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Abstract: In this thesis, the use of cross-validation methods in different areas
of statistics is studied. Firstly, the application of leave-one-out cross-validation,
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Introduction

Cross-validation is a set of methods that divide the observed data into two
parts, commonly referred to as the validation and construction parts. These
methods find their application in nonparametric approaches such as kernel den-
sity estimation and kernel regression. Additionally, the cross-validation idea of
dividing data into two parts works well for assessing prediction error. Therefore,
these methods play a crucial role in model selection based on the model’s pre-
dictive ability, making cross-validation techniques very popular in fields such as
machine learning and data science.

In the first two chapters of this thesis, the use of cross-validation methods is
studied for bandwidth selection in kernel density estimation and kernel regression.
The popularity of cross-validation in these areas increased after the paper Stone
[1984], where it is shown that the bandwidth selected by cross-validation is opti-
mal in some sense. In these chapters, theoretical justifications of cross-validation
techniques are provided, and several other methods for bandwidth selection are
introduced based on stronger assumptions on the distribution of observed data
(see Section or asymptotic approximations (see Sections |1.2.1] and [2.2.1]).
Both chapters are concluded by smaller simulation studies, where the advantages
of cross-validation are demonstrated. All results are provided only for leave-one-
out cross-validation CV(1), which means that for validation purposes only one
observation is considered.

In the last chapter the focus is on the use of cross-validation techniques in the
context of linear model selection. Suppose that there are n observations available
for selecting a model from a class of linear models. For validation purposes, n,
observations are used, and for model construction, n. are used, such that n,+n. =
n. Obviously, there are ( ZU) different ways to split the dataset. Computational
complexity of cross-validation increases as n, increases. Therefore, leave-one-out
cross-validation with n, = 1 is the simplest one. However, unlike in the first two
chapters, it may be shown that CV(1) is no longer a useful method for linear
model selection. In linear model selection from all possible models, there exists
an optimal one, denoted as M,, in some sense (for details, see Section . The
problem with the CV(1) method is that it is not asymptotically consistent in the
following sense:

P [the model selected by CV(1) is not M,| —%~ 0.
n—oo

Chapter [3] demonstrates that instead of leave-one-out cross-validation, leave- n,-
out cross-validation should be used. Additionally, it should be ensured that
n,/n — 1 as n — oo, which is completely opposite to the leave-one-out cross-
validation principle. However, when n, is large, the amount of computation
required to use the cross-validation may be impractical. Therefore, a so-called
"balanced incomplete” cross-validation, BICV(n,) ,should be used. The idea of
the method is that only a smaller part of ( ZU) splits are made according to a
systematic manner. Additionally, there exists a Monte Carlo alternative to the
last method, which is quite useful in practical applications. Finally, in Chapter [3]
the aforementioned methods will be applied to real data from parliamentary and
presidential elections in the Czech Republic in 2021 and 2023



1. Kernel density estimation

Let X4,..., X, be independent and identically distributed random variables
sampled from a distribution with a probability density function f. Depending
on the task, one can construct appropriate statistical procedures based on these
observations. Very often, such procedures are derived by assuming specific para-
metric models. However, these assumptions can sometimes be too restrictive.
Therefore, there may be instances where one is interested in understanding the
data structure without relying on any parametric model. In such cases, consid-
ering a nonparametric approach can be beneficial because it allows the data to
speak for themselves.

If the goal is to nonparametrically estimate the distribution of these obser-
vations, one option is to use the empirical cumulative distribution function E,.
However, one can get deeper insights about the nature of the data by estimating
the probability density function f. The most famous and oldest nonparametric
density estimator is the histogram. The histogram is created by partitioning the
real line into equally-sized intervals (bins). Subsequently, it takes the form of a
step function, with the height of each step corresponding to the proportion of the
sample within that bin divided by the width of the bin (binwidth). Simplicity
of histogram ensures its popularity. However, one of the main disadvantages of
the histogram is its high sensitivity to the placement of the bin edges. Moreover,
most densities are not represented as step functions. The histogram, unfortu-
nately, approximates all densities using a step function, which can be seen as
another disadvantage. A well-known alternative for nonparametrically estimat-
ing the probability density function f is the kernel density estimator.

This chapter is based on Chapters 2 and 3 of Wand and Jones| |[1995] and the
course notes |[Nagy and Omelkal [2024].

1.1 Basic properties

From this point onwards, it is assumed that X;,..., X, are independent and
identically distributed (iid) random variables. The following definition provides
the recipe for constructing a family of estimates of f(z), which are consistent and
asymptotically normal (see below Theorem .

Definition 1. Let K : R — R and {h, }5°; be a sequence of positive real numbers.
Then, the kernel density estimator is defined as

_ K : €R,

Julx)

where the function K is called a kernel function and h,, is usually called band-
width.

First, note that compared to a histogram, the estimator fn is defined every-
where on R and does not require specifying the placement of edge points. It is
evident from Definition [1| that the kernel density estimator depends on the ker-
nel function K and bandwidth h,. As demonstrated in Wand and Jones| [1995]



(Section 2.7), selecting the shape of the kernel function is not particularly crucial.
Typically, the function K is chosen to be a unimodal probability density function
that is symmetric about zero. For instance, one of the possible choices is the
standard normal kernel

K(x) = \/12_7Texp <_“;> |

Remark. Note that if K is a density symmetric around zero, then

s K
T ( I, >

is also a density symmetric around the point X;. Thus, ﬁ can be interpreted as

the average of n densities of the form hiK (X;'L’” .

The important aspect lies in choosing the bandwidth h,,, a topic which will be
discussed in the next section. In most cases, it is assumed that {h, }°°; is a non-
increasing sequence of positive numbers converging to zero such that nh, — oo,
i.e., h, must not converge to zero too quickly.

Suppose that K is a density symmetric around zero. Then, the expected value
of fu(x) takes the following form

v o (52) - & o (552

which means that Ef,(z) is a convolution of densities a-K(;-) and f(-). Such
convolutions naturally appear in various situations. For example, consider a
random variable Z with density K, implying that h,Z has density iK ()
Let X be a random variable independent of Z, then E ﬁ(a:) is the density value
at x of a random variable X + h,,Z.

The kernel density estimator possesses the important properties of consistency
and asymptotic normality, as summarized by the following theorem.

Theorem 1. Let Xy, ..., X, be a random sample with common probability density
function f(z), and let f,(x) be a kernel density estimator. Suppose that the
function K satisfies the following conditions:

(A1) Jp|K(y)|ldy < oo and [ K(y)dy =1,

(A2) limy) o0 [y K (y)| = 0,

(A3) hp, (0 as n — oo and (nh,) — 00 as n — oo.

Then, at each continuily point x of the density f, the following holds:
L Ny by var(fa(@)) = f(2) fo K(y)dy,
2 Fula) 2y 1),

3. if x € R such that f(x) > 0, then

Jul) “ELG)

var(fu(x)) "

4
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The proof is provided in |Parzen| [1962], Chapter 2.

Remark.

o If K is a density, then [p |K(y)|dy = [ K(y)dy = 1 < oo, i.e., the first
assumption (A1) holds.

e The second assumption (A2) means that |K(y)| converges to zero more

rapidly than j as |y| — oo. This condition is automatically met if K has

a bounded support.

In [Parzen| [1962], the consistency of f,(z) is proven through Ly convergence.
One might wonder if it is possible to establish consistency of fn(x) through the
law of large numbers. It is possible, but one must employ the law of large num-
bers for triangular arrays, as discussed in Dewan and Rao |[1997] (Theorem 3.3).
Additionally, it is important to note that Theorem [1| only asserts point-wise con-
sistency. Demonstrating a similar result uniformly across x € R is considerably
more challenging, see, e.g., Wied and Weiibachl [2012] (Theorem 2).

1.2 Bandwidth selection

1.2.1 Asymptotic approximation

In Theorem [1}, it is shown that under certain assumptions on the function K,
the kernel density estimator fn is a consistent estimator of the true density f.
The catch is that the kernel density estimator fn implicitly depends on the se-
quence {h, }5°,, which should also be chosen in a reasonable manner.

A well-known measure that summarizes the quality of estimating the density f
by the estimator fn at the point z is the mean squared error, defined as follows

MSE(fu(2)) = E(fa(z) — f(2))* = var(fu(z)) + [bias(fu(2))]*

The error in estimating the density at a single point is quantified by MSE. It’s
important to note that MSE is a local characteristic of the density estimator fn
To obtain a measure that globally summarizes the quality of estimation (i.e., one
that does not depend on z), it is useful to define the mean integrated squared
error

MISE(f,) = /R MSE(F, (z))da.

The choice of bandwidth h,, is often based on the approximation of MISE.
Let’s begin by approximating MSE. According to the first part of Theorem 1]

it follows that R(K 1
var(ﬁz(x)) = T ) T O( ) ’ 4

nh,, nhy,

where R(K) = [z K*(y)dy is one possible measure of the roughness of K. The
next step is to approximate the bias. Suppose that x is an interior point of f, and
f is twice differentiable at x. Let the kernel K satisfy the following conditions:
g K(t)dt =1, [z tK(t)dt =0, and [ |[t*K(t)|dt < co. One can get

_ hlnEK (th;x> _ /Rhan (yh_x) Fly)dy = /RK(t)f(xth)dt.

n

Ef,(z)
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Using the second-order Taylor expansion of the density f around x, for sufficiently
large n, one obtains

f@+¢mngug+ﬁMfuj+;ﬁﬁf%w+o@%b.

By combining this Taylor approximation with the assumptions on the kernel
function K, one has

bias(f(x)) = Efu(z) - f(z) = thf”( )2 + o(hy), (1.2)

where py = [ y?K(y)dy. Thus, from equations (1.1)) and (1.2, the following
asymptotic approximation of the mean squared error is derived

1
nh,,

MSE(fy(z)) =

1
(ORK) + L @R + o (=) +oll). (13)
This approximation of the mean squared error serves as motivation to define the
asymptotic mean integrated squared error of f, by integrating the main terms
and disregarding the remainder o(-) terms in ([1.3))

AMISE(f) = = 5+ I ==y

where R(f”) = [z[f"(z)]*dz. AMISE can be understood as an approximation of
MISE.

It is known that MISE is a quantity that summarizes the quality of estimat-
ing the density f by fn Therefore it is natural to choose the bandwidth h,, in
a way that minimizes MISE(f,). However, since MISE(f,) cannot be expressed
simply as a function of h,,, AMISE( fn) will be minimized instead. By minimiz-
ing with respect to h,, the so-called asymptotically optimal global bandwidth

is obtained )
R(K) |5
h$m>_.n—%[(”)2] . (1.5)
R(f")p3

The asymptotically optimal global bandwidth (P! is obtained by applying
the second-order Taylor approximation to the probability density function f. A
similar procedure can generally be employed to derive the optimal bandwidth
from any p-order approximation of f (under the assumption that f is p-times dif-

ferentiable). To do this, the kernel function must satisfy the following conditions
Jg K(t)dt = 1 and

/HKUMt:Q j=1,.,p—1 and /ﬂK@Mj%O
R R
The disadvantage of this method is that for p > 2, it must hold that

/ﬂKt&:
R

Therefore K cannot be non-negative. As a consequence, it might happen that
the estimator f,, is negative. Detailed information about high-order kernels could
be found in Wand and Jones [1995] (Section 2.8).

6



1.2.2 Normal reference rule of thumb

Note that cannot be computed because the true density f is not known,
which also means that R(f”) is not known. Since f”(x) measures the curvature of
the function f at the point x, one could interpret R(f”) as the overall curvature
of the function f. Therefore, for functions with high curvature, h{°P") will be
small. Conversely, for functions with low curvature, h{°"" will be large.

In practice, so-called 'plug-in methods’ are popular, where it is assumed that
f belongs to a parametric family. This allows one to compute R(f”) and then
simply plug this quantity into . For example, if X;,..., X, e N(p, 0?),
it can be shown that R(f") = 805’ 7= Thus the asymptotically optimal global

bandwidth would be
h(opt) —on l8fR< )]
" 3u3

2
By using a standard normal kernel K (y) = ﬁe’%, the asymptotically opti-
mal global bandwidth simplifies to

1
hgpt) = [;L] Conta 1.06 o n~s.

The standard normal reference rule is given by

KN = 1.06 n~5 min{S,, IQR,}, (1.6)

_ E7Y(0.75) — ﬁ;1(0.25)
T e1(0.75) — B '

In this context, ®~! denotes the quantile function of the standard normal distri-
bution, while £, represents the quantile function of the empirical distribution.

The normalizing factor in the denominator of IQR,, is the population interquar-
tile range of the standard normal density and is approximately equal to 1.349.
Further discussion about why the minimum of the quantities S,, and ij]/%n is
taken can be found in [Silverman| [1986](Section 3.4.2).

If the underlying distribution is close to a normal distribution, then the normal
reference rule provide good results. However, if the true density is, for example,
multimodal, then this bandwidth selector tends to over-smooth and mask impor-
tant features in the data. That is why some authors prefer to use the following
modification of the standard normal reference rule

hMNE) — 0.9 n~5 min{S,, IQR, }. (1.7)

1.2.3 Least-squares cross-validation

In the previous subsections, the bandwidth was selected based on the asymp-
totic approximation of MISE. Now, instead of approximating MISE, an attempt
will be made to decompose MISE and find an unbiased estimator for the part of
the decomposition that depends on the bandwidth. Then, the bandwidth that

7



minimizes this unbiased estimator will be selected. By using Fubini’s theorem,
the following holds

MISE(F,) = [ E(fu(e) = f(2))*de "2V E [ (F.(@) - f(2))da
—E [ ([fu@) 2—2fn )F () + [f<x>}2) ds
_]E/ (2)]’ x—2E/ Fulz dx+/R[f(g;)]2dx. (1.8)

Note that only the first two terms of the equation (|1.8)) depend on the bandwidth.
~ 2

Obviously, the unbiased estimator of the first term is [y { fn(:c)} . At first

glance, it may seem that the estimator defined in this way is challenging to

compute. However, it can actually be computed directly from the random sam-
ple X1,...,X,, as

- (n;;f Zn: Zn: /IR K (Xih; x) K <th2 x) d

:n2hn;;/[( K(u—i— )du
:n% ZZ/K K(u Ai = X)du

n =1 j=1

One can see that the integral from the last expression reminds one of convolution.
Assuming that K is symmetric, which is satisfied in many cases, one indeed gets
convolution. Denote K(t) = [z K(u)K(t — u)du. Then, for a symmetric kernel
function K, it holds that

[ @] o= —

If K(u) = exp(—u*/2)/v/2x, which is a standard normal kernel, then the convo-

lution
R 1 t?
= ——exp|——+],
Vi P\
is a normal density with mean zero and variance two. This holds true because
the sum of two independent N(0, 1) random variables results in a random variable

with N(0, 2) distribution. This illustrates that [g [fn(a:)r dz could be calculated
explicitly.

It remains to find an unbiased estimator for A, = E [, fu(2)f(2z)dz. Let X
be a random variable with the same distribution as X; and independent from the
random sample X1, ..., X,,. Then, it holds

YR ().

n =1 j=1



Define the following estimator

where

is the estimate of f(z) that is based on the sample without the i-th observation X;,
where ¢ € {1,...,n}. From the definition of the function f_;, one can observe a
general principle of cross-validation. In this particular situation, the estimator
was 'trained’ on all observations except for one. Such cross-validation technique
is usually referred to as leave-one-out cross-validation.

Now, compute the expected value of individual terms in the estimator A,

e 5 R (5] - e (B

n j=1,j#i
— o L () s ay
[ Lar (U f0ay] S
= [ EL@f@de "2 E [ fi(0)f()de

Since X1, ..., X, are identically distributed, ﬁn is an unbiased estimator of A4,,.
Unbiased estimators were found for the first two terms of the equation ({1.8]).
Therefore, define the following function

Efi(X;)=E

L hn = / /;L f

(hn) = | |Fula )] de A

This function can be understood as an estimate of the part of MISE that depends
on h,. In other words, £(h,) is an unbiased estimate of the shifted MISE(f,,).
Generally, one aims to minimize MISE, thus the bandwidth is selected as

RECSY) — arg min L(h,,). (1.9)
hn>0

Further, the following notation ISE(h,,) = [ (fn( ) — f(x))de will be used.
Note that ISE(hn) represents the integrated squared error of the kernel density
estimator fn and typically is denoted as ISE( fn) However, in this context, ISE
is considered as a function of the bandwidth h,,.

The next theorem justifies that h{*5¢V) is asymptotically optimal in terms of
minimizing ISE.

Theorem 2. Let Xi,...,X, be a random sample with a common probability
density function f(z). Assume that the density f is a bounded function. Further,
let the kernel function K satisfy the following conditions:

9



(B1) [g K(u)du =1,
(B2) K is symmetric about the origin and has compact support,
(B3) K(0) < 2K(0), where K denotes the convolution of K with itself,

(B4) K is Hélder continuous, i.e., there exist § > 0 and o > 0 such that

|K(y) — K(2)| < aly —z|” Vy,z € R

Then

ISE<h(LSCV)) ws
- L — 1.
miny, ISE(h,) n—o

The general proof in multivariate settings is presented in |Stone |1984].

Remark.

o The second assumption (B2) requires that K has a compact support. In
the above text, the standard normal kernel has always been considered for
illustrative purposes, which does not have bounded support. In Wand and
Jones [1995] (Section 2.7), it is shown that among non-negative kernels,
the optimal one is the so-called Epanechnikov kernel, which is defined as
follows:

{Z (1—wu?) for |u] <1, (1.10)

0 otherwise.

Note that the Epanechnikov kernel has a compact support [—1,1]. Also,
this kernel is Holder continuous because it is continuously differentiable on
its compact support and is otherwise defined as zero.

In general, restricting the kernel to compact support allows for simpler
proofs with more powerful asymptotic results. However, in practical ap-
plications, kernels with unbounded support, such as the standard normal
kernel, are very popular.

o The assumption (B3) is satisfied if the kernel K is nonnegative and K(0) =
max,cg K(u), as

K(0) = /]R K2(u)du < maxger K (1) /R K (u)du = K(0) < 2K(0).

Hence, according to Theorem[2] cross-validated smoothing parameter selection
is asymptotically optimal in terms of minimizing the integrated squared error.
Despite the strong theoretical attractiveness of least square cross-validation, it
was demonstrated in [Hall and Marron| [1987] that the variance of A{Z5CV) (for
not too big sample sizes) is rather large.

10



1.2.4 Biased cross-validation

Due to the limitations of least square cross-validation, another bandwidth
selector known as biased cross-validation was proposed. In general, biased cross-
validation can be seen as a hybrid approach. It combines elements of both cross-
validation and "plug-in” bandwidth selection, as will be shown later.

Recall the defintion of AMISE given by (1.4)), which is

N R K R "y, ,2
AMISE(f,) = n(h )+h;§(f4)“2,

where R(f") = [g[f"(2)]?dz. Note that in the expression of AMISE, the only
quantity that is not known is R(f”). One can consider R(f)) as a natural esti-
mator of R(f").

Lemma 3. Consider a random sample X1,..., X, with a common probability
density function f. Assume that the following conditions are satisfied.

o K is a symmetric, non-negative, two times continuously differentiable kernel
function with a bounded support [—1,1], and [*, K (u)du = 1. Additionally,
suppose that K(£1) =0 and K'(£1) = 0.

o f is four times continuously differentiable and it holds that

sup |f"(x)| < oo. (1.11)

zeR

Also, suppose that there exists o9 > 0 such that

/ sup {f(‘l)(x + n)]zdx < 00. (1.12)
R ne[—do,80]

o hp\(0asn — oo and (nh?)~' = 0(1).
Then the following holds
R(K//)

5
nhd

ER(f) = R(f") + +O(h2).

Proof. Since K is symmetric, one has

N 1 & Xi—x)_ 1 & x—Xz)

o= Sk () S

n ;=1 nh" i=1 h"

By differentiating twice with respect to the variable x, one obtains
~ 1 > r— X,
" ) = K//( Z) .
fitw) = e S (5
Hence, one gets that

ER (f) :E/R [Fr(@)] de
2 (g S () (552 o

n i=1j=1

11



2

1 n " x—Xl
=g XL ()

n =1
Qf=
1 & r— X, x—X;
E/K”(Z)K”(])d. 1.13
+n2h2;j§i . I ) (1.13)

Q5=

By using the substitution v = =i where i = 1,...,n, it holds that

hn
A

Therefore, one obtains the following equation

1 2 r— X;
kel (5
@ n2ho 2 R h,

n =1

K" <x_hnx>r dz = h, /R (K" (w)]du = haR(K"). (1.14)

? R(K")
dx = .
nhd

(1.15)

Since Xi,..., X, are independent and identically distributed random variables,
the second term ()% in ([1.13)) can be expressed as follows

n_ (=) e (T XiN]
B 2
_ (n_ 1)/ 7
=t e | () f(x = hypu) du| da. (1.16)
§(o)=

The lemma assumes that f is four times continuously differentiable. Therefore,
by employing the Lagrange form of the remainder (see Bartle and Sherbert| [2011],
Theorem 6.4.1), one obtains that for sufficiently large n.

Q1 (z) = f() /]R K" (u)du — o f'(2) /R wK" (w)du + hi];/;("’“") /]R W2 K" (w)du
h3 (3) hi
— ”f?)!(x)/Rui;K"(u)du—i— ﬁ/ﬂ@uélK”(u)fM)(fin)du, (1.17)

where £}/, is between x and x—h,u. Since K is an even function, then K’ is an odd
function and K” is an even function. Hence [ uK"(u)du = [ u3K"(u)du = 0.
Furthermore, with the help of conditions on K, note that

/RK”(u)du - /_11 K"(u)du = K'(1) — K'(~1) = 0,

/RuQK"(u)du = /1 W K" (v)du = [u*K'(u)]" | — 2/_11 uK'(u)du

-1

= K ()] — 2K )] +2 [ 11 K (u)du = 2.

12



Overall with the help of ((1.17]), one obtains the following

h4
Q) = 12" () + 52 [ ) O,

Note that it is possible to rewrite

n 2 14 "
/]R (Q3(2)] de = HAR(f") + /R an(z)dz + /R by(2)de, (1.18)
where the functions a,(x) and b, (x) are defined as

BT [ i £ gz, )
~1

an(®) = =5

bu() = (ZS) [ i 9es,an]

First, by employing Hélder’s inequality, one can bound a,(x) as

(o)) < UL e 0 et

e ([ i ”<u>}2du)§ (! o)’

- hg|Ji;(SU)| </11 o [K”(u)rdu) </11 [f(4)( g,n)rdu>

< W usup [K”(u)}2 (/11 u8du> (/11 [f(‘l)( gﬂ)rdu)

€[-1,1]

<oo by assump. on K

1
< ([, [ do) 17 @)lows) (1.19)
-1 ’
Note that for sufficiently large n, it holds for all real x and u

&€ (min{x — dou, x}, max{z — dyu, :1:})

Therefore, with the help of (1.19]), one obtains the following

an(0)] < ( [ s [0+ u)a) 17@008)

-1 oc [—50 ,(50}

s [ )] 1on8)

[—d0, 50

zeR
—_——

<oo by assump. ((1.11))

( - f<4>a:+n>}) (sup 170l ) 00
n€[—do,00]

sup f( )z —|—77)} ) O(h?). (1.20)

n€[—do, 50]

13



Now, by using Jensen’s inequality, bound b, (x)

Jensen h% 1 ] I 2 1)/ eu 2
(@) =" s |t K@) 19

8 2

< sup [K"(u /

<qae Sl ]
<oo by assump. on K

( / " up [FD(+ ué)]2du> O(h)

—1 6e[—60,60]

1

9] du

IN

<( sw [16sn)]) o), 12)

n€[—do,d0]

From (L.12), (1.20) and (L.21), one can get that
’/ an(@)dr + [ B()da] < [ Jan(@)lde+ [ [bu(e)ldz
R R R R
< O(hS) + O(R%) = O(nY). (1.22)
Thus, by employing ([1.18)) and ([1.22)), one obtains that
/ (Q3(2)] de = KAR(S") + O(KS). (1.23)
R
Therefore, from (1.16]) and (|1.23)), it follows that
n__ T 1 n 2 _n—= 1 4 " 6
Q=" Lleie)] ar =5 (R + 00)

_n—l n—1

= R(f") +

n n

O(hy) = R(f") + O(hy), (1.24)

where the last equation holds because of the assumption (nh2)~' = O(1). Overall,
by combining (|1.13)), (1.15]) and (1.24]), one can derive the statement of the Lemma

ER(f) = R(f") + Rn(f;) + O(h?).

Remark.

o According to the previous lemma, it holds that the bias of R( ﬁ’l’) with
respect to R(f”) is

R(K//)

e + O(h2).

ER(f)) — R(f") =

If h, decreases towards zero sufficiently quickly, more precisely, it must
1 "
hold that h,, = o(n~7). Then, for sufficiently large n, the term BUED) would

nhd

dominate over the term O(h2).
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» Note that for the asymptotically optimal global bandwidth, defined in ([1.5)),
it holds that h{°?) = O(n~5). Hence, h(®" satisfies the conditions of the
lemma.

The analogy of the lemma can be proved for higher-order derivatives, see
Scott and Terrell [1987](Lemma 3.2). However, the authors of that paper do
not discuss the rate of convergence of the residual term. Therefore, they do not
consider conditions and . The natural question is which densities
satisfy those conditions. It is worth noting that densities that are four times
continuously differentiable and have bounded support satisfy conditions
and .

Assume that f is the density of N(0,1). It is evident that f is 4 times contin-
uously differentiable and satisfies condition . Now, it will be shown that f
also satisfies the second condition . It could be calculated that

22

fO() = e T pa(a),

where py(z) is a polynomial of the fourth degree. Note that there exist C' > 0
and K > 0 such that for all x > K, it holds that

2 o2
sup [fP(@+n)] = sup |e TP+ )
n€[—do,00] n€[—d0,d0]

<C sup ‘e’(”")Q(x + 77)8‘ < Ce~ @00 (1 4 §,)® (1.25)
né€[—5o0,00]

and for all x < — K, it holds that

sup [f(4) (x + 77)}2 < Ce= @0 (2 — §,)8. (1.26)
1€[—d0,00]

Therefore, with the help of (1.25)) and ((1.26)), one obtains the following

2

2
/ sup [f(4)(1* + 7))} dr < 2K sup sup {f(‘l) (x 4 77)]
R ne[—60,00] lz|<K ne[—b0,00)

o) -K
+ C/ e~ (=00 (1 4 §)3dx + C’/ e~ (@400 (7 — §)¥dz < oo.
K —00

The result of Lemma [3| is that R(ﬁ’l’) is an asymptotically positively biased
estimator of R(f”). That is why, as an approximation of R(f”), one will use
R(fl) — RUET) instead. Therefore, in this method, the bandwidth is selected as

nhd
hBEY) = arg min B(h,,), (1.27)
hn>0
where RK) 1 RIK")
_ L4, 2| popmy 1.2
B(t) = )+ Gt | RO - 0 (129

is the estimated counterpart of AMISE. At the beginning of the chapter, it is
mentioned that biased cross-validation combines elements of both cross-validation
and 'plug-in’ bandwidth selection. It is apparent how the 'plug-in’ method was

15



employed in formula (|1.28]). However, it is not entirely clear from ([1.28)) at which
step the cross-validation approach was applied. From the proof of Lemma |3 one
can deduce that

R(K ”) 1 - " " Xi - X

nhd T2k ZZ/}RK (WK <u * h > du,

LA
n =1 j#i n

R(fl) -

which could be interpreted as leave-out-diagonals cross-validation.

The next theorem demonstrates the asymptotic equivalence between biased
cross-validation and the asymptotically optimal global bandwidth. For the pur-
pose of the next theorem, it will be useful to define

WA = arg min B(hy), (1.29)

0<Frn <bh{oPV

where b > 1 and h{° is the asymptotically optimal global bandwidth defined
in (|1.5)).

Theorem 4. Let Xy, ..., X, be a random sample with common probability density
function f(x). Suppose that the following conditions hold:

(C1) O is absolutely continuous, f™ is integrable, and also assume that
R(f(4)(f)%) < oo and R((f(‘l))%f) < 00.

(C2) K >0 symmetric on [—1,1], K’ is Holder continuous and py < oo.
(C3) K" is absolutely continuous, K® is continuous and R(K®) < oo.

Then, for each b > 1, it holds that

1, (BOV)

P

h%OPt) n—o0

The proof is given in Scott and Terrell| [1987] (Corollary 3.2).

Remark.

« Note that Theorem [4 presents a significantly different result compared to

Theorem [2 The latter asserts that the bandwidth selected by the least
squares cross-validation hSLLSCV) is asymptotically optimal in the sense of
minimizing integrated square error. In contrast, Theorem {4 states that the

bandwidth chosen by the biased cross-validation hfﬁcv) is asymptotically

equal to h{°?Y. Another thing to note is that hffbov) minimizes B(h,) over
the finite interval (0,bh(°""), where b > 1. On the other hand, h{*5¢V)
minimizes L(h,,) over (0, 00).

« Note that the conditions on the kernel function from Theorem [4]are stronger
than those from Theorem [2] For example, the Epanechnikov kernel satisfies
all the conditions (B1)— (B4) from Theorem[2] However, the simplest kernel
that satisfies conditions (C2) and (C3) is the triweight kernel, defined as

follows
35

K1) = 35

(1 =Ty (1)
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Additionally, both the triweight kernel and the Epanechnikov kernel are
functions that belong to the so-called ’'symmetric Beta family’, which is the
following set

{Beta(l/lz7 ey (-] iy e R+} . (1.30)

The subscript + denotes the positive part, and Beta(-, -) represents a Beta
function. As noted in Marron and Nolan| [198§], Section 4, the standard
normal kernel does not belong to , but it is obtained by taking the
limit v — oo.

1.3 Simulation Study

In this section, different bandwidth selectors will be compared on simulated
data. The underlying probability density functions chosen for data simulations
include:

» The standard normal density N(0,1).

e The mixture of normal densities with different means

0.5 N(=10,1) + 0.5 N(10,1).

The sample sizes considered here are n = 100 and n = 400. In the simulation
study, the standard normal kernel is used. Each setting involves the use of 500
Monte Carlo repetitions. Mean integrated squared errors (MISE) are compared
to evaluate bandwidth selectors. All results of the simulation study are presented
in Table [I.1] Each row in the first column of the table corresponds to a specific
method of bandwidth selection, with labels summarized as follows

« Optimal: Asymptotically optimal global bandwidth, h(??) which is defined
in (L3).

« NR: The normal reference rule, AV as defined in (1.6).

n

« MNR: Modification of the normal reference rule, KM% defined in (1.7).
« LSCV: Least-squares cross-validation, h{“5¢V) which is defined in (1.9).
« BCV: Biased cross-validation, h(P¢Y), defined in (1.27).

The simulations were conducted using statistical software R Core Team| [2023a].
For kernel density estimation, the density function from the package|R Core Team
[2023b] was used. One of the arguments of this function allows for choosing an
appropriate method for bandwidth selection. Note that Optimal, NR, and MNR can
be computed straightforwardly. However, to use LSCV and BCV, one should specify
a finite interval over which cross-validation is conducted. All cross-validation
results from Table are based on the following interval (0.1 }Almax, ?Lmax), where
}Almax is given by

-~ 1

hmax = 1.144 n™5 S,
and S, = \/ L3 (X; — X,,)? represents the sample standard deviation. This

interval (0.1 ﬁmax,ﬁmax) is recommended by default settings within the density
function.
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1.3.1 Monte Carlo
By using Fubini’s theorem, it holds that

MISE(f,) = /R MSE(f, (2))de ™2™ g /R (Fulx) — f(2))?de = E[ISE(f,)].

One may observe that MISE( fn) can be approximated using the law of large
numbers because it can be represented as an expectation.

To estimate MISE( fn), where n is fixed, one will require a Monte Carlo ap-
proach. Consider random samples X?, ..., X? from a standard normal distribu-
tion or a mean mixture distribution, which are independent for b=1,...,B. In
the simulation study, it is considered that n = 100 (or n = 400) and B = 500. As
the kernel function, the standard normal kernel will be considered. The kernel
density estimator from the b-th sample will be denoted as fn” The integrated
squared error of f;“; has the following form

ISE(f?) = /R [F(x) — ()] da (1.31)

It is obvious that ISE( f,";) is random, i.e., it depends on the realization of the b-th
random sample. To approximate , the integrate function from the package
R Core Team [2023b] was used.

After applying the strong law of large numbers one can get

B
SEp = — STISE(fY) 2% MISE(f,).
B =1 B—oo

Analogously, by the law of large numbers, it holds that

52 = 31—1 bBl (ISE(f) - ﬁB)Z 2% var ISE(f2)]-

Then, by combining the Central Limit Theorem and Cramér-Slucky Theorem,
one can obtain

VB [ISE — MISE(£,)] RN

This asymptotic result justifies a 100(1 — )% confidence interval for MISE(f,)

u(l — %)83
VB ’
where u(1 — §) represents the (1 — §)-quantile of N(0,1). The third column in

Table [1.1} 100(1 — )% Monte Carlo Confidence Interval of MISE, corresponds
to the confidence interval (|1.32)).

(ISEB + (1.32)

1.3.2 Discussion of results

From Table [I.I} one observes that in all cases, the lowest Monte Carlo ap-
proximation of MISE is provided by the asymptotically optimal global bandwidth
h;"pt). In practical applications, it is impossible to calculate hf{’pt) as one does not
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know the true density f(x). The next observation is that if the true distribution
is standard normal, biased cross-validation performs better than least-squares
cross-validation. This is evident as the confidence intervals for MISE when the
BCV method is employed are disjointly shifted downward from those of the LSCV
method. However, if the true distribution is a mixture of normal distributions,
then conversely, LSCV performs better than BCV. Also, if the underlying distri-
bution is a mixture of normal distributions, then it can be observed that least-
squares cross-validation is the best choice among all the provided data-driven
methods. Note that its confidence intervals are more similar to the optimal
choice for a larger sample size (see the results in Table for n=400). In the
case when the underlying distribution is standard normal, one observes that the
normal reference rule performs as well as biased cross-validation because their
confidence intervals for MISE are similar.

If the underlying distribution is a mixture of normal distributions, it results
in a bimodal distribution. This bimodal distribution deviates significantly from
normality. As a consequence, the performance of the normal reference rule is
very poor, as expected. Additionally, h(MNR) exhibits better performance on
MISE than A(N®) because their confidence intervals for MISE do not overlap.
However, if the underlying distribution is standard normal, the MNR method does
not provide such significant an improvement. In general, one can see that the
results of the simulation study correspond to the previous discussions.

In the fourth column of Table median values of bandwidths calculated
from simulations are presented. It can be seen that if data were generated from a
standard normal distribution, then median values of bandwidths for the Optimal,
NR, LSCV, and BCV methods are quite similar. However, the median values of
bandwidths for the MNR method are shifted downward compared to the Optimal
method. This indicates that density estimates with bandwidths selected by the
MNR method generally under-smooth.

Additionally, if data were generated from a mixture of normal distributions,
a big difference can be observed in the median values of bandwidths between the
Optimal method and the normal reference rule methods, such as the NR and MNR
methods. In other words, density estimates computed from normal reference rule
methods tend to over-smooth.
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Density function Monte Carlo 95% Monte Carlo Median of
Approx. of MISE | Conf. Interval of MISE | bandwidths

STANDARD NORMAL

n = 100

Optimal 5.439 (5.055, 5.823) 0.422

NR 5.914 (5.518, 6.310) 0.402

MNR 6.543 (6.129, 6.957) 0.342

LSCV 7.731 (7.053, 8.409) 0.429

BCV 5.720 (5.324, 6.116) 0.447

'n=400 1 ]

Optimal 1.948 (1.836, 2.060) 0.320

NR 2.016 (1.902, 2.130) 0.314

MNR 2.189 (2.075, 2.303) 0.267

LSCV 2.596 (2.408, 2.784) 0.331

BCV 2.016 (1.900, 2.132) 0.338

MIXTURE OF NORMAL

DISTRIBUTIONS

n = 100

Optimal 5.608 (5.341, 5.875) 0.484

NR 84.687 (84.638, 84.736) 4.245

MNR 76.098 (76.039, 76.157) 3.604

LSCV 5.949 (5.675, 6.223) 0.558

BCV 88.304 (88.257, 88.351) 4.563

‘n=400 | 1 ]

Optimal 1.908 (1.814, 2.002) 0.367

NR 69.504 (69.473, 69.535) 3.214

MNR 59.972 (59.935, 60.009) 2.729

LSCV 1.992 (1.892, 2.092) 0.394

BCV 11.524 (9.405, 13.643) 0.427

Table 1.1: Results are based on 500 Monte Carlo replications. The underlying
generative mechanism includes the STANDARD NORMAL distribution N(0, 1) and
the MIXTURE OF NORMAL DISTRIBUTIONS 0.5 N(—10, 1) + 0.5 N(10, 1). In each
case, kernel density estimators were fitted using a standard normal kernel. For
better presentation, all results were multiplied by 1000.
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2. Kernel regression

In the previous chapter, the task of estimating the probability density func-
tion using the kernel density estimator was studied. Another common scenario
where kernel smoothing concepts find application is in the context of regression
problems. In this chapter, it is assumed that ();11 Sy ();:) are independent and
identically distributed random vectors. Also, it is assumed that the observations
satisfy the following model for all : =1,...,n

where m(z) = E[Y;|X; = 2] for x € R and conditionally on X = (X1,...,X,,),
error terms €1, ...,¢&, are independent and identically distributed. The first two
conditional moments satisfy E[e;| X;] = 0 and var[g;| X;] < oc.

The natural idea would be to estimate m using linear regression, which im-
plies that m belongs to a specific parametric family. Here, as in Chapter [I], the
focus will be on nonparametric approaches, i.e., no parametric form for m will
be assumed. This method leads to what is commonly known as nonparametric
regression. Nonparametric approaches for estimating the conditional mean func-
tion, m, are valuable when the relationship between the covariate and the response
variable is complex. Currently, there are various methods available for addressing
the nonparametric regression problem. Among the commonly favored approaches
are those centered around kernel functions, spline functions, and wavelets. In this
chapter, the focus will be on those methods based on kernel functions, specifically
kernel regression, due to their close relationship to kernel density estimation.

This chapter is based on Chapters 3 and 4 of Fan and Gijbels| [1996] and the
course notes |[Nagy and Omelkal [2024].

2.1 Framework for local polynomial regression

In the context of kernel regression, the traditional approach is local polynomial
regression. This approach locally fits a polynomial at a particular point x € R.
Suppose that K is some prespecified kernel function. Define vector B(z) =

I, ~ T
(ﬁo(x), e 5,,(95)) as the minimizer of the following quantity

p

Y=Y bi(Xi — ﬂﬁ)j] 2 K (Xih; 90) ’ (2.2)

n
>
i=1

where h,, is a bandwidth controlling the size of the local neighborhood, and the
terms K (X;L—;“> represent the weights assigned to each data point. In [Fan and
Gijbels [1996], it is shown on page 58 that the optimization task could be
reformulated as the weighted least squares problem.

The form of the optimization problem arises from the following motiva-
tion. Assume that the conditional mean function m is sufficiently smooth. Then,
for a point y in the neighborhood of x, the following approximation holds

J=0

) = by ). 23)
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Therefore, the main interest is in the estimate of the intercept 30(@ since it
estimates the conditional mean m(z). This interest arises from (2.3)), where it
is observed that m(z) ~ by. Instead of By(z), the notation 7,(z) will be used,
indicating the order of local polynomial regression.

From the expression (2.2)), it is evident that the local polynomial estimator is
influenced by the following factors:

1. the kernel function K,
2. the degree of polynomial approximation p,
3. the choice of bandwidth A,,.

In terms of the selection of the kernel function K, Theorem 3.4 of Fan and Gijbels
[1996] illustrates that the Epanechnikov kernel, as defined in (|1.10)), is optimal
among symmetric and nonnegative kernels. Regarding the determination of the
appropriate order p, Section 3.3.3 of |[Fan and Gijbels| [1996] presents several data-
driven procedures. Therefore, the main focus here will be primarily on the choice
of the bandwidth h,,.

2.1.1 Asymptotic representation of bias and variance

In the next section, the bandwidth selection problem will be discussed. Here,
as in Chapter 1], criteria for bandwidth selection will be based on MSE. Therefore,
gaining insights about the bias and variance of the defined estimators is necessary.
Here, one would need the conditional variance function denoted as

o?(z) = var[V1| X, = 2] for z € R.

In Theorem 3.1 of Fan and Gijbels|[1996], it is demonstrated that given certain
regularity assumptions on m(-), o2(+), the marginal density fx(-), and the ker-
nel K, for every p € Ny, there exist constants V), such that the following relation
holds

var(fn\p(xﬂX) = m + op (n}u) , (2.4)

where Vo = Vi < Vo = V3 <V =V; < ..., and so forth. Moreover, for odd
values of p, there are constants B, such that the asymptotic conditional bias is

expressed as
bias (7, (2)[X) = Bpht 'm0 (z) + op(h2). (2.5)

Conversely, for even values of p, there exist constants Ep such that the conditional
bias takes the form

bias (ﬂp(x) |X)

= B,hP*? lm(f’”) (z) + (p + 2)mP D (z) }Ci Eg + op(hPT2). (2.6)

One can observe that if p is even, then it holds that the conditional biases of m,(z)
and 7,41 (x) are both of the same order Op(h2*?). However, the conditional bias
of my11(z) has a simpler structure compared to that of m,(x). Regarding the
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conditional variance from (2.4}, it can be observed that the main term remains
the same for p and p + 1 if p is even. Therefore, when p is even, it is reasonable
to increase the order from p to p + 1. This adjustment preserves the conditional
variance without increasing it, while also potentially reducing bias.

If one wants to explicitly express constants V,,, B,, and Ep, it will be useful
to introduce the following notation

L= J L J 2
14 /Ry K(y)dy and v; /Ry K*(y)dy, (2.7)

where j € {0,1,...,p}. Additionally, one would need the following matrices and
vectors T

Sp = (Hj+)o<iicpy € = (Hpt1s-- -5 Haps1)

S; = (Vj+l)0§j,l§p Cp = (Mp+27 e ,M2p+2)T~

Then the following holds (also see |[Fan and Gijbels| [1996], Theorem 3.1)

V, =e€!S;'SS 'e;, where e; = (1,0,...,0)" € R"*!, (2.8)
Tg—1
eS¢
p — W fOI' P Odd, (29)
Tg-1x
~ €5,°¢
Bp = M fOI‘ p even. (210)

2.2 Bandwidth selection

2.2.1 Asymptotic approximation

Bandwidth selection is a crucial aspect of how accurately kernel regression
would perform. A bandwidth that is too large may over-smooth the regression
function, while a bandwidth that is too small may under-smooth the regression
function. In this section, similarly to Chapter [I, the mean squared error will
be used to assess the accuracy of a kernel regression. In practical applications,
it is popular to choose p small due to the simpler expression of conditional bias
and variance. Therefore, the local linear estimator m;(x) will be employed for
estimating m(x). Also, the choice of m;(x) is justified due to its simpler bias
structure, compared to mg(x), as shown in and (2.6)).

First, note that expressions for the conditional variance in and condi-
tional biases and are derived under some regularity assumptions on K.
Specifically, it is assumed that the kernel K is bounded, symmetric around zero,
positive on its bounded support (—1,1), and such that [, K(¢)dt = 1. Therefore,
it holds that py = 1, and for odd p, it holds that p, = 0, where p, is defined
in ([2.7).

To obtain explicit expressions for the conditional bias and variance of my, it
is needed to calculate V] from and B; from . Note that reveals
that Vi = V4, hence V can be calculated instead. Therefore

2

Vo = S5'SiS5! = 22 =y, where Sy = po and S, = 1.
Ho
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Thus, from ([2.4]), one obtains that

_ Az 1
var(ml(x)|X) = Fx(onh, + op (nhn> : (2.11)

On the other hand, in order to determine the constant B;, knowledge of S;*
and c; is required, where

Ho M1 1 0 H2 125
S, = = and ¢; = = .
=)= ) e = ()= (5)
Thus, it follows that
1 0
-1 _ * [He2
o= L (9.

Consequently, the expression for B; can be derived as

elSle 1 0\ [ p2 12
By=-LS o (4 H2 =2
! 2 2o (1 o) 0 1/\o 2

Therefore, according to (2.5)), the conditional bias of 71; can be expressed as

ml/(x)

5 T op(h2). (2.12)

bias(?n\l(xﬂX) = h2 o
It is known that the conditional mean squared error can be decomposed as follows
2
MSE(?n\l (x) |X) = [bias (fn\l (x) |X)} + var (?n\l (x) \X)

By using (2.11)) and (2.12]), one gets

MSE (7 («)[X) = [him m;(l') + 0p(hfb)1 4 m +op <n2n>

o (@) 1 2 2 1
N nflln f)((<)x)0 + Zhi [m”(x)] uy +op (Tlhn> + Op(hi).

Ignoring op(-) terms, one could get that the asymptotic mean squared error of
my(x) is given by

1 0'2(33')V0 1 4 " 2 2
A% S T

AMSE (7 (2)|X) =

The asymptotic mean squared error AMSE(Tn\l (az)]X) can be considered as an

approximation of the mean squared error MSE(m; () ]X) To obtain the optimal
bandwidth, one could attempt to minimize (2.13)) with respect to h,. However,
the problem is that such a bandwidth selector would depend on z, which would
not be very useful in practical applications. Therefore, define the asymptotic
mean integrated squared error as follows

AMISE (7 [X) = /R AMSE (77 (2) X ) w(z) fx (x)da
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1
= 2 [ o ayw(a)dz + hipd [ [ (@) w(@) fx(@)de, (214)
nh, Jr 4 R
where w(x) is a given weight function introduced to ensure that the integral is
finite. Minimising (2.14) with respect to h, yields the asymptotically optimal
global bandwidth

o) _ -t | e’ (@w(z)dz :
" [u%J’R[m’/(:c)]%(x)fx(x)dx] : (2.15)

Note that k(") does not depend on a specific value of x. However, to calcu-
late hf{’pt), one needs to integrate characteristics of the true distribution, such as
o?(x), m"(x), and fx(x), which are typically unknown in practice. Therefore
some methods are needed to circumvent this problem.

2.2.2 Rule of thumb and homoscedasticity

Suppose homoscedastic settings, which means that o%(z) = 0 > 0 is constant.
Then the asymptotically optimal global bandwidth k(P! defined in (2.15)), can
be rewritten as follows

Rlopt) — = 02 fp w(z)d L
! 13 Jr[m”(z)?w(z) fx (x)dz

To estimate m(z), the function m(x) will be used, which is obtained by fitting a
standard polynomial regression of order 4.

atl=

(2.16)

Remark. In general, the recommended order of the fitted standard polynomial
regression is p+3. Because h(°") was derived from the local linear estimator, i.e.,
p = 1, therefore polynomial regression of order 4 is used.

The unknown variance o2 from ([2.16)) can be estimated by

1
n—>5:%

52 =

1Y - (X))
=1
Note the following
A[m"(x)]zw(x)fx(ﬁ)dw = Ex[m” (X)w(X), (2.17)
where Ex denotes the expectation taken with respect to the probability distribu-

tion of the random variable X. As an estimation of the expected value in (2.17]),
one could simply use

S|~

ﬁ;[m"m)}?w(xi).

This results to the following bandwidth selector

atl=

vy [p w(x)dz

h(ROT)
! 135 3o [ (XG)Pw (X)

1
5

(2.18)

=N

Note that hﬁLROT) does not depend on any unknown characteristics and serves as
a global bandwidth selector, as it does not rely on any specific value of x.
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2.2.3 Cross-validation

Recall that m,, denotes the estimation of the conditional mean using a local
polynomial regression of order p, where p € Ny. Let X’ be a random variable
with the same distribution as X; and independent of observations ();11), cee ();:)
The integrated squared error of m, can be rewritten as

ISE(m,) = [ (7 (x) = m(@)) fx(@hw(e)da
= Ex (,(X") — m(X")) w(X'). (2.19)

Note that ISE(m,) is random since it implicitly depends on the random sample

();11), e );n) through the estimator m,. The form of the integrated squared
error ([2.19) motivates the following estimator

Mh) = 3 [m(X) =000 (X0,

where /Tr\L](?_i) is based on a sample that leaves out the i-th observation. The
issue with this estimator is its dependency on the unknown conditional mean m.
Therefore, instead of M(h,,), the following estimator will be used

eV(h,) = 13" [vi -l )] (X)), (2:20)

i=1
The choice of CV(h,,) is justified because it is shown below that the conditional
expectations E[CV(h,)|X] and E[M(h,)|X] are equal up to a term that does not

depend on h,,.

E[CV () [X] =

NE
=
—
o
+
=
s
|
'BS/‘\
|
=
/g\w
s

III,=

Obviously, I,, does not depend on h,, and III,, = E[M(h,)|X]. Thus it remains

to show that the second term II, is equal to 0. Since the error terms ¢4,...,¢,
are conditionally independent given X and e; was not used in the computation
of fn\l(ji) for all i = 1,...,n, then one can conclude that
2 . 2
_ =z . N Dy .
I, =~ ;E{£Z|X}E{[m()(z) m D (X)] w(X0)[X}
2 & , 2
S 11X A GOl . —
=~ ZE{@AXZ}E{[m(Xl) my I (X)| w(X) X} = 0.

N
Il
—_

Therefore, define the bandwidth selector h{¢V) as follows

h{Y) = arg min CV(h,,). (2.21)
hin>0
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Remark. Suppose that (X> is a random vector with the same distribution as

Y/
)1{/11) and independent of observations ifll . );:) Another important char-

acteristic of the estimator m,, is its ability to make predictions. Let measure the
prediction error in the following way

Rlhn) = Exryr (Y7 = i, (X)) w(X7). (2.22)

Note that CV(h,,) was derived from the integrated squared error of m,. Alterna-
tively, CV(h,) could be seen as a natural estimator of the prediction error (2.22).
Also note that in the form of the estimator CV(h,,), the general principle of leave-
one-out cross-validation is apparent. This is because for all ¢ = 1,...,n, the
estimator of the conditional mean /W\ll()_i) was 'trained’ on all observations except
for the ¢-th observation.

One could be interested in whether the bandwidth choice h{¢Y) is optimal in
some sense analogously to A{X9“V) as seen in Theorem . To formulate such a
result, the focus will be on the case when p = 0. In this special case, it can easily
be shown that the following holds

777,\0(.1') = Z wn,i(x)}/;7
i=1

where (X )
K (Xi==z
’wn,z(x) = ;L:lKh(nX]J‘Lnx)’ 1= 1, oo, n.

Asymptotic optimality could be measured with respect to different distances,
for example:

o Average Squared Error:

ASEq(hy,) =

o Integrated Squared Error:

ISEo(hy,) = /

| (o) = m(x)) fx(@)w(r)da;
o Conditional Mean Integrated Squared Error:

MISEo (hy|X) = E[ISEq(hn)|X].

Theorem 5. Suppose the weight function w > 0 is bounded and has a compact
support. Assume that the following conditions are satisfied:

(D1) The kernel function K is B-Holder continuous, i.e., there exist 5 > 0 and
a > 0 such that

|K(y) — K(z)| < aly —z|° Vy,z € R,

also assume that [ K(y)dy =1 and [ |y|°| K (y)|dy < co.
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(D2) Forn € N, define the interval H,, = |h,,, h,| where

h =

n

for some constants b > 1 and 0 < § < %

Under appropriate regularity assumptions[| on m(-), the marginal density fx(-),
and the boundedness of conditional moments, the following holds

SEo(h{€V)) s
n — 1 2.23
infhneHnSEo(hn) n—oo ' ( )

where SEq(+) can be one of the previously defined distances ASEq(-), ISEq(-), or
MISE,(-[X).

The general proof for multivariate predictors is presented in [Hardle and Mar-
ron| [1985].

Remark. The width of the interval |H,,| = h, —h,, is converging to zero as n — oo.
Ifo = %, then under some regularity conditions on the kernel K and the marginal
density fx, it could be shown that h, = bh{°) where h(%P") is defined in .
In other words, in the special case where § = %, the width of the interval H,, is
converging to zero at the same rate as the width of the biased cross-validation

interval (0, bh(P)) from the expression (1.29).

Note that in Theorem [] the conditions on the kernel are weaker than those
in Theorem [2] and Theorem [ In the asymptotic results from Chapter [I} it was
assumed that K has a bounded support. However, such an assumption is not
made here, as integrability issues are now controlled by the weight function w,
which has a bounded support. Also, one might think that the results of Theorem ]
are quite restrictive, as they hold only for the special case when the degree of the
local polynomial estimator is p = 0. For general p, asymptotic optimality with
respect to the mean integrated squared error can be found in Xia and Li [2002],
Theorem 2.1.

2.3 Simulation Study

Let us illustrate the performance of different bandwidth selectors in the setting
of kernel regression. Data were simulated from the following model

Y = X, + 2exp(—16X7) +&;, where i € {1,...,n}. (2.24)

Also, assume that the model ([2.24)) satisfies the following conditions:

. 51,...,5n%jN (O, (§)2>,
o X1,..., X, SN0, 1),

o The random sample (gq,...,¢,) is independent of (Xi,..., X,).

*See [Hardle and Marron [1985], Section 2.
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The model was considered in [Fan and Gijbels [1992], Section 5. The
authors showed that a modification of the local linear estimator reasonably esti-
mates the shape of the conditional mean of the model . In this section, it
will be demonstrated how previously defined bandwidth selection methods per-
form under the model ([2.24)).

For the calculation, the standard normal kernel was employed along with
the following weight function w(x) = 1;_s9(x), which is an indicator of the
compact interval [—2,2]. The justification for using such a weight function is
that approximately only 5% of observations of X do not belong to the interval
[—2,2]. Each setting involves the use of 1200 Monte Carlo repetitions. Results of
the simulation study can be found in Table 2.1 As in Chapter [1} each row of the
first column corresponds to a specific method, with labels summarized as follows

« Optimal: Asymptotically optimal global bandwidth, A{°?" which is de-
fined in ([2.15)).

« ROT: Rule of thumb derived under homoscedasticity, h{7°T) as defined
in @.19).

e CV: Cross-validation, h{¢Y), defined in ({2.21)).

For local constant estimation and local linear estimation, the functions loc-
CteSmootherC and locLinSmootherC from the package Cabrera and Quast| [2022]
were used. To compute ROT and CV, the functions thumbBw and regCVBwSelC
from the package |Cabrera and Quast| [2022] were used. Also, it is important to
note that the function regCVBwSelC conducts cross-validation over the following
finite interval (5% 1074, 1.5) by default settings.

2.3.1 Monte Carlo

Generally, the conditional mean integrated squared error of m, is defined as
MISE (7, |X) = E[ISE(,)[X], where p € N,. (2.25)

Note that the conditional mean integrated squared error, as indicated in ([2.25)),
also implicitly depends on the sample size of X. Here, it is considered that n = 200
and n = 500. Due to the fixed value of n, a Monte Carlo approach is necessary.
One needs to estimate the conditional MISE of m,,. Hence, before the Monte Carlo
repetitions, Xi,..., X, e N(0, 1) were generated. Overall, B = 1200 Monte Carlo
repetitions were conducted. In each Monte Carlo repetition b = 1,..., B, the
following random variables Y, ..., Y,® were generated from the model , ie.,

VP = X + 2exp(—16X7) + &b, fori=1,...,n,

i 2 .
where b, ... & N 0, (%) ) and the random sample (£}, ..., €%) is independent

of (Xy,...,X,) forallb=1,... B.

Therefore, for each b = 1,..., B, one would obtain ISE(m}). By averaging
those ISE(m)), one gets an estimation of the conditional mean integrated squared
error ([2.25)).
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Recall that the integrated squared error of ﬁg is defined as

ISE(m) = / (b (x) — m(x))?w(z) fx (x)dz, (2.26)

R
where fx represents the marginal density of X. Here, fx corresponds to the prob-
ability density function of the standard normal distribution N(0,1). To estimate

1’ the random sample 2%, ..., Z% Y N(0,1) with m = 1000 was generated
independently of Y, ..., Y? and Xi,..., X,,. Then, by the law of large numbers,
ISE(m?) could be approximated by

m

>_(my(Z7) — m(Z))w(Zy).

1
m;5

2.3.2 Discussion of results

Table reveals that for a larger sample size (see the results for n = 500),
cross-validation CV performs better than the rule of thumb ROT. This is evident as
the confidence intervals for MISE when the CV method is employed are disjointly
shifted downward from those of the ROT method. However, for n = 500, cross-
validation performs worse than the Optimal method. Recall that the Optimal
method is impossible to calculate in real applications as one needs to know char-
acteristics of the true distribution, such as o?(z), m”(z), and fx(x).

In the case of local constant estimation, for a smaller sample size (see the
results for n = 200), one could see that the rule of thumb has better performance
than cross-validation. However, in the case of local linear estimation, for a smaller
sample size n = 200 the superiority of the ROT method under the CV method is
not so evident as their confidence intervals for MISE overlap.

Also, it can be seen that almost in all cases, the confidence intervals for MISE
in the case of the local linear estimator are shifted downwards compared to the
corresponding confidence intervals of the local constant estimator. This indicates
that generally under the model , the local linear estimator performs better
than the local constant estimator. The only exception is the ROT method for a
larger sample size n = 500.

In the fourth column of Table median values of bandwidths calculated
from simulations are presented. It can be observed that for local constant esti-
mation, the median values of data-driven selected bandwidths, such as CV and
ROT, are smaller than the median value of the asymptotically optimal bandwidths.
Conversely, for local linear estimation, the median values of data-driven selected
bandwidths are larger. This indicates that regression estimates computed from
the local constant estimation with bandwidths selected by data-driven methods
generally under-smooth. In the case of local constant estimator regression esti-
mates with bandwidths selected by data-driven methods tend to over-smooth.
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Local polynomial Monte Carlo 95% Monte Carlo Median of
regression Approx. of MISE | Conf. Interval of MISE | bandwidths

LOCAL CONSTANT ESTIMATOR

n = 200

Optimal 19.765 (19.451, 20.079) 0.081

ROT 20.064 (19.739, 20.389) 0.063

cv 21.034 (20.679, 21.389) 0.078
'n=50
Optimal 8.178 (8.053, 8.303) 0.068

ROT 9.384 (9.255, 9.513) 0.044

cv 8.472 (8.339, 8.605) 0.064
LOCAL LINEAR ESTIMATOR

n = 200

Optimal 18.186 (17.835, 18.537) 0.081

ROT 18.968 (18.654, 19.282) 0.107

cv 19.173 (18.775, 19.571) 0.088
'n=50
Optimal 7.656 (7.531, 7.781) 0.068

ROT 9.926 (9.777, 10.075) 0.096

cv 7.996 (7.865, 8.127) 0.071

Table 2.1: Results are based on 1200 Monte Carlo replications. In each case, a
standard normal kernel and the indicator weight function over the interval [—2, 2]
were used. For better presentation, all results were multiplied by 1000.
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3. Linear Model Selection

Throughout the previous two chapters, the application of cross-validation in
kernel density estimation and kernel regression was discussed. In both of these
tasks, leave-one-out cross-validation was considered. In the second chapter, it was
pointed out that cross-validation emerges as a natural estimator of the prediction
error, see . This principle can be generalized for linear model selection.
In other words, if one aims to select the linear model with the best predictive
ability, cross-validation techniques can be applied. However, this section demon-
strates that instead of the classical leave-one-out cross-validation, leave-n,-out
cross-validation should be used, where n, represents the number of observations
reserved for validation. Additionally, it should be ensured that n,/n — 1 as
n — oo, which is completely opposite to the leave-one-out cross-validation prin-
ciple, because n, = 1 for the last case.

This chapter is based on [Shao| [1993].

3.1 Framework for linear model selection

Let Yi,...,Y, be independent random variables that satisfy a linear regression
model with fixed covariates given by

where B € R? (p € N), &; € RP for all i = 1,...,n and the error terms e1,...,&,
are independent and identically distributed, with E[g;] = 0 and var|e;] = o2 for
some o2 > 0. Also, throughout the whole chapter, it will be assumed that n > p,
which means that the number of observations is greater than the number of
predictors.

As one does not know the true 3, it may happen that some of the components
of B are actually equal to zero. Suppose that our goal is to make predictions based
on the model . For this task, one needs to identify important predictors
because it may potentially reduce the prediction error. Therefore, it may be
useful to consider the compact form of the linear model

Y; = wz:aﬁa + &, (32)

where « is a subset of d,, positive integers from the set {1,...,p}. In B. (or
Z;q) is the d, vector containing the components of 8 (or x;) that are indexed
by the integers in «. Let A denote all nonempty subsets of {1,...,p}. Then,
obviously, there are |A| = 2P~ different models in the compact form (3.2)), each
corresponding to some subset of predictors . Further, a model of the form (3.2])
will be denoted as M,. In the special case when o« = {1, ..., p}, the notation M
is used for the model. The number of predictors d, will also be referred to as the
dimension of M, and denoted as dim(M,,).
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All models M, for a € A can be classified into the following two categories:
o Category I: At least one nonzero component of 8 is not in 3,,.
o Category II: B, contains all nonzero components of 3.

It is evident that all models from Category I miss at least one important predictor,
which means that they are not of the main interest. On the other hand, models
from Category II may consist of unrelated predictors, potentially resulting in an
unnecessarily large dimension for such models. Therefore, the primary interest
lies in the model within Category II with the smallest dimension, denoted as M,,
because this model consists of all important predictors and does not include any
unrelated predictors.
From this point onwards, it is assumed that for all a € A,
Xy = (wl,aa s 7wn,a)T

is an n x d, matrix of full rank. In other words, rank(X,) = d, because it is
assumed that n > p. Hence, under the model M,, the least squares estimator of
B, is given as

B. = (X'x,) Xy, (3.3)

where Y = (Y1,...,Y,)? is an n x 1 response vector. In the special case when
a={1,...,p}, the matrix X, will be denoted simply as X.

3.2 Prediction error
Suppose that the future observations 71, ..., Z, satisfy the following model
Zi =] B+, (3.4)

where ¢+ = 1,...,n and the error terms &1,...,¢,,¢€1,...,&, are independent and
identically distributed.

Let the least squares estimator Ba be given by , i.e., it is fitted under
the model M, and based on the data (Y;,x;), i = 1,...,n. Now, the estimator
Ba could be used to predict the future values Z; from the model as azg:aﬁa.
Therefore, define the average squared prediction error as

1 & ~ N2
ASPE; =~ 3 (2 —a],Ba) . (3.5)

i=1

It is important to note that ASPE, is a random variable, where the randomness
is hidden in the future observations Zi, ..., Z, and in the estimator Ba, which
is based on the ’construction’ data (Y;,x;), ¢ = 1,...,n. The following lemma
provides the expression for the expectation of ASPE].

Lemma 6. The unconditional expectation of the average squared prediction error
Lon = E{ASPEZ} satisfies the following equation

Lon = o2 +ntd,o? + Agn,s
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where
Aoz,n = %/BTXT(I[TL - PQ)X/B>
P, = XQ(XZXQ)_lxg is the projection matriz under model M,

and I, is the identity matriz of order n.
Proof. From the definition of ASPEY in ({3.5)), the following holds

Lo =E [1 S (% - zczjaﬁaﬂ —F le S (Z—aTB+alp - :czaﬁa)ﬂ

ni4 i—1

n

(2 _w;ﬁ)uigxa (% —278) (278 - 27.4.)]

i=1

In: IInZ

[:L 3 (7B - mfaﬁaﬂ . (3.6)

=1

1L, =

Now each of the terms I,,, I1,,, and III, will be considered separately. By using
the model ({3.4), the term I,, can be expressed as

Zni E(Z - w?B)Q = TllZ:IE (&) = (3.7)

1
Tl =1

The second term II, is actually equals to zero, because
E{E[(Z - =!B) (/8 - l.8.)[¥]}
E{(2/8 - 2lufa) E[(2:— /B |Y]}

E{(]8-2].8.)E[EIY]}

2
IL, =

M=

1

)

n:
_2
n:;

\E

1

.
Il

]
S S
ingt

=]
=l

E{(=/8 - x].B.) E()} = 0. (3.8)

-

=1

Finally, the third term III,, can be expressed as

1, = E [ S (278 - al,B.) 1 — 1B | (X8 - XuB.) (X8 - XuBa)|

=1
= E[(87X" - BIX]) (X8 — XaBa )
= 1E [8"X"XB — 287X X0 B4 + BLXIXo B
= 167X"XB — 26"X"X,EB. + 1E [BIXIX.B.] . (3.9)

Note that by using the vector form of the linear regression model (3.1)) and for-
mula (3.3) , one would obtain

EB. = (XLX,) ' XIEY = (XIX,)'XIE[XB + €| = (XIX,)'XIXB, (3.10)
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where € = (g1,...,&,)7 and the last equation in (3.10) holds because Ee = 0.
Also, the following holds

IR [BIXIXaBa] = 1B [V Xa (XEXo) ™| XIX, [(XIX0) XL
= IE[YTR, Y| "B LGTXTR X B + Ltx(o?P,)
= 187XTP,XB + Zrank(P,) = LBTX"PXB + T d,,. (3.11)
Then, by inserting and into , one would get that
1L, = 1BTXTXB — 27XTPXB + L ATXTR,XB + Zd,

= 2BTX"XB - LBTXTPXB + %d,

= 1B8"XT (I, — Po)XB + Tdo = Agn + Zda. (3.12)
Finally, by combining (3.6)), (3.7), (3.8), and (3.12]), one gets the statement of the
lemma. O]

The expected value of the squared prediction error I', ,, is a numerical charac-
teristic that summarizes the predictive ability of a model M,. According to the
previous lemma, I', ,, can be decomposed into two parts:

o the variability of the future observations o2,

o the error in model selection and estimation, represented by "—:da + Aan-

Obviously, the term %Qda vanishes as n — oo. Therefore, the main interest lies
in the term A, .

Note that I, — P, is an idempotent matrix because P, is a projection ma-
trix. Therefore, I,, — P, is also a positive-semidefinite matrix, which implies
that A, , > 0 for all n € N and for all a € A. Additionally, A, , = 0 if and only
if P,XB = XB. The last condition means that X8 € Im(X,), which occurs only
when M, is a model in Category II. Overall, one would get that A, , > 0 if M,
is a model in Category I, and A, , = 0 if M, is a model in Category II.

Many asymptotic results from this chapter will require the following condition
to hold

li%nﬁiorgf Ayn >0 Vae Asuch that M, in Category L. (3.13)

Now, it will be explained that the condition is not strong and naturally
appears as a type of asymptotic model identifiability. Suppose that M, is a model
in Category I and M, is a model in Category II such that d, = d,. Then, in order
to decide which of the two models is better in terms of their predictive ability,
one is interested in the asymptotic behavior of the following fraction

Fa,n — 14+ Aa,n
F'y,n 0'2 -+ %dW '

(3.14)

From the expression ([3.14)), it can be easily seen that ?a’" > 1. If lim b
v, n—oot y;n

exists and equals 1, then it can be interpreted as models M, and M, having
asymptotically no difference in terms of their predictive ability. On the other
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hand, to identify that the models M, and M., are asymptotically different in
terms of their predictive ability, it is sufficient to observe

r
lim inf =% > 1 <= lim inf A,,, > 0.
n—o00 yn n—00 ’

3.3 Cross-validation

Let {(Y;,x;)}, are data pairs that are sampled from the linear regression
model . To introduce methods for model selection, one would first need to
divide the dataset into two parts: one for fitting a model (model construction)
and the other for assessing the predictive ability of the model (model validation).
Let s be a subset of {1,...,n} with cardinality n, and s¢ be its complement with
cardinality n., where n, +n. = n. Then, one would use the construction data
{(Y;,x;), i € s} to fit the model M, and the validation data {(Y;, @;), i € s} to
assess the prediction error. Here, the validation data {(Y;, x;), i € s} are treated
as unobserved future values, therefore the average squared prediction error is

given as

1 ~
ASPE;, = — > (Vi — @] Base)’, (3.15)

vV i€s
where B\avsc = (X£786Xa75c)*1X£7SCKC, and X, ;e is the n, x d, matrix containing
the rows of X, indexed by i € s¢, and Yy = (V;, i € s9)T. Analogously, one
could introduce the notation of X, ; and Y;. From the equation , it can be
seen that ASPE? depends on 3a75c. It will be useful to express the dependency

of ASPE} on B., which is the subject of the following lemma.

Lemma 7. Let X, be a matriz of full rank such that
rank(X,) = rank(Xa,s) = rank(X, ) = dq.

Then the average squared prediction error ASPEZ given by satisfies the
following equation

ASPES = |, = Qa) ™ (¥ = %) (3.16)
where || - ||z denotes the Euclidean norm and Qq,s = Xq (XL Xo) 7' X7 .
Proof. First, note that
ASPE, = — (Vi — al Bu)? = — ¥, - V|
Ny es ’ Ny 2

where i’\wc = Xa’sﬁwc. Therefore, it will be sufficient to prove the following
equation

Y, - i/\:x,sc = (Hnu - @a,s>_1 (YS - Xa,séa) . (317>
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Rewrite the left hand side of the equation (3.17)

—

}fs - 1{1,5C

=Y, — X

1I~¢T
a,s¢ OASC) X

«,s¢

Y.

o,s ™S

=Y, - X,.(XIX, — XZ;SX )XY —XT Y

a,s" S

I
J:<

@

Ha,s:

=Y. — Xl (Ba — (XEXo) XL,V .

«,s " S

(Xa
Y, aS( «,s¢ OéSC—i_XZ:sXOé,S_XZsX ) (XTY XT Y)
(

{Xa T, — (XIXa) "'XE Ko }_ (XTy —XIY,)

— Koo [T, — (XIX0) XD K] (XKIX) (XY - X2,Y,)

(3.18)

Since it is assumed that X,, X,,, and X, are matrices of full rank, which
also means that XUX,, XTI X, and X] X, are positive definite matrices,

«,s¢

Then Lemma implies that all eigenvalues of the matrix (XIX,) 'XT X,
are smaller than 1 in absolute value. Therefore, one can use Lemma 7.18 from

Burden and Faires [2010], and get

Ho., = [Li, - (X0Xa) X2 Xo] = [(X%.) % Ko

Jj=0

Hence, it holds that

XosHa,s = Xas []Ida — (XZXO‘)_IXZ,SX%J_I
i [ XTX IXZ’SXQ’S}J'

J—1

= X + O Xao(XEXa) 'XE Koo [(XEX0) "X X ]

J=1

Qa,s:

j—1

= Xos + Qo sXas i |(XEXa) "X Ko

Jj=1

= Ko + QasXew 3 [(XIX) XL X ] 20 X+ Qu X Ho

=0
Combining ((3.18) and (3.20]) one obtains the following equation
l/; - Xa,sHa,s (B\a - (XSX ) 1X£s}/;>

=Y.~ Koo (B — (XIX,)XLY)

- @a,sxa,sHa,s (Ba - (XZX ) IXT Y) .

a,s" S
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The last equation (3.21]) can be simplified to

«,s " S

Xa,sHoz,s (Ba - (nga)_le Y)

= (an - Qa,s)ilxa,s (Ba - (nga)ilxgysl{;) (322)

Finally, one obtains
Y.~ Yoo Y, - X, H,. (. - (XIX,) XY,

Y.~ (L, — Qo) Ka (Ba — (XIX,)X]Y,)

a,s" S

=Y, — (I, — Qus) "XasBa + (In, — Qus) ' QusYs
= (L, = Qus) (I, — Qo) Ys — (Lo, — Que) ' Xo s Ba
+ (In, — Qua,s) ' Qs Y5
= (In, = Qo)™ (Ys = XasBa)
]

The cross-validation estimate for I', ,, is obtained by averaging the quantities
in ([3.16) over some (or all) subsets s C {1,...,n} of size n,. More precisely, let B
be a collection of subsets of the set {1,...,n} that have size n,. Note that the

n

maximal size of B is ( " ) The cross-validation estimate of I, ,, is given as
v

eV 1

o =g S ASPES. (3.23)

seB

Then, the model selected by cross-validation is My, ), where

a(n,) = arg min fg\;v (3.24)

acA ’
Note that @&(n,) is random as it implicitly depends on ASPE?. The method of
model selection ([3.94]) will be referred as leave-n,-out cross-validation, abbrevi-

ated as CV(n,). The error rate of using the CV(n,) for selecting the optimal
model M, is

P[the selected model is not M*} =P {Ma(nv) # M*} . (3.25)

Also, it is important to note that &(n,) implicitly depends on n. It is said that
the method CV(n,) works if and only if the probability that this method does
not select the optimal model M, converges to 0 as n — oo, which means the
following

lim sup P [ Mz, # M.] =0. (3.26)

n—oo

In other words, condition means that the error rate of using the CV(n,),
which is given by , vanishes as n — oo.
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3.3.1 Leave-one-out cross-validation

A%

In order to compute the cross-validation estimate f‘gm given by (@ , one
would need to invert the n, x n, matrix (I,, — Q) from the expression (3.16)).
Therefore, from a computational point of view, the simplest CV(n,) would be
one with n, = 1. This type of cross-validation is referred to as leave-one-out
cross-validation, abbreviated as CV(1).

If s={i} fori=1,...,n, then

Wiy = Qagiy = Xa iy (XEXo) XY oy = 2] ,(XIXo) 20 (3.27)

Note that wy, is actually the i—th diagonal element of the projection matrix P,.
Therefore, by using (3.27) and the fact that n, = 1 in the case when s = {i}, the
average squared prediction, as given in (3.16), simplifies to

1 —wr

a2
ASPE[ = [Y;_wmﬁa}

In the case of CV(1), it is natural to set B = {{i} for i =1,...,n}. Therefore,
as a cross-validation estimate of I', ,,, one would get the following

n

mov _ 1y @1
I == ;ASPEQ 3

=1

(3.28)

n
i,

1—w

~ 2
}/:L' - wzj:alBOé]

To state the main results of this chapter, it is necessary to introduce the big O
and small o symbols for matrices.

Definition 2. Let {A,}22, be a sequence of square matrices of the same order
and || - || is a matriz norm, as defined in Definition [A.2]

o This sequence of matrices is O(1) if there exists M > 0 and ng € N such
that for every n > ng, it holds that ||A,|| < M.

o The sequence of matrices is said to be o(1) if ||An|| — 0.

Remark. In this chapter, for simplicity, only natural matrix norms as defined in
Definition will be considered. Due to the equivalence of matrix norms, as
stated in Theorem [A.2] it does not matter which norm one uses to determine if
the matrix sequence {A,}22, is O(1) or o(1).

Lemma 8. Assume that the following condition holds

-1
1& 1 &
—> xx] =0(1) and [ Zwmafal =0(1). (3.29)
"= ni= ’
Then
1e"Poe = 0 and Le(I, —P,)XB — 0. (3.30)

Proof. Recall that L, convergence implies convergence in probability. Therefore,
it will be sufficient to show that the terms e’ P,e and Le” (I, — P,)X converge
to 0 in L, for some p > 1.
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Obviously, the projection matrix P, is positive-semidefinite, which means
that e’P,e > 0. Also, from Lemma |A.1| it is known that E [sTIP’as} = 02d,.

Thus, one obtains %ET]P’QE 7i—1o>o 0. Now, the following will be shown

LeT (I, — Po)XB -2 0. (3.31)
To prove this, note that
E [e7(L, — P.)XB] = E[8"X" (I, - ) ec” (I, — Po)XB]
= BX" (I, — Po)E [e€”] (I, — P)XB
=o’BTXI(1, — P,)*XB = o*BTXI (1, — P,)XB. (3.32)

The condition states that X7X is O(n) under some natural matrix norm.
The I, norm is a natural matrix norm defined in . From Lemma it is
obvious that if X”X is O(n) under the I, norm, then X7X, and X.X are also
O(n) under the same norm. Thus, the following holds

87X (1, — Ba)%8] < p-[18l1e - [[X7 (0, — B

NI - e - e x|
T i, (x| + R [xax] " xax] )
T et ([l + s f e heex]) 22 o
(3.33)
By combining and one would get that
LE[e"(I, - P)XB] < O(}),
which implies (3.31]).
]

Remark. In the next theorem, it will be important to note that by combining

(3.32) and (3.33]), one would get that
no’Ayn = O(n), which also means that A,, = O(1). (3.34)

Consistency of leave-one-out cross validation
The next theorem demonstrates the asymptotic representation of fgvl

Theorem 9. Assume the same conditions as in Lemma [8 and that

lim max w;', =0 for any a€ A (3.35)

n—oco 1<i<n

Then R
ngl =Ton +op(1).
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Proof. First, note that the projection matrix P, at position (7, j) has the element
mza (XTX4) '@ 0. Recall that the i-th diagonal element of the projection matrix
P, is denoted as wy,. It also holds that the matrix P, is idempotent, meaning
P, = P,P,. Therefore, from the definition of matrix multiplication, the following
holds for alli=1,...,n

wi'y, +y [ (XIX,) azj,a} :
J#i

Now, it is easy to observe that w}, > (w}',)?, which also means that w}, €
[0,1] for all @ = 1,...,n. Consider the following function ¢(wy,) = (1 — w} ) —2
over the domain [0,1]. It can be easily shown that for all wj, € [0, 1) the

following holds

2 6
(b/(wza) = m and @b/l(wz ) m

Therefore, by employing the Lagrange form of the remainder (see Bartle and
Sherbert| [2011], Theorem 6.4.1), there exists p},, € (0,wj,,) such that

1 cb"(fm)
s = 9(0) + ¢ (0)w; (wi')?
(1 —wi,)
4o 4 L(W 2 (3.36)
T e |
Obviously, there exists v > 0 such that Vd € (0, ) it holds that )4 < 1. From
the assumption ({3.35), it holds that w}', < v for all i = ,n, where n is
sufficiently large. Therefore one obtains the following
3 3
<1, (3.37)
(1 - p?,a) (1 - za)4
which by combining with (3.36]) will lead to
1
=1+ 2w!, + 0 ((w,)?). (3.38)
(]' - w; a) ’ ( ' )

By inserting (3.38)) into the CV(1) estimate of Iy, provided in (3.28)), the fol-
lowing equation can be obtained

! znj(Yi —x].Ba)* + i an 2wl + O((w},))] (Vi — 2], Ba)?. (3.39)
=1

i=1

eV
Foa,l -

S |

fa,n: Ca,n:
The first term &, ,, can be expressed as

ga,n - ii [Y; - sz/B + sz/B - mZaBa}Q

=1

1< 2 ¢ PO _
= Y d Y e B-al )+ (@ B2l ) (3.40)
=1 i=1 :
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The second sum in ((3.40) could be rewritten as

—Zez (I B — ] .B.) = {Zez ' — Zszwmﬂa}

=eTXpB :ETXaﬂa

2eTXB — 26TP,(XB + €)
= 2¢"(I, — P,)XB — 2" Pe.

Analogous as in Lemma [6], it could be shown that the third sum in (3.40]) can be

expressed as

12 ~
. Z(m’fﬁ - mz:aﬂa)2 == Aa,n + %E:T]P)OCE:
i=1

3

Overall, one would obtain that
Com =2l e+ Ny + 2" (I, — Po)XB — Le'Pue. (3.41)
By using Lemma [§] it holds that
1e"Poe = 0 and Le’(I, —P.)XB — 0.
Therefore, one could simplify the equation to
o = LeTe + Ay, + 0p(1). (3.42)

Moreover, with the help of the law of large numbers, equation (3.42) can be
rewritten as follows

£a,n = 02 + Aa,n + OP(l)- (343)

Bound the second term (,, as follows

1 & n n )
0<C(am < - ; [Qwi,a + O(wi,a)] (Y; — ZBZa 2)2<0 <{ré?§nw7 > Sam
(335)
< 0o()an = 0(1)(0% + A +0p(1))
(3.34)

=" 0(1) (0 + O(1) + 0p(1)) = op(1).

In other words it is proven that ¢, , = op(1). Combining it with (3.39)) and ((3.43))
one would get that

[ =T+ op(1).
]

Theorem @ states that FC Y is consistent for I ,. In general, consistency does
not guarantee that CV(1) Works i.e., it does not ensure that the condition ([3.26)) is
satisfied. It will be discussed later that CV(1) actually does not work. However in
the next theorem it is shown that CV(1) deals correctly with not favoring models
from Category 1.
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Theorem 10. Assume that conditions , and are satisfied.
Then the following holds

lim P | M3 is in Category I} = 0. (3.44)

n—00 @

Proof. Let A = A; U As and the following conditions are satisfied
« AiNA; =10,
e Yae Ay : M, is a model in Category I,
e« Vye€ Ay : M, is a model in Category II.
By fixing any n € A, one obtains the following
{Mau) is in Category I} = {Ela ceA Vye A: fg"l < fg‘i}

C{3aed T <To}= U {T9 <oy} (3.45)

acA;

Therefore, it holds that

P {M&a) is in Category I} > P [fii‘i < f?ﬂ
acA;

Thm. @ > P[Fa,n <Ipn+ op(l)} tez: > P[%da02 + Do < 5dyo” + OP(l)]

acA; acA;

= Z P[Aa,n < 0p<1)}

acA

Since lim inf A, >0 for all a € A; from the assumption (3.13)), and |A4;| < 27,
n o
one obtains the statement of the theorem. O

Asymptotic incorrectness of leave-one-out cross-validation

Recall from Lemma [0] that if M, is in Category II, then
Lo =0+ %ds — o”. (3.46)

In other words, as n — oo, it will be harder to distinguish models from Cat-
egory II based on their prediction errors I'y,. To demonstrate that CV(1) is
asymptotically incorrect, a more detailed asymptotic representation of fgvl will
be required for models in Category II. The following theorem provides such an
asymptotic representation under stronger assumptions on moments of random
erTors.

Theorem 11. Let the random errors e1,...,&,, from the regression model ,
have finite fourth moments. Assume, as in Theorem@ that conditions and
are satisfied. If M, is a model in Category 11, then the following holds

I = LeTe + 2d,0 — Le™Pue + op (1) : (3.47)

n
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Proof. Because of M, is a model in Category II, X8 = X8, and hence
Ayn =0 and P,XB =Xg.
Therefore, from ((3.41)) one gets
bon = 2eTe — Le"Pue. (3.48)

Now, it needs to be shown that the following asymptotic representation holds

~ 24, op (1), (3.49)

A= AL
22 ~
T 2
+ ﬁ Z w;zOz(mi,aﬂOé - wz QIBOC)

Gradually, the following will be shown

AD = 20,07 4 op (1), 4D =op (1), AD = op (1),

T n n

1
It is sufficient to show that 3", wl.e? = d,0? 4+ op(1). Define the following

i,a%1

random variable Z,, = 37, wl, &2, then

1,a~1)

Showing that A'Y) = 2d,0” + op ( )

EZ, =Y w},0? = 0*tr(P,) = o’rank(P,) = 0%d,,

=1

var(Zy) = So(wr)var (=) = var (22) - 30w, )?

i=1 =1

n

< var (6%) (max w?a> S owl, — 0.

1<i<n . @ n—oo
—— —— , =1

<00 N——
— 0 by (3.35 —

Thus, by using Lemma , it holds that Y1, wl',e? = d,0? + op(1).

1,1

44



Dealing with A'%).
Define a matrix D, and a random vector g,,, as follows
D, = diag(wy,, ..., w
Ew = (W] 4e1, ... Wi 4n)" = Dae.

n,x

Thus, one can express Aff;) in the following way
(0‘) Z wl asl i oc - mg:aﬁa) = %eg(xaﬂa - Xaﬁa)

= 2el (XoBa — PaXoBa — Pog) = —2e"D,Poe.

Therefore one can see that A3 = op(t) < €'D,P.e = op(1). By using
Lemma together with Ee = 0, it holds that

E[e"DoPoe] = tr(0?DaPs) = 02 Y- () < ({gag wn ) do? B 0. (3.50)

Since P, is a positive-semidefinite matrix and D, consists of the diagonal elements
of P, then it holds that E[eTDaIP’ae} > 0, which together with (3.50) implies

that e’D,P,e = op(1).
Dealing with A(a)
Similarly, one can express A'Y as

o~

Agzo:? = Zn:wzfa(mfaﬂa - wz:a/ga)2 = %[Daxa(ﬁa - Ba)}T[Xa(IBa - Ba)}

As previously, it will be sufficient to prove that e'P,D,P,e = op(1), which
follows from

E[e"PaDPoc] =B 02tr(B D) = 0*tr(DoP) = o’tr(D,P.) &2 0.

Overall, it is proven that

zn: — 2] ,Ba)? = 2d,0% + op (%) : (3.51)
Showing that B = op %)
To complete the proof of the entire theorem, one needs to show that
B = Z O ((w},)?) (Y — @l ,Ba)? = or (1). (3.52)
It holds that
B — iz:: :cmﬁa) < 0(1) {g?iinw’ A (3.53)

which together with the assumption (3.35) and expression (3.51)) implies that
expression (3.52) is true. n
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It is important to note that the residual term OP(%) from Theorem (11| does
indeed depend on «. However, since there are only finitely many such «, the
dependence is not explicitly specified. Now, all necessary ingredients are prepared

to demonstrate the asymptotic incorrectness of CV(1).

Theorem 12. Suppose that the true regression parameter B, as given by (3.1)),
consists of at least one zero component, and 1, ..., &, 4 N(0,0?). Also, assume

that conditions and are satisfied, and dim(M,) # p. Then the
following holds
lim inf P [ Mgy # M.| > 0. (3.54)

Proof. Let A; and Ay are defined similarly as in Theorem [I0] Fix o € Ay
such that a, C «, d,, < d, and M, # M,, where «, is a subset of {1,...,p}
corresponding to M,. Note that, from the assumptions of the theorem, model
M, exists. Hence

{M, is preferable to M, by the CV(1)} = {fg\’l < fgvl}
C{IyeA\fa}: T < T, } = { Mg # M.}
Therefore

P {Mau) 7 M*} > P{Ma is preferable to M, by the CV(l)]. (3.55)

The right hand side of the inequality (3.55)) is equal to P [fgvl < fgvl}, where
a, C {1,...,p} corresponding to M,. Because M, and M, are models from
Category II, one can use Theorem [11f to calculate estimators of prediction errors
fg"l and f‘gvl Note that P, — P,, is symmetric and from Lemma it holds
that rank(P, — P,,) = do — d,.. Hence, one can use Theorem to obtain
that e’ (P, — Pq,)e is a positive random variable, which follows a x5, 4.

distribution. Therefore, it holds that

- e m 1
P [ngll < Fgr,l} ThimP [Q(da - da*) < geT(Pa - Pa*)€ + Op(l)

Lem. [A7]
>

1
p [z(da —da.) < —€T (P — Py )e| +0(1)
g

BIP [2(d, — do,) <33, 4., | +o(1). (3.56)

=c for some ¢>0

Finally, by combining (3.55) and (3.56]) and taking the limit inferior, the state-

ment of the theorem is proven. O

The previous theorem assumes normality of errors. However, a similar result
can be expected for errors with the second finite moment. Under additional
conditions on the regressor matrix, the previous theorem could be extended using
equation from Lemma and the central limit theorem for independent,
non-identically distributed random variables.

Theorem [12| states that CV(1) is asymptotically incorrect and too conserva-
tive, as it may favor a model of a larger dimension over the optimal model M,.
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Now, it will be intuitively explained why CV(1) is asymptotically incorrect. Re-
call from that for models from Category II, an important component of the
prediction error, which can distinguish different models, is %dagz. At the same
time, from , the component in fgvl influenced by the difference between
models is

%daa2 + o,

where
_ 1 2 1T
5047” = ﬁdao— — EE Paéf

is the error in assessing the differences of the models in Category II by using
CV(1). Note that the error d,,, has the same order of magnitude as %daaz, hence
leave-one-out cross-validation can not distinguish models in Category II.

3.3.2 Balanced incomplete cross-validation

In this section, the deficiency of CV(1) will be rectified by employing CV(n,),
with a large n,, satisfying n,/n — 1 as n — oo. This is a quite surpris-
ing discovery, since it is totally opposite to the popular leave-one-out recipe in
cross-validation. The intuition behind choosing a relatively large n,, is that cross-
validation involves two steps: (1) fitting a model using n. = n — n, data, and
(2) validating the fitted model using n, data. Thus, achieving a highly accurate
model fit in step (1) of the cross-validation is not necessarily crucial. Instead,
accurate assessment of the prediction error in step (2) is essential, which under-
scores the importance of selecting n, to be sufficiently large. Also, note that for
estimating T amn, from , one must first define the collection B,, of subsets of
the set {1,...,n} that have size n,. Naturally, one may choose B,, as the system
of all subsets of the set {1,...,n} of size n,, but it turns out to be impractical and
unnecessary. It will be shown that it suffices to consider only special collections
of subsets.

Definition 3. Let B, be a collection of b, subsets of {1,...,n} that have size n,,.
Also, assume that B, is selected according to the following conditions:

o everyi € {1,...,n} appears in the same number of subsets in B,,

o every pair {i,j}, where i,j € {1,...,n} and i # j, appears in the same
number of subsets in B,,.

Then the collection B,, is called a Balanced Incomplete Block Design (BIBD).

Remark. Examples of BIBD can be found in |John| [1971], Chapter 13. It is
often assumed that the cardinality b, of the collection B, satisfies b, > n and
b, = O(n).

Assume that for all n € N, B, is selected according to Definition [3] then the

cross-validation estimate of I', ,, will be referred to as the balanced incomplete
CV(n,), abbreviated as BICV(n,), and is defined as

2

—

DIl L A

v¥n SneBn

.
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The model selected by balanced incomplete cross-validation is My, ), where

ap(n,) = arg min T2V, (3.57)

Ny
acA

The following two theorems about asymptotic representations of r an, for models
in different categories are stated without proofs. The proofs are technical and
will be presented in the next subsection. Here, the focus is on the main result,
Theorem [15] which justifies the asymptotic correctness of balanced incomplete
cross-validation.

Theorem 13. Suppose that conditions (3.29) and hold. Also, suppose
that for all n € N, B, is a Balanced Incomplete Block Design (BIBD). If M, is
a model in Category 1, then there exists nonnegative random variables R, such
that

fﬁfﬁj = %eTa + Apn +o0p(l) + R,

Using the previous theorem and the law of large numbers, one obtains that

TPV = 62 + Ay, +o0p(1) + R,

Lem. F _ %%02 +0P(1) + R, = Fa,n + OP(l) + R,
(1)
=o(1

Now, it can be seen that unlike ngl, the balanced incomplete cross-validation

estimate [ is not consistent for Iy ,,, unless R, converges to zero in probability
LMy ;T

as n — 0o. However, this is not a significant drawback of the BICV(n,) method,
as one is primarily interested in another type of consistency.

Theorem 14. Let conditions and hold, and for all n € N, the
collection B,, be a Balanced Incomplete Block Design (BIBD). Also, assume that

lim max o Zezs: x;x] — —c Z; x;x;] (3.58)
Additionally, suppose that n, is selected in the following way
™ 51 and Ne =N — Ny — 00. (3.59)
n n—oo n—0o0

Then, if M, is in Category 11, it holds that
legj =lele 4 nicdaa2 +op (%) .

Recall from the previous section that CV(1) is an asymptotically incorrect
method, meaning that it does not consistently prefer the optimal model M, over
other models from Category II (see Theorem . The reason is that FC Y is an
estimate for I, ,,, which for the models in Category II can be expressed as follows

_ 2 o2
Fam =0 ‘I— ?da
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The problem here is that for large n, I', ,, is almost flat as a function of o, which
means that it is harder to find the minimum of I',,. At the same time, Theo-
rem [14] states that T gfgj estimates I'y ,,, rather than I', ,,. From the assumptions
of Theorem [14] one knows that n, is relatively small compared to n. Therefore,
it gives the intuition that BICV(n,) can better recognize the minimum point of
I4n. than CV(1). The following theorem provides the main result of this section,
stating that BICV(n,) is an asymptotically correct method.

Theorem 15. Suppose that condition and all assumptions of Theorem
are satisfied. Then the following holds

lim P (M, (., # M.| =0,

n—oo
which means that BICV (n,) is asymptotically correct.

Proof. Let A; and Ay are defined similarly as in Theorem [10| and «, is a subset
of {1,...,p} corresponding to M,.

ap(ny)

{Mzp) # M.} = {3n € Ao} : TRV < T2 )

={Fyed: 2 <20 MU {Fa € A\ o} TEY < T2 L (3.60)

Qx , Ny

By employing Theorem and Theorem one gets that for all v € A; the
following holds

PITZY < T2 | =P[lele + Ay +op(1) + Ry < 2e'e + Lda.0” +0p (L]
=P [A%n +op(l)+ R, < nicda*02 + op (n%)}

R,, is nonneg.

P[An < Lda.o®+op(1)]. (3.61)
——
=o(1)

Smce hm 1nf A, , >0 for all v € A; from the assumption (3.13)), which together
with (| 1mphes that for all v € A; the following holds

PITZY < T2 | — 0. (3.62)

@M | pyo0

Also, note that for all o € As\{aw}, it holds that do > d,,. Therefore

Qs Ny

P [fgl;:v FBICV }

ep [1eTe 1 Lg,0% +op (L) < Lele + Lda,0® + op ()]
= P [(da — da.)o < 0p(1)] — 0. (3.63)

Since the collection A contains only a finite number of sets, combining (3.60)),
(3.62) and (3.63)) yields the statement of the theorem. O
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3.3.3 Proofs of the Theorems from Subsection [3.3.2]
Proof of Theorem [13

First, recall that the matrix Q, s, is defined as follows

Qa,sn = Xa,sn (XZX ) IXT

Q,Sn?

where s,, € B,,.

Note that Vn € N Vs,, € B, both I,,, —Q, s, and Q, s, are symmetric and positive
semidefinite matrices because they are n, x n, diagonal blocks of the symmetric
and positive semidefinite matrices I,, — P, and P,, respectively. Therefore, for all
u € R™ the following holds

0 <u’(L,, — Qus,)u < u'u.
Analogous to inequalities (A.4) from Lemma , one would get that

||an _Qa,an% = Ssup ||<]Inv _Qmsn)’U’H; = SsSup u ( @asn)

ull2=1 [[ull2=1
< sup u'(I,, — Qus)u < sup u'u=1. (3.64)
[|ufl2=1 [|ull2=1
Thus
LR A
Sn a,spMa 9
~ 2
- H Ny @a sn)( Ny Qa sn) ( Sn Xa,snﬁa)H2
Lem. [A4] 9
< ||an _@a,ang : H( Ty Qasn) ( Xasnﬁa)H
B69) Lem.
S H( @a sn) ( ch snﬂa)H ,s 9 . (365>
In other words, the following inequality is obtained
- v IP - 1
Biov Yo Y, — X, SnﬂaH . (3.66)
L% ” Sn€BR 2
Let m! denote the number of occurrences of element i € {1,...,n} in subsets
$p € B,. Since B, is a Balanced Incomplete Block Design (BIBD), it should hold
that m} = ... = m” = m,. Also, because |B,| = b, and each subset s, € B,

satisfies |s,| = n,, hence nm,, = n,b,. Therefore, one obtains the following

~ \2
Yoo e snﬂaH T b sn€Bn ZgESn( v wz’aﬁa)
1 & . s n &
— nvbn;m; (Y;-—mgaﬁa)z: niln;(y )2
_ iiﬁ;l(n_wg;;a)? = ||y - %Ba[ (3.67)
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By combining (3.66) and (3.67)), one can define the random variable R,, as
TBICV 1 3 |
Ry = T2 = 2 |[Y = Xofal|, > 0. (3.68)
v n 2
Also, note that

Y - Kool B 60, B 2eTe 4 At op(1). (3.69)

Finally, from (3.68)) and (3.69) one has

PECY _ 1T AL 4 op(1) + R

To prove Theorem [14] one will need the following two lemmas.

Lemma 16. Let B, be a Balanced Incomplete Block Design (BIBD) and o € A
such that M, is a model in Category 11. Define the following random vectors
Tosn = Ys, — Xas,Ba for every s, € B,,. Then the following equation holds

1

Z ras @asnrasn:l_ n_l‘|zwza zaa

n Sn, EBn n

nvb

where the matriz Q, s, is from Lemma @ w;', is the i-th diagonal element of the

projection matriz Py, and r; o =Y; — x; aﬁa

Proof. Obviously, (XTX,)™! is symmetric and positive definite matrix, hence
there exists symmetric and positive definite matrix (XX, )~'/2 such that

(ngayl = (ngaylm (nga)il/?

Define the following matrix Xa.s,= Xa.s, (X2X,) /2. Then one can rewrite Qqq,
as

@a,sn = Xa,sn (nga)ilxisn
_ T \-1/2/vTvw \-1/2vT _ <~ <8
- Xa,sn (Xaxa) (Xaxa) Xa,sn _XCV,SnXa,sn .
Further, it will be useful to express ga,sn as follows

ggoz,sn: (i:i,a 11 € Sn>T- (370)

Therefore, one obtains the following

§ T, Sn@a snTa ,Sn

1 —~ ~T 1 - ~
== b Z 'r'g;sn on,snxmsn ra,sn = Z (Z Ti,awg:a) (Z Tj,amj,a)

vEN s, €BR vEN s, €8, 1€Sn JE€sn
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1
Npb

oY rialaE e ®ia |- (371
" sn€B8n i£j
,JEsSn

VYN 5, €Bn \i€sn

1
:nb Z (Zrza zawiﬂ)_‘_

Since B,, is a Balanced Incomplete Block Design (BIBD), there exist m,, and h,
satisfying the following conditions:

« m, represents the number of occurrences of each element i € {1,...,n} in
subsets s, € B,

e h, represents the number of occurrences of each pair {7, j}, such that i # j
and i,j € {1,...,n}, in subsets s, € B,.

Also, because |B,,| = b, and each subset s, € B, satisfies |s,| = n,, then the
following holds

myn = b,n, and h, (n) =b, (nv>
2 2
bTL v bn v v ]-
= my =" and p, = e 1) (3.72)
n n(n —1)

Thus, it holds that

1 My < B2 1 &
_ - L 2 n
n.b Z Z Tz awz awl a | — Z T Oé'r'cl awl a ﬁ Z ri,awi,a' (37?))
VYN 5, €Bn \i€sn U n i=1 i=1
Now, it will be proven that > | 75 4 Zi o = 0. Denote 1o = (r14,.--,7na)’ . Since

M, is a model in Category II, one has
o =Y — XoBo & X80 + 6 - X8 B (1, - Po)e. (3.74)

Similar to |D one can define Xo= (&0 :7=1,...,n)". Therefore

" ~T
> TiaZia =X, Ta (XTX,)V2XI(T, — Py)e = 0. (3.75)
Finally, the following holds
1 ~T ~ n
) Z Z Zri,arﬁawi,awm = Z Zrl al’j, N oTja
VU sn€Bn | i#j Mybn i#]
1,JESN
& Z Zn o0 o j

n—l i#j

Ny —1 & -7 | = . .
= m ; Tia®, g Lz:; TiaZia —n-,awi,a] = -
—_———

B
=0

Z 75 oWia- (3.76)

n—l
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By combining (|3.71|) (3.73) and (3.76)), it holds that

I et S I VT
Z Toz anOé Sn'l"a Sn T [ n<n . 1)‘| ;ri,awi,a'

T snE€BR n

nvb

Lemma 17. Suppose that conditions and hold. Let ¥Yn € N, the
collection B,, be a Balanced Incomplete Block Design (BIBD), and let condi-
tion also be satisfied. Then, for all s, € B, the following holds

Qas, = ["; +0 (%)] Pos,
where
Qavre = Kon, (K0Xa) "KL, and Pae, = Kas, (X0, Xan,) Xiy,:
Proof. For all n € N and s,, € B,, the following holds

X
1T 1 T T T Q,Sn T
EXQXQ - EXa,snXmsn - (Xa Sn Xa 58) ( X - EXQ snXa Sn
,sS

= IXT  Xass + (2= 2) X, Koo, = 2XT Koo — 2XT | Ko,
= 2o [LXT Ko — X7, Xoo ] =0(2). (3.77)

It holds that

%nga (XZ:SHXO"S”)il N % (nga)l} - %XZXO‘ (Xg,snxa,sn)il - LI[da

Uz

= [EX0% — XL K] (K00 Xan) T F o () (KL, Xu)

Therefore one obtains

<X£,snxa,sn)_l - % (XZXG>_1 (%) [TL Z Li,al; a] ) (XZSnX(X,Sn)

329 0 <%) 0(1) (Xg,snxa,sn)_l - (%) (XT XO"S”)_I'

Finally, one gets the following equation

(X0, Xaw,) =2 (XIX) " =0 () (X, Xow) . (378)

—1

Denote P, 5, = X, (XZ;%XQ,%) X¥ ., as the projection matrix onto the col-
umn space of X, g, , where s,, € B,,. Then, by using (3.78)), one can express P, s,
as follows

Pos, "= Ko, |0 [ (2) (X0, Kaw,) + 2 (XI%,) | XTI,
= 0(%) Py, + 2 Q. (3.79)
From and condition ,
Qusn =[5 40 (%) Pas, (3.80)
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Note that the preceding lemma states that the matrix Q,,, is actually a
rescaled projection matrix P,,, in the asymptotic sense. Now, everything is
ready to prove Theorem

Proof of Theorem [14]

Define the sequence of constants ¢, = % and suppose that the random

vectors 7o s, are as defined in Lemma [I6] Thcus, one gets the following

Z ||]P>045nra5n|’2 Z rasn P s, Tas,

Unselgn U”sGBn

1
Lem.[I7 € n n
S

Ny bn n Sn€Bn

Call n\17' 1
= 1 E a,snTa,s
{ +O<n)] Nyb ””Q men

M von s, eB,

Lem. [[6] CnN Ne -111
o 08 &0 14 Te .
oG ) St

n n n

Cnll n\1"t  n
== 1—1—0(0)] — D wl
| nn 1) 2 e

Ny n n—1):=

_min g n [Ho(%)]*w;wza@a

2 _
nz Ny n n—1)=—

Lo, (5.8 {1+ <n)] e Z w2, (3.81)

n ncn—l —

Define
UQ’7SH - (]Inv - QO&,Sn)(HWv + cnpavgn)(ﬂnv - QO&,Sn)’

A(a) e Z 'l"g’sn (]:[’I’LU —I— CnIP(X,Sn)TOC75n

= Z rg:sn( QO!STL) 1Uasn( Ny Qasn) 1ra,sna
n

Z Tgsn( Qa sn) ( Ny Ua,sn)(ﬂnv - ch,sn)_lra,sn-

Therefore

TBICV _
a,ny

2
Ty n $nEBn

Lem. @ 1 Z H - Qasn ( Sn XavS"BO‘)Hz

Ty n snEBn

= Z TZ:,STL (an - @a,sn)_l (an - Qohsn)_l raysn = A7(1a) + B’I(la)

Ty b” sn€By
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To complete the proof, it is sufficient to show that
A =1ele 4+ Ld,o® + op (ni) and BY =op (%) .

Showing that A = LeTe + Ld,o® + op (nic)
Since, M, is a model from Category II, equation (3.51]) can be rewritten as
follows .
Y wiari, = dao” + op(1). (3.82)
i=1

From the balance property of B,,, one gets the following

1
A,(za) = W Z rg;sn (an + Cn]P)O“S")Ta’S"

E: Hraanz E: HPasnraan2

”"sGB U”SEB

balance ‘ ‘Y XQ,BQ ‘ ‘

asnraanZ
SnEBR

!—HY XoﬂaH +[1+ (2)}“4—%)2”:11]?&%2&

ne(n —1) =

3.

~

4]

1T e n+n. <&
el =B+ |10 ()| TR
n€ Jet Lo () = ) 2 Wil

3.82)

eI, — Po)e + [1 +0 (7:;)] nzl(:i%l) |:do¢0-2 + 0P<1)} . (3.83)

From Lemma [Al it holds that E {eTIP’ae} = 0%d,. Moreover, as " — 0, it

n—oo

follows that "<&’ P,e L,
n—

Also, note the following

n -+ ne

0. Therefore, one obtains

1.7 _ 1
~e'Pue =op (n) .

142

= (1+0(1) =

(3.84)

(3.85)

nen=1) " (1 1)

By combining (3.83)), (3.84) and (3.85)), it holds that

=3 ron (1) 1 o) [ ()] o)
=qeletor () + [ to (i) +o(3)] - [dao® + 0r (1)

c

= neletor (i) + [+ o ()] [dao® +or(1)]

c

= LeTe+ Ldao® +op (1) (3.86)
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Showing that B\ = op n%)
Firstly, note from Lemma

(an - Qa,sn>]P>a,sn (]Inv - Qa,sn)
= (]Inv - Qa,sn)Piysn (an - Qa,sn) = (]P)oc,sn - Qa,snpa,sn)(]?a,sn - ]P)Oc,sn@oc,sn)

D (B, — 540 (5)] Pas) (Bass — [2 40 ()] Pas)
— 1= 240 (2)] Pa, = [ 4 0 (2)] P,

Hence
() @~ Qo) Pl — Q) = () [ + 0 (2)] o,

[1+0(1)]*Pys, = P, +0(1)P,s,
(3.87)

Obviously, for sufficiently large n, the matrix 3Py s, +0(1)Pa,s, is positive semidef-
inite, i.e., Vu € R™

@ (3Pas, +0(1)Pas, ) @
EED -1 ((5)2 (Lo, = Qs )Pas, (I, — Qus) — ;Pa75n> @ > 0.

Consider u = (I,,, — Qq.,) 'u for uw € R™ then

2
uT ((:C) IP)cu,sn - % (]Inv - Qa,sn)_l Pa,sn (an - @a,sn>_1) u Z O
The last inequality implies that the matrix

2 (%)2 Pa,sn - (an - Qa,sn)_l Pa,sn (]Inv - Qa,sn)_l Z 0 (388>

is positive semidefinite (where the symbol > in the matrix context indicates
positive semidefiniteness). Also, by Lemma ,

Uas, = (L, — 2P, +0 (%) Pay, ) (T, + 6rPass,)
X (In, = 2Pos, +0 (%) Pos,)
= (Hnu - %Pmsn)(ﬂnv + CnPa,sn)(an - nﬁ a,sn)

+0 (%) (an — %’Pa,Sn)(an + CnPa,Sn)IEDCY,Sn

+o

38

) Pa,sn (an + Cn]PJa,sn)(an — a,sn>

%)} 2 Pos, (Ln, + cnPas, )Pas,

= (I, — %Pa,sn)(ﬂnv + CnPa,sn>(Hnu - %Pa,sn)

/N

—l—[o

+0(2) (1= 2)(1+ ¢)Pas, + [0 (2)]” (1 + c)Pas,. (3.89)
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Since % — 0 and ¢, (%) =% (2— ™) — 1, it follows that
0 (%) (1 =) (14 )Pas, =0 (%) (1 + n)Pas,
- [Om (%)2 +0(1) (%) 0| Pas, = [0 (%) (14 c)Pas,. (3.90)
By combining (3.89) and (3.90), one obtains
Unsy = (T, = 2P, (n, + €Pass,) (T, — Pas,) + [0 (2)] (14 €0)Pa,

n

— (Lo, = 2Pas,) + 0 (1= 2) Pas, + o (2)]" (1 + )P,

=L, — 2Py, + (%) Pa, 4 0 (22) Pas, + [0 (22)] (1 + ) Pas,

=1, + > (nz — 2n,n + cnng) Pes, + [0 (%)r (14 ¢y)Pes,

=0

=L, + [o(%)]" (1 + c0)Pa.. (3.91)

2
Multiplying the matrix from (3.88|) by the factor [0 <%)} (1 4+ ¢,), one easily
obtains that the matrix

2
o(1)(1+ )P — [0 (2)] (1 + ) (T, — Qus) "Pas(l, — Qu) ™" >0 (3.92)
is positive semidefinite. Also by (3.91]), the following holds

(an - @a,s)il(ﬂnv - Ua,s)(ﬂnv - @a,s)il
(3.91)

2D (o (22)]* (1 4+ ) (T, = Qo) "Pas(l, = Qus) ™. (3.93)

By combining ([3.92)) and (3.93)), one can infer that Vu € R™
0(1)(1 + Cn)u Poa su >u ( Qa s) ( Ny Ua,s)(ﬂnv - @a,s)_l

Therefore

1
B < 0(1)(1+¢,) ( ;
Ty

Z HPa,s'ra,ng) = Oop (i) )

seB

where the last equation follows from the fact that in (3.83) and (3.86) it was

shown that
c
- ZHPozsrocsHQ lcda02+0P (7%)

SEB
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3.3.4 Monte Carlo cross-validation

Using the BICV(n,) requires having a balanced incomplete block design B,
for all n € N, which can be hard to obtain in real applications. Therefore, a
Monte Carlo alternative of BICV(n,) may be used. For all n € N randomly draw
without replacement a collection 7, of b, subsets of {1,...,n} that have size
n,. Then the cross-validation estimate of I'y,, will be referred to as the Monte

Carlo CV(n,), abbreviated as MCCV(nv), and is defined as

f\MCCV _ Z
o,ny

T b” $n€Tn

st Ya ,S%

.
The model selected by Monte Carlo cross-validation is My, ., ), where

anr(n,) = arg min Fff%cv. (3.94)
acA
The following result is similar to Theorems [I3] [14 and [I5] The probability state-
ments in Theorem |18 are with respect to the joint probability corresponding to Y
and the Monte Carlo selection of the subsets.

Theorem 18. Suppose that conditions (3.15), (3.29), (3.35]) and are sat-
isfied. Also, assume that

wa Z.’B.’E

Ty 1€Sn [z 1€5S

p(1), (3.95)

max
sn€Tn

where T, contains b, subsets selected randomly with b,, satisfying

n2

(3.96)

b,n? —
This yields the following conclusions:

o If M, is a model in Category 1, then there exists nonnegative random vari-
ables R,, such that

- 1
[hoey = — Y eles, + Aun+op(l) + Ry,

where e, =Y, — X, B and X, is the n, X p matriz containing the rows
of X indexed by i € s,,.

o If M, is a model in Category 11, it holds that

fx%:‘v_nb > ele,, + -2 d0+0p( )
VI 5,€Tn

o Consequently,

«

}}LHOOP [MAM(%) a M*} =0,
which means that MCCV (n,) is asymptotically correct.

The proof is given in the appendixz of paper |Shao [1995], p. 494.
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Note that condition is the probabilistic analog of assumption (3.58]).
Condition imposes certain restrictions on b, and n., indicating that when
fewer data are used for model construction, more splits are needed. In addition
to the Monte Carlo method CV(n,), there is another alternative to BICV(n,)
called an analytic approximate cross-validation, details of which can be found in
the paper [Shao [1993], Chapter 3.3.2.

3.4 Real Data

In this chapter, the cross-validation techniques will be compared using real
data from parliamentary and presidential elections in the Czech Republic held in
the years 2021 and 2023. In 2021, elections were held for the Chamber of Deputies
of the Czech Parliament, with the participation of 22 political parties. In 2023,
presidential elections took place, with the participation of 9 candidates. The
presidential election system is such that initially, the first round is held, where two
candidates with the highest number of votes are selected. These candidates then
advance to the second round, where the election is held again, and the president
is chosen. On the other hand, the parliamentary election system is conducted in
just one round. Voting in parliamentary and presidential elections took place in
each district of every municipality in the country. The goal of this chapter will
be to make predictions of the percentage of votes obtained by the two candidates
in the first round (the candidates from the presidential elections who advanced
to the second round) based on information from the parliamentary elections.
Predictions will be made using leave-one-out cross-validation and Monte Carlo
cross-validation, and the results will then be compared.

3.4.1 Data Structure

All data used in this chapter are available on the following website |Czech
Statistical Officel

The data from the parliamentary elections include the following information:
idy (identification number of the municipality), idp (identification number of the
district), P', ... , P** (number of votes for individual political parties), IE (total
number of issued envelopes), RV (total number of registered voters).

Similarly, the data from the first round of the presidential elections include
the following information: idy; (identification number of the municipality), idp
(identification number of the district), V (total number of valid votes in the first
round) and RV' (total number of registered voters in the first round). Addition-
ally, it includes the number of votes received by the candidates who advanced to
the second round: Y (Petr Pavel) and Z (Andrej Babis).

Both datasets are arranged according to the processing time. Note that each
district is characterized by a pair of numbers, idy; and idp, and will be treated
as an individual observation.

3.4.2 Used Linear Models

It is important to note that since the data are arranged according to process-
ing time, the data structure dictates that smaller districts will appear first in the
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datasets, followed by larger ones. Therefore, one would expect that homoscedas-
ticity assumption would not be met in a dataset of this nature. To approach
the assumption of homoscedasticity, all variables were transformed using square
root transformations. Recall that in a linear model with p predictors, the cross-
validation criterion for model selection involves all 2P —1 possible submodels being
explored, and the one with the smallest estimate of I, ,, is selected. Therefore, to
ensure computational manageability, only the seven largest political parties (in
terms of the number of votes they received) were considered as predictors when
constructing models to predict the number of votes for candidates Y and Z. These
political parties are P* (Svoboda a pifmé demokracie), P° (éeské strana socialné
demokraticka), P2 (PRISAHA Roberta Slachty), P'* (SPOLU), P! (PIRATI
a STAROSTOVE), P'*® (Komunistickd strana Cech a Moravy), and P? (ANO
2011). Overall, the following linear models were considered:

« M is a linear model whose response is V'Y and its predictors are VRV?,

VRV, VIE and VP* for k = 4,5,12,13,17, 18, 20.

e M, is a linear model whose response is v/Z and its predictors are VRV?,
VRV, VIE and VP* for k = 4,5,12,13,17, 18, 20.

Since one wants to predict the percentage of votes obtained by the candidates Y
and Z, it is necessary to have a model to predict the total number of valid votes
in the first round V. Therefore, the following model is also considered:

« Mj is a linear model whose response is vV and its predictors are VRV?,

vRV and vVIE.

Using cross-validation techniques, the optimal models will be chosen from M,
and M, and then predictions will be made using those optimal models. For
predictions of the number of valid votes in the first round V, the entire model Mj3
will be employed.

3.4.3 Notation

In total, there are N = 14 844 observations available. To construct and vali-
date the model, the initial n = ¢ - N observations will be used, where ¢ € [0, 1].
Recall that observations are arranged according to the processing time, so it’s
crucial to use the earliest observations in the dataset for model construction and
validation. The motivation behind this is the desire to make predictions about
the overall impact of elections once, for example, the first 15% of results are
known. The remaining N — n data points will be reserved as test data. For
model construction, n. = ni data points will be employed, while n, = n — n,
data points will be used for model validation. As mentioned earlier, CV(1) and
Monte Carlo CV(n,) methods will be used to select the optimal submodels of M,
and M,. It’s worth noting that the estimate fgvl can be directly computed from

the expression 1’ while for computing fMCCV, b, = 2n selections for Monte

a,ny
Carlo sampling were used. Therefore, it can be observed that with the chosen b,

and n., condition (3.96) is satisfied.
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Summarize the notation that will be used here:

{1,..., N} is the set of all available data.

{1,...,n} is the set of data used for model construction and validation,
where n = ¢-N and ¢ € [0, 1]. For model validation, a subset s C {1,...,n}
is used such that |s| = n,, while for model construction, the complement
subset s° C {1,...,n}\ s is used such that |s¢| = n,.

Y, represents the number of votes received by Petr Pavel in the ¢-th district,
while Z; represents the number of votes received by Andrej Babis$ in the i-th
district, for e = 1,..., N. At the same time, V; represents the total number
of valid votes in the first round in the i-th district.

\?i,l denotes the prediction of the number of votes received by Petr Pavel in
the i-th district, fori = n+1,..., N, where this prediction was made based
on leave-one-out cross-validation applied to model M;. Similarly, \?mu can
be understood as the prediction based on Monte Carlo CV(n,) applied to

model M;, while XA’Z denotes the prediction based on the full model M;.

Z,l denotes the prediction of the number of votes received by Andrej Babis
in the i-th district, for ¢ = n+ 1,..., N, where this prediction was made
based on leave-one-out cross-validation applied to model M,. Similarly,
ZWU can be understood as the prediction based on Monte Carlo CV(n,)
applied to model M,, while Z denotes the prediction based on the full
model M.

V; denotes the prediction of the total number of valid votes in the first round
in the ¢-th district, for i =n +1,..., N, which was made by model Mj5.

3.4.4 Assessment of the Prediction

To predict the percentage of votes obtained by the two candidates in the first
round, the following quantities will be needed:

Ry(n)=Y",Y;/>", Viand Rz(n) = >0, Z;/ > ", V; show the percent-
age ratio of how many votes each of the candidates actually received based
on the data {1,...,n}.

Ry = (Z?Zl Y+ \A(]) / ( Vit X \A/J) represents the esti-

mation of Ry(N) based on the full model M;, and similarly, Ry can be
defined.

Ry(1) = ( Y+ \?M) / (Z?:l Vi+¥N 0 \A/']) represents the
CV(1) estimation of Ry(N), and similarly, Rz(1) can be defined.

Ry(n,) = ( Y+ Zj-v:nﬂ ?j,nv) / ( Vit Z;V:nﬂ \A/']) represents
the Monte Carlo CV(n,) estimation of Ry(N), and similarly, Ry(n,) can
be defined.

Another measure that describes the quality of the prediction is the average
squared prediction error:
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« PEy =520 (Y- Y, ) and similarly, PE; can be defined.

« PEv(1) = 52X (Y ~Y; ) , and similarly, PEz(1) can be defined.

« PEy(n,) = 7= YN0 (Y -, m)Q, and similarly, PEz(n,) can be de-
fined.

Additionally, the normalized average squared prediction errors will be needed:

» REy(1) = PEy(1)/min{PEy(1), PEy(n,), PEy }, and similarly, RE(1) can
be defined.

« REy(n,) = PEY(nv)/min{PEy(l),PEY(nU),PEY}, and similarly, REz(n,)
can be defined.

« REy = PEY/min{PEY(l),PEY(nU),PEY}, and similarly, RE; can be de-
fined.

All the above-mentioned quantities will be used to assess the quality of pre-
diction in the following subsection.

3.4.5 Discussion of results

From Table it can be observed that from the beginning, the difference be-
tween the estimates Ry, Ry(1), and Ry (n,) appears at the third decimal place. It
is also evident that if more than 17% of the data were used for model construction
and validation, differences between the estimates begin to emerge at the fourth
decimal place, which is almost negligible. Overall, it can be seen from the results
of Table|3.1| that it almost does not matter whether the overall model M; is used
for prediction or some submodel selected via CV(1) or Monte Carlo CV(n,) is
used. A nearly analogous situation arises in Table [3.2] where unlike Table [3.1]
differences at the third decimal place appear even for larger percentages of data
used for model construction and validation.

Note that in Table Ry(1) and Ry(n,) are almost the same as the esti-
mate Ry, which indicates that both methods CV(1) and Monte Carlo CV (n,) try
to select models close to the full model M; (analogously in Table . This may
indicate that the majority of the considered predictors in models M; and M, are
important.

The overall percentage ratios of votes received by candidates Y and 7Z are
Ry(N) = 0.3538 and Rz(N) = 0.3502 respectively. Note that these numbers
slightly differ from those stated in|Czech Statistical Office,because in the presiden-
tial elections of 2023, there were 13 newly added districts that were not present in
the parliamentary elections of 2021. Since the number of such districts is relatively
small, such districts were excluded from the dataset. An interesting observation
is that from Tables and it is already evident, using only 5% of the data
for model construction and validation, that all three methods estimate the overall
vote percentage ratios approximately as 0.35. Meanwhile, the current percentage
ratios of votes Ry(n) = 0.3038 underestimate, and Rz(n) = 0.3981 overestimate
the percentage ratios of votes each candidate will receive for n = 0.05- N.
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On the other hand, one does not see in Tables |3.1jand |3.2| any clear advantage
of the Monte Carlo CV(n,) method over CV(1). One of the reasons could be
that the theory mentioned above assesses prediction quality by considering the
average squared prediction error, while here, the ratios Ry and Ry were consid-
ered. Those quantities were used here because it was hoped that minimizing the
average squared prediction error would also reflect in the quality of estimating
Ry and Ry.

However, since the differences in estimates of Ry and Ry are small, let’s
look at Tables and [3.4] where average squared prediction errors were used
to assess the quality of prediction. Fitting the models M; and M, on data
{1,...,0.05- N} and then conducting the formal statistical test confirmed het-
eroscedasticity (Koenker’s studentized version of the Breusch-Pagan Test was
used). Since the assumption of homoscedasticity is violated, one wouldn’t expect
the results to align with the theory. However, as shown, for example, in Table[3.4]
in almost all cases, Monte Carlo CV(n,) performs better than CV(1). The only
exceptions are when 20%, 22%, and 40% of the total data were used for model
construction and validation. Nonetheless, from this table, it’s apparent that quite
often, the normalized values of prediction error computed from CV(1) differ from
the normalized values of the optimal model by the first or second decimal place.
This could be interpreted as CV(1) differing from the optimal model within units
or tens of percent. Whereas, in all cases, the normalized values of prediction error
from Monte Carlo CV(n,) differ from the normalized values of the optimal model
by the third decimal place. This could be interpreted as Monte Carlo CV(n,)
differing from the optimal model by less than 1 percent. Therefore, despite the
violation of homoscedasticity, Table indicates that Monte Carlo CV(n,) out-
performs CV(1) in terms of prediction error. Additionally, it can be seen from
this table that the full model M; performs optimally in terms of prediction error
with larger percentages of used data for model construction and validation.

Nearly an analogous situation arises in Table When less than 15% of
all data is used for model construction and validation, CV(1) differs more from
the optimal model than Monte Carlo CV(n,). In other cases, CV(1) selects the
optimal model, but Monte Carlo CV(n,) differs from it at the third decimal place,
which may be deemed negligible.

Another reason why CV(1) may not be easily surpassed by Monte Carlo
CV(n,) in practice could be that for large datasets, all reasonably selected pre-
dictors are statistically significant. This implies that both methods tend to select
the full model.
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M daa | B By R B
5 % " 0.3038 | 0.3505 | 0.3510 | 0.3510
7% ' 0.3087 ! 03532 ' 0.3540 ' 0.3514
10 % ©0.3117 1+ 0.3546 1 0.3548 1 0.3528
12 % 03118 1 03534 . 03534 ., 0.3514
15 % ' 0.3124 |, 0.3514 |, 0.3514 | 0.3496
17 % 03124 ' 03523 ' 0.3523 ! 0.3529
20 % 03135 ' 03520 ' 03520 ' 0.3520
22 % . 0.3144 1 03519 . 0.3519 . 0.3519
25 % . 0.3146 , 0.3518 , 0.3519 , 0.3519
27 % 03152 ! 03512 ! 0.3513 ! 0.3513
30 % ' 0.3156 ' 0.3506 ' 0.3506 ' 0.3506
40 % 03189+ 0.3504 1 0.3505 1 0.3505

Table 3.1: The table illustrates the percentage ratio of the votes Petr Pavel
actually received, along with various estimations of this percentage ratio obtained

by the full model M;, leave-one-out, and Monte Carlo cross-validations.
overall percentage ratio of votes received by Petr Pavel is Ry (V) = 0.3538.

Cised o | Fl0) o R | Ran)
5% 703981 | 0.3508 | 0.3511 | 0.3508
7% 03937 | 0.3486 ' 0.3487 | 0.3469
10 % 0.3913 1 0.3477 1 0.3465 1 0.3465
12 % 0.3909 1 0.3473 1 0.3472 1 0.3452
15 % ' 0.3915 |, 0.3479 |, 0.3479 | 0.3460
17 % ' 0.3932 | 0.3485 | 0.3484 ' 0.3476
20 % 03913 1 0.3490 1 03491 1 0.3491
22 % ©0.3907 1 0.3490 1 0.3491 1 0.3491
25 % 03914, 0.3491 , 0.3492 | 0.3486
27 % ' 0.3908 | 0.3497 | 0.3498 ' 0.3493
30 % 03906 ' 0.3502 ' 0.3503 ' 0.3498
40 % ©0.3870 1 0.3501 1 0.3501 1 0.3501

The

Table 3.2: The table illustrates the percentage ratio of the votes Andrej Babis
actually received, along with various estimations of this percentage ratio obtained

by the full model Ms, leave-one-out, and Monte Carlo cross-validations.

The

overall percentage ratio of votes received by Andrej Babis is Rz(N) = 0.3502.
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Cieed dota T RE() | REx()
5% T 1.0000 | 1.0000 | 1.0060
7% 10000 ' 1.0425 ' 1.0161
10 % ©1.0000 1+ 1.0417 1 1.0044
12 % . 1.0000 . 1.0474 | 1.0001
15 % . 1.0000 , 1.0571 , 1.0021
17 % 1.0117 ' 1.0000 ' 1.0113
20 % ' 1.0000 ' 1.0000 ' 1.0005
22 % . 1.0000 + 1.0000 1 1.0004
25 % ' 1.0000 ; 1.0000 , 1.0020
27 % ' 1.0000 | 1.0000 ' 1.0019
30 % 10000 ' 1.0000 ' 1.0005
40 % ©1.0000 1 1.0000 1 1.0014

Table 3.3: The table shows the normalized average squared prediction errors
computed on the test data for Petr Pavel. These errors are calculated using three
methods: employing the full model M; , using CV(1), and Monte Carlo CV(n,).
It’s important to note that normalization is performed based on the smallest
prediction error. Thus, a value of 1.0000 in the table indicates that the method
has the smallest prediction error. The higher the value in the table, the worse
the method is in terms of prediction error relative to the other methods.

Cieed dota | W2 | RE(1) | REy(n)
5% 771.0014 | 1.1275 | 1.0000
7% ' 1.0000 ' 11335 ' 1.0004
10 % 11047 o+ 1.1047 1 1.0000
12 % . 1.0010 | 1.1579 | 1.0000
15 % . 1.0004 | 1.1485 | 1.0000
17 % 10004 ! 1.0309 ' 1.0000
20 % ' 1.0000 ' 1.0000 ' 1.0009
22 % . 1.0000 « 1.0000  1.0014
25 % . 1.0000 |, 1.0291 , 1.0020
27 % ' 1.0000 ' 1.0278 | 1.0016
30 % ' 1.0000 ' 1.0262 ' 1.0019
40 %  1.0000 1+ 1.0000 & 1.0013

Table 3.4: The table shows the normalized average squared prediction errors
computed on the test data for Andrej Babis. These errors are calculated using
three methods: employing the full model M, | using CV(1), and Monte Carlo
CV(n,). As in the caption of Table , the higher the value in the table, the
worse the method performs in terms of prediction error relative to the other
methods.
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Conclusion

In this work, we focused on the use of cross-validation methods in various
contexts. The first two chapters showed the application of leave-one-out cross-
validation for kernel density estimation and kernel regression. The structure
of these chapters was based on lecture notes Nagy and Omelkal [2024], with a
greater emphasis on methods for bandwidth selection relying on cross-validation.
In Chapter [1], theoretical results ensuring the optimality of cross-validation were
introduced. For instance, one of the theoretical contributions is a rigorous proof
of Lemma . In comparison to the orginal paper |Scott and Terrell [1987], it seems
that additional technical assumptions and are needed. A possible
extension of the results from Chapter |1] would be to derive the asymptotical
variances of bandwidths selected by cross-validation based on the paper Hall and
Marron| [1987]. Theoretical results of the first two chapters were illustrated using
simulated data.

Chapter , based on the paper Shao|[1993], can be considered the main part of
the thesis. In this chapter, in comparison to the original paper, proofs of certain
claims were elaborated in greater detail. Many claims used in the argumentation
of the paper are not obvious, and some of them required nontrivial derivation.
The methods introduced in this chapter were then applied to real data from
parliamentary and presidential elections in the Czech Republic in 2021 and 2023.
It became clear that homoscedasticity is a crucial assumption for highlighting the
advantages of the CV(n,) method over CV(1). However, it was demonstrated that
even in our data, where this assumption is not met, if CV(1) outperforms CV(n,),
the difference in prediction errors is not large. Conversely, in cases where CV(n,,)
outperforms CV(1), the difference in prediction errors is more pronounced.

Another crucial assumption throughout Chapter |3| was that the number of
predictors remained constant as n — oo. It could potentially be studied how the
aforementioned methods behave when the number of predictors also increases. It
would be also interesting to study various extensions of the theory from Chapter
to generalized linear models or heteroscedastic linear regression.
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A. Appendix

Theorem A.1. Let X = (X1,...,X,)7, where X1,..., X, =~ N(0,02). Let Q =
o2 XTAX for a symmetric matriz A with rank r. Then Q has a x? distribution
if and only if A is idempotent.

The proof is given in [Hogg et al.| [2018], Theorem 9.8.4.

Lemma A.1. Let Z be a random vector of length n with the expectation p and
the finite covariance matriz 3. Let B be any matriz of size n X n. Then

E|Z"BZ| = p"Bu + tr(BX).
The proof can be found in the course notes |Omelka, Lemma 2.5.

Lemma A.2. Assume that {Z,}°, is a sequence of random variables such that
var(Z,) —= 0. Then

Z, —EZ, 55 0.
n—oo
Proof. The proof follows simply from Chebyshev’s inequality as

Cheb. var(Z
S (2 n) O,
g n—oo

P[|Z, — BZ,| > €|

for each € > 0. O

Definition A.1. The spectral radius p(A) of a square matriz A is defined by
p(A) = max |\, where A is an eigenvalue of A.
If X\ = a + Bi is complex, then |\ = (o + %)z.

Definition A.2. A matrixz norm on the set of all n X m matrices is a real-valued
function, || - ||, defined on this set, satisfying for all n x m matrices A and B and
all real numbers cv:

1 11]] > 0;
2. ||Al| =0, if and only if A is the matriz with all O entries;
3. Al = |af [|A]];
4. [|A+ B[ < [|A]] + [IB]];
5. ||AB|| < |JA]] [|B]].
Definition A.3. Let || - ||, is a vector norm. Then,
[|A[| = Sup ||Az|],
is called the natural matriz norm associated with the vector norm || - ||s.
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Remark. 1t can be easily shown that the natural matrix norm satisfies Defini-
tion [A.2] The most commonly used natural matrix norms are

l|All]2 = sup ||[Az|ls,  thely norm, (A1)
llz[l2=1
Ao = S‘up_1 [|Az|| s, the I, norm, (A.2)

where
m 2
_ 2 _ )
fell: = {322} and Jilo = puox Jol

Lemma A.3. Let Ay and Ay be square matrices of order n that are symmetric,
positive definite and Ay — Ay is also positive definite, then p(AT'Ay) < 1.

Proof. First, note that because A; is symmetric and positive definite, there ex-

ists a symmetric and positive definite matrix Ai/ ? such that A; = Ai/ QAi/ 2,

From the assumptions of the lemma, it holds that A; — A, is a positive defi-
nite matrix. Therefore, A"/ (A — Ag)Afl/ ? is also positive definite. Denote

B = Afl/ QAQAII/ ? which is also positive definite. Then, it holds that
ATV (A — A)ATY? =T, — ATV2AATY? =1, - B > 0,

where the symbol >, in the context of matrices, indicates positive definiteness.
Therefore, for all nonzero vectors * € R™ one would get that

z’ (I, — B)x > 0.
Equivalently, for all nonzero & € R, it holds that
0<a'Bx < z’x, (A.3)

where the first inequality holds due to the positive definiteness of B. Note that
because B is positive definite and symmetric, there exists a positive definite and
symmetric matrix B2 such that B = BY/?2B'/2. Therefore, it could also be shown
that for all & € R”, the following holds

sym.

0< (Bx) (Bx) = x'B*x = (B1/2w>TIB% (]B%l/2a:> @ 'Br <x'z. (A4)

Overall, one obtains that
sup !B’z < 1.

[|a[|2=1

Finally, bound the I, matrix norm as follows

||B|l2 = sup ||Bzx|ls = sup vVa&T’B"Bx = sup Va'B2z < 1.

||z[[2=1 [l]|2=1 [l]|2=1

After using Theorem 7.15 from |Burden and Faires| [2010], one can conclude that
p(ATZA5AT?) = p(B) < |[B]|> < 1.

The last thing to note is that A; ?A,A7Y? and AT ?A7Y2A, = AT'A, have the
same eigenvalues, which means that

P(AT A) = p(A;PA0AT 1) < 1.
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Lemma A.4. For any vector x # 0, matriz A, and any natural norm || - ||, it
holds that
| Az]] < [[A]] - [[]]

The proof can be found in |Burden and Faires |[2010], Corollary 7.10.

Lemma A.5. If A = (a;;) is an n x m matriz, then

m
[Alloo = max > |ayl.
j=1

1<i<n

The proof is given in |Burden and Faires| [2010], Theorem 7.11.

Theorem A.2. For any two matriz norms || - ||, and || - ||, there exist positive
constants r and s such that for all matrices A the following holds

rllAlL < TJAlls < sllAll,.
The proof is provided in Horn and Johnson| [2012], Corollary 5.4.5.

Lemma A.6. Let X = (x4, ...,24) and X, = (x1,...,@4,) be n X d and n X d,
matrices, respectively, such that rank(X) = d, rank(X,) = d,, and d, < d. Then
rank(P — P,) = d — d., where P and P, are projection matrices onto the column
spaces Im(X) and Im(X.,), respectively.

Proof. 1t is known from the QR-factorization (see Horn and Johnson| [2012], The-
orem 2.1.14) that there exist an n x d matrix Q = (g, . .., qq) with orthonormal
columns and an upper triangular d x d matrix R with positive elements on its di-
agonal, such that X = QR. Since X, is a submatrix of X that contains the first d,
columns of X, there should also exist an upper triangular d, x d, matrix R, with
positive elements on its diagonal, such that X, = Q.R,, where Q. = (qi, - -, g4, )-
Thus, one can express the projection matrices in the following way

P=X(X'X) X"=Q {R (R"R) " RT} Q7 (A.5)

P, =X, (X'%.) X! =Q. [R* (R7R.) ' R7|QT. (A.6)

Since R is an upper triangular matrix with positive elements on its diagonal, it
implies that both R and R are invertible (similarly for matrix R,). Therefore,
the following holds

R(R'R) R’ =RR' (R") R’ =1, (A7)
R, (R’R.) B! =R.R;' (RY) R =1, (A.8)
Finally, by combining (A.5)), (A.6), (A.7) and (A.8), one obtains
d dx d
P-P,=QQ" —QQf => aqq/ -> aa] = >, aa. (A.9)
i—1 j=1 i=du+1

The statement of the lemma follows from equation (A.9) and the fact that the
set of vectors (qg,+1,---,qa) is also orthonormal. ]
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Lemma A.7. Let Y > 0 be a nonnegative random variable with a continuous cu-
mulative distribution function Fy, and { X, }5>, be a sequence of random variables

such that X, 7Hio>o 0. Then for all a > 0, it holds that
P(X,+Y >a) >PY >a)+o(1).

Proof. Since X, 7& 0, there exists a sequence of positive real numbers {e,}°°
such that £, — 0 and P(|X,,| <e&,) — 1. Therefore
n—oo n—oo

P(X,+Y >a)
>P(X,+Y >a, X, <e,) >PY >a+¢e,, X, <e,)
>1-PY <a+e,)—P(Xy|>e,) =P >a+e,) —P(|X,]| >en)

=P(Y>a)+o(1) =o(1)

=P(Y >a)+o(1).

O
Lemma A.8. Let {x,}32, be a sequence of positive real numbers such that
r, — 0. Then it holds that
n—oo
1

S — o).

T+ oy ol
Proof. Since the function p%x is defined on the open interval (—%, 1). Therefore,

by employing the Lagrange form of the remainder (see Bartle and Sherbert| [2011],

Theorem 6.4.1), then there exists ¢ € (—%, 1) such that for any x € (—%, 1)

R PR
1tz "Tatep
Thus, for sufficiently large n
1 1 2
—=1- n n
1
=1—-o(z,) + mo(xn) 1+ o(x,)
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