
R e p ort o n
D o ct or al T h e si s:
C o m bi n at ori c s, gr o u p t h e or y, c o m p ut ati o n al c o m pl e xit y & t o p ol o g y
b y Mi c h a el S k ot ni c a

T hi s t h e si s e x pl or e s t hr e e t o pi c s r el at e d t o t o p ol o gi c al c o m bi n at ori c s, fr o m t h e c o m p ut a-
ti o n al p er s p e cti v e.

T h e fir st t o pi c i s t h e r el ati o n b et w e e n s h ell a bilit y a n d c oll a p si bilit y of si m pli ci al c o m-
pl e x e s. S h ell a bilit y i s a d e c o m p o siti o n pr o p ert y of si m pli ci al c o m pl e x e s e xt e n si v el y st u di e d
si n c e 1 9 8 0’ s i n c o m bi n at ori c s r el at e d t o t o p ol o gi c al m et h o d s. A r e c e nt br e a kt hr o u g h i n t h e
c o m p ut ati o n al c o m pl e xit y of s h ell a bilit y i s t h e N P- c o m pl et e n e s s pr o of of t h e pr o bl e m of d e-
t er mi ni n g s h ell a bilit y of a gi v e n si m pli ci al c o m pl e x b y G o a o c, P at á k, P at á k o v á, T a n c e r, a n d
W a g n e r ( 2 0 1 9), w hi c h h a s b e e n a l o n g- st a n di n g o p e n pr o bl e m. T h eir a p pr o a c h i n v ol v e s r e d u c-
i n g t h e pr o bl e m of s h ell a bilit y t o a crit eri o n r el at e d t o c oll a p si bilit y, a s pr e s e nt e d i n T h e or e m
2. 1 ( b y H a c hi m ori( 2 0 0 8)). T h e fir st p art of t hi s t h e si s i s a b o ut t hi s t h e or e m.

T h e or e m 2. 1 i s a t h e or e m f or 2- di m e n si o n al si m pli ci al c o m pl e x e s, a n d it c o nt ai n s t h e e q ui v-
al e n c e b et w e e n (ii) t h e s e c o n d b ar y c e ntri c s u b di vi si o n of a 2- di m e n si o n al si m pli ci al c o m pl e x
K i s s h ell a bl e, a n d (iii) t h e li n k of e a c h v ert e x of K i s c o n n e ct e d a n d K b e c o m e s c oll a p si-
bl e aft er r e m o vi n g χ (K ) tri a n gl e s, w h er e χ i s t h e r e d u c e d E ul er c h ar a ct eri sti c. T h o u g h t hi s
e q ui v al e n c e c a n n ot b e g e n er ali z e d t o hi g h er di m e n si o n s, t h e r e s ult of C h a pt er 3 of t hi s t h e si s
e xt e n d s t h e i m pli c ati o n (iii) ⇒ (ii) t o hi g h er di m e n si o n s. T o t hi s ai m, a hi g h er- di m e n si o n al
crit eri o n n a m e d h er e dit ar y r e m o v al- c oll a p si bilit y ( H R C) i s i ntr o d u c e d t o r e pl a c e t h e li n k c o n-
diti o n i n (iii). A n ot h er cr u ci al a s p e ct of t h e r e s ult i s t h e i ntr o d u cti o n of st ar- d e c o m p o s a bilit y,
w hi c h cl ari fi e s t h e pr o of.

T h e s e c o n d t o pi c i s t h e P L g e m o m etri c c at e g or y, a P L v er si o n of t h e g e o m etri c c at e g or y.
F or a t o p ol o gi c al s p a c e, t h e g e o m etri c c at e g or y of t h e s p a c e i s t h e mi ni m u m n u m b er of o p e n
c o ntr a cti bl e s u b s p a c e s n e e d e d t o c o v er t h e s p a c e, w hi c h i s a ki n d of r el a x ati o n of L u st er ni k-
S c h nir el m a n n c at e g or y. D et er mi ni n g t h e g e o m etri c c at e g or y, h o w e v er, i s a v er y h ar d pr o bl e m
si n c e t o d et er mi n e w h et h er t h e g e o m etri c c at e g or y i s 1 or n ot i s a n u n d e ci d a bl e pr o bl e m if
t h e s p a c e i s a si m pli ci al c o m pl e x of di m e n si o n at l e a st 4. T o m a k e it tr a ct a bl e, B or g hi ni
( 2 0 2 0) i ntr o d u c e d P L g e o m etri c c at e g or y of a c o m p a ct p ol y h e dr o n P , pl g c at(P ), w hi c h i s
a P L v er si o n of g e o m etri c c at e g or y. T h e P L g e o m etri c c at e g or y pl g c at( P ) i s t h e mi ni m u m
n u m b er of P L c oll a p si bl e s u b p ol y h e dr a n e e d e d t o c o v er P .

T h e r e s ult of C h a pt er 3 of t hi s t h e si s s h o w s t h at t h e d e ci si o n of w h et h er pl g c at( P ) ≤ 2 or
n ot i s N P- h ar d. T h e m et h o d f or t h e pr o of of t hi s r e s ult i s t o u s e t h e r e d u cti o n i n t h e pr o of
of N P- h ar d n e s s of s h ell a bilit y u s e d b y G o a o c, P at á k, P at á k o v á, T a n c e r, a n d W a g n er ( 2 0 1 9).
B y sli g htl y m o dif yi n g t h e si m pli ci al c o m pl e x K ϕ c orr e s p o n di n g t o a gi v e n 3- C N F ϕ i nt o K +

ϕ ,

it i s s h o w n t h at pl g c at(K +
ϕ ) ≤ 2 if a n d o nl y if ϕ i s s ati s fi a bl e.

T h e t hir d r e s ult f o c u s e s o n t h e pr o bl e m c all e d V E S T ( Ve ct or e v al u at e d aft er a s e q u e n c e
of tr a n sf or m ati o n s). V E S T i s a pr o bl e m of c o m p uti n g M k = # { (i1 , . . . , ik ) ∈ { 1 , . . . , m} k :
S T ik

. . . Ti1 v = 0 } , gi v e n a li st of m d × d m atri c e s ( T 1 , . . . , Tm ), a d - di m v e ct or v , a n d a h × d
m atri x S . T hi s pr o bl e m i s r el at e d t o t h e c o m p ut ati o n of t h e r a n k of t h e h o m ot o p y gr o u p π k

(k ≥ 2) a n d t h e h ar d n e s s of V E S T i m pli e s t h e h ar d n e s s of t h e c o m p ut ati o n of t h e h o m ot o p y
gr o u p π k . T h e di s c u s si o n of c o m p ut ati o n al h ar d n e s s h er e i s fr o m t h e p ar a m etri z e d c o m pl e xit y
t h e or y. Pr e vi o u sl y, t hi s pr o bl e m of c o m p uti n g M k i s s h o w n t o b e # W[ 1]- h ar d b y M at o u š e k
( 2 0 1 3) w h e n p ar a m etri z e d b y k . T h e r e s ult of C h a pt er 4 of t hi s t h e si s c o nt ai n s s h o wi n g t h at
t h e pr o bl e m i s # W[ 2]- h ar d, str e n gt h e ni n g t h e pr e vi o u sl y k n o w n r e s ult. F urt h er, t hi s c a h pt er
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discusses several variations of VEST and their parametrized complexity.

These three topics are all discussed from the perspective of the computational complexity
study of topological combinatorics. Topological combinatorics is a rather new area developed
after 1980’s. Although computational aspects of the study have been an important topic
in topological combinatorics, they were not so widely developed until recently. After NP-
completeness result of shellability by Goaoc, Paták, Patáková, Tancer, and Wagner (2019),
computational study of this area is now one of hot topics. The results of this thesis can
contribute to the next development of new studies.

The first result, which relates shellability and collapsibility in higher dimensional simplicial
complexes is not a direct contribution in the computational complexity theory. However, as
is explained in Section 2.1, it has the potential to be used for showing hardness of shellability
from collapsibility. The result of Theorem 2.2 itself is noteworthy. The statement looks rather
plausible, but introducting the condition of (HRC) as the higher-dimensional generalization
of the prerequisite condition of Theorem 2.1(iii) is a nontrivial contribution. Furthermore,
the proof is more complex than one might expect. The proof given in this thesis organizes it
well by introducing the concept of star-decomposability.

The second result is the NP-hardness of PL geometric category. This is an interesting
result from several aspects. The result itself is a new computational hardness result for a
property of interest in topological combinatorics. The method is showing a new way of the use
of the gadget Kϕ, linking 3SAT to simplicial complexes via collapsibility. This may contribute
to the further development of computational complexity theory in topological combinatorics.
The third result is from the theory of parametric complexity. This is a novel and interesting
contribution and highlighting the importance of the perspective of the parmetric complexity
theory to the researchers in this area.

Overall, the thesis makes several new contributions to the area of topological combinatorics
from the perspective of computational complexity theory. It also has a broader impact that
contributes to the further wide development of computational complexity theory in topological
combinatorics. This thesis shows the outstanding ability of the author to contribute to the
field, and it is strongly recommended to grant the Ph.D degree.

Masahiro Hachimori, Ph.D
University of Tsukuba
Faculty of Engineering,

Information and Systems

The following is a question I’d like to ask the author.

• Other than these three results discussed in this thesis, what kind of topics will be
the next topic to be discussed in topological combinatorics from the computational
complexity perspective?
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