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feSen{ parcidlnich diferencidlnich rovnic (PDR). V praci uvazujeme jako modelovy
problém Poissonovu rovnici a jeji diskretizaci metodou konec¢nych diferenci. Obecné
diskretizace PDR vede na velké soustavy linedrnich rovnic. Ruzné itera¢ni metody
mohou mit potize s nalezenim dostateéné presné aproximace v daném cCase. Zejména
relaxac¢ni metody, jako je Jacobi nebo Gauss-Seidel, i¢inné redukuji oscilujici ¢asti
chyby, ale jsou neefektivni v redukci hladkych chybovych slozek. Multigridni metody
kombinuji relaxa¢ni metody s korekci na hrubsi siti, aby prekonaly tento nedostatek.
Problém diskretizovany na hrubsi siti je mensi a snaze Tesitelny. Oprava na hrubsi siti
se obvykle realizuje rekurzivné pomoci hierarchie siti, dokud nejhrubsi problém neni
dostatecné maly na to, aby jej bylo mozné tTesit primym resicem. Cilem této prace je
diskutovat hlavni principy a myslenky, které stoji za multigridnimi metodami, spolu
s nékterymi praktickymi piiklady a numerickymi experimenty.

Klicova slova: vicetroviové metody, numerické metody, feSeni soustav linedrnich rovnic,
hierarchie diskretizaci
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Introduction

Many real-world physical phenomena, such as the movement of viscous fluids or
heat transfer, are governed by (partial) differential equations. Understanding these
phenomena requires knowing the solutions to the (partial) differential equations.
However, finding exact solutions is often challenging or even impossible due to the
complexity of the governing equations. Therefore, numerical mathematics aims
to find approximate solutions that are sufficiently accurate, allowing us to better
understand the world around.

Multigrid methods are among the most effective iterative methods for the
numerical solution of partial differential equations (PDEs). In this thesis, we focus
on Poisson’s equation as a model problem and obtain its discretization by the
finite difference method. The discretization of PDEs usually yields large algebraic
systems of linear equations.

While solving these systems, various iterative methods can struggle to find
an accurate approximation efficiently. We examine the underlying cause of the
slow convergence observed in relaxation methods, such as Jacobi or Gauss-Seidel.
They effectively reduce oscillating parts of the error but are inefficient in reducing
smooth error components. This is called the smoothing property of the methods.
Smooth components of the error can be successfully represented on a coarse
grid (a grid with lower resolution, i.e., a grid with fewer degrees of freedom).
Solving the smaller system corresponding to the discretisation of the problem on
the coarser grid gives an error approximation, which may significantly improve
the approximate solution on the finer grid computed by the relaxation method.
Multigrid methods are based on combining relaxation methods with correction on
a coarser grid.

We establish the mathematical foundation of multigrid methods, employing
multiple grid levels of varying coarseness within the computational domain to
iteratively solve the system at different resolutions and refine the fine-grid ap-
proximate solution. This approach leverages coarse and fine-grid computations,
resulting in faster convergence rates.

The thesis is structured as follows. The explores Poisson’s equation,
a common partial differential equation (PDE) in physics and engineering. Through
the analytical view, we illustrate the necessity of numerical methods in solving
PDEs. The chapter is based on [l Chapter 2.2.]. In [chapter 2| we focus on
the finite difference method, which is our primary tool for discretising partial
differential equations into systems of algebraic equations. We present its derivation
and explore its implementation. Chapter two follows [2, Chapter 1]. The [chapter 3]
introduces iterative methods as a mean to approximate solutions for systems of
linear equations. We specifically delve into the Jacobi and Gauss-Seidel methods,
discussing their properties. These relaxation methods serve as a foundation for
Multigrid methods. The chapter draws primarily from [3, Chapter 4.1] and
[2, Chapter 2]. In , the thesis presents the essential components of
multigrid methods, including smoothing processes, restriction, and interpolation
techniques for transferring between grids. Practical examples illustrate their roles
and interactions within the multigrid framework. The presents several
multigrid schemes, such as the V-cycle and W-cycle. Algorithmic details are



discussed. Chapters 4 and 5 are based on |2, Chapters 1-3]. An introductory
theoretical analysis of multigrid methods is presented in [chapter 6 discussing
their general formulation, convergence properties, and mathematical conditions for
convergence. This chapter serves as a bridge between practical implementation and
theoretical understanding. The chapter follows |4, Chapter 4]. Finally,
consists of numerical experiments designed to empirically test the effectiveness
and convergence speed of multigrid methods in various settings.



1 Poisson’s Equation

In this chapter, we formulate Poisson’s equation, a partial differential equation
used later to demonstrate the principles of multigrid methods.

Let © C R? be an open and bounded set, d = {1,2,3} is the dimension of the
problem. For function v € C?, u: Q@ — R, define the Laplace operator A as

_ Pu  0*u 0%u
Au:dlvgradu:a—ﬁ+@+~-+a—ﬁ.

Given f: Q — R, the partial differential equation seeking for u : 2 — R
—Au = f, in (1.1)

is called the Poisson’s equation. Laplace’s equation is a special case of (|1.1]) where
the right-hand side function, also called the source term, is zero, i.e.,

—Au =0. (1.2)

The problem is fully determined with proper boundary conditions. In the thesis,
we consider Dirichlet boundary conditions for simplicity. Given ug : 92 — R we
require additionally to ([1.1]) that

U = U on OfL. (1.3)

1.1 Poisson’s and Laplace’s Equation in Physics

Poisson’s equation or Laplace’s equation appear in a wide variety of physical
contexts. In a typical interpretation, u denotes the density of some quantity (e.g.
chemical concentration) in equilibrium.

Let us denote V' any volume within €2, 0V the boundary of the volume V', n
the normal vector of the boundary and dS = ndS the surface element. If F is the
flux density, then assuming the equilibrium, which implies that the net flux of u
through OV equals zero, the Gauss-Ostrogradsky theorem [1, Section 2.2] yields

0:/ Fd§:/dideV.
oV 1%

Since V' was arbitrary,
divF =0

in Q. If F is proportional to —grad(u), then
—div grad u = —Au = 0.

In electromagnetism, F is the vector of the electric field, and u is the electro-
static potential, typically denoted by E, ¢, respectively. Then, for an electric field
in a vacuum it holds



Outside the electric charge, where p = 0, we have
Ayp = 0.

In hydrodynamics, aerodynamics or fluid mechanics, Laplace’s equation repre-
sents the irrotational fluid flow, where the unknown function wu, usually denoted
by ¢, is the scalar potential.

The behaviour of the gravitational field is given by

A¢ = 47Gp,

where ¢ is the gravitational potential, G is gravitational constant and p is the
mass density.
The heat transfer is typically modelled by the time-dependent heat equation

Ju
— —Au=f. 14
o pu=g (1)
When the solution of (1.4) eventually reaches equilibrium, then
ou
0
ot ’

and the heat transfer u satisfies Poisson’s equation.

1.2 Analytical Solution

Solution to (1.1)) with Dirichlet boundary condition (|1.3)) can be sought ana-
lytically. This requires a fundamental solution to Laplace’s equation ([1.2))

-~ d=1,
(x) =4 —5In(z) d=2,
47r1\x| d= 3’

which can be obtained using radial symmetry [1, Section 2.2]. The fundamental
solution is radially symmetric due to the rotational invariance of Laplace’s equation
[1, Section 2.2]. Now denote shifted fundamental solution as ®,(y) = ®(y—x)
and the correction function for a fixed = € () satisfying

coy_ JARI(y) =0 inQ,
P = {fbi(y) = ®,(y) on 0.

Then define Green’s function as G, = ®,(y) — ®%(y). Using G,, we can express
the analytical solution of the Poisson’s equation in the integral form

u(zr) = — /Q Gy f— /69 ug - VGyadS, (1.5)
see, e.g., [5, Section 9.6].

In practice, the specific form for the source term f or the boundary condition
up simplifies finding the analytical solution [6, Chapter 7.2.2]. Although, for

9



arbitrarily shaped domains, the conformal mappings are a potential solution
method, they may be difficult to describe mathematically |7, Chapter 4].

Therefore, in many real-world scenarios, in contrast to idealised scenarios,
analytic solutions are only sporadically found as the problems involve complex
geometries, boundary conditions [8, p.5] and right-hand side functions [9, p.1].
Therefore in these conditions may be unsolvable and numerical methods
must be used to approximate the solution.

10



2 Finite Difference Method

For practical computations, the infinite-dimensional problem has to be
discretised, i.e. transformed into a finite-dimensional problem. The transformation
could be done by a finite difference method, where the second space derivatives
are approximated using a second-order central difference. Central difference is
derived from the Taylor polynomial using uniform discretisation of the domain (2.

2.1 One Dimension

Divide the interval 2 = [0, 1] into n uniform subintervals in one dimension.

That means the division is 0 = 290 < 7 < --- < x, = 1 where z, = k- h,
k=0,...,n, leaving h = 1/n as the step size. A general interval Q = [a, b] can be
then obtained by scaling z; = x;(b — a) + a. Denote the function values in interval
points as f(zg) = fx, K =1,...,n — 1, an approximation of the exact solution in
these points as ug, ~ u(xy), k =1,...,n—1, with u(zy) = u(a) = u(x,) = u(b) = 0,
representing the zero Dirichlet condition. Then the approximate solution can be
written as a vector u = (uy, ..., U, 1)T.

First show that the approximation of the second derivative in a one-dimensional
problem can be given by the formula
Uj—1 — 2Uj + Ujia

h? ’

which is derived from the Taylor polynomial.

Denote the derivative of the function v with respect to the variable x as u,.
Analogously, denote the second derivative as u,,. From the Taylor expansion at
Ty + h and Ty + h

Uzpz (%) ~

2

u(zg + h) = u(zg) + up(zg) - h + upe(xg) - }; + O(h?)

h
w(zy —h) = u(xg) — ug(xg) - b+ uge(xg) - 5 + O(h?)
by summing, we get

w(zy + h) + u(zp — h) = 2u(zg) + uge (1) - B2 + O(R?)
w(xg + h) — 2u(xy) + u(zy — h)
12

+ O(h)

hence

Up—1 — 2 Up + Upt1
h? '
The formulation of the approximation of the problem (1.1)) with ((1.3]) in one
dimension

~Uge(25) = f;), u(a) =u(b) =0
is therefore
—Uj—1 + Qu]' — Uj+1 _

h2

fj7 j:1727"'7n7

Ug = U, = 0.

(2.1)

11



2.2 Two Dimensions

In two dimensions, discretize a rectangular domain = (0, 1) x (0, 1) into a grid
m x n.Denote h, = 1/m, h, = 1/n and define grid points as (x;, yx) = (i-hy, k- hy),
i=1,....m—1,k=1,...,n—1. Let u; ), = u(x;, yx) represent the approximate
solution at the grid points. Using the same reasoning as in one dimension,

w(; — hay i) — 2wy, yi) + w(@; + he, yi) + O(R3)

uCE.T(xi) yk) = 12
u(l'ia Yr — hy) -2 u(xia yk) + U(l‘i, Yk + hy) + O(h‘z)
Uyy (T3, Yr) = 12 :
Y

Substituting the derivatives in Poisson’s equation (1.1 by second-order finite
differences leads to

—Ui—1k T2 Uik — Uit1 k| —Uig—1+ 2 Uigp — Uigs1

h3 h; (2.2)

and
Uk = Uip = U = Uiy =0 for 0<i<m, 0<k<n

as boundary conditions.

2.3 Three Dimensions

In three dimensions, for ease of presentation, we consider a cubic domain ) =
(0,1) % (0,1) x (0, 1) discretized on a uniform grid, i.e. a grid of n x n x n.Denoting
the grid spacing as h = 1/n, the grid points are (z;,yx,2) = (i - h,k - h,l - h),
where i, k,l = 1,...,n — 1. To represent the approximate solution at the grid
points, denote u; x; ~ u(x;, yg, 1) and f(xi, Y, 21) = fiu. By following the same
reasoning as above, one can proceed with the numerical approximation of the
derivatives

w(x; — hyyr, 21) — 2 w(xi, yr, 21) + ulw; + hyyr, 21) + O(R3)

umx(xh Yk, zl) =

h2
ik — hyz1) — 2 u(xy, y, i h, O(h?
Uyy (Tiy Yr, 21) = s vy ) ulis Yy hZZZ) +u(x, yr + h, z1) + O(R?)
: —h) -2 i) Ik iy 9k h @] hS
ez (i, Yk, 21) = s e : ul@s Y hzzl) +u(zs, yk, 2 + h) + O( >,

Substituting the derivatives in Poisson’s equation (1.1)) by second-order finite
differences and using (1.3) leads to

—Ui—1 k] — Wik—1] — Uiki—1 + 6 Uik, — Wikl — Wik+1,0 — Uik l+1

12 ikt

Ukl = Uil = Wifo = Unkl = Uing = Uiko =0 for ¢,k 1e€{0,...n}

(2.3)

12



2.4 Matrix Notation

We now present matrix representations of the linear algebraic systems ([2.1)),

£2) and (23).
In one dimension, the system looks as follows

2 —1 U1 I f1 1
—1 2 —1 U2 fg
1 . . . . I .
ﬁ T T . - .
-1 2 -1 Up—2 fn72
L _1 2 i _unfl_ L fnfl_
In two dimensions, we get the system with (m — 1)(n — 1) unknowns. Denote
the unknowns on the ith row of the grid as w; = (u;1,u;2,...,u,-1)" and the

values of the function f on the ith row of the grid as

F] = (f(xj7y1)7 f(xja 92)7 cee 7f<mj7 yn—l))T‘
The system of the equations in two dimensions is then given by block tridiagonal
matrix in the form
B —-A W, F,
-A B - Wo F,
- : 1
—A B Wm—1 mel
where A is a (n — 1) x (n — 1) scaled identity matrix
1
A - ﬁ [n—l
and B is a (n — 1) x (n — 1) tridiagonal matrix

hZ+h2

s ~1
sl -1 2 Bl
TR
y —1
h2+h2
i —1 2. S

In three dimensions, the system with (n — 1)3 unknowns. Denote by
W, = (Uj,1,1, Uj1,2y -5 Ujin—1,Uj21, U225 -« - s Uj2n—1--- Ujn—1n—2, uj,n—l,n—l)T
the unknowns for a fixed z-coordinate and the values of the function f as
F; = (fii1 fines o fiam—1 fizg, fize, o fizm—1-- s fin—1n—2, fj,nfl,nfl)T
where f; ;x = f(%i,yj, 2,). The problem (2.3 is then represented by

D _I(n—l)2 W1 Fy
1 —I(n_1)2 D . Wy F2



where D is a (n — 1)® x (n — 1)? block tridiagonal matrix

E —1 6

o | B N
- n._l f

with F a (n — 1) x (n — 1) tridiagonal matrix.

14



3 Iterative Methods

The solution of the system of linear equations Au = f cannot often be found
as the system is too large or the exact solution does not exist. Even if the exact
solution is obtainable, a less expensive approximation to the solution may be
sufficient in some cases.

Iterative methods aim to approximate the solution of a problem by improving
an initial guess u(®) through a sequence of iterations v — u, i =0,1,..., k. The
method iterates until the error between the current approximation and the actual
solution reaches a predefined tolerance.

3.1 Error, Residual and Residual Equation
Let A € R**", f € R", then
Au=f (3.1)

represents the system of n linear equations with the exact solution v € R™. Given
u(i), a computed approximation to u, there are two important measures of u® as
an approximation to u. The (algebraic) error is given by

eV =y —ul?.

The error is also a vector, and a proper vector norm can be used to measure
its magnitude. Commonly used norms for this purpose are the maximum and
Euclidean norms |2, Chapter 2].

The error is typically impossible to be computed. Another measure is necessary
to evaluate the quality of the approximate solution. A computable vector is the
residual given by

r) = f — Aul.

It should be noted that a small residual does not necessarily indicate a small error.
An important equation that shows the relationship between the error and the
residual is the residual equation

Ael) — r(i),
which is obtained as follows
A = A(u —u®) = f — AuD =+,

In other words, given an approximation u(), we can search for the solution (or new
approximation) by solving the problem with the same matrix A and the residual
r@) as the right-hand side. Then, if ¢ is the computed correction, we get the
solution as u = u® + @,

15



3.2 Relaxation Methods

Relaxation methods provide a sequence of approximations u® — u, i =
0,1,...,k through an iterative scheme in a general form

Mu+D = Ny 4 f. (3.2)

Matrices M, N € R™" where M is a regular matrix, are obtained by splitting
the matrix A as A = M — N. In such a case, we can also express the relationship
between the error in subsequent steps as

o) — 1N )
This relationship follows from the definition of the error
~MuY = —M(u— ey = —Nul — f = —N(u—e?) - f
Me®™ ) = My — Nu+ Ne® — f = Au— f+ Net = Nel.
Consider the matrix decomposition
A=D—-L-U,

where D is the diagonal part of A, —U is the strict upper triangular part of A,
and —L is the strict lower triangular part of A.

The choice M = D and N = (L+U) in leads to the Jacobi method.
This method is of the form

™ = DYL + U)u + D71 (3.3)

With the iteration matrix Ry = D~'(L 4 U), we can rewrite the iteration scheme
as

H—l R u(z) —f-D f
and for the error it holds
el — Rje(i)

Weighted Jacobi method as a simple but important modification of the Jacobi
method. The approximation in the new iteration results from a combination of
the previous approximation and the new approximation (3.3|) provided by the
Jacobi method. For a parameter w € R, this is expressed as

u = (1 — w)u + w(D YL + U) )+ DY)
=u —w(I =D HL+U)u? +wD™'f
=u —wD YD - L—-U)u” +wD™f
= (I —wD 'AulY) 4+ wDf.

Denote Ry, = [ —wD™'A, then

u™ = Ry u +wD7f (3.4)

16



and
D) = Ry e,

The optimal parameter for the weighted Jacobi method is w = % [3, Chapter
13.2.2].

Another relaxation method is the Gauss-Seidel method corresponding to the
choice M = D — L and N = U. Then the iteration scheme is given by

u' = (D - L)'Uu + (D - L)', (3.5)
and the relation
e(i+1) — (D . L)fer(i)

holds for the error.

Jacobi, Gauss-Seidel, or relaxation methods in general can be effective in finding
approximate solutions to systems of linear equations. However, the convergence of
these methods can be slow, particularly for more complex systems, and alternative
techniques such as multigrid or preconditioning may be required to accelerate the
convergence (3| Chapter 9]

17



4 Multigrid Components

The relaxation methods introduced in the previous previous have
some limitations for practical use. As we will illustrate in [section 4.1] they tend to
reduce error oscillations while leaving smooth components relatively unchanged.
This is called a smoothing property and can slow down the convergence. In
multigrid methods, this deficiency is mitigated by solving problems on a hierarchy
of grids and transferring solutions between fine and coarse grids.

The transition between fine and coarse grids involves two operations: interpo-
lation and restriction, which will be introduced in [section 4.2] Interpolation maps
vectors from a coarse to a fine grid, while restriction maps vectors from a fine to
a coarse grid. Let us explore their mathematical formulations and implications in
more detail.

4.1 Convergence and Smoothing Property

In order to examine the convergence of relaxation methods, it is convenient to
focus on the homogeneous linear system Au = 0 and start the iteration process
with a proper initial guess. For this system, the exact solution u = 0 is already
known. Therefore, the difference between the approximation u and the exact
solution is known and equal to —u(®.

Consider a one-dimensional problem as stated in with f =0 and
n = 500 and use Jacobi method with an initial guess consisting of the functions
in general form

ik
vj:sin<”>, 0<j<n, 1<k<n-1, (4.1)
n

called the Fourier modes. The term k is the frequency. The shows that
low values of k result in smooth waves, while high values of k lead to oscillatory
waves.

11— ;/ — >
05F S \ \ / \
/J/ /

- L
0 50 100 150

FE i e e
[T T TR TR T
oD wN 2O

o

350 400 45 0

Figure 4.1 Fourier modes for multiple frequencies k.

Now apply the relaxation scheme (3.3) with u(®) = v; and observe the magni-

18



tude of error in maximum norm, i.e.

1e]]ao =[] = max .

As we can see in [Figure 4.2| and [Figure 4.3, more oscillatory initial guess converges
faster, whereas the smooth waves converge slowly, both in relative error norm
(that is accessible to us thanks to the choice of the right-hand side) and relative
residual norm. When we plot, how many iterations of the method are needed to
reduce the error by three orders of magnitude, see we get an analogous

information.

10°

-—
S

Relative error

—_
S
N
T
-
1

10-3 I I I |
0 0.5 1 1.5 2 2.5 3 3.5 4

Iteration «10°
Figure 4.2 The relative maximum norm of the error in iterations of the Jacobi method.
The initial error e(©) is equal to Fourier modes vq, v2, v4 and vg from (4.1)) respectively.

10°

107 \

Relative residual

10-3 LW | 1 | | | 1 |
0 0.5 1 1.5 2 2.5 3 3.5 4

Iteration «10°

Figure 4.3 The relative maximum norm of the residual in iterations of the Jacobi
method. The initial error (@ is equal to Fourier modes v, v9, v4 and vg.

This experiment illustrates that the iterative scheme effectively eliminates the
oscillatory components of the error while leaving the low-frequency or smooth
components relatively unchanged. This is called a smoothing property of a relax-
ation method, and many relaxation schemes possess this property. The smoothing
property is a limitation of standard relaxation methods. However, this limita-
tion can be overcome, and the remedy is one of the pathways to multigrid ,
Chapter 2].
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Figure 4.4 Number of iterations necessary to reduce error by three orders of magnitude
for Jacobi (left) and Weighted Jacobi with w = 2 (right) with initial guess u(®) equal to
Fourier modes vy, v, v3, ..., V.

4.2 Fine and Coarse Grid

For large-scale system, obtaining the solution may be challenging and time
inefficient as iterative methods may eventually reach a point of stagnation. Denote
), the discretization of the model problem, representing our fine grid, where the
approximate solution is sought, and introduce a coarse grid €25, with a double
step size (resulting in half the points in 1D, a quarter in 2D, and one-eighth in
3D). The model problem then can be discretised on s, where solution is cheaper
to compute. This coarse-grid solution can then be projected onto the fine grid
and used as a correction of the approximate solution obtained on the fine grid.
This process may demonstrate efficacy under certain conditions.

In this chapter, we describe the process of transitioning between grids. This
process is called interpolation when transitioning from a coarse grid to a fine grid
and restriction for transition from the fine and coarse grid. Finally, the correction
using the coarse-grid solution is being discussed.

4.2.1 Interpolation

There are several interpolation methods. For multigrid purposes, the simplest
one - linear interpolation is usually used ([10, p. 620]; [11, p. 15]; [12, p. 1]; [2,
Chapter 2]; [13| p. 19]). For describing the linear interpolation in one dimension,
let us denote the k-th component of the vector va, on a coarse grid Qo as (vay),,
and the j-th component of the vector v, on a fine grid €2, as (vh)j. Then the
linear interpolation of vector vq;, to vy, is given by the relation

(Uh)zj = (U2h)ja

1

. n
(vh)a1 = 5 ((v2n); + (van);pq), 0<35 < 5L

(4.2)

The components of the vector vo;, become the even components of the vector vy,
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(van)o =0 (van )1 (v2n)2 (v2n)3 =10

Qan,

+ 3/ 1 + 3/ 1 3t
\ v 1 v 1 v \ Qh
(vn)o =0 (vn)1 (Vn)2 (vn)3 (vn)a (vn)s  (vn)e =0

Figure 4.5 The visual representation of interpolation relation (4.2)).

DO [
DO =
D |
—_

and the odd components are obtained as their arithmetic averages. We can
also write this operation using the matrix operator I?* : Rz~! — R"~!. This is

a(n—1)x (% - 1) matrix, for example for n = 6

1 0 (’Uh)l
2 0 (Uh)

1 2

I'von = 3 11 Kz%;l] = |(vn)3| = Vi
0 2 2h/2 (Uh)4
0 1 (Uh)5
In two dimensions, the linear interpolation of vector
Van = ((Wan)ys -+, (Wan),, ) =
= <<U2h)1,1> (U2h)1,27 EER (U2h)1,n—1> RN (U2h)m—1,17 R <U2h)m—1,n—1)T

from €2y, to a vector v, from €2, is given by the following relations

(Uh)2z',2j = (U2h>i7j’
(Vn)gis1,25 = ; ((U%)i,j + (UQh)iJrlJ) ’
(Vh)ai 9511 = ; ((Uzh)i»j + (U%)ZHJ’H) ’
(Vn)ait12j41 = 411 ((U2h)i,j + (V2n) 1,5+ (V2n); j1 + (Ugh)iﬂd‘rl)

for 0 <¢ < % —1,0 <j < 5 — 1. This operation has the matrix form I}%h :
RE-D-(5

2~ — Rm=D-(»=1) "analogously to one dimension.

21



In three dimensions, the linear interpolation is given by

(Uh)2i,2j,2k = (U%)z}j,k’

(Uh)2i+1,2j,2k (UQh)i,j,k + (U2h>i+1,j,k) )

(Uh>2i,2j+1,2k (th)i,j,k + ('U2h)i,j+1,k) )

(Uh)zi,zj,2k+1 <U2h>i,j,k + (U2h)i,j,k+1> )

(Uh)2i+1,2j+1,2k

(vh)2i+1,2j,2k+1 (UQh)i,j,k + (UQh)i—H,j,k; + (”2h)i,j,k+1 + (”2h)z‘+1,j,k+1) J

(
(
(
(W2 + W2n)i i + W2n)ijpn + (V2001 jo1) -
(
(

(Uh>2i,2j+1,2k+1 <U2h>i,j,k + (U2h)i,j+1,k + (U2h)i,j,k+1 + (U2h)i,j+1,k+1> ’

1
2
1
2
1
2
1
4
1
4
1
4
1
(Uh>2z‘+1,2j+1,2k+1 = g((th)i,j,k + (UQh)i+1,j,k + (U2h)i,j+1,k + (UQh)i,j,k+1+

(

+ U2h)i+1,j+1,k; + (UQh)iJrl,j,kJrl + (UQh)i,j+l,k+l + (UQh)i+l,j+l,k+l)

for 0 <4,j,k < 5 — 1. In analogy to one and two dimensions, this operation has
the matrix form I7* : R(z=D(E-D(G-1) 5 R=1D-(n=1)-(n=1)

4.2.2 Restriction

The restriction is used for the transition between €2;, and €2y,. There are
multiple ways to restrict a vector vj to a vector vy,. The simplest one - injection
is defined through an operator R%, : R"~! — R3~! which satisfies the relation

. n
(U2h)j = ('Uh>2ja 0 < ] < 5 - 1?

i.e., the coarse-grid vector values are obtained directly from the corresponding
fine-grid values.

Although injection is simple and fast to compute, a more common restriction
operator is the full weighting, see, e.g., [3, Chapter 13.3.2]. This is the operator
RE, :R"' — R>7! where the coarse-grid vector values are weighted averages of
neighbouring fine-grid points.

In one dimension R}, is defined as

1 n

(van); = 3 ((00)jos +200)y; + (o)), 1SG< o1 (43)

in two dimensions as

1
(UQh)i,j 7<(Uh>2i—1,2j—1 + (Uh)2z‘—1,2j+1 + (Uh)2¢+1,2j—1 + (Uh)2i+1,2j+1+

" 16
+ Q(Uh)Qz’—l,Qj + 2<Uh)21'+1,2j + Z(Uh>2z‘,2j—1 + 2(Uh>2i,2j+1+
. m . n
t40n)yy),  1SiS5 -1 1<j<o -1
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and in three dimensions as

1
(UQh)i,j,k = @(wh)m 1,2j—1,2k—1 T (Uh)Qi—l,Qj—1,2k+1 + (Uh)zi—1,2j+1,2k—1+
(on 2i41,2j—1,2k—1 T (vn 2i41,2j41,2k+1 T (Uh)2i+1,2j+1,2k—1+

)
(Uh)2i+1,2j—1,2k+1 + (Uh 2i—1,2j+1,2k+1 + 2(Uh)2i+1,2j+1,2k+

+ o+ + + o+

2
2
2

<

)
)

Uh)2i41,2j,2k4+1 T 2 Uh)Qi,2j+1,2k+1 +2 vh)2i71,2j71,2k+
)

Uh)Qi—1,2j,2k+1 +2

)

( (
Uh)2i—1,24,2k-1 + 2(vh 2i,25—1,2k—1 + 2(”'1)21'—1,2]'+1,2k+
( (Uh)2i+1,2j,2k—1+
+2 ( (vn)

Uh)2i9j—12k+1 T 2(vn 2i,2j41,2k—1 T 4(vp, 2i,2j,2k—1 71

Uh)g; 2j.0k41 T 4(vp, 9i.2j—1,2k T 4(Uh)2i,2j+1,2k+

(vn)
(vn)
( h)2i+1,2j—1,2k +2
+2(vn)
+ 4(vn)
+ 4(vn)

)
Uh)oi—12j0k T 4(Uh)2i+1,2j,2k + 8<Uh>2i,2j,2k)

forlgz',j,k:gg—l.
For n = 6 the operator in one dimension is of the form

(vn),
(vn)
X 11 2100 20 T(van),
ot 9
(Uh)s)

The reason for choosing the full weighting restriction is that
Ry, =2 (I;")", (4.4)

where d is the dimension , Chapter 13.3.2]. The relation (4.4]) called variational

property and it is often used in the proofs of the convergence of the methods.

Figure 4.6| illustrates the interpolation (4.2) and restriction (4.3). Here the

Vector is composed of four Fourier modes with frequencies £ = 1,2,4,6, i.e.,
V=7 (Sll’l ( ) + sin (2”) + sin (4”) + sin (61]2”))

2h
Ih

h
R2h

Figure 4.6 Linear interpolation and full-weighting restriction of a vector.

23



4.2.3 Coarse-grid correction

The suggested approach is to initially relax on the fine grid before stagnation
in convergence occurs. Then, the residual equation is used and is transformed
onto a coarse grid using the restriction the residual. On a coarse grid, the problem
for error is solved. Relaxation on the coarse grid is more cheaper due to fewer
unknowns requiring updates. Then, the obtained error is interpolated into a fine
grid and used as a correction to refine the approximation from relaxation on the
fine grid.

Let €, and €9, be the fine and coarse grids, respectively, with the discretized
model problem represented by the matrices A, and Agy,. Clearly, solving a sys-
tem with Ay, cannot, in general, replace solving the residual equation with Aj.
Therefore, using coarse-grid to correct the error e&f) associated with 2, can only
work for some errors. In particular, coarse grids can represent smooth vectors but
are unsuitable for oscillatory ones. This complements the smoothing property of
relaxation methods that efficiently eliminate oscillating error components while
leaving smoother ones relatively unchanged. The correction scheme employs the
residual equation, restricting presumably smooth residual and error on the coarse
grid.

Let ug), eg), and frgf) represent an approximation, the associated error and
residual, respectively. The correction on a coarse grid solves

A2h€§2 = Rghri(zi) )

where R}, is the restriction operator mapping €2, to Q. An approximation to eg)
is then given by interpolating e§,3 onto €, by I?", the interpolation operator from

Qap, to €y,. Altogether, the coarse-grid correction is given by
) = AR ~ o)

Since R%, has a non-trivial kernel, the first requirement for an efficient coarse-
space correction is that the residual mostly lies outside of the kernel Ker(R%Y,).
From the construction of the restriction, the kernel contains the oscillatory vectors
and the restriction preserves smooth vectors. This is illustrated in

1 T T
05 —=— Smooth vector
. —— Restriction of vector
0 s =0 |
40 45 5

T I T T
L L L 1 L L
0 5 10 15 20 25 30 35

1 T T T T T T

—— Smooth vector
0 —— Restriction of vector
——

1 ! ! ! ! L ! ! 1
0 5 10 15 20 25 30 35 40 45 50

Figure 4.7 Restriction of smooth and oscillatory vectors.
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Similarly for the interpolation, in an efficient coarse-space correction I %heg)

is close to eg). A necessary condition for that is that egf) is in the range of the
interpolation operator I?". Given that the range of the interpolation operator
contains smooth vectors, a coarse-space correction can only work for a smooth
error eﬁf).

To illustrate the limitations of the coarse-grid correction, compare e,(f) with

IﬁhAz_thghAhegf) for both smooth and oscillating vectors eﬁf). This is done in

Figure 1.8

1 ; ; : , : —— Smooth error
—e— Restriction of vector
0.5
O | | | | I 1 s pmt—0=0
0 5 10 15 20 25 30 35 40 45 50
1 T T T T T T —— Smooth error
0- —— Restriction of vector
A1 L ! ! ! ! I ! —‘j
0 5 10 15 20 25 30 35 40 45 50
1 —e— Oscillatory error
—— Restriction of vector
)]s
-1
0 5 10 15 20 25 30 35 40 45 50
1 —— Oscillatory error
—— Restriction of vector
)]s
!

0 5 10 15 20 25 30 35 40 45 50

Figure 4.8 Function [ ,%hAz_thQhAheg) for smooth and oscillatory errors.

Another observation appears when Fourier modes are transformed between
grids, particularly from a fine grid €2, to a coarse grid €25,. Consider a Fourier
mode in 1D on a fine grid , then its representation on a coarse grid becomes
v; = sin (%) = sin (%) Hence, the frequency doubles, as sin(2x) has twice
the frequency of sin(x). This is illustrated in Since Fourier modes form
a basis, it is possible to express the error in this basis. Suppose the relaxation
process starts to stagnate due to the smoothing property, where oscillatory parts
of the error have been smoothed out and smooth parts have prevailed. In that case,
the error components become more oscillatory when the problem is transferred to
a coarse grid. This plays no role if the coarse-grid problem on €2y, is solved by
a direct method. However, if the coarse-grid correction is called recursively, which
is typically done when the coarse-grid problem is still large, the observation from
suggests that some iterations of a relaxation method should be done
before the coarse-grid correction on 4.
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Fourier mode with k =1

I ‘ ‘ ‘ N—ﬂh
| | | | | \_/r‘_QZh
0 20 40 60 80 100 120 140 160 180 00
Fourier mode with k =2
———— ]
| | | ! ] —a,

0 20 40 60 80 100 120 140 160 180 200
Fourier mode with k=4
W . ﬂ

| | | —,

0 20 40 60 80 100 120 140 160 180 200

Fourier mode with k =8

0 20 40 60 80 100 120 140 160 180

Figure 4.9 Fourier modes with k = 2 and k£ = 8 on a fine and coarse grid.
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5 Multigrid

In a previous chapter, we introduced the key elements of multigrid methods:
smoothing, a transfer between a fine and coarse grid and coarse grid solving. Now
combine the introduced components giving a basic multigrid schemes.

5.1 Two-Grid Scheme

The simplest scheme is a two-grid scheme. Therein we assume that the problem
on the fine grid is too large to be solved directly, while the problem on the coarse
grid can be solved using a direct method. Given matrices Ay, Agp, a vector fp,
a restriction operator R%, and a interpolation operator IZ", the scheme is as
follows:

relax on Apup = fj, on §2;, with initial guess u,(lo) to obtain an approximation

)

compute the residual 7‘,(;) =f- Ahugf) and restrict it to the coarse grid as
(5 _ Rh (4)
Ton = Lt2pTh

solve directly the residual equation Aspes, = ré’,ﬁ and obtain ey,

interpolate eg), to €y as &, =1 ,%hegh and correct the approximation obtained

on €, as u%) — us) + €,

relax on Apuy = fp on , with initial guess ugf).

5.2 Another Multigrid Schemes

The two-grid correction scheme relies on the assumption that the residual
equation on a coarse grid {2, can be solved directly. This cannot often be satisfied
and, therefore, other schemes must be considered. This is done by introducing
additional grid levels until the coarsest problem is of the size that allows an
efficient direct solution.

5.2.1 V-Cycle Scheme

The basic idea behind the V-cycle scheme is to extend Two-Grid Correction

Scheme by recursively applying it on finer grids. This gives the following algorithm:
relax on Apup = fr, on ), with some initial guess u,(lo) to obtain an approxi-
mation us), compute the residual 7",(;) =f- Ahug),

restrict to gy, relax on Aspeq, = réﬁz with initial guess eg;} =0, to

obtain approximation egjh) , compute the residual réjh) = réz,z - Aghegjh)
restrict to (4, relax on Aypeyq, = rf,'j with initial guess efj}j =0,

to obtain approximation eiﬁ), compute the residual rfllfl) = 7"1(1],3 —

A4h€4(1]2) )
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restrict to Q0 (where L = 2P p € N and p + 1 is the number

of grids used), solve directly Apper, = rg,)l and obtain exact

solution ey,

. - k
interpolate eg, to ey, and correct &y, = eih) + eqn,

relax on Ayneqn, = 7’23 with initial guess eg}? = &4, to obtain ey,

. - k
interpolate ey, to ey, and correct égy = eéh) + eop,
3 . e ey 0 ~ .
relax on Aspeqn, = rél,z with initial guess eéh) = &9, to obtain ey,
interpolate es, to e, and correct u; = ug) + ey,

relax on Ajpuy, = f, with initial guess u,(f) = Uy,

The V-cycle algorithm is named due to the order in which the grids are visited,

as illustrated in the [Figure 5.1}

Apup = fn Apup = fu
V= f— Al i, = uy +en
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@) _ ph .G _
Top = Ropry €h = 1p €9

0
Agnean =15,

Agean =1y
r§) =15 — Agef)

= R

)
Agpean =1 4
exact solution ey,

Figure 5.1 The scheme representing a V-cycle.

5.2.2 Full Multigrid V-cycle and W cycle

Other commonly used multigrid schemes are W-cycle and Full Multigrid V-
cycle (FMG scheme). For simplicity, we only illustrate these schemes in [Figure 5.2

as an analogy to corresponding to V-cycle scheme.
As we can see in the [Figure 5.2 W-cycle is a modification of the V-cycle

scheme where two recursive calls of coarse-space correction are considered instead
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Q

Qop,

Qup,

Qgp,

978

Qop,

Qyp,

Qgp
(b)

Figure 5.2 The scheme representing a (a) W-cycle and (b) FMG cycle.

of one as in V-cycle. This increases the computational cost of a single step. On
the other hand, more operations (intergrid transfers, smoothing) are done on
coarser levels where they are cheaper, with respect to the finest grid.

In contrast to V- and W-cycle, the full multigrid is not an iterative scheme,
it is performed only once going from bottom to top. It starts with the direct
solution of the problem on the coarsest grid. This solution is then interpolated to
the finer grid, where it is used as an initial guess for the relaxation scheme. Then
again the coarsest grid is used to correct the solution from the finer grid using
the residual equation. This process is repeated as illustrated in till the
solution on the finest grid is obtained.
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6 An Abstract Multigrid Setting
and Convergence

This chapter aims to develop an abstract generalisation of the multigrid
methods discussed in previous chapters. In the second part, we formulate the
algebraic convergence criteria of a symmetric multigrid method.

6.1 An Algebraic Multigrid Formulation

Consider any discretisation of the domain giving a sequence of finite-dimen-
sional spaces Vp, Vi, ..., Vi, with inner products denoted by (-,-);,i = 0,...,k
respectively, satisfying dim(V;) < dim(V;) < -+ < dim(V}). Consider the follow-
ing operators:

restriction operator

Rl :Vi— Vi, i=1,...,k,

interpolation operator

I V= Vi, i=0,....,k—1,
discrete operator

Az‘/z_>‘/z; Z:O,,/{Z

Then, the Multigrid method solves the problem

Apug = [, (6.1)

where uy, f € V. This method utilises auxiliary problems at lower levels,
represented as A;u; = f; for 1 = 0,... k, with u;, f; € V;. Now, we describe the
the multigrid algorithm at level [ > 0, denoted M Gl(ul(o), fi) with initial guess
ul(o) to solve Aju; = f, as:

pre-smoothing

W =D D (A — ), i =0,k — 1, (6.2)

restriction
for =R (AU — f), (6.3)

coarse-grid correction

for [ — 1 = 0 we directly solve the system and obtain an exact solution
Uy = MGO(uéO), fiz1) = Ayt fo, where initial guess u(?) is not used,
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for | —1 > 0 we call recursively ul , = MGl,l(ul(il),fl,l), Jj =
1,...,7,
where ufg)l € V;_1 and ~ is the number of repetitions of the MG;_,

algorithm (specifically v = 1 for V-cycle and v = 2 for W-cycle),

correction
g O = W 4 1 (64)
post-smoothing
Z/z(iﬂ) = yz(i) — Dl,i+n1+1(Alyl(i) —f), i1=0,... k— 1, (6.5)

denote this obtained approximation as a result of MG, algorithm

W= MG (", f;) = 4"

Dy, i =1,...,K1 + kg represents a linear operator denoting an iterative method.
The Multigrid algorithm is iterated until prescribed tolerance is achieved.

6.2 The Operator of Error Suppression

The operator of error suppression describes the evolution of the error in one
repetition of multigrid algorithm. The convergence of the algorithm can be proved
by studying and properly bounding the operator.

Consider a fixed value of ¢ within the range from 1 to k. Given that u;
represents the exact solution to the problem A;u; = f;, we can denote the error of
the initial guess as ego) =u; — ugo). Then we can preform the MG, algorithm for
e§°) to obtain corresponding error é; for the final approximation ;. Now denote
the operator of error suppression B; : 61(0) — é; 4, chapter 4.2.2].

0

Lemma 1. The operator of error suppression B; is linear for any e; ), independent

of fi, u” and has the form

B; = J,-(m)(] — I~ B;y—l)Az‘_—llRé—lAi)‘]i(Kl)’ (6.6)
where
Ji(m) = (I —DjxA)...(I —D;14)
Ji(KQ) — (I — Di,li1+f$2Ai) e ([ - Di,ﬁl-‘rlAi)?

for I denoting the identity operator.

The matrices Ji(m) and Ji(m) represent the error smoothing through the chosen
smoother (typically Jacobi, weighted Jacobi, or Gauss-Seidel method) accom-
plished in k; or kg steps of the respective method in (6.2)) and (6.5)).
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Proof. Proof by induction with respect to .

For i = 0 the problem Agug = fj is solved directly giving the exact solution
u(()l) =M Go(u(()o), fo) with a corresponding error ¢y = 0. Therefore, By is a null
operator satisfying all the conditions of the lemma.

Fori>0 assume that B;_; is an operator satisfying all the conditions. It is
linear for any €\’ independent of f;_;, u!”; and has the form B;_; = J"2)(I —
I3 = BLy)ATL R A )T,

In the pre-smoothing phase, denote the error of iterative approximation as

egl) = u; — ul@. By using (6.2)) and subtracting u; we get

ud™ =l — - zl—l—l( A + A — )
(l+1) (l) + D1 A @
6§l+1) = (] — Di,l+1Ai)ez‘ .

Then for [ = k; using the induction

egﬁl) = (I — DZ"Z+1AZ‘)€§R1_1) = = (I — Di,nlAi) Ce ([ — Dz"lAOGEO)
el = J»(Hl)ego).

)

In the restriction phase, using ,
fio1 = Ri_ Agel™.
The problem A; qu; 1 = f;_1 has the exact solution u; 1, i. e.,
wioy = AL R Ael™, (6.7)

In the coarse-grid solution phase, the initial guess is zero, ul( )1 = (. Therefore,

the initial error is equal to the exact solution 67(;0_)1 = u;_1. In this stage the

MG;_-algorithm is repeated  times. After one repetition we get the result @;_;
with an error é;_q, i. e.,

€i—1 = Biflez('of)l = Bi_1ui_1.
After ~ repetitions, the obtained approximation is u; ; and the error equals to
& =Bl = =B % =B u_1.
Therefore
L =ui1—¢& y=u;_1— B jui1= (- B} )u;1. (6.8)

In the correction and the post-smoothing phases, we get the approximation

y§°) with the error éEO) = u; — y§°). By subtracting exact solution u; from both

side in equation (6.4])

—égo) = —eg'ﬂ) + I,
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Using and (6.8),
él(-o) Il 1(1 B} A 1R2 1 Ai)e; ) =
= <f — TN = BL)AT R A))el™
In the post-smoothing phase, proceed analogously to the first part
e = (I = Dy 1 As)E

)

Then for [ = ko using the induction

é( ) ([ szﬂ—HfQA )e(’ﬂ—Hﬂ 1)

_ ([ — D’L H1+I€2Ai) e (I — D’i,fﬁ1+1Ai)é§0) —
= Jel,

) —

<f 7Y = B )AZL R A))el™ =

g
J
JENT = TN = BL)AZA R A) T e

therefore B; : e\” — ¢; isin a form B; = JZ-(”Z)([— I I — B?,l)A;llRfflAi)Ji(m

(0)

The operator B; is linear for any e, ’, independent of f; and ugo). O

Given the form of the error suppression operator, a sufficient condition for
convergence of the multigrid method is that the spectral norm o(B;) is strictly less
than one [14, Theorem 1.3.4]. In general, this is hard to verify and this condition
is replaced by requiring that a proper norm of B; is strictly less than one, |14,
Theorem 1.3.2].

6.3 Convergence of the Symmetric V-cycle

In this section, we explore the convergence and convergence criteria within
a specific case, the symmetric V-cycle. We expect that the symmetric V-cycle
with v =1 and k; = ko satisfies the following;:

The operators A; are self-adjoint and positive definite. (6.9)

The interpolation and restriction operators meet a variational property

. 1 .
It = — (R, ceR>0. (6.10)
C*
JD = gl (6.11)

in terms of inner products (-, -);. Finally,

Ai,1 == RéilAi[iiil, (612)

where J; = JV
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Lemma 2. V-cycle multigrid method from|subsection 5.2.1 with Jacobi or weighted
Jacobi iteration meets the conditions - (6.13).

Proof. All the matrices A from are real symmetric operators, therefore
they are self-adjoint.

(Az,y); = (Az)"y = 2" ATy = 2" (Ay) = (2, Ay);.

Matrices are also irreducibly diagonally dominant (V& : |agx| > >°;. |ak,;| and
3k agk| > X4k la,;|) with real positive diagonal entries. Therefore they are
positive definite.

n

n n
= ot + S asrge 2 3 (anpad — 3 Jawylle; o) =

k=1 j=1 k=1 j=1
J#k J#k
n n n n n
=3 (laksla? - > Jarsllzlenl) > D2 (D langla} - > ok we|z]) =
k=l ik k=t iii ik
n n 9
ZZZ |l (2% + 25 = 2lawllz;)) ZZZ\am\(wk—%) >0
k=1j>k k=1j>k
If we set interpolation and restriction operators as I} ' = I?* R | = RE,

as defined in [section 4.2 then those operators satisfy variational property
with ¢* = 2% as shown |subsection 4.2.2| as well as A= RﬁflAi[f’l, which
is defines the coarse grid operator.

To prove J*) = 7% e need to find a form of matrix D;; in (6.2) and

63).

Weighted Jacobi iteration method is for w € R

ul(iJrl (I —wD; 1A) )+ wD; ' fy = ul — wal(Alul(i) - f).
Therefore Dy; = wD; ;i =0,...,x, where kK = Kk, = kp. Then

J(” (I —wD;'A)) ... (I —wD; A;)

= (I —wD; 1A) (I —wD;A))*

= - A" (I —wD A

= (I" - (wD LA ) . (I* = (wD; ' 4,)%)
= —-wA;D)...({ —wA;D;™)

= (I —wA;D;Y)...(I —wA;D; ")

Since D;* 1s a diagonal matrix with the same elements along the diagonal (in
particular, 2 % in one dimension, }f in two dimensions and %2 in three dimensions),
then the commutativity property holds 4;D; ' = D;'A;, as the multiplication
by a multiple of identity matrix is analogous to scaling matrix A; by a scalar.

Therefore
JT = (I —wD Ay . (I - wD7 Ay = I

and (6.11)) holds (even for Jacobi method with w = 1).
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The last property (6.13)), i.e. J;A; = A;J;, can be proved using the commuta-
tivity property used in a previous part as

= (I —wD; 1A D (I — A)A;

=(I— Ay .. (AZ wD TAA) =

= (I - Ay) .. (A; —wD; P AA)

=(I— Ay) .. (A; — AwD;tAy)
=(I— A) ... (I —wDPANA;(I —wD; ' A)
= ---:Ai([—ijlAi)...(I—wD;lAi)
= A J;.

Therefore, all the assumptions hold for a symmetric multigrid as defined
above. O

If using a Gauss-Seidel iteration, the condition is not satisfied. That is
the reason we limit our consideration to the Jacobi, or weighted Jacobi method
moving forward.

With the inner product (-,-); in V; let us introduce A;-inner product denoted
as [u,v]; = (Aju,v);, u,v € V;, with its corresponding norm [u]; = y/[u, u]; and
a matrix norm

Muol;
[M]; = sup [[ U]].
vevivioy vl

As mentioned in [section 6.2 the multigrid method convergences when the
norm of the error suppression operator is less than one. This introduced norm is
used in the proof of convergence as it simplifies the proof.

To obtain convergence, however, we will have to add one more condition,
namely for the size of smoothing of the solution in the pre/post-smoothing phase.

Clearly, we require the error norm after the smoothing phase to be smaller
than the error norm before the smoothing phase ([v]? — [J;v]? > 0). That is so
that the error does not increase.

Furthermore, we expect the algorithm to satisfy the following. When the vector
is effectively smoothed out during the smoothing phase, indicated by a large
[v]? — [Jiv]?, the subsequent correction on a fine grid may not require as much
efficiency, [Q;J;v]? could be larger. But, if the vector is not smoothed enough
during the smoothing phase, [v]? — [J;v]? being close to zero, a coarse grid
correction must be efficient, leaving [Q;J;v]? minimised.

We can express both of those conditions in one inequality

[o]f = [Joli = e [(I = LT AL R A J; (6.14)

where ¢ > 0. Denote the operator Q; :u —v € V; as Q; =1 — Iii_lAi__llRZf_lAi.
Then the convergence criterion is

[v]? — [Jv]? > ¢ [QiJiv]3. (6.15)

Theorem 3. Suppose the conditions to (6.13)) are valid for the symmetric
MG, algorithm with v =1 (V-cycle). Also, let the convergence criterion ({6.15))
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hold for ¢ > 0. Under these conditions, for the A;-norm of the error suppression

applies
1
Bili < 6.16
(Bl < 1 (6.16)
Proof. In finite-dimensional V;
Bivl; By, v|;
[Bi]i = sup [Buv] = Sup Biv. ] :
veviviy [vli  vevavgoy [v,vi
Prove the inequality (6.16]) by induction for e > 0
B, vl; 1
o< Bl Yo e V;\ {0} (6.17)

[v,0; — 247 1+¢

For i = 0 By is a null operator [B;]; = 0 and (6.17) is valid for any ¢ > 0.
For i > 0 suppose that B;_; is satisfies (6.17). Then using Lemma[ 1] and

property (6.1)
[Biv,v]; = [J;(I = LI = Bioa) AL Ry Ai) o, o) =
= [JFQiJw,v); + [JF I ' Bi 1 AT R A Jw, v); =

1 , .
= [QiJiv, Jiv]; + E[BiflAi__llR;_1AiJiva AR A )i,

because under assumptions (6.9 - and -

[T B AN R (A Jw,v] = (AT lBZ WATLR A, v); =

= (JJAL B AL R A, v) = (AL B AT R (A, Jv); =

= (IZ_IBiflAi__llRZ:_lAiJi’Uy AszU)z =

= Qld((Ri_l)*Bi_lA;_llR;i_lAiJiv, AiJiv); =

= ;(Bi_lA;_llR;i_lAiJiv, R A Jw); =

= 21,1(Ai_11Ai—IBi—1AZ-_11RZ1AZ’JZ'U, R AiJiv)ig =

= ;(Ai1Bz1AillRZf1A1Jiv,Ai11R§1A¢Jiv)H _
1

- ? [BiflA;—llRZ:—lAiJiv, A;_llRZ_lAiJﬂ}]i,1

From the induction assumption

0 < [Bwv,v]; < [QiJiv, Jiv]; + E[Ai_,llR;,lAiJiU, AR Ao =

2

= [QiJiv, J;v); LA, ATL R A =

+ +

= [QiJiv, Jiv]; ATTYATL R AT, Jw); =

5 (R
ot
= [QiJiv, Jo); — %(
= [QiJiw, Jivli — id( A(—I + Q) Jw, Jiw); =
—(1- ;)[Qim, Jli + ;[Jw, Juli =

=(1- ;)[[Qijw]]i + ;[[Jiv]]i.
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. . d_
Using convergence criterion (6.15]) and ¢ = 2==

€
0 < [Bw,v; < ﬁ[[v]]i.

Sufficient Conditions for the Convergence

Theorem | 3| guarantees the convergence under the convergence criterion (6.15]).
Now, we state some inequalities that may be more easily verified, directly imply

(6.15)) and, therefore, convergence.

Lemma 4. Consider the “approximation” assumption

[Qiv,v]i < e L Wwey (6.18)

where ¢ > 0 is a constant and /\51) is the largest eigenvalue of A; and the
“smoothing” assumption

A2

A < ootz - ol) woe v 6.19)

(2

with ¢y > 0.

Then these assumptions with conditions , (6.10) and (6.12)) imply (6.15))

with constant ¢ = ——.
c1c2

Proof. Consider vector J;v. Then using using assumptions ((6.18) and (6.19))

/4¢g]%1} ?
Qi = Qi il < el < coca (ol - ),

)

This gives the convergence criterion with ¢ = 61102. O]

In contrast to (6.15]), the criteria (6.18]) and (6.19)) separate assumptions on

the coarse grid correction (in (6.18)) and the smoother (in (6.19))). Approximation
assumption is then met by a proper discretisation and construction of the
multilevel hierarchy. Its verification for particular finite element discretisation
is given, e.g., in [4, Section 4]; |15, Section 6]. The choice of the smoother and
number of smoothing iterations is then motivated to satisfy , respectively to
lead to a small value of ¢y in . Verification of for particular relaxation
methods (for example Jacobi, weighted Jacobi) and bounds or estimates on ¢y
can be found, e.g., in |4, Section 4]; [15} Section 6].

Now, focus on the smoothing criterion. In our case, the smoothing process
done by Jacobi or weighted Jacobi method involves k identical steps defined by
a matrix D; =D;;,7=0,...,25k —2 =2k — 2 = 2Ky — 2.

Define the iterative operator as K; = I — D;A;. Then J; = KF and the
smoothing property can be expressed in an alternative form

[1A:][?
A

< cs3[(I — K;)v,v); Yv € V;, c3 = const. > 0. (6.20)
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Lemma 5. Assume that and (6.20) holds, and consider the operator K; to
be non-negative in the A;-inner product, symmetric and [K;]; < 1. Under these
conditions, (6.19)) s valid.

Proof. Thanks to the conditions, we can use inequality

K

1 %= 1
(I — K;) K2 v,v]; <o Z (I — K)KFv,v]; = 5 —[(I — K2*)v,v];
from [16, Inequality (3.16)]. Using J; = KF

(I = Ky)JPv,v)i < —[(v = J})v,v);

o (7 = [7:0]5).

<1
2K
1
[(I - Ki><]iv7 Jz'v]i -

Choosing vector J;v for v in assumption ((6.20]) we get

|| A; J;vl|?
A

(3

which is (6.19) with ¢, = §2. O

< (] = Ko,oli < (0T - [l?),
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7 Numerical Experiments

In this chapter, we perform experiments illustrating certain concepts from
lsection 6.3] Specifically, we look into the assumption that was necessary for
proving the convergence, symmetry, and into the independence of the operator of
error suppression on the right-hand side vector.

As a test problem consider the 3D cube Q = [0, 1]® discretised with n = 128
points in each dimension (resulting in a matrix of size 2,048, 383 x 2,048, 383)
and a constant right-hand side f of ones. We repeat multigrid iterations until,

|f - A- usolution|
/]

The relative residual is used as we do not have the access to the error; for the
system of this size, direct solve was not feasible on our computational resources.
We, therefore, rely on alternative measures like the relative residual to measure
the convergence, although a small residual alone does not necessarily imply a small
error.

All the experiments were performed in MATLAB, version R2024a, run on a
portable computer with 8.00 GB (7.82 GB usable) RAM memory. Run times
and numbers of repetitions of the multigrid algorithm were taken as an average
from 5 runs and measure only the running times of the multigrid algorithm
(in particular, matrix generation is not included in the time). The codes are
available in the GitHub repository https://github.com/AnnaMarieM/Basic
Properties_of Multigrid Methods.gitl

<1075 (7.1)

Combination of number of smoothing steps x and number of levels L

In this experiment, we explore the symmetric variant of the V-cycle, where
parameter x represents both the number of smoothing steps in pre-smoothing
r1 and the number of smoothing steps in post-smoothing ko, K = K1 = Kky. We
investigate whether different combinations of numbers of smoothing steps x and
numbers of grid levels L have any determinable influence on convergence time. For
parameter L values 2,3,4,5,6 are used, that correspond to coarse-grid problems
of sizes 250047,29791, 3375, 343, 27 respectively.

F\L | 2 | 3 | 4 | 5 | 6

1 182.5754,11 | 6.5268,13 3.3169, 14 3.3688, 15 3.4289, 15
139.8749,7 4.4533,7 2.7091, 8 2.6154, 8 2.8677,9
106.6443, 5 3.8405, 5 2.8077,6 2.4671, 6 2.9622,7
88.8609, 4 7.4665, 5 2.6450, 5 2.8604, 6 3.3301,6
88.5994, 4 4.2135,4 2.8815,5 2.8400, 5 3.5388, 6
89.4711,4 4.2126,4 3.2127,5 3.1751, 5 4.4744,5
72.0012, 3 4.2755,4 2.9624, 4 3.5668, 5 4.3057,5

N O O W N

Table 7.1 Time (in seconds) and multigrid repetitions needed for the V-cycle to
converge with different combinations of a number of levels and smoothing steps.
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From the table, an observation can be made, that, for all values of k, there is
a trend of decreasing convergence time with an increase in the number of levels L
up to four or five levels. For . = 4 and L = 5, the convergence times are usually
similar. However, beyond five levels, the time starts to increase. This suggests
that for this particular problem size and the data, L = 4 or L = 5 may represent
optimal parameter settings.

The reason behind this optimum could be that for L = 4 and L = 5, the system
becomes sufficiently small on a coarse grid (a 16 x 16 x 16 grid corresponding to
SLE of size 3375 for L =4 and a 8 x 8 x 8 grid corresponding to SLE of size 343
for L = 5 and), allowing for an efficient direct solution. Additionally, with fewer
levels, there are fewer interpolations and restrictions performed, which may be
the reason behind the inefficiency of 6 levels.

Another observation is that there is no clearly optimal value for the number
of smoothing steps k. Therefore, we perform another experiment to identify the
optimal k value for L =4 and L = 5.

Symmetry and convergence

This section investigates the relationship between symmetry and convergence
in a computational experiment when setting the number of levels to L = 4 and
L = 5. Specifically, we explore the impact of varying the number of pre-smoothing
and post-smoothing steps, denoted by x; and ko respectively, on the convergence
behaviour and running time. The results are given in for L =4 and in
[Table 7.3 for L = 5.

m\k2 | 1 | 2 | 3 | 4 | 5 | 6 | 7

1| 42365, | 3.0217, | 2.7837, | 3.0761, | 3.1479, | 3.2267, | 3.3406,
16 10 8 7 6 6 5

2 | 3.9072, | 3.3874, | 3.0830, | 3.2019, | 3.2784, | 3.3745, | 3.0574,
11 8 7 6 6 5 5

3 | 3.5218, | 2.6565, | 2.7391, | 3.0398, | 3.0600, | 3.5622, | 3.8318,
9 7 6 6 5 5 5

4 | 3.6071, | 2.8082, | 3.4077, | 3.4250, | 3.4138, | 3.8014, | 3.6700,
8 6 6 5 5 5 5

5 | 3.4900, | 3.2919, | 3.3998, | 2.8609, | 3.0522, | 3.4871, | 2.9777,
7 6 5 5 5 5 4

6 | 2.9011, | 2.8658, | 3.3848, | 3.4366, | 4.2014, | 2.9484, | 3.3397,
6 5 5 5 5 4 4

7 | 3.4104, | 2.9671, | 3.1263, | 3.9830, | 3.6716, | 3.3317, | 4.0306,
6 5 5 5 4 4 4

Table 7.2 Time (in seconds) and multigrid repetitions needed for the V-cycle with
parameter L = 4 to converge with a varying number of pre-smoothing and post-
smoothing steps.

Several observations can be made from [Table 7.2] and [Table 7.3] Convergence
times for the V-cycle with L = 4 have mean and variance 3.3230 and 0.1424
respectively. For L = 5 mean and variance are 3.5046 and 0.2075. Although the
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ri\k2 | 1 2 3 4 5 6 7

1 | 3.7369, | 3.0715, | 3.5876, | 3.6237, | 3.7819, | 3.3353, | 3.5383,
17 11 9 7 7 6 6
2 | 4.3950, | 3.5781, | 2.5292, | 2.4788, | 2.7535, | 3.0307, | 2.7746,
12 9 7 6 6 6 5
3 | 3.0721, | 2.5587, | 2.8734, | 3.4416, | 3.6556, | 3.3479, | 3.1389,
10 7 7 6 6 5 5
4 | 3.4885, | 3.0054, | 4.1173, | 4.0931, | 3.8055, | 3.4323, | 3.8953,
8 7 6 6 5 5 5
5 | 3.3445, | 3.7980, | 3.4883, | 3.2699, | 3.9079, | 4.0216, | 3.7519,
7 6 6 5 5 5 5
6 | 4.0769, | 3.5778, | 3.0739, | 3.3902, | 3.8551, | 3.6510, | 3.9741,
7 6 5 5 5 5 5
7 | 4.0357, | 3.5615, | 3.2163, | 3.5657, | 3.9710, | 3.7993, | 4.1626,
7 6 5 5 5 5 5

Table 7.3 Time (in seconds) and multigrid repetitions needed for the V-cycle with
parameter L = 5 to converge with a given number of pre-smoothing and post-smoothing
steps.

fastest convergence overall is observed for L = 5 with parameters x; = 2 and
ko = 4, convergence times have lower mean and variance for L. = 4 compared
to L = 5. This observation indicates potential advantage of the choice L = 4,
as it generally yields lower convergence times and shows lower sensitivity to the
parameters k; and ko, as indicated by the variance.

Second, with increasing the number of pre-smoothing steps x; and post-
smoothing steps ko, convergence time tends to decrease until a certain threshold.
Then, on the contrary, the convergence time is increased. This suggests that
employing more smoothing steps for pre- and post-smoothing stages does not sig-
nificantly improve convergence time, although it reduces the number of repetitions
of the V-cycle.

Apart from few exceptions, the numbers of multigrid repetition are the same
along the antidiagonals. This means that it is the total number k; + ko of
smoothing steps that affects the convergence of the mutigrid. Despite a significant
effort to identify and correct the issue, the timings do not share this symmetry.
For the same number of multigrid repetitons and smoothing steps, the timings
should be much closer; the difference seems to be caused by a deficiency of our
implementation.

While it might be intuitively expected that symmetrical configurations with
equal numbers of pre-smoothing and post-smoothing steps k1 = ko would yield
faster convergence, the results does not fully support this expectation. Thus,
while symmetry was, in our case, used as a condition for convergence, it may not
guarantee optimality in terms of convergence time.
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Independence of the operator of error suppression and the right-hand
side vector

The convergence proof presented in indicated that, theoretically,
convergence is independent of the right-hand side. Therefore, in this experiment,
we consider solutions of systems with different right-hand side vectors. We set the
number of levels L = 4 and use k = 3 pre- and post-smoothing steps by Weighted
4

Jacobi (3.4 with the weighting parameter w = z.

The right-hand side vectors used in the experiment are following:
o f1 is a vector filled with ones.

e fy is a vector representing the values of a relatively smooth function
f(x,y,z) = sin(x) - cos(y) + sin(y) - cos(z) + sin(z) - cos(z) evaluated on
a cubic grid.

e f3 is a vector representing the values of a relatively smooth function
f(z,y,2) = sin (1””—0) + sin (%) + sin (110)
 f4is a vector representing the values of a function on a cubic grid f(z,y, z) =

10 - exp (— ($_0'7)2+(%B%§’1)2+(Z_0'5)2) with a spike at the point [0.7,0.3,0.5].

o f5 and fg are vectors representing the values of a function with a spike
flx,y,2) = IV L , where ¢ = 1073 for f5 and ¢ = 107°

(z—0.7)2+4(y—0.3)24+(2—0.5)2+¢
for fs, i.e. f5is “smoother” than f;.

Right Side | Time (s) | Repetitions | Relative Residual

fi 3.6316 10 1.9254 - 108
fa 3.5328 10 1.8500 - 10~8
fs 3.5556 10 1.9904 - 108
fa 3.5411 10 1.8279 - 1078
fs 3.5428 10 1.3608 - 108
fe 3.5333 10 1.5556 - 108

Table 7.4 Time (s), repetitions of multigrid algorithm, and relative residual for each
right-hand side f;.

Table [7.4] gives the runtime and the number of multigrid repetitions until
is satisfied for all right-hand side vectors, together with the final value of the
relative residual. The results confirm the theoretical findings on the independence
of the right-hand side vector to the convergence of multigrid methods. Additionally,
figures [7.1] and [7.2] depict the convergence of the relative residual and the relative
norm of the error [[]in the repetitions of the multigrid. The results demonstrate
asymptotic convergence independent of the right-hand side vector. The method
for certain right-hand side vectors yields slightly faster convergence initially, which
could be attributed to the more effective elimination of oscillatory error components
in the beginning. Later, all demonstrate the same asymptotic convergence.

'For the purpose of evaluating the norm of the error, the exact solution is approximated
using an excessive number (30) of multigrid repetitions.
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Conclusion

Multigrid methods are iterative numerical methods for solving large systems
of linear equations stemming from the discretization of a partial differential
equation. They are based on two complementary techniques: iterative methods
with a so-called smoothing property and coarse-grid correction.

Smoothing property possessed by, e.g., relaxation methods, means that the
methods can effectively reduce oscillating parts of the error but are less efficient
in reducing smooth error components. Smooth components of the error can be
successfully represented on a coarse grid. By solving a problem on a coarse-grid
and interpolating the approximation back to the finer grid, the smooth part of
the error can be removed. While the size of the coarse-grid system is smaller than
the one associated with the finer grid, a recursive call of coarse-grid correction is
typically done until the system on the coarsest grid is small enough to be efficiently
solved by a direct solver. A careful and elaborated combination of smoothing by
a proper relaxation method with a hierarchy of levels for coarse-grid corrections
gives a powerful and efficient multigrid solver (or a multigrid preconditioner).

The thesis presents the fundamental principles of multigrid methods and
illustrates them on simple examples. Numerical experiments are then performed
to study the choice of the parameters in a multigrid method and demonstrate the
ability of a multigrid to efficiently solve complex numerical problems. The codes
used in the thesis are available in the GitHub repository https://github.com/
AnnaMarieM/Basic_Properties of Multigrid Methods.git.

Future work could extend the thesis, for example, by exploring discretization
by a finite element method or study an application of multigrid for different,
potentially non-symmetric problems. Algebraic multigrid methods, which do not
explicitly use the hierarchy of the grids, could also be of interest.

44


https://github.com/AnnaMarieM/Basic_Properties_of_Multigrid_Methods.git
https://github.com/AnnaMarieM/Basic_Properties_of_Multigrid_Methods.git

Bibliography

10.

11.
12.

13.

EvaNs, Lawrence C. Partial differential equations. Vol. 19. Second. American
Mathematical Society, Providence, RI, 2010. Graduate Studies in Mathemat-
ics. ISBN 978-0-8218-4974-3. Available from DOTI:|10.1090/gsm/019.

Bricas, William L.; HENSON, Van Emden; McCORMICK, Steve F. A
multigrid tutorial. Second. Society for Industrial and Applied Mathematics
(SIAM), Philadelphia, PA, 2000. 1sSBN 0-89871-462-1. Available from DOTI:
10.1137/1.9780898719505.

SAAD, Yousef. Iterative Methods for Sparse Linear Systems. Second. Society
for Industrial and Applied Mathematics, 2003. Available from DOI: [10.1137/
1.9780898718003.

SHAIDUROV, V.V. Multigrid Methods for Finite Elements. Springer Nether-
lands, 2013. Mathematics and Its Applications. 1ISBN 9789401585279. Avail-
able also from: https://books.google.nl/books?id=D0_qCAAAQBAJ.

SELVADURAI, A.P.S. Partial Differential Equations in Mechanics 2. Springer
eBooks. 2000, pp. xviii+698. Available from DOI: 10. 1007 /978-3-662-
09205-7.

POLYANIN, Andrei; NAZAIKINSKII, Vladimir. Handbook of Linear Partial
Differential Equations for Engineers and Scientists, Second Fdition. 2016.
ISBN 978-1466581456. Available from DOTI: [10.1201/19056.

SCHINZINGER, R.; LAURA, P.A.A. Conformal Mapping: Methods and Ap-
plications. Dover Publications, 2012. Dover Books on Mathematics. ISBN
9780486150741. Available also from: https://books.google.cz/books?
id=qe-7AQAAQBAJ.

BAIRSTOW, Leonard; BERRY, Arthur. Two-dimensional solutions of Poisson’s
and Laplace’s equations. Proceedings of the Royal Society of London. Series A,
Containing Papers of a Mathematical and Physical Character. 1919, vol. 95,
no. 672, pp. 457-475. Available from DOI: 10.1098/rspa.1919.0023.

Da Siwva, Adilson David; NETO, José Dantas; DA CosTA, Vladimir Santos.
A numerical procedure to solve Poisson’s equation in spherical coordinates.
Revista Brasileira de Ensino de Fisica. 2021, vol. 43. Available from DOI:
10.1590/1806-9126-rbef-2021-0019.

WESSELING, Pieter. A robust and efficient multigrid method. In: Multigrid
Methods: Proceedings of the Conference Held at Koln-Porz, November 25-27,
1981. Springer, 1982, pp. 614-630.

McCoRMICK, Stephen F. Multigrid methods. STAM, 1987.

WaN, W. L.; CHAN, Tony F.; SMITH, Barry. An Energy-minimizing In-
terpolation for Robust Multigrid Methods. SIAM Journal on Scientific
Computing. 1999, vol. 21, no. 4, pp. 1632-1649. Available from DOI:10.1137/
S51064827598334277.

YAVNEH, I. Why Multigrid Methods Are So Efficient. Computing in Science
& Engineering. 2006, vol. 8, no. 6, pp. 12-22. Available from DOI: 10.1109/
MCSE. 2006. 125.

45


https://doi.org/10.1090/gsm/019
https://doi.org/10.1137/1.9780898719505
https://doi.org/10.1137/1.9780898718003
https://doi.org/10.1137/1.9780898718003
https://books.google.nl/books?id=DO_qCAAAQBAJ
https://doi.org/10.1007/978-3-662-09205-7
https://doi.org/10.1007/978-3-662-09205-7
https://doi.org/10.1201/b19056
https://books.google.cz/books?id=qe-7AQAAQBAJ
https://books.google.cz/books?id=qe-7AQAAQBAJ
https://doi.org/10.1098/rspa.1919.0023
https://doi.org/10.1590/1806-9126-rbef-2021-0019
https://doi.org/10.1137/S1064827598334277
https://doi.org/10.1137/S1064827598334277
https://doi.org/10.1109/MCSE.2006.125
https://doi.org/10.1109/MCSE.2006.125

14.

15.

16.

GREENBAUM, A. [lterative Methods for Solving Linear Systems. Society for
Industrial and Applied Mathematics, 1997. Frontiers in Applied Mathematics.
ISBN 9780898713961. Available also from: https://books . google . cz/
books?id=WwMDNLxrwocC.

HackBuUscH, Wolfgang; TROTTENBERG, Ulrich. Multigrid Methods. Pro-
ceedings of the Conference Held at Koln-Porz, November 23-27, 1981. 1982.
ISBN 3-540-11955-8.

BrAMBLE, James H.; PAScIAK, Joseph E. New convergence estimates for
multigrid algorithms. Mathematics of Computation. 1987, vol. 49, pp. 311~
329. Available also from: https://api.semanticscholar.org/CorpusID:
35764052.

46


https://books.google.cz/books?id=WwMDNLxrwocC
https://books.google.cz/books?id=WwMDNLxrwocC
https://api.semanticscholar.org/CorpusID:35764052
https://api.semanticscholar.org/CorpusID:35764052

List of Figures

[4.1  Fourier modes for multiple frequencies k.| . . . . . . . . ... ... 18

02 T o - = S . e Tacohs l

method. The initial error ¢®) is equal to Fourier modes vy, va, V4 |

| and vg from (4.1) respectively| . . . . . .. ..o 19

03 Tl T - i RO - = l

| Jacobi method. The initial error e is equal to Fourier modes |

[ V1, Vo, Ug aNd Ug.| . .« « . 19
[4.4 Number of iterations necessary to reduce error by three orders of
magnitude for Jacobi (left) and Weighted Jacobi with w = = (right)

with initial guess u'") equal to Fourier modes vy, v, vs, ..., 0, . . 20
1.5 The visual representation of interpolation relation (4.2)). . . . . . 21
[4.6 Linear interpolation and full-weighting restriction ot a vector.| . . 23
4.7 Restriction of smooth and oscillatory vectors.| . . . . . . . .. .. 24
4.8 Function 12" Ay Rl Agel” for smooth and oscillatory errors| . . . 25
[4.9  Fourier modes with £ = 2 and kK = 8 on a fine and coarse grid.| . . 26
[>.1 'The scheme representing a V-cycle,| . . . . . ... ... ... ... 28
[5.2  The scheme representing a (a) W-cycle and (b) FMG cycle|. . . . 29

[7.1 Convergence of relative residual norm for different right-hand side |
[ vectors. 43

7.2 Convergence of relative energy error norm \/ ((Z__:((O;g;ﬂz:ﬁo)))) for

[ different right-hand side vectors.|. . . . . . . . . ... .. ... .. 43

47



List of Tables

[7.1 Time (in seconds) and multigrid repetitions needed for the V-cycle |
to converge with different combinations of a number of levels and |

smoothing steps.| . . . . . . . . ... ... o0 39

[7.2  Time (in seconds) and multigrid repetitions needed for the V-cycle |
with parameter L = 4 to converge with a varying number of pre- |

smoothing and post-smoothing steps.| . . . . . . ... ... .. .. 40

[7.3 Time (in seconds) and multigrid repetitions needed for the V-cycle |
with parameter L. = 5 to converge with a given number of pre- |

smoothing and post-smoothing steps.| . . . . . . . . ... ... .. 41
[7.4 Time (s), repetitions of multigrid algorithm, and relative residual |
for each right-hand side f;.| . . . . . ... ... ... ... .. ... 42

48



	Introduction
	Poisson's Equation
	Poisson's and Laplace's Equation in Physics
	Analytical Solution

	Finite Difference Method
	One Dimension
	Two Dimensions
	Three Dimensions
	Matrix Notation

	Iterative Methods
	Error, Residual and Residual Equation
	Relaxation Methods

	Multigrid Components
	Convergence and Smoothing Property
	Fine and Coarse Grid
	Interpolation
	Restriction
	Coarse-grid correction


	Multigrid
	Two-Grid Scheme
	Another Multigrid Schemes
	V-Cycle Scheme
	Full Multigrid V-cycle and W cycle


	An Abstract Multigrid Setting and Convergence
	An Algebraic Multigrid Formulation
	The Operator of Error Suppression
	Convergence of the Symmetric V-cycle

	Numerical Experiments
	Conclusion
	Bibliography
	List of Figures
	List of Tables

