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Prologue

Similar to my Ph.D., which was divided into two parts — one conducted in
Prague under the supervision of Stanislav Hencl, and the second in Jyvaskyla
under the supervision of Pekka Koskela — this thesis will also consist of two
parts. These parts share common themes, with the most prominent being
the examination of mappings from R" to R" belonging to some Sobolev
space W'P. In both cases, the mappings are expected to be either bijective
or, at the very least, “almost bijective”.

The first part focuses on weak limits of homeomorphisms, driven by
a clear variational motivation to minimize an energy functional. Conse-
quently, we explore the properties of weak limits in this context. In the
second part, which delves into Hardy spaces, the variational motivation is
less apparent but still present in a more concealed manner. Harmonic maps
are closely related to minimization problems, and in this section, we inves-
tigate conformal and quasiconformal maps.



1 The injectivity almost everywhere

1.1 Introduction

In the first part of this thesis, our focus lies on studying mappings that
can represent deformations within models of nonlinear elasticity. We are
particularly interested in the property of injectivity, which prohibits matter
from interpenetrating. Therefore, an intuitive candidate would be the class
of homeomorphisms. Indeed, under certain conditions, such as assuming
that the mapping f: Q — R" for Q C R" has finite energy (where energy is
defined by the functional [, W(Df), inclusive of special terms like Df, adj Df
or J;), and reasonable boundary data, the mapping f is a homeomorphism.
For further insights into these types of results, refer to e.g. [12, 13, 18, 26].

For a broader notion of injectivity, refer to Ball's paper [2]. However, his
approach presumes that the mapping is continuous everywhere. Interest-
ingly, under certain circumstances, such as when stretching an object made
of a rubber-like material, cavitations, or small internal cavities, may form.
As a result, we seek models that accommodate these discontinuities.

Even though we allow for cavitations, we still strive for injectivity in
some manner. One such approach was proposed by Ciarlet and Necas.
They explored mappings that satisfy f €¢ WP(Q) for p > n, J; > 0 almost
everywhere, and

/ Iy < Q)]
Q

This last property is nowadays known as the Ciarlet-Nec¢as condition. They
demonstrated that such mappings are almost everywhere injective in the
image (see below for the definition). The condition J; > 0 is commonplace
in nonlinear elasticity models. In the case of real deformations, it wouldn’t
make sense for the J; to be negative since we do not alter the orientation,
and if J; tends toward O (indicating a substantial material compression), then
the energy would rise towards infinity. For additional results following this
approach, consult e.g. [3, 4, 5, 6, 8, 19, 27].

The deformations we examine are generally derived as minimizers of
certain energy functionals. A relevant class to investigate is the class of
weak limits of homeomorphisms, specifically weak limits of homeomor-
phisms within the Sobolev space W'P. This class can be extended to in-
clude mappings that satisfy the (INV) condition, which essentially stipulates
that the interior of a sphere is mapped to the interior of the sphere’s im-
age (while the exterior is mapped to the exterior). This holds trivially for
homeomorphisms, and the (INV) condition remains intact under weak lim-
its. Miiller and Spector explored this class in [20]. They demonstrated that
if the mapping f satisfies the (INV) condition and J; > 0 almost everywhere,
the mapping is injective almost everywhere within the domain. For this,
they utilize a topological degree, which requires at least the continuity of the
mapping on spheres. Therefore, this approach is valid only for p > n — 1.



1.2 Our results

We showed that for p < n — 1 the injectivity almost everywhere can fail,
and it can fail even for a strong limit of Sobolev homeomorphisms.

We can consider injectivity almost everywhere in two ways: it could
either denote injectivity almost everywhere in the image or in the domain.
For the former, the definition is apparent:

DEFINITION 1.1.

Let f: 2 — R" be a mapping. We say that f is injective almost everywhere
in the image if there exists a set N C f(Q2) with |[N| = 0 such that f~(y) is
a singleton for every y € f(2) \ N.

In this case, we proved the following theorem:

THEOREM 1.2.

For every n > 3, there exists a continuous mapping f: [—1,1]" — [-1,1]"
with J; > 0 a.e.,, which is a strong limit of Sobolev homeomorphisms f, in
the space W' ([-1,1]",R") with fi(x) = x for x € 8[-1,1]" and there is
Ca C [-1,1]" with |Ca| > O such that

f “1(5/) is a continuum for every y € Cj.

The other possibility is injectivity a.e. in the domain. Here, the definition
and statement of the counter-example are somewhat more complicated, so
we refer readers to the paper for further details and definitions.

THEOREM 1.3.

For every n > 3 there is f: [-1,1]" - [-1,1]" with J; > O a.e. which is
a strong limit of Sobolev homeomorphisms f, € Win-1([—1,1]", R") with
ﬁ(x) = x for x € J[—1,1]". The quasicontinuous representative of 7 is one-
to-one on [—1,1]" (but f([-1,1]") C [-1,1]"). There is a continuous map-
ping w: [—-1,1]" — R" which is a generalized inverse to 7, i.e. W(f(x)) =X
for every x € [—1,1]" such that there is Cy C [—1,1]" with |Ca| > O
and w~(x) is a continuum for every x € Cj.

The counter-examples in both instances stem from similar construction.
To provide a general understanding, we have included here several illus-
trative images, for full details please refer to the paper. The final mapping
will be composed of several auxiliary mappings. Moving backward, we start
with a set with positive measure, a Cantor-type set:




We want a disjoint family of continua, one for each of the points of this set.
For that, we need more space around those points, so (in a bi-Lipschitz way)
we make our squares (cubes) smaller and rearrange them from a grid-like
structure into a tower formation:

[m] [=] [=] [] | (=] [ ] ] O (1 (] (][] o [ ] ] ] ]

Subsequently, we construct telescopic “tentacles” for each of these squares
(or cubes):

These tentacles need to be long, so we need to introduce a map that aids in
their elongation:

The final mapping integrates all these constituent parts. We begin with
the elongated tentacles, contract them, relocate them from the tower struc-
ture back into the grid, and, ultimately, expand the squares (cubes):

: i D\% |
D: . — 2| | J_|




If p > n — 1, the injectivity a.e. holds. For the case of injectivity a.e. in
the image, we have

THEOREM 1.4.

Let Q C R" be open and let f: Q — R" be a weak limit of Sobolev
homeomorphisms f, € W'P(Q,R"),p>n —1forn>2orp >1forn = 2.
Then there is a precise representative f and a set N; C R" of Hausdorff
dimension n — 1 such that the preimage f _1(;;1) consists of only one point
for every y € f(Q)\ Nj.

While Miller and Spector in [20] already discovered this result under
the additional assumption that J; > 0, their approach could be applied even
without this assumption after some technical refinement.

For the case of injectivity a.e. in the domain, we need to use the topo-
logical image f7, which is a set function. For instance, if a cavitation exists,
then the topological image of the point from which it sprouted will cover
the entire cavity.

THEOREM 1.5.

Let Q2 C R" be open and let f: 2 — R" be a weak limit of Sobolev home-
omorphisms f, ¢ W'P(Q,R"), p >n—1forn >2o0rp >1forn = 2.
Then there is a set Ny C R" of Hausdorff dimension n — p such that the
image f*(x) consists of only one point for every x ¢ Q\N,. If we moreover
assume that J; > 0 a.e then there is a set N3 of zero measure such that
flow, is one-to-one.

In the second part of this theorem, the assumption that J; > 0 a.e. is
unavoidable because of locally constant mappings. As before, this result
essentially follows from previously known results [5, 20, 21].



2 A mapping in the Hardy space

In this section, our attention is drawn towards the plane. Specifically, we
are considering 2, a simply connected domain that is a subset of R?, which
we identify with the complex plane C. We delve into the boundary behavior
of quasiconformal mappings from the unit disk, denoted as D, onto 2. Our
particular interest lies within the Hardy space HP(D, <2).

2.1 Definition

Hardy spaces were first named by Frigyes Riesz in 1923 in [25], named
in honor of G.H. Hardy due to his pioneering work in 1915, [11]. In his
paper, Hardy studied the growth of conformal mapping of the unit disk as
its boundary was approached. The original definition (using the formula (1))
was for conformal maps, but the same works for quasiconformal mappings
as well. Recall that a homeomorphism f: D — Q is quasiconformal if
f € WD, C) and if there is a constant K such that |Df(z)2 < K - J;(z)
holds for almost every z € D. As conformal mappings map “small circles to
circles”, the quasiconformal mappings map “small circles to elipses”, where
the ratio of the semiaxes is bounded by K.

DEEINITION 2.1.
Let D be the unit disk and 0 < p < oco. The Hardy space H(D, Q?) is the space
of all quasiconformal mappings f: D — €2 such that

sup </027r If (r-e)|’ d(p>:) < 0o. (1)

0<r<1

From (1) we can immediately see that the Holder inequality implies that
HP C HY for q < p.

To see how this connects to the boundary behavior of the mapping, it
is useful to consider an equivalent definition. For this, we must first define
what we mean by boundary values for a quasiconformal mapping, given it
is only defined at the interior of the disk.

DEEINITION 2.2.
The theorem [24, Theorem 1.7.] allows us to define for each conformal
g: D — Q and for almost every w in S!

g(w) := lirR g(rw).
According to [17, Theorem 2.], this limit also exists for almost every w € S*
when g is quasiconformal, thereby permitting us to use the same definition.

Utilizing the aforementioned definition, we invoke the following theorem
obtained by Zinsmeister [28], which provides an equivalent definition for
Hardy spaces:

THEOREM 2.3. (Zinsmeister)
Let f be a quasiconformal mapping of D and let 0 < p < co. Then f € HP
if and only if f(w) € LP(S!), where S! = 8D is the unit circle in C.

7



2.2 Questions

Let €2 be a non-empty simply connected domain. Our interest is in the
following questions:

Is there a quasiconformal mapping f: D — Q that is

in the Hardy space HP for a given p > 07
(2)

Is there a quasiconformal mapping f: D — Q that is
not in the Hardy space HP for a given p > 07

[t is natural to start with the Riemann mapping theorem, which provides

us with a conformal mapping h: D — Q. Due to the Prawitz theorem, the

mapping h is in the Hardy space HP for every p < % This conclusion is
V4

sharp, as illustrated by the Koebe map f(z) = TP which does not belong

—z)2’
to the Hardy space H 2.
In a similar vein, any K-quasiconformal mapping f is in the Hardy space
HP for every p < % as shown in [1]. This is also a sharp result.
The answers to questions (2) in the context of conformal mappings are
known. In 1970 in [9], Hansen introduced the concept of the Hardy number
of the set C:

DEFINITION 2.4.
Let 2 C C. Let h be a conformal mapping from D onto 2. The Hardy
number of the set 2 is defined as

Hg :=sup{p € (0,00) : h: D — Q is in HP}.

For simply connected domain § C 2 C C, this definition does not depend
on the choice of h. Hence, for every p < Hg, every conformal mapping
f: D — Q is in the space HP(D, 2), and for p > Hg, there is no conformal
mapping from D onto 2 that belongs to the Hardy space HP(D,<2). The
connection between the Hardy number and the geometry of the set {2 has
been explored in multiple studies, e.g. in [7, 9, 10, 14, 15, 22, 23].

2.3 Answers

The answers to questions (2) are given by the following theorems.

THEOREM 2.5.

Let Q C C be a non-empty, simply connected domain. Let p € (0,0).
Then there is a quasiconformal mapping f from D onto €2, which is in the
Hardy space HP(D, Q).

The proof starts with a mapping h provided by the Riemann mapping
theorem. As it is conformal, the Prawitz theorem guarantees it belongs to
the Hardy space H? for every 0 < q < % Therefore h ¢ L4(S') (in the sense
of the Definition 2.2). We then create a reparametrization g on S', such that
the composition h o g is in the space LP(S!). What remains to be shown is



that this mapping on the circle can be extended inside in a quasiconformal
manner. This extension will belong to the required Hardy space HP(DD, 2).

To demonstrate this, we must employ intrinsic Hardy spaces. In the case
of conformal mapping, the definition is equivalent to the definition of Hardy
spaces, but it allows us to utilize the intrinsic norm. For more details, refer
to [16]. Through this, we can show that the reparametrization g is doubling,
and consequently, we can extend it to a quasiconformal mapping on the
entire disk.

To answer the second question (the existence of a “bad” mapping), we
must exclude cases where the Riemann mapping from D onto 2 is in the
Hardy spaces HP for all 0 < p < oo, i.e., cases where Hy, = co. This happens
not only for bounded sets (where the boundary values from Definition 2.2
are obviously in L*(S')), but for example for strips such as R x (0, 1) as well.

THEOREM 2.6.
Let Q2 C C be a non-empty, simply connected domain. Then we have the
following dichotomy:

(1) Either f € HP(D,Q) for all 0 < p < oo and every quasiconformal
mapping f: D — €,

(2) or for every q > 0O there is a quasiconformal mapping f: D — Q such
that f ¢ H1(D, Q).

The idea behind the proof can be outlined as follows: Assume we have
a quasiconformal mapping f, which does not belong to the Hardy space
HP(D,2) for a given p > 0. That means that f grows “quickly” as we ap-
proach the boundary S!. In fact, there exists a sequence of points z, in D
converging towards some point w € S!, such that

1-¢
]f(zn)[ : IC() - an P 2>cC.
We then construct a quasiconformal mapping g on the disk that moves the

points “further away from the boundary”, i.e.

1+e

0 =2z 7 = |g7Hw) — g7 za)| 7

Therefore

1+e

f oglg ™ (za))| - 197 (W) = g7 (za)| & = |f(2a)] - |0 — 24| 7 = c,

which ensures that the growth of f o g along the points g~!(z,) (that is
as we approach the boundary) is large and therefore f o g is not in the
space HY(DD, Q).
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Injectivity almost everywhere
for weak limits of Sobolev homeomorphisms

Ondfej Bouchala! Stanislav Hencl! Anastasia Molchanova?

Abstract

Let 2 C R™ be an open set and let f € W1P(Q, R") be a weak (sequen-
tial) limit of Sobolev homeomorphisms. Then f is injective almost every-
where for p > n — 1 both in the image and in the domain. For p <n —1
we construct a strong limit of homeomorphisms such that the preimage of
a point is a continuum for every point in a set of positive measure in the
image and the topological image of a point is a continuum for every point
in a set of positive measure in the domain.

1 Introduction

Let 2 C R™ be an open set and let f: 2 — R™ be a mapping. In this paper,
we study classes of mappings f that might serve as deformations in Nonlinear
Elasticity models. Following the pioneering papers of Ball [1| and Ciarlet and
Necas [7] we ask if our mapping is in some sense injective as the physical ‘non-
interpenetration of the matter’ asks a deformation to be one-to-one.

There are several ways how to obtain injectivity or at least injectivity almost
everywhere (a.e.) of the mapping f. As in [1| we can ask that our mapping
has finite energy where the energy functional fQ W(Df) contains special terms
(like ratio of powers of Df, adj Df and Jy) and any mapping with finite energy
and reasonable boundary data is a homeomorphism (the reader is referred to e.g.
[16, 20, 22| and [28] for related results).

The approach motivated by Ball [1] is fine if our mapping is continuous every-
where but in some deformations the cavitation or even fractures may occur. To
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INJECTIVITY A.E. FOR WEAK LIMITS OF SOBOLEV HOMEOMORPHISMS 2

model these phenomena we need conditions which guarantee that our mapping is
injective a.e. but on some small set bad things may happen. Ciarlet and Necas
[7] studied the class of mappings that satisfies

/Q Iy < £ (L1)

together with Jy > 0 a.e. and they showed that mappings of this class are injective
a.e. in the image, see e.g. |2, 3, 4, 5, 12, 27, 31| for further results in this direction or
[21, 23| for numerical treatment. The inequality (1.1) is called the Ciarlet—Necas
condition nowadays. Note that the constraint J; > 0 a.e. is usually assumed
in models of Nonlinear Elasticity as the ‘real deformation’ cannot change its
orientation and the energy density W (D f(z)) should tend to co when Jy(z) — 0,
i.e. when we compress too much.

Another approach can be traced to Miiller and Spector [25] where they studied
a class of mappings that satisfy J; > 0 a.e. together with the (INV) condition
(see e.g. |4, 8, 17, 26, 29, 30]). They showed that mappings in their class are
one-to-one a.e. (see Section 5 for more information). Informally speaking, the
(INV) condition means that the ball B(z,r) is mapped inside the image of the
sphere f(S(a,r)) and the complement Q2 \ B(z,r) is mapped outside f(S(a,r))
(see Preliminaries for the formal definition).

In all results in the previous paragraph the authors assume that f € Wi?(Q)
for some p > n — 1. We show that injectivity a.e. may fail horribly for p <n —1
even though the mapping f is even a strong limit of homeomorphisms. We would
like to stress that it fails even in the limiting case p = n — 1 which is technically
more involved. The class of mappings that we study in our project consists of
weak (sequential) limits of Sobolev homeomorphisms. Homeomorphisms clearly
satisfy the (INV) condition and so their weak limit must as well if p > n — 1,
since in this case the (INV) condition is closed under weak convergence (see |25,
Lemma 3.3|). Therefore the class of weak limits of Sobolev homeomorphisms is
a suitable class for variational models and one could expect that nice properties
of homeomorphisms (like invertibility) could be carried to their weak limit.

The class of weak limits of Sobolev homeomorphisms was recently character-
ized in the planar case by Iwaniec and Onninen [18, 19| and De Philippis and
Pratelli [9]. Moreover, one can study the orientation of mappings in this class [15]
or even investigate planar BV weak limits and characterize their set of cavities
and fractures [6]. In [24] Molchanova and Vodopyanov studied invertibility a.e. of
a special subclass of weak limits of homeomorphisms. We generalize some of their
results and we show the sharpness of the assumption p > n—1. Our first result is
about the invertibility a.e. in the image. By a continuum we mean the image of
the segment [0, 1] in R™ by a continuous one-to-one mapping. See Preliminaries
for the definition of a precise representative of a Sobolev mapping.

Theorem 1.1. Let 2 C R™ be open and let f: 2 — R"™ be a weak limit of
Sobolev homeomorphisms f, € WY (Q,R"), p >n—1forn >2orp > 1 for
n = 2. Then there is a precise representative f and a set Ny C R"™ of Hausdorff



INJECTIVITY A.E. FOR WEAK LIMITS OF SOBOLEV HOMEOMORPHISMS 3

dimension n— 1 such that the preimage ffl (y) consists of only one point for every

~

y € f(Q)\ M.

On the other hand for every integer n > 3 there is a continuous mapping
[ =1, 1" = [-1,1]" with J; > 0 a.e. which is a strong limit of Sobolev homeo-
morphisms f, € WH=1([-1,1]",R") with fy(x) = x for x € J[—1,1]" such that

there is Cy C [—1,1]" with |C4| > 0

and f(y) is a continuum for every y € C.

Let us point out that the positive part of the statement essentially follows
from the known results and techniques (|4, 25, 26]) while the counterexample
is entirely new and it is our main contribution. In the positive direction we
only remove the assumption J; > 0 a.e. from [25] to have a mathematically
complete theory. It is interesting that the Hausdorff dimension of the critical set
N;p suddenly jumps from n — 1 to n as p changes fromp >n—1top=n— 1.
Note that the bound of dimension n — 1 for N; for p > n — 1 is sharp as the
mapping [z, o, ..., 2, — [0,29,...,2,] shows. In |25, Section 11| there is a
counterexample (in case p < nm = 2), which shows that the weak limit of a
sequence of one-to-one a.e. mappings might be two-to-one in a set of positive
measure if (INV) is not satisfied. Our counterexample is entirely different as it is
oo-to-one and it is in some sense ‘monotone’ as a strong limit of homeomorphisms,
which is definitely not the case for a mapping from [25].

Our second result is about the invertibility a.e. in the domain. See Prelimi-
naries for the definition of the topological image f7(z).

Theorem 1.2. Let 2 C R™ be open and let f: 2 — R" be a weak limit of
Sobolev homeomorphisms f, € WP(Q,R"), p >n —1forn > 2 orp > 1 for
n = 2. Then there is a set Ny C R™ of Hausdorff dimension n — p such that
the image fT(z) consists of only one point for every x € 0\ Ny. If we moreover
assume that J; > 0 a.e then there is a set N3 of zero measure such that f|o\n, is
one-to-one. _

On the other hand for every n > 3 there is f: [-1,1]" — [-1,1]" with J7 > 0
a.e. which is a strong limit of Sobolev homeomorphisms f, € Wn=1([—1,1]*, R)
with fy(z) = x for x € 8[—1,1]". The quasicontinuous representative of f is one-
to-one on [—1,1]* (but f([-1,1]") € [=1,1]"). There is a continuous mapping
w: [—1,1]" — R™ which is a generalized inverse to 1, ie. w(]?(:c)) = x for every
x € [—1,1]" such that

there is Cy C [—1,1]" with |C4| > 0

and w™'(x) is a continuum for every x € Cy.

Locally constant mapping shows that the assumption J; > 0 a.e. is needed
for the conclusion that f[o\n, is one-to-one. Moreover, there is no bound for the
Hausdorff dimension of N3 as there is a Lipschitz mapping f which maps a set of
dimension n to a single point (see Example 4.3 below).
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Asin Theorem 1.1 the positive result essentially follows from the known results
([4, 25, 26]) while the counterexample is entirely new. As above the counterex-
ample exists also for the critical exponent p = n — 1 and there is again a sudden
jump in the dimension of the critical set Ny from n —p <1 to n.

2 Preliminaries

By B(c,r) we denote the euclidean ball with center ¢ € R™ and radius r > 0, and
S(c,r) stands for the corresponding sphere.

2.1 Precise representative of a Sobolev mapping

Recall the following result from [32, Theorem 3.3.3 and Theorem 2.6.16].

Theorem 2.1. Let 1 < p < n and let f € WY (R") be a p-quasicontinuous
representative and set

E,={x € R": x is not a Lebesgue point of f} .

Then dimy(E,) < n —p.

We put
lim —— Fly)dy  if the limit exist
im ——— y)dy if the limit exists,
f*(];) = { r—0t ’B(I,T” B(z,r) (2]_)
0 otherwise.

Note, that the representative f* is p-quasicontinuous (see remarks after [25,
Proposition 2.8]). We define a precise representative of f € WP(Q,R") as any
representative which is equal to f* up to a set of p-capacity 0 (see e.g. [32, Section
2.6] for the definition of capacity).

Here is a useful observation [25, Lemma 2.9] about the representative f*.

Lemma 2.2. Let fy — f weakly in W'(Q,R"), a € Q and r, = dist(a, 0Q).
Then there is an £'-null set N, such that for any r € (0,7,) \ N, there exists a
subsequence f; such that f; — [* weakly in W?(S(a,r),R"). Furthermore, if
p>n—1then fi — f* uniformly on S(a,r).

2.2 Topological degree

Given a smooth map f from 2 C R" into R" we can define the topological degree
as

deg(f,2p)= > sen(Js(z))

{ze:f(z)=y}

if Jy(x) # 0 for each x € f~*(y). This definition can be extended to arbitrary
continuous mappings and each point, see e.g. [10].
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The value of the degree of a continuous mapping f: B(a,r) — R™ depends
only on its values on the boundary S(a,r). Thus, given a continuous mapping
£+ S(a,r) — R™ we use the notation deg(f, S(a,r),y) for deg(f, B(a,r),y), where
Iz B(a,r) — R™ is any continuous extension of f: S(a,r) — R™.

The degree is known to be stable under uniform convergence (see e.g. [10,
Theorem 2.3 (1)]), i.e.

fi = fonS(bs)and y & f(S(b,s))
Y (2.2)
Jim deg(fy, S(b, 5),y) = deg(f, S(b 5), ).

It is also well-known that for a homeomorphism f and y ¢ f(S(a,r)) we have

deg(f,S(a,r),y) # 0< y € B(a,r). (2.3)

2.3 (INV) condition

Suppose that f: S(a,r) — R™ is continuous, following [25| we define the topolog-
ical image of B(a,r) as

f1(Bla,r)) = {y € R"\ f(S(a,7)) : deg(f,S(a,r),y) # 0}.

Denote

E(f,B(a,r)) = f"(B(a,r)) U f(S(a,r)).

Definition 2.3 ((INV) condition). We say that f: {2 — R” satisfies the condition
(INV), provided that for every a € € there exists an £'-null set N, such that for
all r € (0,dist(a,09Q)) \ N, the mapping f|s(a,r) is continuous,

(i) f(z) € f*(B(a,r))U f(S(a,r)) for L-a.e. z € B(a,r) and
(i) f(z) e R*\ f1(B(a,r)) for L"-a.e. x € Q\ B(a,r).

Moreover, we define the multifunction which describes the topological image
fT(z) of a point as

/M@= () BB,

r>0, r¢ Ny

where f* is given by (2.1). Let us recall that a quasicontinuous representative
of f € W?(Q,R"), p > n — 1, is continuous for every x on almost every sphere

S(z,r).

2.4 Cantor-set construction

Following [14, Section 4.3] we consider a Cantor-set construction in (—1,1)".
Denote the cube with center at a and edge 2r by Q(a,r) = (a; —r,a1 + 1) X
- X (an —r,a, + 7). Let V be the set of 2" vertices of the cube [—1,1]" C R”
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and V¥ =V x --- x V, k € N. Consider a decreasing sequence {ay}72, such that
ap X gy, L= > a2 -+ >0,

r =2 Fay and r}, = 27y,
Set zp = 0, then Q(zo,79) = (—1,1)" and we proceed by induction. For
v(k) = (vi,...,v) € VF
we denote
vik—1) = (v1,...,06_1)
and define (see Fig. 1)

1 1<

Zy(k) = Zv(k—1) T 57“1@717% =20+ B Z%‘A%‘;

j=1

Qury = Qlzvy; ) and  Qury = Q(2v(k), Tk)-

L0 EIC
I

I I
I

Figure 1: Cubes Q) and Q;(k) for k=1, 2.
The measure of the k-th frame Qi,(k) \ Qv is

ﬁ"(Q;(k) \ Quiry) = (2r3,)" — (2r)" &~ 27" gy — ag)a) !, (2.4)

and we have 2"F such frames.
Denote A := {ay}2,, the resulting Cantor set

Ca=(1 U @Quw
k=1v(k)eVk

is a product of n Cantor sets C, in R
Ca=Cqy X+ xCyq,
and the number of cubes in {Qy) : v(k) € V*} is 2"%. Hence,

LM(Cy) = lim 2"%(20;,27%)" = lim 2"a}.

k—o0 k—o0



INJECTIVITY A.E. FOR WEAK LIMITS OF SOBOLEV HOMEOMORPHISMS 7
2.5 Homeomorphism that maps a Cantor set onto another
one

Consider two sequences A = {a}32, and B = {8}, and two Cantor sets C4
and Cpg are designed according Section 2.4. We also define

T = Q_kﬁka ?‘1«: = Q_kﬁk—la

~ ~ 1. ~
Zy(k) = Zv(k—1) + 5 Tk=1Vk = Z0 +

b =

k
E Tj—lvja
Jj=1

vy = QZv), )y Qi) = Q(Fv), Tr)-

!

Qo

Qv

Figure 2: The transformation of @) \ @, onto @i \ Q, forn=2

There exists a homeomorphism g which maps C4 onto Cp (see Fig. 2). More-
over, in Q) \ @v(k) We have analogously to [14, proof of Theorem 4.10]

|Dg(x)|%max{i—i,g}:max{é,M} (2.5)

5 — Tk o Qg1 — g

ﬁ—l_ﬁj i n—1
o R ()

1 _
5 Tk Tk

Likewise, for y € @L(k) \ év(k) we have

Pr—1 n—1
Dy~ %m{%w} and J,- NQ(Z_’“) . (2.6
|Dg™(y)] 5 B — B 1Y) ~ = = \& (2.6)

More precisely we define this ¢ as a uniform limit of bilipschitz mappings g
which map the k-th iteration of the Cantor set C'y onto the k-th iteration of Cp.
That is

g(@) =g(@) forz ¢ |) Quw (2.7)

v(k)eVk

and
g, maps Qy(x) onto év(;g) linearly for v(k) € V.
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2.6 Constructing a Cantor tower

We build a Cantor tower as in [13].
Suppose n > 2 and denote by V the set of points

2j—1
(0,0,...,0,—1+ 22%)
where j = 1,2,...,2". Sets
Vk ::Vx---xV, ke N,

serve as sets of indices in the construction of a Cantor tower.
Suppose that {5}, is a decreasing sequence as before with 1 = [, and
Bi > 2"B;11, and define

Pr = 27"B and 7, == 27 B,_1. (2.8)

Set Zg = 0. Then it follows that Q(Zo,79) = (—1, 1)" and we proceed further by in-
Ck
duction. For v(k) := (01, 0g,...,0;) € V' we denote v(k—1) := (01,02, ..., 0p_1)
and define (see Fig. 3)
k
Zo(k) = Zo(k—1) T Th—10k = 20 + Z Tj_10;
j=1

Qo) = Q2o 71,) and Qo) = Q(Zar), )

[=] =] =] =] i i (] ] ] ] O [ [ Y ) ] ] [

Figure 3: Cubes @ﬁ(k) and @\%(k) for £ = 1, 2 in the construction of the Cantor
tower.

2.7 Bilipschitz mapping which takes a Cantor set onto a
Cantor tower

Let us now define the Cantor set C'z as in Section 2.4 by choosing

B =27, (2.10)
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where 8 > n + 1. Using this sequence we also define the Cantor tower C'% as in
Section 2.6.
As > n+ 1, we see that

. A B A o 1~
Qo) = Q(Zo(r), 27 Br) C Q2o 27 " Bror) = 5@%@)

and thus we have enough empty space in @%(k) \@@(k) to move the cubes of the
next generation into a tower formation.
The following theorem from |13, Proposition 2.4] gives us a bilipschitz mapping

L: R™ — R™ which maps the Cantor set Cz onto the Cantor tower C%. We refer
to this mapping as a tower mapping.

Theorem 2.4. Suppose that Cy is the Cantor set and C% is the Cantor tower
in R™ defined by the sequence

5]6 = Q_kﬁ )

where § > n + 1. Then there is a bilipschitz mapping L: R™ — R™ which takes
Cp onto CL. Moreover,

A~

for every v(i) € V' L_l(@\f,(i)) = @v(i) for some v (i) € V". (2.11)

2.8 Piecewise linear mappings

We define an auxiliary piecewise linear mapping and estimate its derivative.
Let
11 <ty <tz <ly and S1 < 89 < 83 < 84. (212)

We consider a piecewise linear mapping h: [ti,t4] — R with h(t;) = s;, i =
1,2,3,4, i.e.

2t —ty) + sy, if ) ST <ty

to—1t1

h(t, [tl, 81]7 [tg, SQ], [tg, 83], [t4, 84]) = M(t — tg) + S9, lf tQ <t S t3, (213)

tz—to

54—53 (t _ t3) + 53, if t3 <t <ty

ta—t3
Clearly
ﬁ, ift) <t< to,
[Dh(t)| = q =22, if bty <t <t (2.14)

24253 1ft3<t<t4

tg—t3 "’

3 Injectivity in the image: counterexample in the
Theorem 1.1

3.1 Definition of tentacles

We start with a Cantor tower C'5 and for each point y € C4 we find a corre-
sponding point z € C% (see (3.1)). We want to have a continuum /, (with the
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end point x) which goes onto y by our mapping. For better visualization we first
map C} on itself to squeeze this [, onto x by mapping h. Then, with the help
of a bilipschitz mapping L™! (Theorem 2.4) we transform C% to Cz and finally
we map homeomorphically Cp onto C4 by g~! (see Subsection 2.5), i.e. the final

mapping
f=g¢ oL oh

squeezes [, onto y (see Fig. 7).

For any z € CL we find sequence (k) € V" such that
xr = ﬂ @@(k) and this corresponds to y = m Qury € Ca, (3.1)
k=1 k=1

where the mapping v(k) — v(k) is given by L_l(@f,k) = @v(k) from (2.11). Now
for each Qgk) we define a tentacle Ty (a long and thin polyhedron) which
contains Qg(x) and we set

Lo == () To)- (3.2)
k=1

First we define a ‘straight’ tentacle Tf(k) and then we adjust it in the next sub-
section so that

Tok+1) C Tyry whenever ©(k + 1) is a continuation of v(k),

i.e. first k terms of v(k + 1) are exactly v(k) (see Fig. 4).
Take the parameter 8 from (2.10) and recall (2.8), that is 7, = 27%3, =
27K+ We define for k € N

k k1
akzl—g Tipe = 1, Ckzl—g Tite & 1,
=0 =0

and further we fix decreasing sequences 0 < by < b < % and 0 < dgyq < di < é
such that b, < dy < aj < ¢ and dj 1 < 4"by, (3.3)

whose exact values we find by induction using Lemma 3.2 below.
For r > 0 and p; < py we define a parallelepiped

P(r,01,02) :=[01,00) X (=7,7) X +- - X (=1,7).
For each k we also define
P, := P(dy, Ty, cr) and Py := P(bg, 7k, ag).
Now we define ‘straight’ tentacles as

T = Q0,7) U, and T :=Q(0,7,) U P,
{;?k) = Zok) T+ T,és and Tq:}g(k) = Zp) + T,f.
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Both 77 and T} clearly contain Q(0,74) and note that T C T}° as ¢ > ay
and dj, > by. Moreover, P, and Q(0, 7)) have one common side and thus T;°
is connected. Furthermore, the length of each tentacle T} is bigger than a; >
1 — —*5— and hence

15 = ﬂ T7? is a nontrivial segment. (3.4)
k=1

Figure 4: Two generations of tentacles.

Let us estimate

|Py| & ay, - (2b)" ' = bt and | Py| & ¢ - (2di)" T & d) (3.5)

3.2 Shifting of tentacles into previous tentacles

In this section we want to shift the ‘straight’ tentacles into ‘real’ tentacles T,
so that

Tik+1) € Towy whenever ¥(k + 1) is a continuation of ¥(k). (3.6)

v

Figure 5: Tentacles 17, T} and T}
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Set TV =T, Ty = TY. We need a shifting mapping

s — (Pr—1 — br—1)(Vk ), if t € (Fp_1, o + 74,
(sk)age (t,5) = § s — PBdBs) (3 — ) i £ € (7, P,
S, ift e (0, 7A"k]

For z € T}® define

(Sk)ow (@1, - @n) = (21, ., T1, (Sk)ow) (T1, ) -

Note that we have shifted the z, coordinate by (Zy) — Zo@k—1))n = Th—1(Vk)n
down (see (2.9)), i.e. we have moved the right part of k-tentacle T} to the height
of (k — 1)-tentacle T | (see Fig. 4), and then we moved it by bj_1(1), up so
that the position of different T} is different and they are again above each other
in the (k — 1)-tentacle T} | (of height 2b;_1).

It is easy to see that the Jacobian of this mapping is equal to 1 and hence it
does not change the measure of the tentacles. We can estimate its derivative as

(Op)n(Pr—1 — bk—l)} ~1

T — Th—1

ID(S1)ao] ~ msx {1
and moreover
|D(Sk)5(1k)| ~ 1.

For v(k) = (v1,...,v;) we denote ©(j) = (vq,...,v;) and we define

Soky = (S1)a(1) ©*++ © (Sk)aw)-

Remark 3.1. Note that for each z € T} N (Q(0,7;_1) \ Q(0,#;)) mapping
Soky(x) is a composition of k — 1 translations and one bending (S})s(;) with
|D(Sj)g(1j)| ~ |D(S))s(j)| = 1. Hence, this composition is also bilipschitz with a
constant that does not depend on k.

Let us define the k-th generation as
Té(k) = Sok) (Té?k)) and Ty = Sf’(k)(Tf;S(k))v

Py = Ty \ Q2o 1) and Poy := Tory \ Q(Zar)> Tr)-
This definition ensures (3.6) as by > 2"di+1 (see Fig. 4) by (3.3). Since the
shifting map does not change the volume, we obtain from (3.5) that

| Pory| = by~ and | Py | = di ™" (3.7)

It is clear that the diameter of [,, which is defined by (3.2), is bigger than the
diameter of [¥ (see (3.2) and (3.4)) and hence [, is a nontrivial continuum. More-
over,

Lo(\J 1) =0, since £,( | Ti) S2%(d +7%) — 0. (38)

- . k—o0
zeCp v(k)eV
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Tk—1

| P

ag 70

1S
Tk:

Figure 6: Tentacle squeezing Hy.

3.3 Squeezing inside tentacles

The aim of this section is to obtain a mapping which is identity outside the
tentacles and squeezes each continuum [, onto z for every x € C%.

Analogously to Section 3.1 we define parameters which describe the sizes of
squeezed tentacles. We set

U = 27y, ~ 27K+

gk = Eik_l = 27A“k_1 ~ 2_k(ﬁ+1).

With these parameters we consider for each k € N
ﬁ,; .= P(dy, 7, 7) and P = P(by, Tk, ax).
Now the ‘squeezed’ tentacles (see Fig. 6) are defined by
T}% .= Q(0,7,) U P, and T7 :=Q(0,#) U By,
Né?k) = Zo) + f,;s and i*?(k) = Zo) + f,f
With the help of piecewise linear mapping from Section 2.8 we can squeeze the

‘straight’ tentacles. The main idea of this construction is that points have zero
capacity in Wh"~1(R"1) i.e. the correct truncation of the function log log 1| has

Jal
small support, value 1 at 0 and arbitrarily small norm in W'"=!. For p <n — 1
it would be enough to work with piecewise affine mappings instead of loglog ﬁ
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Lemma 3.2. Let n > 3,0, >0, 3 >n+1 and k € N. Then we can find small
enough dj, > by, > 0 and a bilipschitz mapping Hy : Q(0,1) — Q(0,1) such that
Hy (x) = x for every x € Q(0, 1)

HP (x) = HY |(x) for each x ¢ P}, H(x) = x for x € Q(0,7},)

and H ,f maps P, onto ng linearly.

Furthermore, |DH? (z)| < 1 for x € Py, and

\DHP ()" da < 6. (3.9)

Py
Proof. Set HS () = x and proceed by induction. We define
HY (x) = HY |(v) for 2 ¢ P (3.10)

and it remains to define it on P}. Since Hy , is the identity on {x; < #;_;} and
PN {x; > 71} C Py_1 (see (3.3)) where Hy | is linear we obtain that on 9P
we have

H,f(:v) = [lg_1(x1), 22, ..., 2], where ly_1(z1) = 2 for 21 < 7 and
for x1 € [Fr_1, cx] it is linear with I (7x_1) = 711 and lx_1(ax_1) = ar_1.
(3.11)
As a1 < ap—1 we know that the derivative |I},_;| < 1 there.
Further, we define it for © € {ay} x [—d, d]" ! as
HP (x) = [pp(x), 29, . . ., x,] where
1 1
. —<1 1 ~logl —),
ka(ﬁl}) k 1(ak) og log maX{bk,HxQ,...,xn”w} oglog dk
where [[zg, ..., Zn]|eo = max{|zs|,...,|z,|}. Then it is easy to see (H} (x)); =
lg—1(ag) when 27 = a; and |[xe,...,2,]|c = dr and thus it agrees with (3.11)

there. Moreover, we fix d; small enough in such a way as (C’(3_12) is a constant
whose exact value we specify later)
2(B+1)k(n—1)
og a

and we fix by < dj so that (see Fig. 6)

1 1
for |[xa, ..., Tn]|eo = by we have i (z) = lp_1(ax) — <log log — —loglog —) = Q.

by, dy,
(3.13)
For every « € P, we have |[z2,..., %]l < br and thus gp(x) = aj. Therefore
for every x € P, we can define
H,f(a:) = [lk($1)7$2, . ,xn] where [ is linear with [y (ry) = 7% and lx(ax) = ag.

(3.14)
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It is easy to see that |[DHP| < 1 there and that this agrees with (3.11) used for
k — 1 before. Finally on the hyperplane x € {71} X [—dg, di]" ! we define it as
(see Fig. 6)

HY (z) = [We(x), 2o, . . ., 2] where
1 1
= Lo (P —A(l 1 ~logl —>.
V(@) i= b (Fe) = Axloglog Lo — loglog 7
As before it agrees with (3.11) for z; = 77—y and |[ze,...,Zs]|c = dg. The
constant Ay is chosen so that for x € PyN{x; = 7,1}, i.e. for |[za, ..., 2p]|eo < by,

it goes along with (3.14). By this and (3.13) we obtain

R R 1 1 N .
T < U1 (Tr—1) — Ay <10g log o log log —> = lp—1(Pe—1) + Ag (ak — lkq(ak))

d;
and hence . . . .
A, < l—1(Pg-1) LIPS Sl L APYe
lh—1(ax) —ar  — Trp_1 — 27
and so Aj, is bounded by a constant independent of k.
For every [T, ..., %, € [—dg, d;]" " we use linear interpolation between values

on four hyperplanes (z1 = 7y, 1 = 7x_1, ¥1 = a; and 1 = ¢;) with the help of
the function h from Section 2.8 and for x € P] we define

HE (2) = [ [P 7l o1, 0n(@)]s [an, 00(@)], on, b (en)]) 22, .

By (3.10) and (3.11) this mapping is continuous. The mapping H} is bilipschitz
on all parts (whilst the bilipschitz constant depends on k) and hence it follows
immediately that it is bilipschitz on Q(0,1).

It remains to estimate the integrability of the derivative. By (2.14) we obtain
that the derivative with respect to the first coordinate can be estimated as

’d} —p ~ A
%, for 7, < 1 < 7p_q,
S - .
|D1H; (x)| < —%a(:)_?kwfl(x), for 7,_1 < 71 < ag,
lp—1(ck)—pr(x .
%ak’“(), if ap, < x1 < ¢y,.

Since ¢k (z) takes values between l;_1(ax) and a; (see (3.13)) and iy (z) takes
values between l;_1(7;_1) = 7;_1 and a; we can estimate this by the universal
constant C' (where C' does not depend on k). Furthermore, by (2.13) we know
that we can estimate the derivative with respect to other coordinates by the
constant multiple of the corresponding derivative of

wk(-’ﬂ) — T I @k(ﬂf) - wk(iﬁ) i li—1(ck) — SOk(ZE)
The1 — Tk ap — Tp—1 Ck — Qg '

Since Ap < C we can estimate this by

1 1 1
Cmax{ - _

Y A 7
Tk—1 — Tk G —Tgp—1 Cp — Qg

1
max{bg, |[z2, . .. ,a:n]|oo}> )

} ‘D (log log
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The maximum of the three terms can be estimated by C’% < C208+Dk and thus
we can estimate the derivative with respect to other coordinates as

C2(B+1)k
|D;H (x)] < {[” """ Pl gy T 07 O < L2 Tl <
1o

for |[za, ..., Tn)]oo < -

Now a simple change to polar/spherical coordinates in R"~! and (3.12) gives us

n— n— 1
) |DHI§(I)| ! dx < 02(ﬁ+1)k( Y H ”nfll n-1___ 1 dz
P, py 1720 Tnlloo " 108 iy T g1
dp. 1
< CQ(BH)]“(”_I)/ — " 2dr
- o 1" llog"! %
1
< CQ(BH)M”_I)TQI < CC3.12)0k < O,
log %
where we have chosen C(319) in (3.12) so that the last inequality holds. O

Above we have defined ‘straight’ tentacles T If;(qk) and we have squeezed them by

H}? onto squeezed ‘straight’ tentacles i’fk) Analogously we take ‘real’” (=twisted)
tentacles Té(k) and we squeeze inside them by Hj, to obtain ‘real’ squeezed tenta-

cles i’;(k,). For k£ > 1 we define

H,(x) := Saqry © (H}, + Zagr)) © (Sypy (2) = Zawy)  for @ € Ty, (3.15)

v

(k)) and Tf,(k) = Hk(T{,(k))

Theorem 3.3. Let n > 3, gk >0,8>n+1andk € N. Then we can find small
enough dy > by > 0 and a bilipschitz mapping hy: Q(0,1) — Q(0,1) such that
ho(x) = x for every x € Q(0,1),

hi—1(x) = hg(z) for x ¢ U Py
b(k)eV" (3.16)

hi(z) = x for x € @\@(k) and h(Py)) = Po)-

We can estimate the integral of its derivative as

Dhy ()" da < 6. (3.17)

U@(k)e\?k Pf)(k)
Moreover, a pointwise limit h of hy, is continuous, Jy(z) > 0 a.e., and
h(l,) = z for every x € CF,

where [, is defined by (3.2).
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Proof. We set ho(z) = = and further we define (see (3.15))

hk(x) _ {hk—l(x> for x ¢ U/ (k)e k:)’ (318)
Hy(x) for @ € T34,
which clearly fulfills (3.16) since Hy(z) = hx—1(x) = x on all Q(Zsw), k)
We have 2" different sets 7. f:(k) and all of them are bilipschitz copy of T},
mappings Sg(k) are bilipschitz with a constant that does not depend on k, and
hence we obtain by Lemma 3.2 that

|Dhy ()"t dx < 2"FC / \DH} (z)|"! do < 2"FC'6.
Uscry ek Doty e
Given gk we set 0, = %2—""7§k and find by and dj small enough so that (3.9) and
thus also (3.17) holds.

Outside of |J o)t
are therefore blhpschltz there and J,, > 0 a.e. It follows that we can define
h = limy_,o0 by, and it is defined everywhere outside of (see (3.2) and (3.6))

N U Zw=U &

k=14 k)e?" z€Ch

k) all mappings h;, | > k, are equal to hy_; and they

Moreover, it is continuous and J, > 0 a.e. there. By (3.8) we know that
£n(Uxng l.) = 0 and then h is defined a.e. Since

hk(T@(k)) = T’{,(k) and diam T‘{,(k) —0

it is not difficult to see that h(l,) = z for every z € C%. The continuity of h
everywhere follows. O

3.4 Counterexample in Theorem 1.1

Construction of the counterexample in Theorem 1.1. Let us define a Cantor-type
set C4 of positive measure by

ay = % (1427%9).

We need the sequence of functions gy, built in Section 2.5, to map C4 onto the a
Cantor-type set C'p with small enough ‘windows’ defined by (2.10), i.e

Br =27 with B >n+1.

According to (2.6) in the i-th frame Q;(i) \ Qu(i), @ < k, we have

ID(ge) ()INmax{g’ e — }zTﬂ (3.19)
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and on @v(k) we have

_ A
| D(g) " (2)] = == =~ 27 (3.20)
B
We also need the bilipschitz mapping L, defined in Section 2.6, to map Cg to
a Cantor tower C%, and we have

|IDL(x)| <1, |DL (x)| <. (3.21)

Let us start from the Cantor tower C% and apply our mapping hy, from The-
orem 3.3 to squeeze the inner part of the cube. Then we need a mapping L™! to
go from C% to Cp, and (g;)~! to go to the Cantor set of positive measure Cjy.
The final mapping f is a pointwise limit of

fu(@) = (gr) ™ o L7 o hy()

almost everywhere (see Fig. 7). Mappings fy are clearly bilipschitz and below we
show that f, — f strongly in W1'"~! and hence f is a strong limit of Sobolev
homeomorphisms f; such that fy(z) = x on d[—1,1]". We know that g=' =
limy, 00 (gx) ™! is a homeomorphism which maps Cp onto C4 and that L~' is
a homeomorphism which maps C% onto Cz. By Theorem 3.3 we know that
h = limg_,o hy is continuous and the standard computation shows that

f(z) =g oL 'oh(x) and it is a continuous mapping which maps C%, onto Cj.

By Theorem 3.3 we also know that for every x € C% we have h(l,) = z and
clearly g=! o L7!(z) = y where y is the corresponding point in Cy4 (see (3.1)). Tt
follows that f~'(y) is a continuum I, for every y € Cs. Finally, J,-1 > 0 a.e.,
Jp > 0 a.e. by Theorem 3.3, and by the construction we also have J,-1 > 0 a.e.
as it is locally equal to some bilipschitz mapping g, * on [—1,1]" \ Cp. It is not
difficult to see that f is locally bilipschitz on [—1, 1]™\ Uxecg [ and hence we can
use the composition formula for derivatives to obtain (see (3.8))

Jp(x) = Jy1 (L7 (W) Jp-1 (h(x)) Ju(z) > 0 for ae. x € [—1,1]™

— e % b}
I hy Lk L1 D\ g
— Tk y
f— (2] D/

Figure 7: Mapping fx.

It remains to show that f € W'"~1. We show that mappings f, form a
Cauchy sequence in Wm~! Since f, — f pointwise, it is easy to see that f;
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converges strongly to f. We have fixed 5 > n + 1 so that Theorem 2.4 holds and

we set
- 9—kB(n—1)

o = 12

Given this gk we find di > b, > 0 according to Theorem 3.3. Note that all
conclusions above (f is continuous, J; > 0 a.e.) are valid, but we need this
choice of dj, > by, to show that f € Win—1

By Theorem 3.3 we know that hy_1(x) = hg(z) for every x ¢ Uf)(k)evk Py

and clearly by (2.7) g.*,(v) = g, *(y) for y ¢ Uv(k)evk—l @U(k,l). In view of (2.11)
it follows that

fulz) = fin(@) forz g | Popu  |J  Qoae

o(k)e¥” d(k—1)e¥

(3.22)

Therefore
/ |Dfi, — Dfia|" ' = / |Dfi — D frea|""
Q(0,1) M,

<c / Df" 4+ C / Dfp |
M;, My,

Note that f; is bilipschitz (as a composition of bilipschitz mappings) and
hence we can compute its derivative a.e. by the composition of derivatives. With
the help of (3.21) we get

D fi()] < [Dg*| - DL - |Dhi| < 1| Dgi (L7 0 h(2))] - [ Dhi()].

By (3.19) and (3.20) we know that everywhere in Q(0,1) we have |Dg, '| < C2*
and |Dg,;_11\ < C2%8 . Tt follows that

|Dfi(2)] < C2%|Dhy ()| and | D fy-1 ()| < C2%| Dhy_y(2)].

For z € @f,(k,l)\ué(k)evk Pé(k) we know that hy(x) = hg_1(z) = 2 by Theorem
3.3 and hence

/u DA < 2 (| Qum

f’(k—l)EVk71@i’(k_l)\uﬁ(k)e@k Pow) ¥(k)EVE
f; (:ﬁzkﬂ(n/ 1)27#6(2 162 kﬁ) f; (:72——k5‘
With the help of Theorem 3.3 and (3.22) we obtain

I

Analogous estimate holds also for D f;_; and hence (3.23) implies that

(3.23)

~ C
’ka’n—l < C2k,3(n—1)/ |th’n—l < CQkﬁ(n_l)(Sk < E

vk Py (k) Uf;(k)evk Pf,(k)

v(k)e

C
/ IDfie = Dfy|" ™ < C27% 4 =
Q(0.1) k

Since 27% + 1/k? is a convergent series it follows immediately that f, form a
Cauchy sequence in W'm=1, It follows that f € Win=t O
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4 Injectivity in the domain: counterexample in
Theorem 1.2

4.1 Stretching inside tentacles

The following gives us an analog of Lemma 3.2. We can view the mapping H 0
as the inverse of Hy from Lemma 3.2 but formally we define it otherwise so our
estimates are simpler.

Lemma 4.1. Let n > 3, 0, >0, 8 > n+ 1 and k € N. Then we can find small
enough dj, > by, > 0 and a bilipschitz mapping Hy : Q(0,1) — Q(0,1) such that
HE(z) = for every x € Q(0,1)

H(x)=HS [(z) forx ¢ P., HS(x) =z for x € Q(0,7})
and H ,f maps ]Sk onto Py linearly.

Furthermore,

| IDE @I do < b (41)
P

Proof. This proof is analogous to the proof of Lemma 3.2 and hence we skip some
details. We set HJ (x) = z and we define

H(x) = H |(z) for x ¢ P.. (4.2)
Then on dP, we have

ﬁ],f(x) = [lp_1(21), 2, . .., Tp], Where lj_1(z) = z; for z; < 741 and

for T € [f“k_l,ag] it is linear with ’lvk_l(f“k_l) = 7A“]€_1 and 2;_1<5k_1) = Ag—1-
(4.3)
Further, we define it for z € {a} x [—dy, dp.]" ™"

HS () = [p(x), s, . . ., 2] where
on(z) =1, (5)+<10 lo ! loglo 1)
PRVE) = o110k & gma}({bk,”.ﬁlfg,...,anO@} & gdk

We fix dj, small enough so that (C44) is a constant whose exact value we specify

later)

9(B+1)k(n—1)
] 51 < C’(4.4)(51g (4.4)
og" " o

and we fix b, < dj, so that

- 1 1
mm%wmuﬂwwm@@ﬂm@>@w%“mm@)%-
(4.5)
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For every x € P, we can now define

ﬁ,f(ac) = [ﬁ(mﬁ,@, . ,xn] where [, is linear with Tk(f“k) = 7, and Z;(a’k) = q.
(4.6)
Finally on the hyperplane = € {f}_1} X [—dy, dx]" ! we define it as

HS(z) = [y(2), 2o, ..., 2, where

~ ~ ~ 1 1
= Do (P A(l 1 ~logl —).
¥r() so1(Fir) + Ay {loglog max{by, |[T2, ..., ]|} 08708 dy,
The constant ﬁk is chosen so that for =z € ﬁk N{ry = 7,1}, i.e. for every
l[z2, -« Tnlloo < b we have
1 1 ag +c
e 1(Fr—1) + A, (log log — — loglog — ) BT TR
by dy, 2

By this and (4.5) we obtain
1

1
1> lk 1(Tr—1) + Ak (loglogb— — loglog — i

> Ec—l(fnk—l) + A, <ak — l~k—1(5k)>

and hence ) )
Ay < = = <C

ap — lk,l(&“k) ap — ak

For every x € [Py, &) X [—dy, dy]"* we define for 2 € P}
f[]f@?) — |:h<x17 [f’lm f,k]a [rf.kflv '{/;k(ﬂj)], [Eilﬁ {5]6(3:)], [Ekafl;cfl(gk)]>7x27 oo 71:ni| .

Again H 2 is bilipschitz on Q(0,1). By (2.14) we estimate the derivative with
respect to first coordinate

T (@) —F . .
%, for 7, < x1 < Th_1,
o Tho1 Tk ) N
|D1HE ()] < %, for 71 < 21 < ag,
lp—1(Cr)—oK(x e~ ~
%, if ap < x1 < ¢.

and this is clearly bounded by C2%+Y*  Furthermore, by (2.13) and Avk < (' we
know that we can estimate the derivative with respect to other coordinates by

1 1 1
Cmax{ — = }‘D(loglog ))
T 1—T’k ak—rk 1 Ck_ak max{bk,ng,...,anoo}

The maximum of the three terms can be estimated by C' i < C205+Dk an a simple

change to polar/spherical coordinates in R"~! and (4.4) gives us

~ 1
|\DHZ (z)|" ™t do < ¢2F+DE(R=1) /~ ——— dx
ﬁé Ig |[£E2, . e 7.17”] go log |[12 ..... mn“oo
d
< 02(6“)'“(”_1)/ ' 1 r"=2 dr
- o 71" llog"! %
1
< 02(“1)“”_1)“71 < CCa.00k < O,
og"

dy,
where we have chosen C(44) in (4.4) so that the last inequality holds. O
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Analogously to Theorem 3.3 we now obtain:

Theorem 4.2. Let n > 3, gk >0,3>n+1and k € N. Then we can find small
enough dy > by > 0 and a bilipschitz mapping hy: Q(0,1) — Q(0, 1) such that
ho(x) = x for every x € Q(0, 1),

huia(@) = hu(e) fora g ) Pig,
o(k)ev” (4.7)
Ek(x) =z for x € @f;(k) and %k(ﬁﬁ(k)) = Pi(r)-

We can estimate the integral of its derivative as

y | Dhy ()" dz < 0y,
U@(k)ev o (k)

Moreover, a pointwise limit I of hy, is continuous and one-to-one on Q(0,1)
and J;(r) > 0 a.e. And, there is a continuous t : Q(0,1) — Q(0,1) which is a

generalized inverse to h, i.c. {(h(z)) = x for every z € [-1,1]". On the other
hand, N
t(l,) = x for every x € CF, (4.8)

where [, is defined by (3.2).

Proof. The proof of this theorem is analogous to the proof of Theorem 3.3 and
therefore we skip it. We only explain why (4.8) holds.
Outside of Uv o T! (k) all mappings hl, [ > k, are equal to hk 1 and hence

they are bﬂipschitz there and J; > 0 a.e. It follows that we can define h =

limy, oo 7Lk everywhere outside of

N U Tiw=0s
(k)ev*

and it is one-to-one and continuous there with J; > 0 a.e. For z € CF we define
h(x) = 2 and notice that now £ is one-to-one everywhere.

We define £ = A= on Q(0,1) \ A(C%) and notice that ¢ is continuous there.
Since B B

hi ' (Togk)) = Tory and diam Ty — 0

it is not difficult to see that for every a € I, := (7", Tix) We can define t(a) = z
and now £ is continuous everywhere. For z € Cg we have t(h(z)) = {(z) = x and
hence ¢ is a generalized inverse to h. O]
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4.2 Counterexample in Theorem 1.2

Construction of the counterezample in Theorem 1.2. Again we use the same se-
quences

1
o =5 (1427%) and By =27 with 8 >n+1

to define Cantor type sets Cq, Cp and C%. As in the proof of Theorem 1.1 we
have the estimates of the derivatives (3.19) and (3.20). We set

. 9—kB(2n-1)
be =" (4.9)

Given this gk we find dp > by, > 0 so that we have Theorem 4.2.
Consider the mapping f as a pointwise limit of

fely) = gt o L™ oy o Lo gi(y)

almost everywhere (see Fig. 8). For y € C4 we know that L o g(y) € CL where
hi(z) = x and hence it is easy to see that the pointwise limit is equal to f(y) =y
for y € C4. Therefore, we see at once that the pointwise limit of fj is

fly) =g toL o holLo g(y) everywhere.

Since g and L are homeomorphisms and R is one-to-one we obtain that fis one-to-
one on (0, 1). It is not difficult to see that f is locally bilipschitz on [—1,1]"\ C}4
and hence we can use the composition formula for derivatives to obtain

Ji(y) = Jg-1 1051y > 0 for ae. x € [-1,1]" \ Ca.

For y € C'4y we know that f(y) = y and hence J; = 1 for a.e. @ € Cy4 once

we show that f € Wh! since the weak derivative is equal to the approximative
derivative a.e.
With the help of Theorem 4.2 we obtain that the continuous mapping

w(y) = g oL otolLo q(y)

is a generalized inverse to f Moreover, for every y € C4 we know that x =
Log(y) € C%. Therefore, the standard arguments show that for I, = (Log)~*(1,)
we have by (4.8)

w(ly) = g*1 oL totoLo g(z;) = g*1 oLt o%v(lw) = g*1 o Lil(aﬁ) =.

Now [, is a continuum and so is w1 (y) for every y € Ca.
By Theorem 4.2 we know that hy_y = hy for every y for which L(gx(y)) ¢

Uv(k)evk P o and gr—1(y) = gi(y) for y & U, h_1yevr—1 Quie—1) by (2.7). In view
of (2.11) it follows that

Fuy) = foor(y) for L(ge(y U P’ =: M,, and y ¢ U Qu(k-1)-

k)GV ’U(k*l)evkil
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I !
F\

[T1]

Figure 8: Mapping f
Note that for z € Ui’(kil)evk—l @f,(k,l) \ Mk we have by Theorem 4.2
Tyo() = hyp_y(z) = 2.

In view of gr(Quk-1)) = Jr-1(Quk-1)) = Qvu(kq)Nand L(@v(kq)) = @@(kq) we
obtain by Theorem 2.4 for y € Qu—1) \ g5 (L~ (My)) that

fry) =gy o L owo Lo gy 1(y) = y and similarly fi(y) = y.

Therefore

/ DJy— Doy = / D - Dfs
Q(0,1) gy H(L=1(My))

<c / YA e DR
QEI(L’I(MIC)) QQI(L’l(Mk))

(4.10)

Note that ﬁ is bilipschitz (as a composition of bilipschitz mappings) and
hence we can compute its derivative a.e. by the composition of derivatives. With
the help of (3.21) we get

IDJe(y)| < Dgg'| - |DL7Y| - [Dhy| - |DL| - | Dgyl
< C’ng_l(L_l ohiyolLo gk(y))’ . |th(L o gk(y)))’
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By the change of variables

f et T i1 JL .
/ _ DA dy < C/ _ |Dgi " Dhy 1J—LJ—gk dy
g (L1 (M) g7 (L1 (V) L Ty,
> =~ 1
<C | |Dg; (L7 o hu(a))|" [ Dhy ()" .
My ’ Jgk((L o gr)~H(x))

(4.11)
Note that for every x € P, ;) C M we know that L~ o hy,(z) lies outside of

Usryev @v(k) and hence we can use (2.6) to estimate

Dgi (L o ()] < € max 2% = 02

-----

and .
S CZBk:n
Jg. (Lo i)~ (x))
Now (4.9) and (4.11) imply that
s n—1 kB(2n—1) 7 n—1 C
_ D" dy < C2 _ |Dhi()[" do < o5
gy (L1 (My)) A

The similar estimate holds also for Dﬁ_l and hence (4.10) implies that

C

IDfi— Dfia|" ' < =
/Q(O,l) k?

Since 1/k? is a convergent series, f form a Cauchy sequence in W"~1 and hence

fewtn=1, O

Example 4.3. For every n > 2 there is a set C'y of Hausdorff dimension n and
a Lipschitz mapping fr: [-1,1]" — [—1,1]" with J;, > 0 a.e. which is a strong
limit of Sobolev homeomorphisms f;, € Wh"=1([—1,1]", R") with f;.(z) = x for
x € 0[—1,1]" such that
f(C4) is a point.

Proof. We only briefly sketch the construction. We set ay, = % in the construction
of a Cantor type set C'4 (see Section 2.4). Then it is easy to see that the measure
of C'4 is zero but its Hausdorff dimension is n. We map this by ¢ from Section 2.5
to a Cantor type set Cz given by sequence 3, = 27°% 3 > n + 1, as usual. Note
that by (2.5),

ﬁﬁoand—ﬂk_l_ﬁk <

&73 Og—1 — O
we obtain that ¢ is a Lipschitz mapping.
Then we map Cpg by the Lipschitz mapping L from Theorem 2.4 to the Cantor
tower CL. Now C% € {0}"! x (=1,1) and it is easy to find a Lipschitz mapping
S which squeezes a segment containing C% to a single point, it is one-to-one
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outside of this segment and equals to identity on 9[—1,1]". We can choose S to
be

_ 2 2
S(z) = [931,3:2, e ,xn_l,xn\/xl +.4 a2

on Q0,1 —4) (fix d > 0 so that CL € Q(0,1 — §)) and extend it in a Lipschitz
way so that S(z) = x on 0Q(0,1). Finally the mapping f;, :== So Log is a
mapping for which

f(Cy) = S(CL) is a point

and we can obtain it as a weak limit of homeomorphisms in W1 (or even strong
limit in WP for any p < 00). O

5 Positive statements: the case p >n — 1

To study the injectivity a.e. with respect to the image we define slightly better
(INV) condition, see Corollary 5.3 below. We need the following generalization
of |25, Lemma 7.3| for the case with no additional assumptions on Jy.

Lemma 5.1. Let f € W'(Q,R"), p > n—1, be a weak limit of homeomorphisms
fr in WEP(Q R"™), and a, b € Q. Then there exist £'-null sets N, and N, such
that for every r € (0,r,) \ N, and s € (0,7) \ N, (where r, := dist(z,0Q)) the
following holds:

(i) If B(a,r) C B(b,s), then

E(f*,B(a,r)) C E(f*, B(b,s)).

(ii) If B(a,r) N B(b,s) = (), then

Fr(Bla,r) N f(B(b,s)) = 0.

Proof. We may assume that f equals to the representative f*. By Lemma 2.2,
there are L£'-null sets N, and N, such that for every r € (0,7,) \ N, and s €
(0,7p) \ N one has fr — f (up to subsequence) uniformly on S(a,r) and S(b, s).

To establish (i), we show that deg(f, S(b,s),y) # 0 for y € E(f, B(a,7)) \
f(S(b,s)). Let us firstly suppose that y = f(z) for x € S(a,r). Since f(S(b,s))
is compact and f;, converge uniformly on the sphere S(b, s) there exist € > 0 and
ko € N such that for every k > ko we have B(y,e) N fr(S(b,s)) = (. Moreover,
z € S(a,r) yields y = limy_, fx(z), and we may assume that fi(z) € B(y,¢) for
all big enough k. Therefore,

deg(fr, S(b, 5),y) = deg(fr, S(b, 5), fi(x)) (5.1)

for k > ko. Then the continuity of the degree under uniform convergence (2.2)
yields
deg(f,5(b,s),y) = lim deg(fi, (b, s),y). (5.2)
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Because fi are homeomorphisms and = € (S(a,r) \ S(b,r)) C B(b, s) we obtain,
that

deg(ﬁw S(b> 3)7 fk(x» 7é 0.
Hence, (5.1) and (5.2), as well as the fact that the degree is integer valued, give

deg(f,S(b, S)ay> - hm deg(fk,S(b, S)??J)
i deg(f S(b,s). fue)) 0.

k—o0

It remains to prove the case when y ¢ f(S(a,r)) (so deg(f,S(a,r),y) #0). As
before, the uniform convergence on spheres S(a,r) and S(b, s) and the continuity
of the degree ensure

deg(f, S(CL, T)vy) = lim deg(fma S(CL,’I“),y) = deg(f’m S((I,’l“),y),

m—r0o0

deg(f,S(b, S)7y) = lim deg(fm,S(b,s),y) = deg(fk,S(b, S)7y),

m— 00

for some big k € N. Since y € E(f, B(a,r)) \ f(S(a,r)), we have

deg(f,S(a,r),y) #0,

and so deg(fx,S(a,r),y) # 0. Further, fy is a homeomorphism and B(a,r) C
B(b, s), therefore deg(fx,S(a,r),y) # 0 implies deg(fx,S(b,s),y) # 0 by (2.3).
So deg(f, S(b,s),y) # 0 and this completes the proof of (i).

To prove (ii) we assume, on the contrary, that y € f7(B(a,7)) N fT(B(b, s)).
Then the uniform convergence and continuity of the degree ensure that there is
keN

0 # deg(f,S(a,r),y) = lim deg(fm,S(a,r),y) = deg(fr,S(a,r),y),

m—r0o0

0 7é deg(f,S(b, S)ay) = lim deg(fmaSa)?S)vy) = deg(fk,S(b, S)7y)'

m—ro0

Since fi is a homeomorphism, deg(fi, S(a,7),y) and deg(fi, S(b,s),y) cannot
both differ from zero, which is a contradiction.
[

Based on Lemma 5.1 we follow [25] and [28] to define the set-valued image

ffa):= () E(* Bla,r)):.

’I’>0,T‘¢Na

Note that f7(a) is non-empty and compact, as an intersection of a decreasing
sequence of non-empty compact sets.

Theorem 5.2. Let f be a weak limit of homeomorphisms fj, in W1?(Q,R"),
p>n—1forn>2orp>1forn =2 Then there exists an H"™F null
set NC' C () and a representative f of f such that f is continuous at_every
x € Q\ NC. Furthermore fT(x) is a singletone for every x € (2 \ NC, f=f

cap,-a.e. and f can be chosen so that f( ) € fI(x) for every x € Q.
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Proof. Assume p > n—1. The theorem follows from [25, Theorem 7.4] considering
the fact that the weak limits of homeomorphisms satisfy the (INV) condition and
Lemma 5.1 instead of |25, Lemma 7.3]. Note that the condition J; # 0 a.e. comes
from [25, Lemma 7.3] and plays no part in the rest of the proof.

The fact that f7(z) is a singletone follows from the proof of [25, Theorem 7.4
as we have there

NC :={z: diam(f"(z)) > 0}.

In the case n = 2, p = 1 we know that weak limit of homeomorphisms satisfy
the (INV) condition thanks to the [9, Lemma 2.6]. And we can use the proof of
[25, Theorem 7.4] with |9, Remark 2.9] instead of [25, Lemma 7.3]. O

Proof of the positive part of Theorem 1.2. This follows from Theorem 5.2. The
‘moreover’ part with the additional assumption that J; > 0 a.e. was known
before, see [25, Lemma 3.4]. Note that this lemma holds even in the case p = 1,
n=2. O

Corollary 5.3. The representative fAfrom Theorem 5.2 satisfies a strengthened
version of condition (INV), that is for every a € Q and L'-a.e. r € (0,7,)

(i) fA(m) € fT(B(a, r)) U ]?(S(a, r)) for every x € B(a,r) and

~ -~

(ii) f(x) €e R"\ f(B(a,r)) for every x € Q\ B(a,r).

Proof. The proof follows from [25, Corollary 7.5] with regard for Lemma 5.1 (or
[9, Remark 2.9] for n =2, p = 1) and Theorem 5.2. O

Proof of the positive part of Theorem 1.1. We assume that f = ]?, where f is
from Corollary 5.3. Suppose, by contradiction, that there is 6 > 0 such that for

F={yeR": diam(f'({y})) > 0}

we have H"1T°(F) > 0. Clearly, F' = |J;cy Fk, where

Fi={y e R": diam(F({u}) > %}

Hence we can fix & € N such that H" ' (F,) > 0.

For each x € Q there is a radius r, < ﬁ, such that

f|S(:Jc,r) € Wl’p(s(xa 7“), Rn) N CO(S<x7 T)» Rn)
(see Lemma 2.2) and the assertion of Corollary 5.3 holds. Choosing a countable
covering of ) with balls {B(z;,r,,)}2,, due to the area formula |25, Proposi-

tion 2.7|, we know that H" 1(f(S(zi,7s,))) < 00, so H* 1H(f(S(xs,1s,))) = 0.
Therefore, even for

E = Uf(S(a:i,rxi))
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we have H" 1+9(E) = 0. We now claim, that Fj, C E, which is the contradiction
with H"10(F,) > 0.

Indeed, assume that y € F), \ E. Then there must be points z; and z; in €,
such that f(z1) = f(22) = y and dist(zy, z2) > . Fix i for which 2z € B(x;,15,),
z ¢ B(wx;,r,,) with the balls B(z;,7,,) covering Q and r,, < 5-. Because y ¢ E
we know that y ¢ S(x;,7,,). Therefore, Corollary 5.3 (i) states

y=f(z) € f1(Blx,rs,))

and the assertion (ii) holds

y = f(z2) €R"\ f1(B(zi,r4,)),

which is a contradiction. O
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Existence of quasiconformal mappings
in a given Hardy space

Ondfej Bouchala!? Pekka Koskela!

Abstract

Let Q be a simply connected domain in C and let 0 < p < co. We
show that there is a quasiconformal mapping f from the unit disk I onto
Q which is in the Hardy space HP.

We furthermore show that either all quasiconformal mappings from D
onto 2 are in H? for every p, or for every 0 < p < oo there is a quasicon-
formal mapping f: D — Q with f ¢ HP.

1 Introduction

The classical definition of H? declares that an analytic function f belongs to
H? 0 < p < oo when

£l i= sup ([ 110 a0)” < ()
0<r<1 g1

If f is additionally univalent (i.e. a conformal map), then we have f € H? for all
0<p< % by the Prawitz theorem and the Koebe map f(z) = (1_#2)2 shows that
this estimate is sharp. In 1970, Hansen [11] introduced the concept of a Hardy
number. In the case of a nonempty, simply connected domain §2, this is defined
as the supremum of the exponents p > 0 for which f € H? for a Riemann map
from the unit disk D onto 2. Notice that if p < ¢, then H? C HP. Given a simply
connected domain () C @ C C, the Hardy number of © is independent of the
choice of conformal map from D to €2. The relation of the Hardy number with
the geometry of €2 has been investigated in [5], [11], [12], [13], [14], [21] and [22],
and one can find different interpretations of it in [5], [21] and [22].
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In this paper we consider the case of a quasiconformal map of the unit disk D
onto a simply connected domain €2. Recall that a homeomorphism f is quasicon-
formal if f € W.?(ID,C) and there is a constant K so that |Df(2)|* < K.J;(2)

loc

for almost every z € D. Analogously to the case of an analytic function, we write
f € HP if f satisfies (1). The analog of the above result for univalent functions
from [4, Theorem 3.2] states that f in H? for all p < % if f is K-quasiconformal.

Various interpretations for the membership in H? for a quasiconformal map
f can be found in [4], [6] and [27].

Our first result shows that the analog of a Hardy number of a domain as the
supremum of the Hardy exponents over the entire class of quasiconformal maps

is not a meaningful concept.

Theorem 1.1. Let Q@ C C be a non-empty, simply connected domain. Let
p € (0,00). Then there is a quasiconformal map f from D onto 2, which is in
the Hardy space HP.

Analogously to the case of conformal maps (see [5, Theorem A.]), membership
in H? for quasiconformal maps is determined (see [4]) by the maximal growth
order of f, that is f € H? if and only if fol sup{|f(z)| : |z| = r}’dr < co.

This suggests that one should prove Theorem 1.1 by trying to improve on the
growth order of a given map onto 2. This is what we do: once € is fixed, we
consider a Riemann map and improve its maximal growth order by composing
with a suitable quasiconformal self-map of the disk. The difficulty is that we
also need to temper down the growth in many unknown directions. This is done
by constructing a suitable quasisymmetric map on 0D via the boundary values
of the conformal map and by eventually applying the Beurling-Ahlfors extension
procedure.

Theorem 1.1 allows us to prove the following somewhat surprising result.
For a quasiconformal map f, write (f(0B(0,t))) for the length of the curve
F(0B(0,1)).

Corollary 1.2. Let Q2 C C be a non-empty, simply connected domain. Let p < 2.
Then there is a quasiconformal map f: D — € such that

/lf(f(aB(O,t))>pdt < o0,

In the case of a conformal map, the convergence of the above integral is
actually equivalent with membership in H? when 0 < p < 2 + ¢, where the
precise value of € is not known, see [10]. This, together with Theorem 1.1 and
the results in |7, Section 8|, suggest that the claim of Corollary 1.2 might actually
also hold for p = 2 or for all 0 < p < 2 + ¢ for some positive e. We would like to
know if that is the case.

Theorem 1.1 shows that we can find “arbitrarily good” quasiconformal maps
from the HP-perspective (“arbitrarily good” refers to p large). Our third result
shows that either all quasiconformal maps onto {2 belong to H? for all finite p or
we can find “arbitrarily bad” quasiconformal maps.
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Theorem 1.3. Let (2 C C be a non-empty, simply connected domain. Then we
have the following dichotomy:

(1) Either f € HP for all 0 < p < oo and each quasiconformal map f: D —
(2) or for each g > 0 there is a quasiconformal map f: D — § such that f ¢ HY.

Our proof of Theorem 1.3 is based on a similar idea as described above, but in
this case we do not rely on the Beurling-Ahlfors extension, but construct suitable
quasiconformal self-maps of the disk directly using an iteration procedure.

The above theorems deal with the class of all quasiconformal maps. Our
proofs give some estimates for the constants of quasiconformality, but it would be
interesting to know the optimal estimates. Furthermore, it would be interesting
to know sharp ranges for the possible exponents p for which each quasiconformal
map f: D —  belongs to H? in terms of geometric data of 2. This paper deals
with the planar setting, but one could also consider the higher dimensional case.
Here the natural setting would be to assume that we are given a quasiconformal
map f: B"(0,1) — . Then necessarily f in H? for some p by results in [4].
Suppose that f does not belong to H? for all p < oo and let pg be the supremum
of the p for which f in HP. It is natural to pose the following problem. Given
0 < ¢ < oo, can one find quasiconformal self-maps f; and f, of B™ so that
fofi€e H and fo fy ¢ H1?

The proof of Theorem 1.1 can be found in Chapter 3. Theorem 1.3 is proven
in Chapter 4 and the corollaries are proven in Chapter 5.

2 Preliminaries

We write D = B(0,1) for the open unit ball in C. We denote the unit circle
as S := 9B(0,1) and the upper half-plane as H := {z + iy : y > 0}. For an arc
J C S', we denote its midpoint as e, Furthermore, by 2J and  we denote the
arc with the same midpoint as J and double and half the length of J respectively.

By #() we denote the length of a curve v. Given u, v € Q the intrinsic path
distance between v and v in € is

dr(u,v) :=inf{Z(y) : v is a curve connecting v and v in Q}.

Furthermore we use the intrinsic “norm” defined as |f(z)|; := d;(f(0), f(2)).
Given x € D let

1—
B,c::B(x7 |x|>’ Sy = {i:yEBx}.
2 |l

We call B, a Whitney ball and refer to S, as its shadow.

Definition 2.1. The statement of [23, Theorem 1.7.] allows us to define for each
conformal ¢g: D — Q and for almost every w in S*

g(w) = lim g(rw).

r—1
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By [18, Theorem 2. this limit also exists for almost every w € S' when g is
quasiconformal, and hence we can use the same definition.

Definition 2.2. Let f be a quasiconformal map of D and let p € (0,00). We say
that f belongs to the Hardy space H? if

!Wm:$m(/mmww)<m
0<r<1 S1

We will also use the intrinsic Hardy space HY. We say that f € HY if
1
Il = s ([ 15rlfiaw)” < oo
0<r<1 \Js1
The following theorem is due to Zinsmeister [27].

Theorem 2.3 (Zinsmeister). Let f be a quasiconformal map of D and let 0 <
p < oo. Then f € HP if and only if f(w) € LP(S").

Theorem 2.4. Let (2 C C be a non-empty, simply connected domain. Then
there is a conformal map g: D — ) which is in H? for every 0 < q < %

Proof. The existence of such ¢ is due to the Riemann mapping theorem, [20].
The fact that this ¢ is in H9 is due to [24], see [8, Theorem 3.16.]. O

Theorem 2.5. Let 0 < p < oo. Then
(a) If g: D — C is a conformal map, then g € H? if and only if g € HY.
(b) If f: D — C is a quasiconformal map and f € HY, then f € H”.

Proof. Part (a) is [16, Theorem 1.1|. To obtain Part (b), it is enough to observe
that

[f )P < [f(w) = f(0) + FO)PP < c(lf(w)]7 + [£(0)]),
where c =1 for p<1and ¢ = 2P~ for p > 1. n

We will need the concept of quasisymmetry.

Definition 2.6. Let A, B C C and let n: [0,00) — [0, 00) be a homeomorphism.
A homeomorphism h: A — B is n-quasisymmetric, if

h(a) — h(z)| _ (la— 1]
|Mm—hun§"(w—ﬂ>

for all @ # x # b in A. We say that h is quasisymmetric if any such 7 exists.

Lemma 2.7. Let h be quasiconformal map of I onto D. Then h is quasisym-
metric.
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Proof. Because of |17, Theorems 8.1. and 8.2.] we know that h extends to a
quasiconformal map of the entire C. The claim follows since the [2, Theorem
3.5.3] tells us that each such quasiconformal map is also quasisymmetric. O]

We need the fact that the radial limit is the same as the “non-tangential”
limit. The following definition and lemma are from [23, Corollary 2.17].

Definition 2.8. We define a Stolz angle at w € S* as
Aw, a, 0) = {z eD:|arg(l —w2)| <a, |z—w| < Q}

for 0 <a < % and ¢ < 2cosa.

Lemma 2.9. Let g: D — C be a conformal map. Then for almost every w € S*
and every « and o it holds that

lim ~ g(2) = g(w).

z—w, z€A(w,a,0)

A Borel measure p is said to be doubling if there is a constant ¢ > 0 such that
for every x and r > 0 it holds that

0 < pu(B(z,2r)) <c-u(B(zx,r)) < occ.

Theorem 2.10. Let p be a doubling measure on S*, j1(S') = 27. Let h: S — S?
be defined as

h(e™) = ei“(‘]o*t), t €[0,2m),

where Jy, is the arc from 0 to e*. Then h admits a quasiconformal extension
to D.

Proof. Because of the doubling property, it follows that h is weakly quasisym-
metric, that is for some constant H > 0 and for any three points a, b,z € S!

(@) = h(z)| < H|h(b) = h(z)|

whenever |a — x| < |b—x|. Each such h is quasisymmetric by [25, Theorem 2.16.].
Finally, according to e.g. |2, Section 5.8.1|, every quasisymmetric self-map of
St can be extended to a quasiconformal self-map of I. O

The following two lemmas are consequences of the Koebe distortion theorem.
They can be found in [16, Lemma 3.1 and Lemma 3.2.].

Lemma 2.11. Let f: D — C be a conformal map. Then there exists a constant
c9.11 such that for any z € D and for every z,y € B, we have

L _ [f@)l

— < Y < Caa1.
C2.11 |f’(y)|

Lemma 2.12. Let f: D — C be a conformal map. Then there is a constant ¢y 1o
such that for every x € DD

d(f(x),0f(D)) < cana(1 = |2)]f'(2)].



EXISTENCE OF QUASICONFORMAL MAPPINGS IN A GIVEN HARDY SPACE 6

The following theorem is due to [9]. This formulation can be found in [16,

p. 79].

Theorem 2.13 (Gehring-Hayman theorem). There is a universal constant cs 13
with the following property: Suppose that the map f: D — C is conformal and
v is a curve in D with endpoints 0 and x € D. Then

2(f(10,2))) < cans - £(f (7)),
We also need the following [16, Lemma 3.4]:

Lemma 2.14. Let f be a conformal map of D into C. There is an absolute
constant cy.14 such that for every x € D

' ({w € So: di(f(w), (@) < 24~ d(f(2),0f(D))})
H(Sy)

1
> 5,
where ! is the one-dimensional Hausdorff measure.

3 Proof of Theorem 1.1

Lemma 3.1. Let g be a conformal map from I into C. Let J be an arc in S*
with £(J) < 2
(a) There exist a constant ¢; > 0, such that for almost every e € J it holds that

)

9(E > / T (s )] ds. 2)

(b) There is a constant co > 0, such that given the condition

_Jd)

1 2 .
9(e)]r < e / g/(s - )] ds 3)

it holds that
?’/1({15 €J:(3) holds})

Z(J)

OOI>—‘

Furthermore, there is a e € 2 for which both (3) for J and (2) for 4 hold.

Proof. To prove part (a) we fix e € J such that |g(e")|; is defined, and we use
Theorem 2.13 to observe that

_2()

2 .
g(e’ / o (se)] ds > —— 1 (se)] ds.
0213 C2.13

Now it is enough to prove that Vs € (O 1-— f(J ) lg' (se)| > =g/ (se®7)|. To

- C2.11
show this let us take any such s and let ¢y = % Note that €7 is the midpoint
of J and e € J is the midpoint between e and e,
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oit it
H\ei’to\'\J/
Consider the Whitney ball B, i, = B (se“o, %) Clearly
W) (140 4D

it ito — it itg <
|se™ — se'™| = sl — ™| < s 4 5

4
_e) () i

N

Therefore se* € B, it,. An analogous computation can be done for ¢ in the place
of t, and so se’v € B,.1, as well. Hence we may use Lemma 2.11 to conclude
that indeed |¢'(se)| > —L-|g'(se®*7)|, which proves (a).

— C2.11
To prove (b), let us first fix z = (1 — @) e’7. Obviously #(J) = #Z'(J).
Then S, and J have the same midpoint and

£z e(s) > ) (4)

lIrlndeed, £(S;) = 2arcsin (ELT‘) = 2arcsin (2(2"1(;()”)) , and for £(J) € (0,1) we
£(J) . £(J) £(J) £(J)

022555 g 22w (ot ) 2 s 2 g O

We want to use Lemma 2.14. Let us consider an e“, for which

di(g(e"), g(x)) < cara - d(g(x), 0g(D)). (6)
Then

lg(e™)|; := inf{£(g o) : v goes from 0 to e}

e

2 . .
< |g'(se7)|ds +inf{#(g o v1) : 71 goes from x to e"}.
0

J/

-~

=:(&)

We continue with

g(e™)]1 < () + di(g(e”), g(x)) < () + 214 - d(g(x), Dg(D))
< () + 214 212+ (1= |2])]¢' ()],

£(J)

where we used Lemma 2.12. We know that 1 — |z| = =, and so

_z)
2

1
it < 2. . / / ds.
g(e™)r < () + 2+ co1a - 212 )z ' (x)] ds

2
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Now let us consider the Whitney ball B, = B ((1 — @) et @). For every

number s € <1 - @ — @, 11— @) the point s - e is in the Whitney ball

B,, as is obviously z. Therefore because of Lemma 2.11 we know that |¢'(z)| <
o1 - |9 (s€7)]. So

£(J)
==

rmwmsmm+zfquuwmr/ ¢/ (s¢)] ds

)t
2 4
A
< (1 +2-co14-Co12" C2.11) /0 ‘gl(semﬂ ds.

Therefore, if for some number ¢ the inequality (6) holds, then, for the same t,
(3) holds as well. To finish the proof we observe that S, C J (see (4)) and that

' ({t € J:(3) holds}) S ' ({t € S, : (3) holds})
Z(J) - 4-7(Sy)
- Z'({t €S, : (6) holds}) Sl 11
- 4-H(Sy) —4 2 8

because of Lemma 2.14.

To establish the last assertion it is enough to realize that % C °2—7 because
of (4). The condition (2) holds for almost all ¢ € 2. Additionally we know
(because of Lemma 2.14) that there is a t € 52 C £ for which (6) and therefore
(3) holds. O

Lemma 3.2. Let g be conformal map from 1D into C and let h be a quasiconformal
map of DD onto itself, homeomorphic up to the boundary. Then for almost all
w € St it holds that

Tl_lglﬁ g(h(r . w)) = Tlgﬁ g(r . h(w)).
Proof. Because of Lemma 2.9 it is enough to show that (when r — 17) h(rw)
approaches h(w) non-tangentially, that is that there is & and ¢ such that h(rw) €
A(w, a, o) for r close enough to 1. This follows from [19, Theorem 6], but for the
convenience of the reader let us give a proof.
Lemma 2.7 shows that A is in fact quasisymmetric, i.e. there is non-decreasing
function 7: [0, 00) — [0, 00) such that for all z,y and 2 in D it holds that

|M@—h@ﬂ§n0x‘“)mu»—ma«

|z = 2|

A <t h(z)
- jw RN W)Y h(w)

X
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Let us pick any x on the line form 0 to w, choose h(z) to be the closest point
to h(z) on S and fix y = w. Then, because z is on the boundary, we know that
le=wl <1 So

|z—2|

|h(x) = h(w)| < n(1) - |h(z) = h(z)| = n(1) - d(h(z), S1).
This is precisely the desired non-tangentiality. O

Lemma 3.3. Let 0 < ¢ < p and let g € H} with |g|; > K > 0 on S*. Suppose
that h: C — C is a quasiconformal map with h(0) = 0, mapping S* onto S*, so
that

. 1
h~t(e") := exp </ |g ’S ? pds) L oT - (/ lg (eis) ?pds)

J

~~

=C
for t € [0,2m). Then go h € HY.

Proof. Because p > ¢ and |g|; > K we know that 0 < C' < oo. Firstly we
compute the derivative of (h|sp) "

0 ”r—‘(/ 9 (¢) %pds) c

|g ) |1 -C.

Let us define for w € S*

I(w) :=di(g o h(w), g o h(0)) = di(g © h(w), 9(0)).

We continue using a change of variables,

/ ygoh(w)v,’dw:/ [(w)pdw:/ I(h™H(w))? - |(h71) ()| dw.
St St St
For almost every w € S*, Lemma 3.2 applied to h™!(w) gives

goh(h™'(w)) := lim g(h(r-h(w))) = lim g(r-w) = g(w).

r—1— r—1-

Therefore I(h™'(w)) := dr(go h(h™H(w)),9(0)) = dr(g(w), g(0)) = |g|;. So we can

continue with
[ gonias = [ la@l-la)i 7 Cv=C- [ la(w)lide < o0.0

Proof of Theorem 1.1. We start with the (conformal) Riemann map g: D — Q
from Theorem 2.4. By applying an auxiliary translation we may assume that
g(0) = 0. We know that g € H? for all 0 < ¢ < % Let us fix ¢ = % Without
loss of generality we may assume that p > ¢. Because of Theorem 2.5 (a) we also
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know that g € H]. We want to define f := g o h where h is as in Lemma 3.3. If
we find such an h, then we are done because f is quasiconformal, f € HY, and
therefore because of Theorem 2.5 (b) we know that indeed f € HP.

To find such an h we firstly define i on S* by setting

t o -1
fz_l(e”) =exp | ¢ (/ lg () |77 ds) -2 - (/ lg (") |47 ds)
0 0

-~

=:C

for ¢ € [0,27). This is a homeomorphism on S!, and therefore h is well-defined
on S'. We want h to be a quasiconformal extension of & to D. (Without loss of
generality h(0) = 0.) The inverse of quasisymmetric map is quasisymmetric (see
[2, Lemma 3.2.2.]). Because of this and Theorem 2.10 it is enough to show that

(/ m&ﬁﬂ?mdtéc-/Wg@“n?ﬁdu (7)
2J J

whenever J C S!' is an arc. Without loss of generality we may assume that
£(2J) < L.
We claim that there is 0 < ¢y < oo such that

14D

1 it\|9—P R . ety s o C ety |4—P
almw>thSﬂﬂ<A 9/ Md> <o [loterae o

The first inequality follows directly from Lemma 3.1 (a), because ¢ — p < 0 and
t; does not depend of ¢:

|t q-p
(/Mﬁmpasﬁp/(/ 2mbwﬁnm> a
J J 0

i)

= "-20)- (/ !9’(8-6“J)|d8) :

0

To show the second inequality in (8) we use Lemma 3.1 (b). We get

[t rar= | ole) 157 dt
J {t€J:(3) holds}

()

120 q—p
2 .
2 Cg_p . /{ J:(3) holds} </0 ‘g,(s . eltJ)’ ds) «
teJ: olds

1D q-p
=c3 P ({t € J:(3) holds}) - (/ 1g'(5 - €] ds)

0

cd=p == . or
>y s elas)
0



EXISTENCE OF QUASICONFORMAL MAPPINGS IN A GIVEN HARDY SPACE 11

Obviously t; = to;. To finish we take ty € J from the “furthermore” of Lemma
3.1 applied for 2J. We use the estimate (8) twice, firstly for 2/ and then for J.

¢(21)
1-420

/2J lg(e™)]77" dt ¢ co - £(27) - (/

0

a-p
lg'(s - e"27)] d8>

3) |
< oo £(20) - g€

@) -5 o
0

(®) . o
<@ddr g [ laenlan
This is the asserted inequality (7). O

4 Proof of Theorem 1.3

We will increase the maximal growth order of a given quasiconformal map by
pre-composing it with a quasiconformal self-map.

Lemma 4.1. Let 0 < o < < 2a < 00. Let f be K—quasiconformal on the
upper half-plane H and let there be a sequence of points {z, = x, + iy,} C H,
zn — 0 such that

[f(zn)] = oy,
Then there is a sequence {z,, = T,+iy,} CH, %, — 0 and a (mﬁ—ﬁK) —quasi-
conformal map f: H — C such that f(H) = f(H) and

~ . C ) ~ 75

FEN 2 o i
Proof. We want to use radial stretching(s) to move z, “further away form the
boundary”. There are two (in principle non-exclusive) options:

(i) There is a subsequence (after relabeling) z, = x,, + iy, — 0 with |f(z,)| >
c-y, " and
Yn = xia

(ii) or there is a subsequence (after relabeling) z, = x, +iy, — 0 with |f(2,)| >
c-y, " and
Yn < xi

Hence it is sufficient to find f and {z,} in both cases. We will do this below.
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The case (i):

In this case it is enough to use one radial stretching in the half-disk {x + iy :
2> +y* <1, y > 0}. Without loss of generality we may assume that {z,} C D.
Set ,

h(z) =z |z|2a5"".

Notice that % > 1 and that A is ﬁ —quasiconformal and identity for |z| = 1.
Let us furthermore define

2| = 1, ~
Zn =2 2|

2a—8
3 1

Then f(H) = A(H), fis <2aﬁ_ﬂ «K)—quasiconformal and ]/”\(zAn) = f(z,). We

finish with the computation
a— _B 1 B—a
g;;ﬁ — (Im (z . |z|27£>) — y;B (xi + yi)2<2 B )6
— B—a —« —«
<y (yn +yn)" T <20y,

~

<P f(z)] = 22 F (G-

The case (ii):

Here we need one radial stretching for each z,. Without loss of generality we may

assume that x,11 < %xn Then the disks B (xn, %") are disjoint. Set

1-52 4
ho(2) = x, + (%) Pz — ) - ]z—:cﬂﬁ_l.

Then, for each n, the map h,, is %—quasiconformal and identity for [z—x,| = Z.
Let us furthermore define

flz) = {f(hn(Z)), |2 — x| < 2o, |

f(2), otherwise

2[37& 2a—f
=~ . ; B B
zn.:xn+z<a:n “Yn )
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Then f(H) = A(H), Fis (2046—/3 oK)—quasiconformal and f(zAn) = f(zn). Fi-
nally

o o Con 1y 2(a—B) o Cu
G P = aten i < (i) ey
1 -
<L < ER RGN 0

Lemma 4.2. Let 0 < a < b < oo. Let f be K—quasiconformal on the upper
half-plane H and let there be a sequence of points {z, = z, +iy,} CH, z, — 0
such that
|f(zn)l =2 ¢y,
Then for every € > 0 there is a sequence {z, = x,+iy, } C H, z, — 0, constant

c42 = c42(a,b,c) and a ((1 +e)- 2—2 . K) —quasiconformal map f: H — C such

-~

that f(H) = f(H) and

1F(Z)] = oz o0 "
Proof. Let us fix 1 < s < 2. Let m = L%J + 1, where |+] is the floor
function, that is [z| := max{m € Z : m < z}. Then s™a > b. We will use the
Lemma 4.2 m-times. For k € {0,1,...,m — 1} let

a, = sta, B = s,
Then 0 < ag < B < 204 < 00. Let ]?0 = f. Then ]?0 is (2%8)0-[(— quasiconformal.
Using Lemma 4.2 inductively for ay, 5, and fk, where £ = 0,1,...,m — 1, we

obtain a ((Q%,S)k+1 . K)—quasiconformal frr1 (because 2045:6’;@ = 5). Set f:

fm. Then from the inductive process we obtain a sequence Z, and a (possibly
small but positive) constant ¢4 such that

|f(Zn)] > caz - T OPRE M

log b—loga

The map J? is ((ﬁ)m : K)—quasiconformal, that is ((ﬁ)L fogs |1 K>_

quasiconformal. It is easy to check that

Lloglbo—lggaj_,’_l 9
lim i ’ k) =k
s—1+ 2—s a?

Therefore we can fix s > 1 such that

NG :
() )< (09 5ox).

Then f is ((1 +e)- 2—2 K >—quasiconforma1 and we are done. O
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Lemma 4.3. Let f € HY(D). Then for each z € D

1£(2)] < cas(1—|2]) 70

Proof. If f € H? then [ |f[* < oo by [4, Theorem 9.1.]. And [15, Theorem 3.1.]
implies that in this case there is ¢4 3 > 0 such that |f(z)| < cs3(1 — |z])_2%1 O

Theorem 4.4. Let 0 < ¢ < p < oo. Let g be a K —quasiconformal map with
g ¢ H?(D). Then for every € > 0 we can find a ((1 +e)- ’;—z : K) —quasiconformal
map g such that g(D) = g(D) and g ¢ HY.

Proof. Let us fix £ < 1. We know that g ¢ H?(ID). Therefore [4, Theorem 3.3.]
yields

1
/ M(r, g) = oo,
0

where M (r, g) is the maximal function defined as M(r, g) := sup{|g(2)| : || = r}.
Hence we can find a sequence {r,,} such that r, — 1 and M (r,, g)? > [1—r,|71*=.
Consequently we can find a sequence of points {u,} C D such that |g(u,)| >

11— Jun|| 7 and u, — 1.

Using a simple Mobius transformation 7' we obtain a sequence {z,} C H,
{zn} = 0 and K —quasiconformal f: H — C such that g(D) = f(H) and

148

|f(Zn)| >c- |Im(2n)|7z}

=
™)

Lemma 4.2 gives us Z, and a ((1 +8)- (&
f(H) = f(H) = g(D), for which

)2 ) f;_z K ) — quasiconformal map 7,

™)

-~ g

~ ~ —1—£
|f(Z0)] > can - [ Im(2,)]

Reversing the transformation 7" we obtain a sequence of points {u,} € D and
2

a ((1 +8)- (%)2 B K) —quasiconformal map g: D — C, g(D) = ¢g(D) such
that

—1-—¢

G(un)| = caa - |1 = [ty

To conclude that g is not in HY it is enough to use Lemma 4.3.
Finally, choosing a sufficiently small £ > 0 we get the required ((1 + 5)5—2K )—

quasiconformality of g. O

Proof of Theorem 1.3. Let us assume that the condition (1) is not met, that is
there exists 0 < p < 0o and a quasiconformal map g: D — Q, g ¢ HP. Let ¢ > 0
be given. Without loss of generality we may assume that ¢ < p. Theorem 4.4
applied to g gives the conclusion. O]



EXISTENCE OF QUASICONFORMAL MAPPINGS IN A GIVEN HARDY SPACE 15

5 Corollaries

Corollary 5.1. Let Q2 C C be a non-empty, simply connected domain. Let p < 2.
Then there is a quasiconformal map f: 1D — €2 such that

|Df| € LP(D).

Proof. Let q = ;%Z. By Theorem 1.1 we know that there is a quasiconformal map

f:D—Q, f € H1. Then Theorem |4, Theorem 9.1| implies that f € L?¢(D) and
Theorem [4, Theorem 9.3] yields that |Df| € LP(D). O

Following Astala and Gehring [1] we write

ey = ([ 250,

where | B,| is the Lebesgue measure of B,. Notice that for conformal f the mean
value property implies that a; = |Df]|.

Proof of Corollary 1.2. Let us define the annulus A, of width 1 — r by setting
A, ={z:2r—1<|z| <r}for 0 <r < 1. For the area of A, it holds that
|A| =m(1=7r)3r—1) <2m(1—r).

Let us consider as in the annulus A, for a given quasiconformal map f. We
know that a; is almost constant on Whitney balls, that is if we consider a Whitney
ball B then for all z and y in B we have

ap(x) <c-ar(y). 9)

This is a consequence of the Koebe distortion theorem [3, Theorem 3.2.]. See also
the first half of the proof of [3, Theorem 3.3.].

If we consider the Whitney ball covering a radial segment of A,.,

T

B

2 </

that is B (z,145), then from (9) it follows that a; is on this radial segment (up
to the constant c¢) constant. Therefore, using Holder inequality with ¢ > 1 and

p<gq<2
1 p 1 P
/(/ af) drgc/ </ af) dr
0 0B(0,r) 0 A l-r
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< 0/01@ — )P4, (/A ag)g dr
< (2@50\(/01(1 —r)a dr) (/D a;{)i.

N —~

=:1 =1

Q

Because p < ¢ < 2 we know that I; < co. Corollary 5.1 yields that there is a
quasiconformal map f: D — Q such that |Df| € LY(ID). Moreover, for such an f
it holds that [} a} < oo by [4, Lemma 2.5.]. Therefore I < oo, so for this f we

have
1 p
/ ( / af> dr < oo.
0 dB(0,t)

Finally, the Sullivan-Tukia-Viiséld approximation theorem |26, Corollary 7.12.]
provides us with a (locally Lipschitz) quasiconformal map f: D — ) for which

1 \P
/ (/ \f’\) dr < oc. O
0 \JoB(o,)
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