qRyx| (qRgx,x
/ log’ ) ’_< ¢2 >1/(dy):
{lyl<c} || ||

1
= v({ly] < e}) (5 log(1 + 2q o8 + ) ~ geos )
for x € R?, x # 0. Therefore, X is bounded in probability in the mean if
log(1 + 2gcos ¢ + ¢*) < 2qcos ¢. (2.2.22)

Let us inspect the condition ([2.2.22]) in more detail.
Denote by

S ={(q,¢) € R x [0,27) : log(1 + 2 cos ¢ + ¢*) < 2qcos ¢}

the set of couples (¢q,¢) € Ryg x [0,27) for which holds. We briefly
inspect the set S by considering three distinct cases

Case 1: If € [0, 5) U (37”, 27) then if ¢ € Ry is big enough, we have (¢q,¢) € S.
This corresponds to the case when the jumps point in the opposite direction to
origin, therefore, the stabilization effect is driven by the compensating drift. The
smaller |cos ¢| is, the smaller ¢ € R is needed in order to have (¢,¢q) € S and if
¢ €10, 7] U [TF, 27) then (¢,q) € S for any g € Ra.

Case 2: If ¢ € [3, %’T] U [%”, 37“], then for any ¢ € R.o we have (¢, q) € S¢, where

S ={(q,¢) € Ry x [0,27) : log(1 + 2qcos ¢ + ¢*) > 2qcos ¢}
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and we do not observe the stabilization property of the compensated integral.
This case also covers both the jumps and compensation being orthogonal to the
direction to the origin.
Case 3: If ¢ € (32,2F), then (¢,q) € S if ¢ € Ry is small enough. The larger
|cos ¢| is, the larger ¢ € Ry we can take to keep (¢,q) € S. For ¢ = 7, we can
even take ¢ > 1; then the solution jumps over the origin and still the stabilization
property is obtained. However, ¢ = % is already too large and (, %) e S
which means that even though the norm of the process after jump decreases, the
stabilization property is lost. This is due to the compensation term, which drives
the system in the direction opposite to the jumps.

Note that the solution X can be constructed directly using the interlacing
procedure. Denote 73, k € N the arrival times for P. Using the matrix exponen-

tiation, X; takes the form
X, = (I+ Rd))kew({\yl@})qt%xo’

if t € [Tk, Tk11), where k € Ny. Moreover, for p € Ry, we are able to compute
the moments explicitly

E X, = |z oM (1+pgcos = |T+qRy ") (2.2.23)

for t € R>g. Using ([2.2.23)), it can be shown that, if p € R. is sufficiently small,
then

E|X," =0, t— o
if and only if (¢, q) € S and
E | Xi" = 00, t— 00

if and only if (¢, q) € S°.

In Corollary we have seen that is a sufficient condition for bound-
edness in probability in the mean under some assumptions. This example shows
that in the case of the linear equation, provides also if and only if condition
for convergence of p-th moment of the solution for sufficiently small p € R.q in
the infinite time horizon.

2.3 Stabilization by uncompensated jumps

Throughout this section we assume the Assumption to hold. We investigate
stabilization properties of uncompensated jumps. Thus, we put H=0 in ({2.0.1]
for simplicity and obtain the following equation:

dXy = f(X;-)dt + g(Xi-)dW; + K(X;—,y)N(dt,dy), te€Rs. (2.3.1)

{lyl=c}

The main result of this section is presented in Theorem Now we proceed
similarly as in the previous section. Set

Kz)={yeR":|y| >c, 2+ K(z,y) =0}, (2.3.2)

for x € R™. We have the following technical Lemma.
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Lemma 2.3.1. For p € (0,1/2) we have

/{|y<c} Vo(z+K (2, y)) = Vp(z)v(dy)

K
<plat [ e )
{lyl<chK ()" ||

K 2
2 J{yl<chnK(z)e ||

_ (; _ 1) V(K ()

Proof. To prove the inequality ([2.3.3)) the same ideas as when proving the similar
estimate ([2.2.4)) for the case of compensated integral can be used. This time we
estimate the first integral on the right-hand side of (2.3.3) from above,

< 00, (2.3.3)

for x € BY.

x4+ K(x,y 1 x4+ K(x,y)|?
/ log Mva) =— / log #V(dy)
{ly|>c}nK(z) || P Jly>cink(z) ||
1 K p_ p
1 |z + (x,yp)! |z| o(dy)
p J{yl>einK(z) ||
1 K P
<= MVW) <0
p Hylzeink@ |z

where we used the local boundedness of (2.1.9)). For the second integral on the

right-hand side in (2.3.3))

|x+K<x,y>|>2
0< log eI (dy) =
{lyl>e}nK(z) ( |z] )
x4+ K(x,y
1 ( | : )" ) o(dy)
{lyl>e}nK (@ |z
r+ K(z,y)|" — |z
Al ( TN
{lyl>e}nk(z ]
1
<5 miy” v(dy) < oo,
p? Jlzenk@)  |xf*
again using (2.1.9) (here we need p € (0,1/2)). O

Having the estimate (2.3.3) at hand we obtain similar result for uncompen-
sated integral as in the compensated case in Theorem [2.2.1

Theorem 2.3.1. Assume that f, g satisfy (2.2.12)). Let Ry € (1, 00) be such that

K
8= sup/ logwl/(dy)<oo (2.3.4)
veB Hlylzenk()y |z]
and
K 2
sup / <10g W’W) v(dy) < oo, (2.3.5)
we B Hlyl<enk(a) ]
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where K(x) is defined in . Then the solution to (2.3.1) with any determin-
istic initial condition is bounded in probability in the mean if

1
b+ 552 ~a*+3<0. (2.3.6)

Moreover, the condition ({2.3.6) need not to be satisfied if v(K(x)) € Ry uni-
formly in z € B, .

Proof. The proof is analogous to the proof of Theorem [2.2.1] we only here use

the estimate ([2.3.3]) in place of ([2.2.4]). O

We see that the sign of 3 in determines if the uncompensated integral
stabilizes the system. Unlike in the case of compensated integral in previous sec-
tion we are able to develop criterion which is determined directly by direction
of the jumps. It turns out that in such case ad hoc computations are more effi-
cient than using general result from Theorem [2.3.1] These computations depend
heavily on the fact that the intensity of jumps v({|y| > ¢}) of the uncompensated
integral is finite.

Theorem 2.3.2. Assume that f,g satisfy (2.2.12)). Furthermore assume that
there exist v € Ry, a € [0,1), L € Ryg and Ry € R.g such that

|z + K(z,y)] <~lz|" "+ L (2.3.7)
for x € B and y € {|]y| >c}. Then the solution to is bounded in
probability in the mean for any deterministic initial condition if either

e a#0,
or

o or ([2.3.6) with § = log~ holds, i.e. if

1
b+ 552 —a*+v({ly] > ¢})logy < 0. (2.3.8)

Proof. We verify that (1.5.3) holds. Taking arbitrary p € (0,1), n € Nyn > Ry

and z € BS, (V2), (V3) and £3:7) yield

/{|y|>c}%<x + K(z,y)) — Vy(z)v(dy) =

= 2+ K(z,y)I" — [« + V(2w + K(z,)) — |z + K(z,y)|") v(dy)

{ly|>c}

< |z 4+ K(z,y)|" — ||’ v(dy) + 2v(ly| > ¢)
{ly|>c}

< P |2PO — (2P u(dy) + 2v(|y] > ¢
{ly|>c}

R a— ) v(ly] > ¢) +2v(ly| > ¢)

0
<p ||’ = ) v(lyl > ¢) +2v(|y| > ¢)

(&
p () -1
Lol (1og 4 10g>)2) R
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Taking into account (2.2.17)) and (2.2.12]) we have K € R, such that
LV, (z) <plx|’ <b+ 152 + 1(10 —1)o* + logl +P (log 7>2
PRl = 2 2 = n® 2 ne
+2v({ly| > ¢}) (2.3.9)

for x € Bf,, where R > Ry V K. For the case a = 0 we further simplify (2.3.9) to
1 1
LVy(@) < plal” (b+ 57° + 5 (0 = D + logy + & (log1)?) + 20({Jy] < c}).

If we take p € Ry sufficiently small, we see that if (2.3.8) holds, there exists
k € Ryp and R € Ry such that

LV,(z) < =k x|’ (2.3.10)

for z € Bf,.

On the other hand, for @ € Ry, the inequality (2.3.10) may be shown for
some & € R even without assumption ([2.3.8) by taking n € N sufficiently large.
Indeed, (2.3.9) shall be rewritten as

LV,(x) < plaf” (w—alogn) +v({lyl = c})

for z € Bf,, where R > Ry, V K and

1 1
w=>b+ 562—1—5(]9— o? + (1+§)10g7.

O

Remark 2.3.1. Corollary tells us that the uncompensated term stabilizes
our system if the jumps tend towards the origin and intensity of this stabilization
is proportional to the intensity of the jumps. Indeed, the system may remind
stable in the sense of boundedness in probability in the mean even for jumps in
the direction opposite to the origin. Also, taking o # 0 in Theorem [2.3.2] we see
that if the norm of the process after jump gets small enough, then the system is
stabilized even with arbitrarily small intensity of the jumps.

In the case of the linear system Corollary

Example 2.3.1. Let m = n = 1, v({|y| > ¢}) € Ry and in (2.3.1) we put
f(z) =bzx, g(z) = ox, K(x,y) = qr, x € R,y € {|]y| > ¢} for some b,0,q € R, i.e.
we deal with the equation

dXt :bXt,dt + O'Xt,th + QXt,dPt, te Rzo,

for some zg € R where P = [q, 54 N(-,{|y| > c}), is a Poisson process with
intensity v({|y| > ¢}). In this case we have

v+ K(z,y)| = [«] |1 +q|
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forz € R,y € {|y| > ¢}. Therefore, if ¢ # —1, wemay put vy = |1 +¢q|,a =L =0
in (2.3.7) and obtain boundedness in probability in the mean for (2.3.11]) provided

2
b— % +u({lyl > ) log |1 +q| < 0 (2.3.12)

holds.

Therefore, the uncompensated term stabilizes the considered system when
q € (—2,—1)U(—=1,0). The case ¢ = —1 leads to K(z) = {|y| > ¢}, z € R, where
K(z) is defined in (2.3.2)). Therefore, we may use Theorem directly and
obtain boundedness in probability in the mean regardless the sign in (2.3.12).

Now we present an example that merges results from Sections 3 and 4. We
compare the stabilization properties of compensated and uncompensated integrals
occuring together and treat the constant ¢ € Ry, as a parameter of the problem.

Example 2.3.2. Consider the equation (2.0.1)) with finite Lévy measure v. For
notational simplicity, set

H R™
K(z,y) (z,y) € R™ x {[y[ = c}.
Therefore, (2.0.1)) can be writtern as
dXp = f(Xio)dt + g(Xi)dWek | M(Xie,y)N(d, dy)
y|<c
+/“ M(X,_, y)N(dt,dy), t€ Ry,
{lyl>c}
(2.3.14)

Assume that (2.2.12)) holds with f locally finite and in compliance with the as-
sumption ([2.3.7) of Theorem let there exist v € R+ such that

|+ M(z,y)| < 7lz|

for every x € Bf and y € R"\ {0}. Furthermore, for simplicity assume that the
solution X does not jump directly to the origin almost surely, i.e.

v({y e R*\ {0} s w + M(z,y) = 0}) =0

for every x € BY.
Then Assumption is satisfied and (2.3.14) can be rewritten as

X = (£ = [ X))t + g6,
[y M )Nt dy)

for ¢ € R>o. Therefore, we may expect that the parameter ¢ € R influences the
stability properties of our system only through the perturbation of the drift

- M(X—,y)v(dy).

{lyl<c}
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We now combine proofs of Theorems and to assess stability in
terms of boundedness in probability in the mean and obtain the condition

M 1
(b — inf WV{dg)) + -7 —a® +v(R™\ {0})logy < 0
2€B} J{Jy|<c} | 2

We can see that stability properties of (2.3.14]) may depend on ¢ € R.(. In the

simple case
M(z,y) = qz, = €R" yeR"\{0},

for some g € R, g # —1, we get condition
1
b—qr{ly| <c})+ 562 —o? +v(R"\ {0})log |1l +¢| <0,

or equivalently

b+ 152 — o2

W +log |1+ g| < gr(c), (2.3.15)

where

vl{lyl <))
v(R"\ {0))

The function r : (0, 00) — [0, 1] is non-decreasing and by we may conclude
that if ¢ < 0, which corresponds to the case when the solution exhibits jumps
towards origin, the chance that is satisfied gets smaller with increasing
c. For ¢ € Ry we get the opposite behavior.

r(c) €1[0,1], c€Ryy.
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2.4 Invariant measure

In the final section we formulate the main result of this paper concerning the exis-
tence of the invariant measure for the equation ([2.0.1)). Due to Krylov-Bogolyubov
Theorem (cf. Theorem [1.5.1)), it easily follows by Theorems [2.2.1 and [2.3.1] .

We treat the compensated and uncompensated term simultaneously using the

notation as in (2.3.13)) and rewrite (2.0.1)) as

dX, = f(X,_)dt + g( X, )dW,+ M(X;—,y)N(dt,dy)

fvl<e)
+/ M(Xo_,y)N(dt, dy), t€ Rop,
(o)
(2.4.1)

To exclude the cases when the jumps in (2.4.1) aim directly into the origin,
we again adopt the useful notation

M(z)={yeR":z+ M(z,y) =0}
for z € R™.

Theorem 2.4.1 (Invariant measure). Let Assumption hold and let the
equation (2.4.1)) define Markov process which is Feller. Moreover, let b,g,7,v €
R,0,7 € Ry be such that there exists Ry € R.q such that

(f(a),z) <blz|”

lg(x)| <7 |z|, W >g
/M(a:)c <log |33+]|‘i|(5”y)| - 1{y'<‘f}<y>W> v(dy) <,

for © € Bf,, where 1y« denotes the indicator function of the set {|y| < c},
and let

M
sup <log MW) v(dy) <oc.
w€B I M(@)° ||
If
Ly,
b+ 50‘ -0 +v< 0,

then the equation (2.4.1)) possesses an invariant measure.

Proof. The statement follows directly from Krylov-Bogolyubov Theorem by The-
orem 2.2.1] and Theorem 2.3.11 O
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Now recall the standard assumptions , (GROJ) and (which trans-
late into assumptions on M in an obvious way) under which the existence of
Markov process defined by is guaranteed. It is known (cf. [Applebaum,
2009, Section 6.6 and 6.7]) that this process is Feller if in place of the
following stronger condition is assumed.

Growth condition II: There exist Hy : R™ — R, Hy : R” — R, such that

|H (x,y)| < Hy(x)Ha(y), (GRO 1I)
x € R™y € {|y| < c}, Hy is Lipschitz continuous and [, ., Ha(y)?*v(dy) < oo.

Indeed, in (cf. [Applebaum, 2009, Note after Theorem 6.6.3]) it is shown that
under the assumptions (LIP)), (GRO II)) and (CON]) the equation (2.0.1]) defines
Markov process such that the mapping

r— X/, xeR™

has an almost surely continuous modification for ¢ € R.y. This already implies
Feller property as in Definition by the Dominated Convergence Theorem.
Moreover, Theorem [2.4.1| may be simplified as follows.

Theorem 2.4.2 (Invariant measure II). Let Assumption (LIP), (GRO II) and
(CONJ)) hold. Moreover, let b,g,7,7 € R, g, € R.o be such that there exists
Ry € R such that

(f(x),x) <blaf

7 ()7 x|
l9(z)| <7 ||, T e
|z + M(x,y)] <M($7y),96>>
log ———— — 1 jca(y) ——5— | v(dy) < 7,
/M(:C)C( g = flvl<cy () e (dy) <~
for z € Bg, .
If

1
b+§62—g2+7<0,

then the equation (2.4.1)) possesses an invariant measure.

Proof. 1t follows directly from Krylov-Bogolyubov Theorem by Corollary
and Corollary since (2.4.1) defines Feller Markov process. O
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3. Stochastic Approximation
Procedures

Let m,n € N and suppose that Borel functions
f: RZO x R™ HRm, g: RZO x R™ _>Rm><n’ H: Rzo x R™ x R" —>Rm,
and a Borel probability measure p on R™ are given. We consider the equation

AX, = f(t. X)de+ gt X)aWe+ [ H(L X, y) N(dt, dy)

{yeR™; |y|<c}

[ HEX yN@Ldy), =0,
{yeR"; y|>c}
Xo ~ p,
(3.0.1)
for some ¢ € R.g and a pair (W, N), where N is a Poisson random measure, N
its compensated counterpart, and W is a Wiener process independent of N, see
e.g. [Applebaum| 2009, Section 2.3.1]. As (in contrast to the previous sections)

we deal with a weak solution to (3.0.1]) we recall its definition.

Definition 3.0.1. A triplet ((Q2, %, (%:)i>0,P), (W, N), X) is called a solution
to the equation (3.0.1)) provided

i) (2, Z,(F)i>0,P) is a stochastic basis with a normal filtration (%)¢>0,

ii) W is an (.%;)-Wiener process with values in R”,

iii) N is an (.%;)-Poisson random measure N on Ry x (R™\ {0}) whose
intensity is dt v(dy) for some Lévy measure v on R\ {0} and which is independent
of W,

iv) N = N — dtv(dy), and

v) X is an R™-valued (.%;)-progressively measurable cadlag process such that
the distribution of X is p and

¢ ¢
Xi=Xo+ [ f(s.X)ds+ [ gs, X)W,
0 0
¢ 5 ¢
+// H(S,Xs_,y)N(ds,dy)+// H(s,Xs_,y) N(ds,dy) P-a.s.
0 J{lyl<c} 0 H{lylzc}

for all t € R,.

In paragraph (v) of Definition it is supposed implicitly that all integrals
are well defined, that is,

[l X1+ lots 0P+ [ (s X )P v(as) L as <o Beas

{lyl<c}

for all £ > 0.
Throughout the paper, we impose the following assumption:
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Assumption 3.0.1. We shall assume that
/{ } |H(t,z,y)|” v(dy) < oo forall (t,z) € Ryg x R™ (3.0.2)
lyl<c B

and the function

(t,z) —> |H (t,z,y)| v(dy) (3.0.3)

{lyl=c}

is locally bounded on R x R™.
Now, let us set
¥ ={V € €*(R™); DV € G(R™;R™), D*V € G(R™R™™)}  (3.04)

and introduce an operator .Z associated with the equation (3.0.1]) that will hence-
forth play a crucial role. For V € ¥ we define

PV Rog x R — R,
(o) — (f(t,2), DV (2)) + ;Tr (9(t, )" D2V (2)g(t, )

+ /R”\{O} {V(x + H(t,r,y)) = V(x) - 1{|y|<c}(y)<H(t, z,Y), DV(x)>] v(dy).
(3.0.5)

Using hypotheses (3.0.2]) and (3.0.3)) we can check easily that the definition of .Z
is correct, see analogous considerations in the proof of Proposition [3.0.1]

Remark 3.0.1. a) The assumption (3.0.2)) can be omitted if we define £V on
the set {(t,x) € R>o x R™; the right-hand side of makes sense} only. It is
a direct consequence of the integrability condition in part (v) of Definition [3.0.1]
We only adopted so that the formulation of our main results may be more
straightforward.

b) On the other hand, is important and cannot be dispensed with easily.
In a companion paper Maslowski and Tybl [2022] related results on stability of
solutions to are obtained under a weaker hypothesis that

(t,z) —> . |H(t,z,y)|Pv(dy) is locally bounded on R>y x R™ (3.0.6)

Yy|=c

for some p € (0,1). The same choice is possible in the present paper. Under
we have to restrict ourselves to a narrower class of Lyapunov functions than
¥, proofs become rather complicated while the gain is not very impressive: the
final criterion for convergence of the Robbins-Monro procedure remains almost
the same. That is why we opted for (3.0.3]).

Using the operator . we can state the It6 formula for smooth functions of

solutions to (3.0.1)) in a suitable form.
Proposition 3.0.1. Assume that V € ¥ and X solves ({3.0.1), then

dV(X,) = LV (t, X,)dt + (g(t, X)" DV (X,), ) AW,
+ V(Xie + H(t, Xi_,y)) — V(Xo)| N(dt, dy)

{lyl<c}

" /{|yzc} V(X + H(t, X, y)) — V(X,-)| N(dt, dy)

R V(Xe + Ht, X y)) = V(X)) w(dy) dr.
7 (3.0.7)
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Proof. By Theorem we have
dV(Xt) = (<f(t7 Xt)v DV(Xt>> + ;Tl" (9<t7Xt>TD2V<Xt)9(t7 Xt))) de
+{g(t, X,))" DV (X)), ) dW,
+ V(X + H(t, X, y)) — V(X,0)| N(dt, dy)

{lyl<c}

+ [V(Xt + H(t, Xy, y)) — V(Xy)

{lyl<c}

— (DV(Xy), H(t, X;,y))| v(dy) dt

" /{y|>c} V(X + H(t, X, y)) = V(X,o)| N(dt, dy).

(3.0.8)

Now adding and subtracting
t
/ / V(X + H(s, X, y)) — V(X,)] v(dy) ds, (3.0.9)
0 Hlyl=c}

to the right-hand side of (3.0.8) we obtain the formula (3.0.7)) provided (3.0.9))

is well-defined for every ¢ > 0 P-almost surely. However, realizing that 6 —
V(z+60H (s, z,y)) is a smooth function on [0, 1] and invoking boundedness of DV

we get
/{yIZC}

V(z+ H(s,x,y)) — V(x)‘ v(dy)

v(dy)

[ DV + 086, 2,9)), (5,2,

{lyl>c}

< IDVIOO/

{lyl=c}

for all z € R™ and s € R>(. Hence

Iy
0 J{lyl=c}

follows by ((3.0.3)) since the paths of X are locally bounded. O

H(s,z,y)| v(dy)

V<Xs + H(Sv Xsyy)) - V(Xs)

v(dy)ds < oo P-as.

3.1 Main results

In this Section, we first state a criterion based on Lyapunov functions for a
solution to to converge to a given point of the state space R™. The follow-
ing theorem and its corollary generalize results from Nevel’son and Khas'minskif
[1972] to equations driven by Lévy processes.

Theorem 3.1.1. Let the Assumption be satisfied and let there exist zy €
R™, a measurable function ¢: R™ — R, a function V € ¥, and measurable
functions a, v: R>g — R such that

(H1) either
inf p(z) >0 foralle >0 (3.1.1)

|x—xz0|>e
or

lim V(z) =400 and inf  @(x) >0 forallo>e>0, (3.1.2)

|z|—o00 o>|x—xo|>e
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(H2) V(zo) =0,V € L'(u) and
inf V(z)>0 (3.1.3)

jo—ao| >e
for any € > 0,
(H3) @ € Lijge(Rx0) \ L' (Rxo), ¥ € L'(Rx0) N € (Rxo) and
2LV (t,x) < —a(t)p(x) +y(t)(1+ V() (3.1.4)
forall ¢ > 0 and z € R™.
Then any solution (§2,.%, (%), (W, N), X) to satisfies
lim X; =29 P-as. (3.1.5)

t—o0

Proof. Let us set

£(t) = exp (/toov(r)dr), t € Rxy,
and
Ult,z) = £(6)(1 + V(2)) = exp (/:O 7(r)dr> (1+V (), (t2)€RsoxR™

Step 1: We establish convergence of V(X};) as t — oco. To this end, we first show
that (U(t, X;)),5 is a supermartingale. Define

=inf{t > 0:|X;| > n},

¢
2= inf{t >0: / lg(s, X,)|* ds > n},
0

t
= inf{t >0: / / |H(s, X, y)” v(dy)ds > n},
0 Hlyl<e}

Tnzfi/\ﬂf/\ﬁ;’

(3.1.6)

for n € N. Obviously, 7,,’s are stopping times and 7,, — oo P-almost surely as
n — 00.
By the product rule for semimartingales we get

AU(t, X,) = (14 V(X)) dE(t) + () AV (X,), ¢ € Ray. (3.1.7)

Hence combining (3.0.7)) and (3.1.7)) we obtain for any n € N and t € Rx (fixed
but arbitrary)

U (10 At Xpne) — U0, Xo)
— / (14 V(X))E () + E(5)LV (s, X,)] ds

/ m (s, X.)"DV(X,), ) dW,
/m
o
-

() [V(Xoe + H(s, Xooyy)) = V(Xoo)| N(ds, dy)

y|<c}

A /
/y|>c} .V<XS* + H(s, Xs-,y)) — V(Xsf)} N(ds,dy)
/

S|V X+ H(t X)) = VX v(dy) ds.
(3.1.8)

\y|>c}
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By the hypothesis (H3) we may estimate
[T+ Ve + e 2vis XS)] 0
—/wt Y(s)(1+ V( s))+$(s,Xs)}d3

Tn/\t
< — / o(X;)ds

(3.1.9)

as o and ¢ are non-negative. Therefore, from (3.1.8) we get
Uty Nty X nt) — U(O Xo)
Tn /At
< / 9(s. X) "DV (X,),-) AW,

+/ n /{y|<c} () _V<XS_ +H(s, X)) = V(Xs—)} N(ds, dy)
/” /{y|>c} V(X + H(s, Xo—,y)) = V(X )] N(ds, dy)

N /OT"M /{mzc} E(s) V(X + H(t, X, y)) = V(X,)] v(dy) ds.

(3.1.10)
We aim at showing that the right-hand side of (3.1.10) is a martingale for any
n € N. This having been established we find that

E [U(t A7, Xinr,) — U0, Xo)| <0,
so we may apply the Fatou lemma and arrive at
EU(t,X:) =E lim U(t ATy, Xinr,) < lim inf £ U(t A Ty Xinr,)
<EU(0, Xo)
=M E V(X)) < 00

for every t € Rsg, as V € L'(u). Using the Fatou lemma for conditional ex-
pectations we get in a completely analogous way that (U(t, X;), t € Rx) is a
supermartingale, we skip the details.

Hence now we fix n € N and we shall proceed with the terms on the right-hand

side of (3.1.10]) separately.
First, since DV € %,(R™; R™) by assumption we get

tATn
E /
0

for all ¢ € Rs( due to the definition of 72 | so the stochastic integral

[ e gt X TDVX), Y

5<8)<9($,X§)TDV(XS)7'>‘2ds < BQH’YIIUHDVH;nt < 50

is a martingale.
Similarly, the compensated integral

/Mn /{ly,<c} V(Xo + H(s, X, y)) = V(X)) N(ds, dy)
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is a martingale, since proceeding as in the proof of Proposition and invoking
the definition of 73 we get

tATh
B
{|y|<c}

V(Xs+ H(s, Xs,y)) — V(XS))‘QV(dy) ds

2

tATn
_E/ /{| | }/ $)(DV (X + 0H (s, X,,y)), H(s, Xs,y)) 40| v(dy)ds
y|<c
< 2l |DV]OOIE/ [ HGs Xy vl ds
0 {lyl<c}
S 62“’YHL1 |DV|C2>O nt
< o0
for every t € R>.
Finally,
tATh
IE/ / V(X.+ H(s, Xa,y)) = V(X)) [p(dy) ds
{\y|>c}
tATh
yl=c

< el |DV|_E / / |H (s, Xs,y)| v(dy) ds
0 Jyze
< 00

for all t € R>q owing to (3.0.3)). Therefore, by the same argument as in [Ikeda and
Watanabe), 1981, Lemma I1.3.1] (see the proof of formula (3.8) on page 62 therein)
or by modifying slightly the definition of 7,,’s and using |[Jacod and Shiryaev, 2003,
Theorem I1.1.8] we have that

/W /{y|>c} V(Xeo + H(s, Xooy)) = V(X)) N(ds, dy)
- /{M VX, + His, X, ) — V(X)) vldy) ds

is again a martingale.

Hence the proof that (U(t, X;)) is a supermartingale is completed. Since
U(t, X;) it plainly non-negative and right-continuous, the martingale convergence
theorem implies that there exists an integrable random variable U,, € L'(PP) such
that lim; . U(t, X;) = Uy P-a.s., whence it follows that

lim V(X;) = Jim exp( /Oofy(r) dr)U(t,Xt) —1=Us—-1=V, (3.1.11)
¢

t—o00

P-almost surely.
Step 2: Now we show that

lim inf‘Xt — :170‘ =0 P-as. (3.1.12)
t—o0
Let w € Q be such that

‘Xt(w) - x()’ >e
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for some ¢ty € R>g and € > 0 and all ¢ > ¢,. If (3.1.1) is satisfied then clearly a
0 > 0 may be found such that

o(Xi(w)) > forall t > t. (3.1.13)

If (3.1.2) is satisfied then note that by (3.1.11) we may assume that V(X;(w))
converges to a finite limit as t — oo, so by the first part of (3.1.2)) there exists a
constant ¢ = ((w) such that

sup [ Xy (w)] < ¢.

>0
Hence the second part of (3.1.2)) implies that

p(Xi(w)) = inf o(r) >0

¢lz|>e

for some § > 0 and all t > ¢y, that is, (3.1.13]) again holds. Thus we have

| al9)p(X, @) ds = o,

to

because a € Li..(Rsg) \ L*(R>g). Therefore, (3.1.12) is established provided we
show that o
/ a(s)p(Xs)ds < oo P-as. (3.1.14)
0

As £ > 1 we have
[ aex)ds < = [T [0+ VX)) + 662V (s X)) ds

for all t € R>p and n € N by - Using (3.1.8]) together with the fact that
the stochastic integrals in are centered and U > 0 we obtain

e[ o Jas< -k [ U0+ VX))E ) + £(5)2V (5, X,)] ds
=E{U(0, Xo) = U(t A 7, Xinr, )}
<EU(0, X))

for all £ € Ry and n € N, thus passing first n — oo and then ¢ — oo and
applying the monotone convergence theorem twice, we find the estimate

E / D) ds <EU(0, Xo) = MuEV(X)

the right-hand side of which is finite by (H2). We see that (3.1.14) holds true.
Step 3: It remains to show that

lim X; =x9 P-as. (3.1.15)

t—o00

Suppose that w € €2 is such that



for some ¢ > 0 and a sequence t, , co. By the hypothesis (H2) of Theorem
3.1.1, an 7 > 0 may be found for which

V(X (w)) =27 (3.1.16)

for every n € N. We shall show that then either

Jim V(X(w)) = Vao () (3.1.17)
or
lim inf | X, (w) — | = 0 (3.1.18)

does not hold, where V, is defined by (3.1.11)). Indeed, (3.1.16) together with
(3.1.17) imply that Vo (w) > n. On the other hand, if (3.1.18) is satisfied then

there exists a sequence r,, * oo such that

Jim X, () = 7

hence, again by (3.1.17) and (H2),
Voo(w) = lim V(X (w)) = V(zg) =0,

n—oo

which is a contradiction. However, we have already shown that both (3.1.17))
and ([3.1.18)) hold for P-almost all w € €2, which concludes the proof of Theorem
B.I11 O

Now we focus on a particular case of the equation (3.0.1)) corresponding to the
continuous-time stochastic approximation procedure of Robbins-Monro type with
a general Lévy noise. Recall that in this setting we are looking for a stochastic
differential equation such that its solutions converge to a root of the drift R for
a class of noise coeffients as wide as possible. Namely, we consider the equation

X, = a(t) (R(Xt)dt—i—a(t,Xt) awi+ [ K(Xiy) N(dt.dy)
yl<c
F[ KXy Ndedy), 20
{ole)
Xo ~ My

(3.1.19)

with Borel coefficients
a:Rsg — Ry, R:R™ — R™ 0: Ryg xR” — R™" K: R™ xR" — R™

and a Borel probability measure 1 on R™. The driving noise (W, N) is the same
as in (3.0.1). Since the function K is independent of time now, Assumption [3.0.]]

takes the following form:

Assumption 3.1.1. We shall assume that

/ |K (z,y)° v(dy) < co for all z € R™
{lyl<c}

/{IyIZC}

and the function

K(-,y)|v(dy)

is locally bounded on R™.
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Let us state a result which one obtains applying Theorem [3.1.1| to (3.1.19)).

Corollary 3.1.1. Let Assumption be satisfied. Let there exist xqg € R™, a
function V- € ¥ N L'(n) with V(zy) = 0 and a measurable function ¢: R™ —
R>( such that

inf  p(x) >0 forallp>e>0 (3.1.20)
0>z —xo|>€
and
|l‘im V(z) = 400, | inf‘> V(z) >0 foralle>O0. (3.1.21)
x| —00 T—x0|>€

Assume further that a € € (Rx¢, Rs) satisfies

/0 r)dr = oo, / r)dr < oco. (3.1.22)

Let there exist a constant K, € Rsq and a function 8 € € (Rxq) N L'(Rxq) such
that

<R(x) + /{ - K(x,y)u(dy),DV(x)> < —p(a), (3.1.23)
Te(o(t,2)" D*V (2)o(t, 7)) < K, (1+ V() (3.1.24)

and

Loy [V &+ 6D (9) = V(@) = alt) (K (z,), DV (2))] v(dy)
<1+ V(@) (31.25)

for all z € R™ and ¢ € Rxy.
If (,.7,(%#),(W,N),X) is a solution to (3.1.19)) then

lim X; = zy P-as. (3.1.26)

t—o00

Proof. To see that Corollary follows immediately from Theorem [3.1.1] it
suffices to check that the hypothesis (H3) is satisfied. However, the operator .#
associated with (3.1.19)) takes the form

?(t)

LV (t,x) = a(t)(R(x), DV (z)) +
/\{0} (x + a()K(z,y)) — V()
— a(t) Ly < (1) (K (x,y), DV (2))] v(dy)
_ a(t)<R(x) + /{ L Kyld) DV(a:)>
+ a 2(t) Tr(cr(t,x)TDQV(x)a(t,x))

+ /Rn\{o} V(z+a)K(z,y) - V(z) — at)(K(z,y), DV (x))| v(dy)

Tr(o(t,2)" DV (2)o(t, 7))
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for any x € R™ and ¢t € R (; the last term on the right-hand side is well-defined
owing to Assumption [3.1.1l The assumptions of Corollary thus imply that

LV(t1) < —a()p(@) + 2 (Ka2(t) +280) (1 + V().

2
Since (K,a? 4+ 2f) € L' (Rx0) N € (Rsp) the proof is completed. O
Remark 3.1.1. (a) As in Theorem we may replace (3.1.20]) and (3.1.21])
with
inf (V(x) A go(x)) >0 for any ¢ > 0. (3.1.27)

|x—x0|>€

(b) If the function

v (B@)+ [ K(@y)v(dy). DV ()
is continuous on R™ and
<R(:v) + /{|y|>c} K(z,y)v(dy), DV(x)> <0 forx+#x

we may set

o(x) = —<R(:E) + /{wzc} K(x,y)v(dy), DV($)>, x €R™,

then both (3.1.20]) and (3.1.23)) are satisfied.

If H =0 and K = 0 then Theorem [.1.1] and Corollary correspond
essentially to Nevel’son and Khas'minskii [1972], Theorems 3.8.1 and 4.4.1, re-
spectively.

3.2 Applications

Sufficient conditions for convergence of a solution X of to a point are
given in Corollary in terms of a Lyapunov function V. Choosing a particular
Lyapunov function we get more applicable criteria in terms of the coefficients of
(3-1.19). If K = 0 then V = |- —x|? is a standard choice, however, in the general
case we must proceed in a different way since we need a Lyapunov function
belonging to the system 7.

Example 3.2.1. Let zp € R™ and let us set
V:R™ — Ry, x+— log(l + |z — x0|2>.

Obviously, the Fréchet derivatives of V' are given by
r — Tg
14 |z — x|

2 4
D?*V (z) = 1 —
L+ [z — o] (1—|—]:c—x0|2)

DV(x) =2

5 (T — o) (2 — xo)Ta

o4



for all z € R™ and thus V' € ¥, furthermore, V(z) — 400 as |z| — oc.

Let Assumption be satisfied and suppose that the coefficients o and K
of (3.1.19) satisfy the linear growth condition: there exists a constant L € R
such that

|ﬂawﬁ+éﬂmuqﬁwﬁm@ggL@+mf) (3.2.1)

for all z € R™ and t > 0. Denote by £ the function

&R" — R, v+— <R(a:) + K(z,y)v(dy),z — :1:0>.

{lyl=c}
Since
2
R(x) + K(z.y) v(d ,DVx>:E:c 322
(R + [ K@) DV)) = g te)  (322)
for all z € R™, (3.1.23) is satisfied with the choice
2¢
QT — () (3.2.3)

1+ |z — zo|*
The function ¢ defined by (3.2.3) surely satisfies (3.1.20)) if £ is continuous and

t(z) <0 for all x # x. (3.2.4)

If £ is not continuous, it may be difificult to check (3.1.20) and a more feasible
way may be to strengthen (3.2.4)) assuming that there exists n > 0 such that

t(r) < —n|z — 20/* forallz € R™. (3.2.5)
In this case we may set
20|z — x|
1+ |£l? — 250‘2

obtaining a function that clearly satisfies (3.1.20). We claim that the other hy-
potheses of Corollary (in the version of Remark [3.1.1]) are also satisfied.
For any = € R™ we may compute using ({3.2.1])

Tr (J(t, 2)'D*V (x)o(t, x))

YT —>

4 2
= ‘O'(t> .Z')|2 -
R (1t | — 2oP)

3|t )" (@ — x0)|

<= _g(t.2)|?
_1+|x_$0|2 ‘O'( 7x)|

1+ |x|?
1+ |z — x0)?

|wo|?
:4L<1 )
+ 1+ ’iﬂ — 1’0’2

<2L

<AL(1+ |ao?) (14 V(2))
(3.2.6)
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and (3.1.24]) follows. Finally, we verify that (3.1.25) holds with the choice § =
202 L(1 + |zo|?). Using that log(y) < y —1 for all y > 0 plainly and the definition

of V we obtain

Jor oy [V &+ 6O (,9) = V() = alt)(K (), DV ()] w(dy)

- [10 (1 + |z + a(t) K (z,y) —xoP)
R™\ {0} 1+ |z — x0)?

<K(I’, y)v T — $0>:| V(dy)

B 2a(t)
1+ |ZL‘ - $0|2

1
—_ r— o+ a(t)K(x,y)]* — |z — x0)?
o Pl M LR ROV G G

- 20((t)<K(.7), y)? T — I0>} V<dy>

(3.2.7)

o?(t)

= -\ K 2u(d

e an? oy K (@)
1 2

1+’Q?—£If0’2

< 202()L(1+ |zof?) (1 + V()

for all t € R and x € R™. Note also that Assumption clearly follows from
B2.1).

Therefore, whenever o« € € (Rx¢,R~o) obeys (3.1.22) and (W, N),X) is a
solution to (3.1.19) then X converges almost surely to zy as t — oc.

Remark 3.2.1. It should be stressed that under the hypotheses of Example|3.2.1
the point xy € R™ the solution of converges to need not be a root of the
drift R, therefore, a priori it might be misleading to speak about a Robbins-
Monro stochastic approximation procedure. Let us discuss this problem more
carefully: Our main positive results are illustrated in paragraphs (d) and (f),
while (c) contains a counterexample. In (a), (b) and (e) particular cases related
to hitherto available results are treated.
(a) Assume that K = 0. Then (3.2.4) reduces to

(R(z),z —xz0) <0 for all x # xo. (3.2.8)

Hence if R is continuous (which is a rather natural assumption) we have R(zy) =0
(as it is well known from the theory of monotone mappings, see e.g. |[Browder,
1963, Lemma 1] for a much more general result) and plainly z; is the unique root
of R. If o satisfies the linear growth condition and R is a continuous function

such that (3.2.8]) holds, then
lim X; = xy P-almost surely (3.2.9)

t—o00
for any solution of the equation
dX, = a(t) (R(Xt) dt + o(t, X,) th>, Xo ~ p. (3.2.10)

This is a classical result going back to Nevel’son and Khas 'minskii [1972].
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(b) If the driving Lévy noise has a purely discontinuous component, but there
are no large jumps, that is, v{|z| > a} = 0 for some a € (0,00) then the results
are virtually the same as in the diffusion case. Indeed, if R is continuous, obeys
, and o and K have at most linear growth then holds for any solution
of

dX, = a(t) (R(Xt) dt + o (t, X,) dW, + K(X,,y)N(dt, dy)), Xy ~ pi.

(3.2.11)

Again, xg is the unique root of R. Related results, obtained by different methods,
may be found in [Mel'nikov| [1989], Lazrieva et al.| [1997].

(c) In the general case K # 0 and v{|y| > ¢} > 0 the situation changes

considerably. This should not be surprising: the last term on the right-hand side

of (3.1.19), that is, the process

{lyl<a}

is not centered in general. Moreover, if we would like to keep the driving Lévy
noise in but to use a representation with a different c it results in a change
of the drift (and, a fortiori, of the roots of the drift). Hence Corollary need
not be applicable to the Robbins-Monro procedure, as it implies convergence to
a point xg such that R(zg) # 0. Indeed, if in the setting of Example [3.2.1] the
function £ is continuous and satisfies then we only know that

Rlzo) + [ K(x.u)vidy) =0

The following simple example illustrates this phenomenon. Define the coefficients
R and K by
R:xv+— A(x —a), K:(z,y)— B(x—0)

for some a,b € R™ and matrices A, B € R™*"™ such that A + B is invertible and
negative definite, and A(zy —a) # 0 where we set 7o = (A + B)~!(Aa + Bb). We
can assume for simplicity that v{|y| > ¢} = 1. Then

t(z) = <A(9c —a)+ et B(z = b)v(dy),z — x0>
= <(A + B)x — (Aa + Bb),z — x0>
<(A + B)(x — xp),x — x0>

< —nla — o

for some > 0 and all z # g, however, R(xq) # 0.

(d) Therefore, in the general case of we must add the assumption
R(zy) = 0 if Corollary [3.1.1] is to be applied to stochastic approximation; for
equations (3.2.10) and ((3.2.11)) this is redundant. On the other hand, by choosing
K in an approprite way we may obtain under rather mild hypotheses on
R. Let us assume that R(zo) = 0 and R is Lipschitz continuous, denote by Lip(R)
its Lipschitz constant. If K satisfies, still in the setting of Example [3.2.1]

</{| | }K(x,y) v(dy), r — w0> < —(Lip(R) + 1)]z — 330|2 for all z € R™,
ylze
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then Corollary is applicable. In the diffusion case (3.2.10) the mere Lips-
chitz continuity of R need not be sufficient for the convergence of the stochastic

approximation procedure. (Indeed, consider (3.2.10|) with the choice m =n = 1,
R(z) = o(t,x) = x for (t,2) € Rsg xR, V = |- >, and «a(t) = (1 +¢)7! for
t > 0, then all assumptions of Corollary are satisfied except the hypothe-
sis , R is plainly globally Lipschitz continuous having 0 as its only root,
nevertheless, a simple direct calculation shows that X; — oo almost surely as
t— 00.)

(e) If

/ K(z,y)v(dy) =0 forall z € R™
{ly[>c}

then the process is centered and we see that any solution X to (3.1.19))
converges to the unique root of R under the hypothesis that R is a continuous
function satisfying (and o and K has at most linear growth). This result
may be compared with theorems stated in |Korostelev| [1984] where equations
driven by centered square integrable processes with independent increments are
dealt with. We do not need L2-integrability, on the other hand sharper asymptotic
results than mere convergence almost surely are extablished in Korostelev| [1984]
at the price of more restrictive assumptions on noise coefficients and the cumulant
process of the driving Lévy process.

(f) Finally, note that the hypotheses of Example may be satisfied even if
R has multiple roots. The coefficient K then “selects” a root of R which a solution
to (3.1.19) converges to. This may happen only if a noncentered uncompensated
Poisson process is allowed as a driving noise. As we have already indicated above,
large jumps of the Lévy process virtually change the drift and, consequently, it
is possible that a solution to (3.1.19)) no longer converges to some (or all) of its
roots. Again, in the diffusion case or for the equation the situation is
completely different, see e.g. [Nevel’son and Khas'minskii, (1972, Chapter 5]. For
example, let m = 1 and let o and K satisfy and

x - / K(z,y)v(dy) < —2|z]* for all z € R.
{lyl=c}

Then any solution to

dX, = a(t)(sinXt Aot X) AW+ [ K(Xey) N(dt.dy)
y|<c
{ly|>c}
XO ~ W,
satisfies

lim X; =0 P-a.s.
t—o00

(g) It is possible to allow coefficients K depending on time, i.e. defined on
Rso x R™ x R". If equation (3.2.11) is considered, that is, there are no large
jumps, this change results in a trivial modification of the assumptions. In the
general case, however, the hypotheses become cumbersome and thus we content
ourselves with time independent K'’s.
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List of abbreviations

Measure theory

A° complement of the set A
AB(X) the Borel o-algebra over a topological space X
o QB product of o-algebras o,
JTEY convolution of probability measures p, v
14 indicator function of a set A
{ly] < ¢} {yeR": |y <c}fore>0
{ly| > ¢} {yeR":|y| >c} forec>0
Euclidean and other spaces
AT transposition of a matrix A
Tr A trace of a matrix X

|| the Euclidean norm (or the Frobenius norm in the case
of matrices)

(-, ) the scalar product in the Euclidean space

R>q {teR:t>0}

R-o {teR:t>0}

¢ (X,Y) the space of continuous functions g : X — Y with the
supremal norm

|l the supremal norm of a bounded function f

LP(QY), LP(p) the Lebesgue spaces of equivalence classes of integrable
functions

LV (Q), L} (1) the Lebesgue spaces of equivalence classes of locally in-
tegrable functions

By(X) space of bounded measurable functions on X

DV, D*V the first (resp. the second) Fréchet derivative

Probability theory

X~p the random variable X has a distribution pu

E expectation of a random variable

VAR variance of a random variable

a.s. equality P-almost surely

L generator of a Markov semigroup associated with an
SDE

63



List of publications

Maslowski, B. and Ondiej Tybl. Invariant measures and boundedness in the
mean for stochastic equations driven by Lévy noise. Stochastics and Dynamics,
22.03:2240019, 2022.

Existence of invariant measures and average stability in the mean are studied
for stochastic differential equations driven by Lévy process. In particular, some
natural conditions are found that verify stabilization of the equation (in the sense
of the existence of invariant measures) by jump noise terms. These conditions
are verified in several examples.

Seidler, J. and Ondrej Tybl. Stochastic Approzimation Procedures for Lévy-
Driven SDEs. Journal of Optimization Theory and Applications, 197.2:817-837,
2023.

We consider a continuous-time Robbins—Monro-type stochastic approximation
procedure for a system described by a (multidimensional) stochastic differential
equation driven by a general Lévy process, and we find sufficient conditions for
its convergence in terms of Lyapunov functions. While the jump part of the noise
may spoil convergence to the root of the drift in some cases, we show that by a
suitable choice of noise coefficients we obtain convergence under hypotheses on
the drift weaker than those used in the diffusion case or convergence to a selected
root in the case of multiple roots of the drift.

64



	Introduction
	Theory review
	Lévy processes
	Stochastic integration
	Stochastic differential equations
	Stochastic approximation procedures
	Invariant measures for Markov processes

	Invariant measures and boundedness in the mean
	General Lyapunov criterion
	Stabilization by compensated jumps
	Stabilization by uncompensated jumps
	Invariant measure

	Stochastic Approximation Procedures
	Main results
	Applications

	Bibliography
	List of abbreviations
	List of publications

