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Chapter 1

Introduction

Spatio-temporal modeling in stochastic geometry is of great interest in both theory and
applications. A large group of various models is based on spatio-temporal point processes,
see e.g. [29] with applications in statistical seismology, [5] in modeling weeds, [4] in
modeling a plant disease, [11], [13] in neurophysiology, [10] in urban development, [33],
[25] in modeling forest fires, etc. Classical assumption of stationarity is relaxed in finite
point process models, tools such as stochastic differential equations or sequential Monte
Carlo help to deal with the temporal dynamics. More general models of spatio-temporal
random sets appear e.g. in [37] with applications in geophysics, [12] in image analysis,
[36] in turbulence, [30], [19] in tumour growth dynamics, etc.

While most frequently in the literature the temporal development concerns the volume
of a set, we try to consider also other integral-geometrical characteristics, especially
U —statistics which are fully given by all k—tuples of points.

This work addresses two main topics. One of them is theoretical part regarding the
U —statistics and the second one is a simulation study in space-time. Both parts are
linked to the choice of a class of random sets. In the theoretical probabilistic part the
problem of analytical expression of moments is solved originally in the case of point
processes with density with respect to a Poisson process, [3]. It presents an alternative
derivation technique based on L?—expansion of a functional of a Poisson process, [22], in
comparison with [7], who use Georgii-Nguyen-Zessin formula. The central limit theorem
when the intensity of the reference point process tends to infinity is discussed.

A second contribution is the development of MCMC and sequentional Monte Carlo to
the case of space-time processes of interacting particles. The particle filter approach was
published in [40], while particle marginal Metropolis—Hastings algorithm and comparison
of all three parameter estimation procedures (including maximum likelihood method)
is presented in [41]. Large simulation studies and long-run of numerical solutions were



extremely computationaly demanding.

Chapter 2 summarizes some basic facts from point process theory. The next chapter is
dedicated to U—statistics of a point process with a density function. The first moment of
U —statistics is introduced (Theorem 3.5) and further the second and the second mixed
moment are computed (Theorem 3.7). The general formula for product of U—statistics
is formulated in Theorem 3.8 and Theorem 3.10 solves its moment evaluation using di-
agrams [31]. In Chapter 4 there is specified the model of interacting particles and its
properties. Three particular cases are studied - process of interacting discs in R?, process
of interacting line segments on R? and interacting surfaces in R®. For segment process
and process of interacting surfaces the first, second and mixed moments of characteris-
tics are introduced (Propositions 4.3, 4.5 and 4.6). At the end of this chapter the limit
behavior of Poisson process with increasing intensity of reference points is discussed. For
process with density with respect to such Poisson process the first and second moments
of standardized characteristics are deduced. One particular example with analytically
derived expectation of Papangelou conditional intensity is computed. Chapter 5 involves
the space-time part. Section 5.1 creates preliminaries for simulation study - it summa-
rizes particle filtering and finally the last two sections deal with simulation study. All
results are discussed in Chapter 6 and the work is provided with an appendix where the
simulation and computation programs are described.



Chapter 2

Point processes

Since the whole thesis deals with spatial point processes, their properties and applications,
this chapter provides the readers with some basic facts and definitions from the theory
of point processes. For more details on point procesess see [6] and [39]. For the basics of
finite point procesess see [2] and [28].

2.1 Basic definitions

Definition 2.1 Let E be separable, locally compact complete metric space equipped with
Borel o-field B = B(FE). Locally finite measure on E is a measure which is finite on
all bounded Borel sets of E. We will denote M the set of all locally finite measures on
(E,B(E)).

Definition 2.2 On the space (E,B(E)) define a set N of all locally finite measures taking
the non-negative integer values or infinity

N = {peM; u(B) e NU{0,00} for all B € B}.

On spaces M, N define o-fields

M = o{ur— u(B) measurable, B € B},
N = {MNN:MeM}.

9 is the smallest o-field on M for which the mapping M — R, p +— p(B) is measurable
for all B € B.

In the thesis we deal with (€2, .4, P) a probability space.

10



Definition 2.3 Point process on E is a measurable mapping u : (2, A, P) — (N, MN).
Distribution of a point process p is a probability measure P,, given by

P,(B)=P(uc B), BEMN

We say that point process is simple if P(u € N*) = 1, where

N ={yeN:v{y}) £, VyeE}

Remark 2.1 Fachy € N can be represented as a sum of at most countable number of
Dirac measures, y =Y . 0,,. Thus if jv is a simple point process on E then there exists a
sequence of measurable mappings Y; : Q@ — E such that

w(E)
o= Z Sy, (2.1)
=1

where u(E) denotes the total number of points Y; in (2.1) which is at most countable due
to local finiteness.

Further we assume that a point process is simple. Thus we can consider a point process
alternatively as a locally finite set of random points Y;, we write Y; € u. In the following
both approaches are used, i.e. y € N means either a counting measure or a locally finite
set of points.

Definition 2.4 Point process 1 on R is stationary if its distribution is invariant under
the translation, i.e. if the process p ® u = {y+ u; y € pu} has the same distribution as p
for all u € R,

118 called isotropic if its distribution is invariant under the rotations.

Definition 2.5 A locally finite measure I' on B satisfying I'(B) = Eu(B) for all B € B
15 called the intensity measure.

Definition 2.6 Let A € M be diffuse and let  be a point process on E such that
for all n € N and bounded Bi,...,B, € B pairwise disjoint the random wvariables
n(By),...,n(By,) are independent and for all i € N n(B;) has Poisson distribution
Poiss(A(B;)) with parameter A(B;). Then n is called a Poisson point process on E with
intensity measure A.

11



Theorem 2.1 Campbell’s Theorem. For a point process p on E with intensity mea-
sure I' and nonnegative measurable function h we have

B hy) = [ M) (). 2.2

yep

Definition 2.7 Let I" be the intensity measure of a point process such that there exists its
density with respect to Lebesque measure, i.e. I'(A) = [, v(y)dy, A € B, then nonnegative
function v 1s called intensity function.

Remark 2.2 Since Lebesque measure is the only one (up to a multiplicative constant)
locally finite measure invariant under the translation, the intensity function for any ar-
bitrary stationary process in £ = R is a constant called intensity.

Definition 2.8 A homogeneous Poisson process is a Poisson process with constant in-
tensity function.

Definition 2.9 A marked point process on a space B with marks in a measurable space
(Z,2) is a point process p on E = B X Z such that u(K x Z) < oo a.s. for all compact
K C B. That is, the corresponding projected process (of points without marks) is locally
finite.

Definition 2.10 Let C be a system of all closed sets in E and
¢ = o{C¥ : K is a compact subset of E},
where CX = {C € C: CNK # (}. Then a random closed set Z in E is a measurable

mapping from (§2, A) to (C, ).

Example 2.1 Boolean model in RY. Suppose n = {y1, v, ...} is a stationary Poisson
process in RY with intensity \. Let 21,2, ... be a sequence of i.i.d. random compact sets
in R? independent of the process n. Then the random set

(G

—_
—
—

(y; + =)

=1

1s called a Boolean model.

12



2.2 Point processes with density function

Since all models considered in this work are given by a density function with respect to
Poisson point process we introduce here theory of finite point processes.

Definition 2.11 Point process p on E is finite if u(E) < oo almost surely.

Recall that N denotes a set of locally finite counting measures on E. By N* we will
denote a space of finite, simple counting measures on E. This space can be decomposed
according to the total number of points, i.e.

N =NgUMU...,
where
Ni={yeN* y(E)=Ek}, k=0,1,....
In fact we decompose the system of all locally finite sets of points into sets of all confi-
gurations of k points. This can be represented by ordered spaces (see [2])

E'k:{(yh?yk) yZ€E7yl#yJ fOI'Z#']}

Further if we define mapping I, : E* — N}, by
Te(y, - yk) = 0yy -0+ 0y,
we get factorization of the space E'* to . In the other words,
No=E%/) ~
where ~ is relation given by

(ugy ooy ug) ~ (Y1, yk) <= {ur, . uet ={y, .- Uk}

Example 2.2 Poisson point process. For fited n € N a point process of n i.i.d. points
with distribution @) in E is called binomial process. Let n be the Poisson point process on
E with totally finite intensity measure A, i.e. A(E) < oco. Then n(E) ~ Poiss(A(E)).
Given n(E) = n we can consider n = (Y1,...,Y,) as a binomial process with Q(B) =
A(B)/A(E), B € B. Thus for each A € 9 we have

Pn(A> = ZP(U(E) = n) P(In(yl? e aYn) € A)

o0

B A(E)™
= SO ten Q) - QL)
n- E E‘

n=0

_ 1
. A(E);H /E /E T nomyen Adun) - . A(dyn).

13



Definition 2.12 Let n be the Poisson point process with an intensity measure A. Let
p: N — Ry, [y p(y)P,(dy) = 1. A point process ju is given by a density with respect
to the Poisson point process 7 if

PUB) =P B) = [ pyBdy).  Bem

For the remaining text we use notation A(dy,) ... A(dy,) = A(d(y1,...,yn)), n € N, the
multiplicity of A can be seen from the number of variables.

The following lemma is a straightforward consequence.

Lemma 2.2 For a point process p with probability density p with respect to a Poisson
process 1 we have

P(peA) =

for all A e N, and

Blo() = 0> [ [ g i) (o ) A )

(2.3)
for any function g : N — RT integrable with respect to a product measure A™.
Remark 2.3 We may write (2.3) shortly as

Elg(1)] = Elg(n)p(n)]. (2.4)

Definition 2.13 A function f : N' — R is called hereditary if for all finite configura-
tionsy,y € N such that § Cy, it holds that f(y) > 0 whenever f(y) > 0.

Definition 2.14 Let u be a point process with a hereditary density p with respect to a
Poisson point process n then

N(uyy) = M,yeN,ueE\y, (2.5)

p(y)

=0 otherwise (2.6)

15 called a Papangelou conditional intensity of the point process . We take % =0.

14



Forn > 1 analogously

Ao(ug, .o uny) = Py {uz’ ) i }), U, . .., u, € E\y disjoint points, (2.7)
Py

=0 otherwise (2.8)

is the Papangelou conditional intensity of n-th order, we define \j = 1.

Remark 2.4 The event when some of fived uy,...,u, € E are points of p has probabil-

ity equal to zero. Therefore the random variable A:(u1, ..., u,; 1) is almost surely well
defined.
Also note that X! is a symmetric function in variables uy, ..., u,, that means invariant

w.r.t. permutations of variables.

15



Chapter 3

Non—Poisson point processes

This chapter focuses on U—statistics of point processes with density function with respect
to a Poisson process. The appeal of this theory is that moments of functionals of such
processes can be expressed through moments of functionals of Poisson processes as sug-
gested in (2.4). There was developed a lot of theory in the field of functionals of Poisson
processes using Wiener—Ito chaos expansion, see [22], [34] and [23]. We use these tools as
first in a broader field of point processes with density.

3.1 Functionals of non-Poisson point processes

Consider finite point processes in a bounded measurable set £ C R¢ with |E| > 0, where
| .| is the Lebesgue measure of a set in R%. Let n be a Poisson point process on E with
intensity measure A and distribution IP,,, which is a probability measure on the measurable
space (N, M) of integer-valued finite measures. Assume that a point process p on E is
given by a hereditary density p w.r.t. P,, i.e.

dP,(y) = p(y)dP,(y), y € N.

Denote L™(P,) = {F : N'— R measurable, E[|F(11)|"] < oo}, 1 <m < oo.

Lemma 3.1 For F € L"™(P,) set G,, = F"p, m=1,2,....
Then
EF™(u) =EG,(n), m=1,2,...,

especially
EF(u) = EG1(n), varF(u) = EGs(n) — [EG1(n)]*.

16



Proof. EF™(p) = [F™(y)dP,(y) = [ F™(y)p(y)dP,(y) = EG.,(n), hence EF(n) =

varF (p) = EF*(p) — (EF(1))* = /F2(Y)p(Y)dPn(Y) — [EG1(n)]*.

Definition 3.1 For a measurable function F' : N — R and v € E we define the
difference operator as

D,F(y) = F(y U{u}) — F(y).

The i -th order difference operator is given by

wF =Dy Dy oF,  uy,...u€E.

..........

Dupin F@) = Y ()" VIF(yU{uy, j € J}), (3.1)

where |J] is the cardinality of J.

Operator D,, is symmetric in wuq,...,u, and symmetric functions 7,,F on E™ are

defined as

~~~~~ Un,

TEF(uy,...,uy,) =EDy, W, F(u),
TIF = EF(u).

We write T, F for T)'F.

For the functionals of a Poisson process Theorem 1.1 in [22] says that for given F, ' €
L*(P,) it holds

E[F(n)F(n)] = EF(n ) + Z (T,,F, T, F), (3.2)

where (. ,.), is the scalar product in L*(A"), i.e

(f,9)n = . flay, . xn)g(xy, . x)A(d(2, ..o ).

The formula (3.2) is our main tool in the following.

17



3.2 Explicit formulas for U—statistics

Symbol L2(A*) denotes the subset of symmetric functions in LP(A*);1 < p < oco.

Now for a fixed function f € L!(AF) we can define U—statistic F'. Recall that
Ai(u, ..., uy; ) denotes the Papangelou conditional intensity of order j of the point
process p and denote

On(Uty ..o up) = EX (ur, ..o upn; i), Up, ... u, € B, (3.3)

where E is the expectation with respect to the distribution P,,.

Definition 3.2 Let u be a finite point process and k € N. Then a random variable F ()
defined as

F(p) = Z fyrs - uk), (3.4)

Y1,y ) EBY

where f € LY(A¥), is called U—statistic of order k. Symbol u’; denotes k—tuples of
pairwise different points from realization of u. We say that F' is driven by function f.

Note that by the Campbell’s theorem we have

EF(y) = / /E Fwr o)A ).

Following [34] we state some basic equalities for the difference operator of U—statistic F'
which hold for a finite point process .

Lemma 3.2 Let F € L*(P,) be a U—statistic of order k driven by f. Then

Dy F(p) = k Z flur, yrs e yr-1), (3.5)
(Y1yp—1)Epl !
k!
D F10) = 05 o flun sty Gsn), 1<k, (3.6)

k—
(Y1sYo—n)Epy "

uw () = 0, n>k. (3.7)

-----

Proof. This follows from the symmetry of the function f. For illustration we will prove
the first equality. For the difference of order 1 we have

18



Dy, F(p) = F(pU{w})—F(p) =

= Z fyas k) — Z flur,yi, - un)

(1, ) €E(uU{u b)Y (Y15 k) ELE,

- Z (f(ulvyla"-7yk—1)+"'+f(y1,...

k-1
(Y1 Yu—1)Epiy

= k Z f(ulvylw"aykfl)'

(Y150, yk—l)el";_l

From the Campbell’s theorem we have for the Poisson process 7 :

k
T, F(uy, ... u,) = ( ) ) Flur, oy tn, Y1y e Yren) A (Y1, - - -
Ek—n

n

n <k, T,F(uy,...,u,)=0,n>k.

Lemma 3.3 For p € L*(P,) it holds

ayk—laul))

7yk—n))7

Tnp(u17”-aun) = Z (_1)n_|J‘Q\J|({uj7 j € J}a/i)

Proof. From (3.1) D,,

.....

Top(uy, ..., u,) = EDy,  u.p(n)

- [ Y oy oy gedy

and (3.9) follows.

dP,(y)

p(y)

(3.8)

(3.9)

Theorem 3.4 For m € N, the U—statistics F' of order k driven by f such that F™ €

L*(P,) and p a point process with density p € L*(P,) we have
EF™(u) = EF™(y Z (T, F™ Toop)n,

where T,,p are given by (3.9).

19
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Proof. For m =1 we have from (3.2) and Lemma 3.2 (since Ep(n) = 1)

EF(s) = EF(n)p(n) = EF (1) + 3 - (T.F. Tup),.

n=1

For m = 2 we have

D, F*(n) = Z flyu) | — Z VACTIRN Y

(1, ) EMU{u})L, (Y1, k) €N

= > S Fe ) (o 2

(W1, yk)EMULuDE (21,.20) EMU{zHE

— Z Z F - ye) (2o ),

(Y1, y) €N (21,0020) €N

here all terms cancel with the exception of those where among the variables in the left
double sum there is u (either in one sum or in both). That means that idea of the proof of

..........

for general m we get the result.
O

Example 3.1 Consider k =1 and U—statistic

F(p) = p(C), CCE, f(y) =Ty

To show that F' € L*(P,) we need to compute

OO

EF() = Yoot / [ P DA )
< i e ME) —AT;E!E) n’
S AME) 0 n
= +Z n—2)'n—1n

Using Lemma 3.3 we have

(T\F, Typ) — / F(9)(or(y; 1) — DA(dy),

20



EF (i) = A(C) + /C (o(y: 1) — DA(dy) = /C o1 (5 WA (dy).

Next we evaluate the second moment.

DuF(n) = 2f(u) Y f(2) + f2(u) = Tpeo) (2D Tieey +

zZEN zZEN

DU2U1F2<77) = 2 Ijfuy us}eqy-

Thus T1F2 = I[ue(;](l + 2/\(0)) and T2F2 =2 I[{ul,uz}eC]'
Further

T 1) = @A©) -+ 1) ( [ o) - 20)
c
(Top, T2F2> = 2/ 02(y1, y2; 1) A(d(y1, y2)) — 4A(C) /Q1(y§M)A(dy) + 2A2(C)-
CxC c
Since F(n) has Poisson distribution with parameter A(C') we have

EF?(n) = A(C) + A*(C).

A combination of these formulas gives us

EF?() = /C ealnoam A 2) + /C o1 (5 1) A (dy).

Let pu be a Strauss point process on E C R% bounded, parameters 3 >0, 0 <y <1, r >0
with density

p(y) = aB"y ™ s(y) = > Tjoy<a

2
(y,2)€y%

w.r.t. a Poisson point process with Lebesque intensity measure A, a is a normalising
constant. Here the conditional intensity is

N(usy) =By, tu,y) =D Tjjusyi<.

yey

For density function p it holds

= _amAM(E
Jroman = [agmenona <. Ao A 2 gony
3 |

= Q{Q/}E: —————liil—‘< o0,

and thus p € L*(P,). For the Strauss process

it



0= [ By

—i—ﬂ/ / s(pU{y1,y2})—s(x) _ ,Yt(yl,u) — 'yt(yQ’“)]A(d@l,?ﬁ))'

3.2.1 Moments of U —statistics

In this section we derive general formulas for computing the moments of U —statistics.
Note that moments of functionals of point processes could be studied also by means of
Georgii-Nguyen—Zessin formula, cf.[7], which for processes with Papangelou conditional
intensity A* can be expressed in its simplest form as

E > by, n\{y})

YyER

ZE[/Eh(y,u)A*(y;u)dy : (3.11)

for any nonnegative measurable function h on E x N. We developed an alternative ap-
proach directed to U—statistics and their application in stochastic geometry.

Theorem 3.5 Let F' € L*(IP,)) be a U—statistic of order k driven by f, p € L*(P,), it
holds

- /Ek f(yb v 7yk’)gk(yla CIE 7yk7,u)A(d(y17 v 7yk))

Proof. From (3.8), (3.9) and (3.10) we have

k
1
EF(M) = Zﬁ<TnF’TnP>n
n=0
"1 k!
= - Oﬁ/nM/E‘k—"f(ulv"'au’rnyl;"'ayk—n)A(d(yh'"yyk—n))
n In
S J(j.)gj(yl,...,yj;mA(d(ul,...,um
7=0

= Z 0(52) (?)(—1)7”' Ty )

037
X0 (Y1, -,y ) A(d(ur, -, Y Yk—n)

22



_ zk:i (i) (?)(_1)n—f | Fn s pen)

j=0 n=j

XQj(ylv CI ayﬁ,u)A(d(ul) ce 7U'j7y1a cee 7yk—n))-

_ ii (ﬁ) (?)(—1)"‘j /Ekf(yh.--,yk)gj(yh-..,yj;u)/\(d(yl,..-,yk))-

J=0 n=j

Now from ”symmetry” of variables in the integral and the equality

S0 e

n=j

see [20], p.39, identity 11, we obtain the only nonzero term for j = k, which is

o fs -y on(yns - ues Ay, - y)-

O

Lemma 3.6 Let ' be a U—statistics of order k driven by f and G be a U—statistic of
order | driven by g, 1 > k, F,G € L*(P,). Then

k
k il
FG(p) =) ( )—, > F W I Yk Ukt i)
(Y15Y145) Epy
(3.12)
Especially

k
F2(u) = Z (k)ﬂ Z -y s Yk Yk - Yisg)- - (3:13)

.
(Y150 Yh g ) ERLST

.....

consider product of F and G as a sum whose members are double sums of product of
functions f and g with k — j, j = 0,..., k equal variables. Each of this double sum can
be rewritten as a single sum over (I + j) tuples:

Z f(ylv"'7yk)g<y17"'7yk*j7yk+17--'7yl+j)7

"
(y1,--) yz+j)€/t;]

where for j = k we understand g(y1, . .., Yk—j, Ykt1s - - - Yitj) = 9(Ukt1, - - - Y1) We have
(kﬁ j) = (’;) options how to choose these k — j variables. Their order in the first factor
is given through the argument of sum (sum is over all (k + j)—tuples so it determines
different order of variables) but in the second factor we have #'ﬂ), options to locate
them. The choice ¢ = f and k = [ gives us a formula for the second power of F.

O
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Theorem 3.7 Let F,G be U—statistics of order k,l driven by f,g respectively, | > k.
For j=0,1,...,k denote

h(yla s 7yl+j) = f(ylﬂ s 7yk?)g(y1a ey Yk—j5y Yk+1, - - 7yl+j)'
Then if FG € L*(P,), p € L*(P,)) we have

EFG(p) =
[k Il
= ]go (]> k1)) /Ew h(yr, - Yreg) 0 (s - Y )M (s -+ Yies)-
Especially
LR\ k!
EF*(u) =) (J);/EM R(YL, s Yt ) O (Y15 -5 Yrgs A (YL, - Yhs)-

Il
=)

J

(3.14)

Proof. Consider the symmetrization of the function h : E'*/ — R given by

_ 1
h(yh s 7yl+j) - m Z h(yﬂ(l)v s ayﬂ'(l-i-j))?
TI'EHH_J'

where II;;; denotes all permutations of the set {1,...,1+ j}. Then the functional

Hiyj(p) = Z by Yi4s) (3.15)

"
(Y1yess yz-s-j)EM;]

is a U—statistic of order [ 4+ j and according to Lemma 3.6 and Theorem 3.5 we have
k :
EFG (1) = 35— (§) o BHis (1), since

J=0\j .
By (1)
- /Hﬁ(%,...,yz+j)gl+j(y1,...,yl+j;u)A(d(y1,...,ylﬂ-))
B+
1
I T U P SRR VRS
/El+j (l+j>!w§l+~ (vr) Yn(t+9)) Q1 (U1 Yiss A (d(y Yitj))
1
- MWntts Ut s (s VA1
(I+4)! Z_/El+j (v ™ Y (H]))Qlﬁ(yl Yi+j ) A(d(y yH-J))

WEH[+]
= /l+_ h(yrs - Yi) Qi (U1, - Yy WA (s - Yi4g)-
El+i

The second equality is a special case of the first one.
O

Using techniques from Lemma 3.6, Theorems 3.5 and 3.7 we can generalize Theorem 3.4.
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Theorem 3.8 Let [[;", Fi € L*(P,),m € N, p € L*(P,), where F; are U—statistics of
orders k;, driven by nonnegative functions f;, i =1,...,m. Denote ¢ =Y.' k;, then

E{ﬁmm] _ E[ﬁmm] ¥ Z%<Tﬁmp> | (3.16)

n

Assume that ky > kg > --- > k,,. Then furthermore the product H:’il Fi(p) is a finite
linear combination of U—statistics with orders ki, k1 +1,...,q.

Proof. In detail we will analyze the proof for m = 2,3. For m > 3 the procedure is
similar and we will just show how to express the product in a proper way.

Consider U —statistics F, G of orders k, [, driven by f, g, respectively, k& < [. Denote

i ( ) mHlﬂ(M),

e B N B LOAHTY _ P
where Hyy; = Z(yl RES h(yi, ..., Yi+j), b € Ly(A"™7), is a U—statistic from (3.15).

-----

One can easily see that FG = FG. It follows from symmetry of the functions f and
g, respectively, and from the fact, that F'G is a sum over all configurations of points
{x1,..., 214} Using linearity of T;,, (3.8) and Theorem 3.4 with m =1

Ltk Lk kL Il
ZH<TnFG7Tnp>n = ZE<T’"‘Z< )mHl+janp>

1 o (k !
=Z£ﬁ£i)ﬁﬂ:ﬁgmwﬂm

n

I+j
k l! 1
> Pl Z (ToHuyj, Top)n

= (] [ —k+j)!
:.;(DU?%ITEM“W>
= Eé <f) mmﬂ(u) =EFG(p).



Here we use the fact that H;y; is U—statistic of order [ 4 j and T,,H;; =0 forn > [+
and the statement for m = 2 holds.
For m = 3 and F; driven by f;,i = 1,2, 3 take F} F» and consider (F}Fy) - F3. We have

(F\Fy)F3(p) = <§: (kQ) G _Z!Jer)!Hkﬁjz(u)) Z f3(yis - Uks)

—o \J2 k
72=0 (Y15 Yrg ) ENS

— \J2 k
72=0 (Y1, kg ) ERS

— . 5 1(Ak1+j : Tt
where Hkl—l-jz - Z(ylr~~~7yk1+j2)e/$’;1+J2 h(yly* .. 7yk1+j2)7 h S LS(A 1+'72) is U —statistic Of

order ki + jo > k3 and thus from Lemma 3.6 the last expression in brackets is a product
of two U—statistics and is equal to

ks )
ks (k1 + jo)!
Z (]é) (k1 + j2 + J3 — k3)! Z Py st (Y1 - - s Ykytjotiia )
J3=0 (U1 4 3 ) ERLE T2
where
hk1+j2+j3 (y17 ce 7yk‘1+j2+j3) - f3(y17 - ’ykg)ﬁkl-‘f-h <y17 coo sy Ykz—jzy Ykg+15 - - - 7yk1+j2+j3)7

for a function Ay, j,4j, : R¥MT2H3 — [0, 00) derived from fi, fo and f;. Taking the
symmetrization of the functions hg,4j,+j, and performing the same calculation to the
expectation of (3.17) with U—statistic Hy, 4,4+, driven by hy, 4,44, as for m = 2 we get
the proposition for m = 3.

For general m € N consider that the scheme holds for m — 1. Then

= > Alj2: jm) > s, 3 (ts -5 Yo, i)

J25eesdm k1432705 35

(Yl Yry 455 5 EH

o RMF2Z20i s [0, 00) are nonnegative (but not neces-

where j; = 0,..., ki, hpesr s,

sarily symmetric) functions

hkﬁrzzlg Ji (yh o Yk, ji)

= fm(yly cee aykvn)hk1+2£;1ji(y1a oy Yk —Gms Yk +15 - - 7yk1+2£2ji)

and
A(ja :jm) = (3.18)

) () s
o) " i) (ka4 o = o) (R 4 o 4 s = ka) e (B o G — ko)
(3.19)
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Again taking the symmetrization of iy, y-m ;. we can compute the expectation. The L?

integrability of sub-products [[J_;, j < m can be shown as in the proof of Theorem 3.10.

O

A more condensed form of functions hy, 15, can be derived by using techniques in [31].
Consider a set [¢] = {1,...,¢}, ¢ € N and denote II, the set of all partitions {.J;}, where
J; are disjoint blocks and |J J; = [¢]. |J;| denotes the cardinality of a block.

Definition 3.3 Define q =k, +---+ k; and
Ji={j i+t <j<k+-+k}i=1...,m
Let m = {J;, 1 < i < m} be a partition of |q|, we define I, i, C I, the set of all

partitions o € 11, such that |J N J'| <1 for all J € m and all J' € 0.

Let f; : B — R, k; € N, ¢ = 1,...,m. The tensor product ®7,f; : E7 — R is
defined as

(®;ﬁ:1f]’)(y17 ooy Yk s Yk 15 - - - 7yq)
= fl(yla B 7yk1)f2(yk1+17 cee ayk1+k2) S fm(yk1+~~~+km71+17 s 7yq)' (320)

Definition 3.4 Let f; : E¥ — R, i = 1,...,m. For a partition o € Iy, _x, we define
the function (®;”:1fj)o - El°l 5 R by replacing all variables of the tensor product QL [
that belong to the same block of o by a new common variable, |o| is the number of blocks
in the partition o.

Proposition 3.9 For the U—statistics F;, @ = 1,...,m from Theorem 3.8 it holds

HFi(“) = D > @ f)e W Ye)- (3.21)

vvvvv kem (y17---,y\a\)€u‘§‘

Proof. We show that the sum of coefficients A(js : jy,) from the proof of Theorem 3.8
sets the total number of partitions in Il ., i.e.

> Az ¢ fim) = cardlly, g,

For m = 1 the equality holds since II;, = 1. Consider that it holds for m — 1. Let .J,,
be the m—th block of partition 7 in Definition 3.3. For 0 < j,, < k,, the factor (';Z)
gives the number of combinations of j,, blocks J of partitions o € Iy, . with |J| =1

.....
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m—1 .
(subsets of |J,,|) and the factor % contributes to the number of partitions

k, when the rest k,, — j,, items in .J,, participate in blocks with [J| > 2.
O

Combining the Theorem 3.5 and Proposition 3.9 we obtain the following theorem.

Theorem 3.10 Let [[", F; € L*(P,), m € N, p € L*(P,), where F; are U—statistics of

orders k; driven by nonnegative functions f;, respectively, 1 = 1,...,m. Then
EHF’L<M) - Z /EI |(®;r;1fi>d<y17"'7y\0|>g|0|(y17"‘7y\0'\;u)A(d(y17‘-'7y|0'|))’
i=1 o€y ok ©

(3.22)

Proof. Each inner sum in (3.21) is a U —statistic of order |o| by symmetrization. To show
that it is in L*(P,)) we square the formula (3.21) with ) instead of . On the right hand side

2
..... yopens! (B fi)o (Y, - ,yw)) is
k.- The assumptions of Theorem 3.5 are fulfilled and (3.22) follows.
O

all terms are nonnegative so the expectation of (Z n

finite for all o € I,

77777

3.2.2 Functionals in logarithmic form

In the previous section we used the relation
EF™(u) = E[F"(p(n)], m =1,2,...,

where 7 is a Poisson process and p a point process with probability density p w.r.t. . In
the following we investigate the functional

H,, =log(F™p) =mlog F'+logp, m=1,2,... (3.23)
under the assumption H,,(n) € L,,(P,). From Jensen inequality we have
log BEF™ (1) = EHp(n).

According to Theorem 4.3 in [2] M (u;y), y € N, u € E, is a conditional intensity of a
finite point process p if and only if it can be expressed in the form

N(uy) =exp [Vi(u)+ > Va(uy)+ > Vi(uyrme)+... |, (3.24)

yey (y1,92)Cy%

28



where Vj, : E¥ — R U {—o0} is called the potential of order k. Then the density is that
of a Gibbs process

p(y) =exp |Vo+ > Vil + D Valynge)+..- |- (3.25)

yey (y1,92)Cy2%

Consequently
logp(y) =Vo+ Y Vilw)+ Y. Valyr,po) +...

yey (y1,92)Cy%

is a sum of a constant and U —statistics.

Assume that there is only a finite number [ of terms V;,...,V; on the right of (3.24) and
further that

Fipy=exp | > flym)|- (3.26)

k
(Y1, uk)ENZ

Then log F' is a U—statistics of order k. Using (3.2) we can evaluate variance of H,,.

Example 3.2 Consider again the Strauss process with parameters B,y and density p as
in the Fxample 3.1, here

Vi(u) = log B, Va(u,v) = log YIjjju—o||<r;
N (uy) = By,

logp(y) = loga +n(y)log 8 + s(y) log .

We have
To(logp) = Elog p(n) = log a + log BEn(n) + log vEs(n),
Ti(logp) = log 8 + log vEt(y, 1),
Ty(logp) = log 7y Ijjjy—zi<n)-

Then from the formula (3.2)

var [log p(n)] = /E Tl(logp)QA(dy)Jr% / /I gy A(dy)A(dz).

Put F(y) = exp(y(C)), y e N, C C E. We have
To(log F) = A(C),  Ti(log F) = Iyyecy,
var [log F'(n)] = A(C),

cov(log F,log p) = A(C)log 3 +10g7/ Et(y, n)A(dy).
C

Thus
EH,,(n) = mA(C) + log a + log fEn(n) + log yEs(n),

varH,,(n) = m*A(C) + 2m cov(log F'(n),log p(n)) + var [log p(n)].
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Chapter 4

Random union of interacting
particles

In this chapter we will consider £ = B x Z, where B C R? or R? is bounded and Z C R!,
B, Z are Borel sets. Let n be a Poisson point process on E with intensity measure A.
Let u be a point process on E having a density py(y), y € N w.r.t. n, here x € R? is a
parameter vector. In the sense of Definition 2.9 both x and 7 are marked point processes
and we assume that each mark defines a particle, i.e. a random closed set. Typically the
shape of the particle is prescribed and given (o, z) € u the particle is centered in o and its
random size and orientation is determined by the mark. For configuration y € N denote
U, the union of all particles in y. Assume that the density is in the exponential form

px(y) = cxexp{x - G(y)} (4.1)

where G(y) is a vector of some geometrical statistics of Uy, x - G(y) is the inner product
and ¢y a normalising constant.

According to [28]
X = {xeR?:Elexp(x-G(n))] < oo} (4.2)
is the largest set of such x that the exponential family density (4.1) is well defined.

For a vector of geometrical characteristics G(y) = (G1(y), ..., Ga(y)),d € N, denote

Dy . Gly) =Dy .. Gy) . ...,Dg UmGd(y))T

77777777777

the vector of m—th differences, see Definition 3.1.
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Theorem 4.1 For the density px(y) in (4.1), y € N the Papangelou conditional inten-
sity X5, of order m of the point process i s

A (s -y ug;y) = eXOmEW), UL,y Uy € B\, (4.3)

with

,,,,,

+ Y Dt LG+t Y DLG(y),

Uiy q3eees
T genes im,1€{1 ..... m} 1<i<m

where the indices in the sums must be different.

Proof. For configuration y € A of the process u according to the definition we have

)\jn(um, U y) _ px(y U {um7 s 7u1}) _ €x~G’(yU{um ..... u1})—x-G(y)
Px(y)

We need to prove that
QmnG(y) = Gy U{um,...,u1}) — G(y).

For m = 1 we have

. OOl Goun)-6)) _ geDLG(y) — @)

Now assume that the proposition holds for m — 1 and we shall prove it for m. Then

QmGly) = D, G(y)

m—1
+Y D L, Gy)+ Y. D, .Gly)+--+Dp Gly)
j=1

1<i<j<m—1

m—1
+Y D,Gy)+ > D, Gy)+--+Drt L Gly).
7j=1

1<i<j<m—1

From the assumption the second line is equal to @),,,—1G and further

QmG(y) = D, G(y)

m—1
+D} (Z D,G(y)+ > DL,Gy) +--+Dr" ulG<y)>
j=1

+G(y U{um—1,...,u1}) — G(y)

= D, G(y)+ D, (GlyU{un-1,...,u1})—G(y))
+G(y U{um—1,...,u1}) — G(y)

= D, Gy)+ Gy U{un,...,u}) = Gly U{um-1,....w}) = D, G(y)
+G(y U{um_1,...,u1}) — G(y)
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=Gy U{um,...,u1}) — G(y).

Recall
On(Uty ..o un) = EX (ur, ..o upn; i), Up, ... u, € E. (4.4)

4.1 Interacting discs

Consider a bounded region B C R? and a finite marked point process p with points o;

in B and marks r; > 0, ¢ = 1,...,m. Each (0;,7;) € p defines a circular particle (disc)
b(o;, ;) with centre o; and radius r;. We assume that p has the probability density
px(y) = cxexp{x-G(y)},  yeN, xeR (4.5)

w.r.t. a given reference Poisson point process of discs 7, i.e. a Poisson point process on
E = B x [0,00) with intensity measure

A(d(o,7)) = p(o)do Q(dr). (4.6)

Here p is an intensity function of centres of discs and @ is the distribution of radii. Here
x € R? is an unknown parameter and c, a normalizing constant.

The model, simulations and maximum likelihood estimation of x for statistics

Ga(y) = (A(y), L(y): x(¥)), (4.8)

where A(.) is the total area, L(.) the perimeter, N, the number of connected components,
N;, number of holes and x(.) Euler—Poincare characteristic, were well described in [26)]
and [27]. We will discuss this topic in the time developing case in Chapter 5.4.

Note that condition (4.2) is equivalent (see [26]) to
X ={xecR%: / exp(mz17? + 272or)Q(dr) < o0}, d= 3,4,
0

x = (21,...,%4). This condition is satisfied e.g. for Q with a bounded support.

4.2 Interacting line segments in R?

Let E = B x Z, B C R? bounded, |B| > 0 and Z = (0, D) x [-7/2,7/2), Dy € R,
where R is extended real line. A marked point process p has points o; and marks (r;, ¢;),
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where o; are lexicographical minima of segments (later o; will alternatively be centres
of segments) of length r; and direction ¢;. Let us consider a Poisson segment process 1
which can be identified with the Poisson point process on

E = B x (0,Dy) x [~7/2,7/2) (4.9)

with intensity measure A(d(o,r, ¢)) = p(o)do D(dr)v(d¢), where p is an intensity function
of Poisson process of lexicographical minima of segments, D and v the distribution of
lengths and directions, respectively. The process p has a density (4.1) w.r.t. n with vector
G(y) of geometrical characteristics in the form

G(y) = (L(y), N(¥), Nis(¥)), (4.10)

where

L(y)...total length of the union of segments configuration y
N(y)...the number of intersections

Nis(y). . . the number of isolated segments.

Then (4.1) with the vector of statistics given by (4.10) and x € & is a density function.

Analogously define random variables

L(n), L(p). . . total length of the segments in 7 and pu, respectively
N(n), N(u)...the total number of intersections

Nis(n), Nis(p). .. the number of isolated segments.

4.2.1 The parametric space X
Proposition 4.2 Let
X =R x (—00,0] x R. (4.11)

Then if length distribution has bounded support, i.e. Dy < oo, we have

(1) px € L*(P,), x € X,

(i7) LPNINg() € L*(Py), p, ¢, € No.
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Proof. Due to (2.3)

Elexp®(x - G(n))] = Z e AME) AT;E'E) /E . ./Eer'G({ul """ WHA(d(uy, - . . un)).

n=0

Statistics L, N, N;s have upper bounds

L{uy,...,un})
N{uy,...,un})

IN
3
-
o

IA
/X
o3
~_
IN
S

[}

Nis({ul,...,un}) S n
and thus
= A"(E
Elexp(2x - G(pn))] < Z eA(E)#e%xlnmﬂgn%xm)_
— n!

According to D’Alembert ratio criterion this serie converges for 1,23 € R and x5 < 0.

The second part of the proposition will be shown as follows.

o

E(LPNINE)*(n) = Ze*ME / /LPNW g, .. un DA (uy, - . up))

A”(E)
—AE) >\ 2(p+2g+r)
< E e o n < 0.

4.2.2 Simulation of the process

The realization of union of interacting particles can by simulated according to the Metro-
polis—Hastings birth and death algorithm ([28]). Denote Uy the random set which is
given by the union of interacting segments with the density (4.5) and U, the realization
of such random set. For segment v = (0,7, ¢) and configuration y define the Hastings
ratio by

Bxlyv) = “(””’)p<of>lff<(;)>e—li 0’ (4.12)

where n(y) is a number of segments in y. If y(#) is the state at iteration iter, we

generate a proposal which is either a ”birth” y(@e) U {v} of a new segment v with the
reference point o, length r and direction ¢ or a ”death” y () \ {v;} of an old segment
v; = (05,73, ¢;) € y). In the case of a birth proposal, o, 7, and ¢ are independent, s has
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a density proportional to the intensity function p(0), r and ¢ follows the distributions D(r)
and v(¢), respectively. In the case of a death proposal, v; is a uniformly randomly selected
point from y#¢") and each of these two proposals may arrive with fixed probability «.
Their acceptance depends on the Hastings ratios Hy(y", v), Hy(y"m) \ {v;},v),
respectively. The scheme of algorithm runs as follows.

1. Let y(© be the empty configuration.

2. Suppose that y(#") is a configuration in the iter-th iteration.

3. With probability «, we propose adding a segment v and with probability
min(1, Hy(y @, v))

this proposal is accepted,
else we set ylitertl) — y(iter),

4. else we propose deleting a segment y; and with probability

min(1, 1/Hy (y "\ {v:}, v:))

(iter+1) (iter)

the proposal is accepted, else we set y =y .

5. After a given number of iterations ITER, we set y = yUTER),

Figure 4.1 draws realizations of process of interacting line segments with various choices
of parameter vector x. The observation window is a square of size 10 x 10, the distri-
bution of directions is uniform on [—7/2,7/2) and the length distribution is log-normal
distribution with parameters (—0.5,0.5) restricted to the interval [0, 15]. The intensity of
lexicographical minima is a constant equal to 1.5.

4.2.3 Moments of characteristics

Statistics L(p) and N(p) can be expressed as follows:

L(p) = > )

yep
1
N(p) = 5 > Ty

2
(y1,y2)€E12

and they present U—statistics of orders 1 and 2, respectively. On the other hand the
statistic IV;; cannot be expressed as a sum of finite k—tuples and it is not U —statistic.
Using Theorems 3.5 and 3.7 we have following equalities.
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Figure 4.1: Simulated models with interacting line segments with various parameters x,
the observation window S is a square of size 10 x 10. Here D is log-normal distribution
with parameters (—0.5, 0.5) restricted to the interval [0, 15], the ditribution of directions is
uniform on [—7/2,7/2) and p = 1.5 is constant. Number of iterations ITER = 100 000.
The parameter vector (a): x = (0,—1,0), (b): x = (3,0,0), (¢): x = (0,0,—10), (d):
x = (3,0,—10), (e): x=(3,0,1), (f): x=(3,—1,-3).
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Proposition 4.3 For the density (4.1) with X as in (4.11) and the condition Dy < o0
we have

EL(4) = /E (e (v; 1)A(dy)

EL*(n) = /EZQ(:U)QI(?JQN)A(CI:U)+/EQl(yl)l(y2>g2(yl792§M)A(d(yhyQ))
EN(p) = %/EQ Ly ra0102(Y1, Y25 ) A(d(y1, y2))
EN?(u) = %/E? Ly ro0002(Y1, Y23 ) A(A (Y1, y2))

+[E3 Ly, oo 201 iy s 20003 (Y1, Y2, Y33 (1) A(d (Y1, Y2, y3))

—l—i /E4 Ly, o200 Lysrya201 04 (Y15 Y2, Y3, yas 1) A(A (Y1, Y2, Y3, Ya))
ELN(n) = /E ) Tyrwa 20102 (y1, Y25 WA (Y1, 92)

+% /ESl(yl)I[yzﬂygsé@]Q?)(ylay27y3;:u)A<d(y17y27y3))'

4.3 Interacting surfaces in R’

In this section we introduce two dimensional circular surfaces in R®. Symbol S? denotes
the unit hemisphere in R?. Let £ = B x Z, B C R? bounded, |B| > 0, Z = (0, Ry] x S?,
Ry < 00. A marked point process p has points o; and marks (r;, v;), where o; are centres
of circular surfaces, r; the radii and v; normal orientations.

4.3.1 Process of interacting surfaces

Consider a Poisson surface process 1 which is identified with Poisson point process on F
with intensity measure

A(d(o,v,7)) = p(o)do V(dv)R(dr),

where p(o0) is an intensity of centers o, V(dv) distribution of normal vectors and R(dr)
distribution of radii.

Further denote p process of interacting surfaces with density (4.1)
px(y) = exexp(x - G(y)) (4.13)

37



with respect to 7. Vector G' of characteristics of the union U, of configuration y of
interacting surfaces is

where

S(y)...total area of all surfaces
L(y)...total length of (one dimensional) intersection of all pairs of surfaces

N(y)...number of intersection points of all triples of surfaces.
Again, as in case of interacting line segments, define random variables

S(n), S(w). .. total area of all points in 7 and p, respectively
L(n), L(p). . . total length of (one dimensional) intersection of all pairs of points

N(n), N(p)...number of intersections of all triples of points.

As in the case of line segments we need to find out the parametric space X.

Proposition 4.4 Let
X =R x (—00,0] x (—00,0]. (4.14)

We have

(i) px € L*(P,), x € X,

(id) SPLINT() € L*(Py), p.q,r € No.
Proof. For the vector of characteristics G({uy, ..., u,}) of given configuration {us, ..., u,}
we can estimate
nm R

S(ur, ... un})
Lur, ... up}) < <Z)2Ro§2Ron2

()=

S A™(E
Elexp(2x - G(p))] < Z e_A(E)#eziﬁlnﬂRg+x24Ron2+2x3n3'
n=0 ’

IN

N{u1,...,un})

IN

and

n

38



Similar to segments process according to D’Alembert criterion this serie converges for
11 ER, 29 <0, 23 <0and X =R x (—o0,0] x (—00,0]. For x € X is px € L*(P,). The
second part of proof is analogous to Proposition 4.2.

O
4.3.2 Moments of characteristics
For the statistics from the previous Subsection it holds
S(w) = Y s(y)
yeu
1
L{w) = 5 > lpnye) (4.15)
(y1,y2) €02,

1
Np) = ¢ > Ty

3
(y1,y2,y3) €L,

where s(y) is an area of a surface y and [(y; Ny2) a length of intersection of two surfaces
y1 and yo and Iy, y,ny,-0) is the indicator of an event that surfaces y1, y2, y3 intersect in a
single point. One can see that all of these characteristic are U —statistics of orders 1,2, 3
respectively.

Recall a functional

H,,(n) = mlog F(n) +logp(n), m =1,2,...

in (3.23) having in mind that the process p with density py w.r.t. 7 is related by means
of logEF™(u) > EH,,(n). Now consider the density (4.13) where

log px(y) = —log cx + 21S(y) + 22 L(y) + 23N (y)
n
)’

which is a finite Gibbsian form, cf. (3.25) with [ =
consider one of the three choices: F(y) = ™) ¢
H} H2, H3 respectively:

on-constant terms. For F(y)

3
L) eNW) - accordingly we write

Hy(n) = —logex + (m+21)S(n) + x2L(n) + 23N (n)
HY(n) = —logex + 215(n) + (m+ x2)L(n) + 23N (n)
H}(n) = —logex +a15(n) + 22L(n) + (m + x3)N(n)

In order to study the statistics H?, we need to investigate multivariate behavior of a
vector of U —statistics, i.e. for the process of surfaces in R?

(S(n), L(n), N(n)).
Using results from Section 3.2.1 we obtain the following proposition.
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Proposition 4.5 For the density (4.13) with parametric space (4.14) we have

ES(u)
ES? (1)
EL (1)

EL*(n)

EN ()

EN?(u)

ESL(p)

ESN(u)

ELN (1)

/E s(y)o1(y; 1) A(dy)

SQ(y)@l(y;u)A(dy)Jr/ s(y1)s(y2) 02(v1, yo; ) A(d(y1, y2))

E2

_—

Hyr Ny2) 02 (Y1, y2; 1) A(d (Y1, y2))

¥

Py Ny2) 02 (1, yo; 1) A (y1, y2))

Lyr Ny2)l(yr Nys)os(y1, vo, ya; ) A(d(y1, ya, y3))

+ | = N
m\ug\m\

3

J& /E4 Wy Ny2)l(ys Nya)oa(yn, - yas ) A(d(r, - - -, 0a)

% . Ly, nyanys0103(Y1, Y2, Y5 1) A(d (Y1, Y2, ys))

% L1y, o 2003 (Y1, Y2, y3; 1) A(d (Y1, y2,y3))

+ L1y nyonys 201 Liy: nyanya20) a1 yas )A((Y1, - 9a))

=

+

m\m

. I[y1ﬁy20y3¢@]I[y1ﬂy4ﬂy5¢®] 05 (yl, <y Ysy :U’)A(d(yla CIE 73/5))

5

+

I e

tg\

I[y1myzﬁyg;é@]I[ymysﬂys;ém Qﬁ(yh -y Yo, M)A(d(yh e ,ye))

s(y1)l(yr N y2) 02(y1, yo; A (Y1, y2))

&
©

+
|

s(y1)l(y2 Nys)os(y1, Y2, ys; ) A(d(y1, y2, y3))

DN | —
5
@ Dj\

S(yl)I[ylﬂygﬂy;a,;é@] Q3(y1> Y2, Y3, #)A(d(yh Y2, y3))

3(3/1>I[y20y3r1y47é®]@4(y17 <oy Y4 /'I’)A(d(yla cee 71/4))

+
D] =
T

Ly N y2) Xy rgans 20103 (Y1, Yo, Y35 1) A(d(y1, Y2, y3))

| —
S
w

Ly N y2) Xy gsnwazo 04 (Y1, - - Y A (Y1, - -, ya))

4

1
"‘5/ l<y1 N yZ)I[ysﬂy4ﬂy5¢0]Q5<yla e ,y5;,u)A(d(y1, cee ,y5))
E5

+
DN | —
S

Proof. Formulas for mean values follow from Theorem 3.5, formulas for second mo-
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ments from Theorem 3.7.

Proposition 4.6 Under the conditions of Proposition 4.5 we have

[ELNS(w)] = Eﬁs(yl)l(yzﬂyg)l[ymygnye#m@ﬁ(yh--~’yﬁ;”)A<d(y1""’y6))
+% /E5 s N Y2 iysryanys20105 (15 - - Y53 A1, - Y5))
4—%,/£ﬁ sy N Y3 iy nyarys0105 (s -+ Y53 A (Y1, -5 Y5))
+% /E5 sz 0 Y3) yarmanys2005 (Y1 - -5 Yo A1, - - 95))
%’%l/g4s(y1>l(yllﬁ]y2>1b1ﬁy30y4¢@]g4(y1""’y4;ﬂ)/\(d(yl’..'7y4))
+% /E4 sOL L V) larwanusz0)0a (Y1 - - yas ) A (Y1, - - 1))

3(?/1)1(92 N y3)I[y1ﬂygﬂy4;ﬁ@} Q4(yla <y Ya, M)A(d(yb s 794))

_|_
T

. 5<y1>l(y2 N y3>I[ygﬂy30y4;£®]Q4(yla <oy Y4, M)A(d(yh ces ,y4))

+
N | —
T

+ /3 sy N Y2) Xy nyanys 20003 (Y1, - - - yss ) A (Y1, - -, y3))
E

1

+§ /3 5(y1)l(y2 N y3>1[y10y20y375®]g3(y17 <oy Ys, H)A(d(yl, ce 7y3))-
E

Proof. Using Lemma 3.6 we can compute

12LNS(p) = 12(LN)S = > lwnu) > Tyrpegzo | D s(z1)
(u1,u2)€p2 (y1,y2,y3) Ep, z1EH
= ( Z l(yl N y2)I[ysﬂy4ﬁy5;ﬁ@] +6 Z l(yl N yQ)I[ylﬂysﬁyﬁé@]
(Y153Y5) €D, (Y1,sy1) €L

+6 Z [y N y2)I[ylﬁyzﬂy3¢m> Z s(z1).

(y1,y2,y3) Ep,
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Now using the same consideration as in proof of Lemma 3.6 we obtain

12LNS(pu) = Z (Y1) (Y2 N Y3)Lyanysnye20)
+2 Yy , s N Y2)Liygrgarys 20
+3 Z S(y1)l(f92 N y3)I[ylﬂy4ﬂy575@]
+6 > syl N y2)Tyngsnge
+6 > s(y)lw Ny Tyangangi)

+12 Z S(?Jl)l(y? N yS)I[ylﬁyzﬂyﬁé@]

+6 > s(y)l(y2 N ys) Dyarysrua)

4
(Y155ya) EpZ

+12 > syl N y) Iy rgange

3
(y1,2,y3) €y

6 > () (s N ys) Ty yargs )

(y1,92,y3) €S,

From Theorem 3.8 the statement follows.

Remark 4.1 Higher—order moments can be expressed by means of partitions rather than
in full detail. The product LN S in the sense of Proposition 3.9 corresponds to

12LNS(/L): Z Z <Z®I®S)U(y17-..7y|o—|)

and thus

12[ELNS(p)] = ) /EU(l®1®8)a(y17---,y|a|)9|g(yl,-~7y|a|;#)/\'”'d((y1,..-,ya)),

o€lli23

where | @ I ® s involves functions s(-), 1(- N -), Iran..0-
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4.4 Limit behavior in Poisson and non—Poisson case

Let £ C RF and A as in Section 3.1. For { > 1andi=1,...,0let k; € N, f® € L;(A")
be symmetric nonnegative functions,

FO () = Z FO%0, . u,).

Consider Poisson processes 7, with intensity measures A, = aA, a > 0. Following [23]

U —statistics . .
Féz)(na> = Z f(l)(y177ykl)

are transformed to
60 = g~ kim2) (RO — EFW), (4.16)

The asymptotic covariances are

Ci; = lim cov(FY, FW)) = / T FD(2)T FY9 (2)A(dx), 4,5 € {1,...,1}. (4.17)

a—r0o0

The convergence under the distance between [-dimensional random vectors X, Y

d3(X,Y) = sup [Eg(X) — Eg(Y)],

geEH

where H is the system of functions h € C3(R!) with

2
h
max sup | (‘3_(:6)

Bh(x
| <1, max  sup | (@)
1<i1<io<l pepi  Ox4, 04,

— | <1
1<t <ip<i3<l ;i axhaxhaxiJ -

implies convergence in distribution. Based on the multi-dimensional Malliavin-Stein in-
equality derived in [32] for the distance d3 of a random vector from a centered Gaussian
random vector X with covariance matrix C' = (Cj;); j=1,. 4, [23] show that under the
assumption

-----

/|T1F<i>|3dA <oo,i=1,...,1, (4.18)

there exists a constant ¢ such that

D=

ds(( Aa(l), .. .,F(l)),X) < ca”

a

La> 1. (4.19)

Example 4.1 Consider the Poisson segment process on E introduced in Section 4.2. In

(1.17)
Cuy = /E I(s)2A(ds), Chy = [E A({s s st £ 0})PA(de),
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Chy =2 /E U)A{s = 5 Ny # O))A(dy).

The assumption (4.18) transforms to conditions:

/El(s)3A(ds) < 00, /EA({S; sNy #0})>A(dy) < co.

The finiteness of the intensity measure A and the assumption Dy < 0o in (4.9) guarantee
that all integrals are finite. Thus in this case for the random wvector (F’a(l), Af)) obtained
by transform (4.16) of

(L(7a), N (11a))

both the central limit theorem and the Berry-Esseen type inequality (4.19) hold.

Next we consider segment processes from Section 4.2 with Dy < oo and o; being centres
of segments. Let us focus on the process u, with density

px,a(}’) — Cx,aele(y)—HmN(Y), y € N (420)

with respect to the Poisson segment processes 7, with intensity aA. For illustration we
will derive second moments of U—statistics of segment point processes p, with z3 = 0.
From Proposition 4.3 we have

varL (i) = a/Elz(y)Ql(y;Ha>A(dy)

+ g2 /EQ I(y)(ys2) (@2(?/1, Y23 ta) — 01(Y15 Ha) 01 (Y2; ua)>A(d(y1, ),
(4.21)

1

varN (fiq) = 5‘12 /2 I[ylﬁyzyé@]QQ(ylayZ; ,Ua)A(d(ybyQ))
E

Q

+a’ i L1y o200y s 200 03 (1, Y2, U35 e ) A (Y1, Y2, y3))
E

1
+ 1@4 /E ) Ly, o 201 Lysnya 0] X
X <Q4(y1, e Y fa) — Qg(yl,yz;ua)g(yg,m;ua))A(d(yl, )
(4.22)
and
cov(L(fta), N(pta)) = a2/2 Ly Xy, ngaz20) 01, Y2 o) A(d (Y1, 12))
E

CL3
+ 5 /3 U)X yanys 20) (@s(yl,yz,yssua) - Ql(yl;ﬂa)QZ(y%y33ﬂa>)>A(d(y1:y27y3))-
E
(4.23)
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We will also investigate

E(L(tta) — EL(1ta))? (4.24)
= EL*(pta) — 3EL(pta)EL* (pta) + 2(EL(1ta))*

E a a

+ 3a? /E? P (y)(y2) (Qz(yh Y2; fa) — 01(Y1; Ma)Ql(y2;Ma)>A(d(y1’ y2))

+a /E B () A(dy). (4.95)

Recall that
01(y1: pta) = EX: (y1; p1a) = Ee®t (LraU{yi}) = Llpa))+o2(N(paU{y1 }) =N (1a))
— Pl er2(N(1aU{y1}) —N(ua))
021, Y2 fha) = EXS (Y1, o5 ta) = Ee*t (E(uaUiyry2}) —L(ua))+z2(N(paU{yr,y2}) =N (ka))
— @1 () +(Y2)) g ez2 (N (haU{y1,y2H) =N (1a))
031, Y2, Ys: fta) = BN (Y1, Yo, U3 fha) = Ee®t (Lha{y1y2,:93}) = L(ka)) 22 (N (raU{y1,y2,y3H) =N (ka))
— @1 (Uy)+H(y2)+(ys)) g pr2 (N (HaUiy1,y2,y3 1) =N (ka))

We assume x5 < 0, then p; are bounded nonincreasing in variable a for each y;, i = 1,2, 3.
Let us define following random variables:

Xi(pa) = N(tta U{m1}) — N(ta)
Xo3(tta) = N(pta U{y2,y3}) — N(ia)
Xi123(1a) = N(pta U{y1,92,y3}) — N(jta).
We have

03(y1, Y2, ysi pra) = "I H G EpraXas
01(Y1; 1a) 02(Y2, Y3; fa) = et ) ) H ) gera X1 FeraXes,

The randomness of all variables X (1q), Xo3(tta), X1.23(1ta) is given through the process
1o and thus they are correlated and the only possibility of the equality

03(Y1, Y2, Ys; fha) = 01(Y1; tha) 02(Y2, Y35 fha)

is if x5 is equal to zero and the process pu, is Poisson.

From the formulas of varL, var N and cov(L, N') we choose the standardized characteristics

E(ue) = (L) ~ BL (o)) (4.26)
N(ua) = —5(N(na) ~ EN(1o)) (4.27)
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We denote leading terms of variances, covariance and the third moment corresponding
to (4.21)-(4.25) for standardized characteristics

Cu = [ 100 (a0 = enCns o) o 1)) M. 32)

A 1
Cyp = Z/ I[ylmy2¢@]1[y3my4;ﬁ®] X
B4

X (m(yl, o Yai fa) — 02(Y1, Y23 Ha) 0(Y3, Yai Ua))A(d<y17 )

A 1

C = 5/3l(y1)1[y20y37é0] (Qs(yl,yz,yg;ua) _Ql(yﬁﬂa)@?(y?ayf%;Ma»)A(d(yl’y?’y?’))'
E

My = /3l(yl)l(yz)l(y:a)<@3(y1>y2,yssﬂa)—3@2(?/1vy23“a)91<935“a)+
E

+201 (Y15 fta) 01 (Y25 1) 01 (Y3; ua)> A(d(y1, y2,u3))-

Example 4.2 Let

E=0,1% x {2} x {o, g} (4.28)
A(d(0,6)) = do 3 (5 + 65)(d6), (4:29)

where o denotes the centre of the segment. The space E s constructed such that all
orthogonal segments have an intersection. We will compute Cio and ME. Using the
variables X1, Xo3, X123, Lemma 2.2 and Lemma 3.1 for y € E we have

E,eXt = E, e ' p(n) =

(4.30)

The integration does not depend on locations of the fibres, for u; = (0;,¢;) it holds in
(4.30)

n

Ad(ug, ... up)) = 2—171 > (?) 67 ® 5?‘"—”(@1, ., dey), (4.31)
j=0

here @ means the product or a power of measures. If y, has an orientation 3 then

n 2nr; "

o
a’e
E T2 X1 — —a
ne xof ") el =)t

o2 (i +i(n—1))

(4.32)

n=0
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where j represents the number of segments perpendicular to the segment y,. From the
symmetry of the second sum one can see that the expectation does mot depend on the
orientation of y1. Define S(k,z), z = {z;}}_, k € N, as

k . .
S(k,z) = _— 4.33
(£:2) ; (k= j)! (4.33)
In the following we write briefly S(k,z) = S(k, z;). Here if z; does not depend on j, then
z 15 a constant vector. We have

n ,2nx

e = e Y L S(n, j). (4.34)

2n
n=0

For computing E,e**12, y;,ys € E, we need to distinguish between two following situa-
tions

1. y1Nys # 0. Then

ane2nzl
E 6:52X1,2 _ Cx,ae_a o S(TL,?’L + 1) (435)
n=0
2. y1Nys = 0. Then
E 22X1,2 —a i are S( 2 ) (4 36)
"2 = ¢ e n,27). )
I ) — on J

Both of these situations occur with probability %

Finally, for each triple (the case when some segments overlap has probability zero) of
points yy, Y2, ys € B we have two different situations.

1. All three segments are parallel. Then

o ane2na:1
E z2X1,2,3 o —a S ,37). 4.37
c ceat ™ D S0, (437

The second arqument in S(n,3j) represents the number of intersections with seg-

ments orthogonal to the segments y1,ys,ys. This situation has probability equal to
1

1
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2. Two of segments y1, Y2, ys are parallel and the third one is perpendicular. Then

n ,2nri

E#emXLz,S — Cx@e—az a Zn S(n,n +] + 2)7 (438)

n=0

where n+j+2=mn—j+j+ 7+ 2 represents the number of intersections with the
segments y1, Yo, y3. This has probability equal to %.

Using Cauchy product of two series we have

01(y1)01(y2)01(y3) = (4.39)
3
X n_2nz
= &3 cfmi=d (Z a ;n S(n,j)>
n=0
X n_ 2nz X n_2nr1
3 6x1-3a a’e . a-e
- e (35S stk st ) (350
n=0 k=0 n=0
X n 2nr; k
= ety L Z(Z s<m,y>s<k—m,y>)s<n—k,J> (4.40)
n=0 k=0 “m=0
Analogously
L5 6e-2a — a’e?n
o1(ys)o2(y1,92) = 5 Ex.a® Z on
n=0

X (Z S(m,m+1)S(n —m,j)+ S(m,25)S(n — mJ))

1 e ane2nx1 - .
Q3(y1’y27y3) = Z—lcxyaeﬁxlfaz o <S<n,3j) + SS(n,n +7+ 2)) (4.41)
n=0

In order to compare the terms we need to have the same power of the unknown constant
cxa- Therefore we use the equality

o an62n:p1 n e:mj(nfj) 0 an62nml

1 =Ep(n) = cxae™® Z o Z

1 — i)
s = JMn—17)!
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and we can ETPTESS

1 > a™ 2nx1
Ql(y3>@2(y1,y2) = éci,ae&m_?)az

2 fj(Zszj (k —m, j)

+S(m,m+1)S(k —m,j))S(n— k., 0)

ane2nt n
03(Y1, Y2, y3) = %lci’ae6x13az : ZZ( m,37) +

n=0 k=0 m=0

+3S(m,m—|—j—|—2))5(k¢—m,0)5’(n—k,O). (4.42)

For the leading terms then it holds

o0 n, 2nx; "
Ciz = &m0y 8 Zn 3 (S(k;, k+j+2)S(n -k 0) — Sk k+1)S(n — k, j))
n=0 k=0
ME = 8 mosay S i(lson 37)S(k —m, 0)S(n — k, 0)
’ = n=0 2n k=0 m=0 4 , ’ ’

Denote

\E

b, = (S(k;,k—l—j—i—Q)S(n—k,O)—S(k,k—i—l)S(n—k,j)),

=

S |l

[en]

15(m3)(k —m, 0)S(n — ,0)

=
Il
o
i
o

o
3
I
(1~
A/~

+
l\DIOJl\DIOJ»JkIOJ

S(m,m+j+2)S(k —m,0)S(n — k,0)

S(m,m+1)S(k—m,j)S(n —k,0)

—=8(m,2j)S(k —m,j)S(n —k,0) +25(m, 5)S(k —m,5)S(n — k,j)),

S
3
I
[

S(k,0)S(n — k,0),

Ed

S |l

[e=]

k
en = > S(m,0)S(k —m,0)S(n — k,0).

k=0 m=0
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Fvaluating cx, and rating a variable

we obtain the desired quantities as ratios of two power series:

o T T
ano dnz™(a) Zn:o ent™(a)

which can be expressed as single power series. Their coefficients can be evaluated nume-
rically. If the limit of Cia when a — oo is finite nonzero, then the standardization (4.26),
(4.27) is proper for a limit theorem, but when moreover the limit of M¥ is nonzero for
some x1,xy, then the limit in distribution of (L(ja), N(1ta)) for a — oo would not be
Gaussian.
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Chapter 5

Space—time models

In the next part of the thesis we return to random processes of interacting discs in
R2, see Subsection 4.1. Since the analytical treatment analogous to line segments and
circular surfaces is not available because of overlappings, we turn to the analysis based
on simulations. Moreover we involve temporal dynamics in the modeling, that means
space—time systems are investigated. To this purpose we apply some known algorithms
in an original way. Their descriptions follow in Section 5.1.

5.1 Sequential Monte Carlo methods

Sequential Monte Carlo methods are attractive class of simulation algorithms. They
serve to draw from the posterior distribution recursively and thus to evaluate long time
data. These methods are very flexible, easy to implement and applicable. Among these
methods we will use the particle filter (PF) which is described below as Algorithm I
and particle marginal Metropolis—Hastings algorithm (PMMH) described in Algorithm
II. More details, e.g. convergence theorems, generalisations of the model and applications
one can find in [9] and [24].

5.1.1 State space model

Consider a state space model (also known as Hidden Markov model) with
X = {Xt,t S No} (51)

being a Markov process in the state space R?, having initial distribution with density
p(zo) and transition probability density p(x;|z;_1). The index t is interpreted as time.
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Assume that instead of X we observe random variables {Y;, ¢ € N} which are conditionally
independent given {X,t € Ny} with conditional density g(-|z). The aim is to draw from

the posterior distribution p(xo.|y1.), and to evaluate expectations of a function f; on
RAE+1) .

E(ft) = /ft(fL“O:t)P(a?O:t|ylzt)d$0:t-

The notation Xo; = {Xo,..., X¢}, Yix = {Y1,...,Y;} for the processes will be used and
analogously zo; = {0, ..., 2}, v1.4 = {v1,-...,y:} for their realizations.

From the Bayes theorem we have

P(%o4|y1:e) = P(y1:¢|T0:4)p(20:t)
e fp(y1:t|x0:t)p(xozt)dx0:t

Using this formula and Chapman-Kolmogorov theorem for Markov processes we obtain
that the so called filtering distribution p(x;|y1.) satisfies recursion equations

p(xe|y1:e-1) = /P(l't’%1)p($t1‘yl:t1)d$t1, (5.2)

p(Tefyre) = P(ye|ze)p(@e|y1:e-1)
. [ p(yelze)p(zeyre—1 )day

since we have p(o.|ys, y1.4-1) X P(Ye|To.)p(x0.|y1.4—1) from the conditional independence.

Analytical evaluation of the system (5.2) for large ¢ is hardly possible. Therefore Monte
Carlo methods were developed. Among them the importance sampling (see [1]) is the
basic tool. Let q(xo.|y1+) be a proposal distribution such that for the supports it holds

that supp p(xo+|y1:t) C supp q(xo:¢|y1:+). Then

_ f fe(xo:)w(To.0)q(To:6|Y1:0) A0t

E(f;) =
( t> fw($0:t)Q(x0:t|yl:t)d$0:t
where (Coslunn)
P\To:t|Y1:¢
w(xgy) = ————=
(7o) q(o:|y1:4)
is the importance weight. Simulating N independent identically distributed particles
{Xk,, i=1,..., N} according to q(zo.¢|y1.), we obtain a Monte Carlo estimate
N
Ex(f) =Y f(X§)ef, t=1,...,T, (5.3)
i=1
with normalized importance weights
Xt
1&2—%¢Jﬁ?ﬂi:L”wN
Zj:l w(Xgy)
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The convention is that whenever the index k is used, we mean for all k = 1,..., N, where
N is the number of particles (iid samples). Further w; = (w},..., @) are normalized
importance weights at time ¢, F(.|w;) is a discrete probability distribution with atoms
proportional to the weights and AF , represents the index of the parent of the particle

XF, at timet —1fort=2,...,T.

5.1.2 Particle filter

Unlike classical importance sampling, in sequential case the distribution of weights is
more and more skewed with increasing time ¢. The reason is that in common importance
sampling used for generating X}, at each time ¢ we obtain a brand new sample, but in
case of sequential method we generate only according to transition kernel and this new
simulation is dependent on history of a given particle. That is why particles with higher
weights are favored and after a few times we have only one particle with non-zero weight.
This can be corrected by additional step. At the end of importance sampling all particles
are resampled according to their weights. In the other words we make a new sample from
existing particles according to the distribution given by the importance weights. It means
that some particles with lower weights can disappear and the other with high weights
will be replicated. Note that there are more methods used for resampling.

Algorithm I (PF):

1. Sample zy ~ p(z).

2. At time ¢t = 1:

(a) sample XT ~ go(.yn),

(b) compute and normalize weights

pe(Xﬂon)p(yﬂXf)
@(XFly)
~k U)l(Xf)

wy = :

ZZ:I wy (X7

wy (XT)

3. At times t=2,...,T:
(a) sample A¥ | ~ F(.|w;_1),

Al APy
(b) Sample Xf ~ q@(’lyhXt—ll ) and set X{C:t = (Xl:t—17 Xf)?
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(c¢) compute and normalize weights

k| v A1 k
wi(XE) =" PolX 1 Xe 1 Pl Xi) (5.4)

Af
g0 (XF |y, X, 75)

wf — Nwt (X{Ct) ]
Zm:l Wy (X{rsf)

5.1.3 Particle marginal Metropolis—Hastings algorithm

The previous algorithm is useful in case of the auxiliary (multidimensional) parameter 6
known or if we are able to estimate it properly. Specifically in our simulation study in
Chapter 5.4 we use maximum likelihood estimator for auxiliary parameters (this method
was described in [27]). Using the combination of particle filter and Markov chain Monte
Carlo algorithms (e.g. Metropolis—Hasting algorithm or Gibbs sampler plan) we can
estimate auxiliary parameter and the process X; simultaneously. The properties and
applications of particle marginal Metropolis-Hastings algorithm one can find in [1].

Algorithm IT (PMMH):

1. Initialization: ¢ = 0,

(a) set 0(0) arbitrarily,

(b) run a sequential Monte Carlo (SMC) algorithm I targeting pg)(z1.7|y1.7),
sample Xi.7 ~ Pgo ( ly1.7) and let Do )(y1:T) denote marginal likelihood esti-
mate.

2. For iteration 7 > 1:

Do+ (y1.7)p(0) q(0(i —1)|67)
Pogi—1)(y1r)p(0(i — 1)) q(0*|0(i — 1))

1)
) = 0", Xir(i) = X{p and peg)(yrr
0(i—1), X1.r(i) = X1.0(i — 1) and ]5 )(

1A

Po- (y1.7), otherwise set

set 6(i ) =
= Y. ) p@(z—l) (yl:T)-

0(¢)
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The estimation p(y;.,) of marginal likelihood p(y1.,) follows from the description of algo-
rithm. For all n < T

pG(xlznaylzn) = p@('Tl) : Hpe(xj‘wj—l) ’ ng(yj|$j)

= p@(-rl:n—l? yl:n—l) . pG(xnan—l) : g@(yn’xn>

and
p(Yjlyj-1) = /p($1pyj|y1:j 1) doyg
_ /p(m;j,yl:j) day, =
p(ylzj—l)
p(xu 1|y13 1)
= P\T1:5, U1 ) dx x1.
/ ( ! ! p(xlj 15 Y1:5— 1) a

= /pe(xj|$j—1)90(yj|fj)]0(371:j—1|ylzj—1) dzy,

where

Po(w5]25-1)90(yj175) = wi(w1:5)q0(x|ys, vj-1)p(T15-1]Y1:5-1)-

So finally we have

p(Yily1-1) = /wn(-’flzj)%(leijxj—l)p($1:j—1|?/1:j—1) dry;.

Since particles in time j = 1 are obtained from the importance density gg(z|y;) and in
time j > 2 approximately according to pg(z1.-1|y1.j—1)q0(2;|y;, zj—1) (see [1], p. 272) it
is clear to see the MCMC estimation of py(y;|y;—1) as

N

) 1
Po(yilyi-1) = & > wi(XEy)

k=1

An estimate of the marginal likelihood py(y1.7) is given by

T
ﬁe(le = Do Z/l H yt|ylt 1
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5.2 Simulation of space—time model of random union
of interacting particles

For the union of interacting particles we developed a space—time generalization. The
realization of such union of particles in time ¢ is both spatially dependent on the previous
configuration and also temporally dependent on the previous value of parameter x; ;.
Since our original motivation was to use particle filter to estimate parameters of such
union, the notation of the model is in compliance with Section 5.1. The simulation
algorithm is described for the union of interacting discs with statistics given by (4.7), but
it can be easily implemented for the other models. This research was published in [40].

Consider a process Y of interacting discs given by density (4.5) and vector of geometrical
characteristics (4.7). The generalization of Y to a space-time random set Y = {Y;, ¢t =
0,1,...,T} is based on state equations for the parameter vector. Let the parameter
x € R?* develop in discrete time (upper index) as

x® = xtD LAy 19 T (5.5)

where x(© fixed is given, ¥® are i.i.d. Gaussian N(a,c?I), random vectors with a €
R* o > 0.

Our basic assumption for the simulation study in Subsection 5.4.1 is the conditional
independence of Y; given x| c.f. Subsection 5.1.1. However it is possible to involve
more space-time dependence in the model within its simulation procedure. This partly
heuristic approach is described in this subsection.

The temporal dependence in the random set is defined within its simulation algorithm as
follows. We start the simulation of the time evolution of the process Y so that we choose
a fixed x(©) and according to (5.5) we simulate parameter vectors x ¢t =1,2,... T.

Define Hastings ratio as in (4.12). Using the birth-death Metropolis-Hastings algorithm
MCMC, we simulate a realization yq of the random set Yy which is given by the density

(4.5) where x = x(©. In this part of the simulation, if y((fter) is the state at iteration iter,

we generate a proposal which is either a "birth” y{™” U {v} of a new disc v with the
centre s and radius r or a ”death” y((fter) \ {v;} of an old disc v; = (0;,7;) € y((]t). In the
case of a birth proposal, o and r are independent, o has a density proportional to the
intensity function p(o) and r follows the distribution Q(r) of the reference process. In
the case of a death proposal, v; is a uniformly randomly selected disc from y(()iter), and
each of these two proposals may arrive with probability a. Their acceptance depends on
the Hastings ratios Hy(y{™”, v) and Hy(y("\ {v;},v;), respectively (the details of the
algorithm are described in [26]).

Then we simulate realizations y;, ¢t = 1,2...,T, of the random sets Y; which have the
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density (4.5) with x = x®. The algorithm described in the previous paragraph is used
again with a different way of adding a disc. Since Y;, t = 0,...,T, are aimed to be
dependent, the choice of a newly added disc v cannot depend on p and () only, but also
on the previously simulated configuration y; ;. This dependence is ensured so that the
proposal distribution Prop; at time ¢ is a mixture

Prop, = (1= B) - Prop™ + - Prop™i"’, € (0,1),
where Prop®F) is a distribution of the reference process and Propgeﬁp ) is the empirical
distribution obtained from the configuration y;_;. It means that (8 x 100)% of the added

discs are taken from the previous configuration and the remaining discs are simulated as
described for Yj, therefore the time dependence is stronger when [ is bigger.

This method evokes a question how to determine the probability a of adding a disc
for t = 1,...,T. With probability f an added disc is taken from a finite set of discs
. . . . . . (iter) . ~
and it may happen that it is already involved in the configuration y, for the iter-th
iteration. Thus adding such a disc does not change the configuration and the death-part

of the algorithm is dominating.

Proposition 5.1 The choice of o so that the probabilities of deleting a disc and that of
adding a disc are the same is

1
(iter) )

2_(5.M)

Nyy_1

a(iter) —

(5.6)

(iter)

wseddises 15 the number of discs from the configuration y,_y which

are already obtained in the configuration ygim) in the iter-th iteration and ny, | is the

total number of discs in the configuration y;_1.

where on the right side, n

Proof. 1t is obvious that in order to fulfill the condition, « is changing with increasing
iterations iter depending on how many discs from the configuration y;_; have been al-
ready added. We get a(®") ie. the parameter a for the iter-th iteration, by solving the

equation
(iter)

1 — a(iter) _ a(iter)[(l . 6) + ﬂ(l o Ny seddiscs )]

Xt—1

Its solution yields (5.6).

The scheme of the simulating algorithm is then the following;:

1. Choose a fixed x(@.
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2. Parameter vectors x), t =1,2,..., T, are simulated according to (5.5).
3. A realization y of Y} is simulated.
4. Fort =1,...,T, use the following steps:
(a)
(b)
(c) Calculate o) according to (5.6).
(d)

Let yfo) be the empty configuration.

Suppose that y\**” is a configuration in the iter-th iteration.

With probability o), we propose adding a disc v so that

i. with probability 3, v is chosen from the configuration y;_;, i.e. from the
distribution Prop\“7"

Y

ii. else v is simulated from the distribution ProptP)

and with probability

min(1, Hx(ygit”), v))
this proposal is accepted, i.e. y "™ = y@) i1 else we set y Y =
(iter)
(e) else we propose deleting a disc y; and with probability
min(1, 1/ Hu(ys" \ {ui}, )
the proposal is accepted, i.e. y ) = @)\ 151 else we set y\ " =

(iter)
h .

(f) After a given number of simulations ITER, we set y; = yngER).

Analogously to [14] we obtain that the generated Markov chain is for each ¢ aperiodic
and positive Harris recurrent and converges to the distribution of Y;.

A simple characteristics of the temporal evolution given by this algorithm consists in the
evaluation of the ratio of discs which remain at their place during some time interval.
For this purpose define

2ny
! ct=1,...
D i (M + Nige)
where nj is the total number of the same circles present at times i and ¢ 4+ ¢ (for all 7)
and n; is the total number of circles observed at time j.

Pt = 7T7

Figure 5.1 draws one realization of the process Y = {Y;,t = 0,...,25} with x, =
(1,-0.5,—1), a = (—0.07,0.035,0.07) and o® = 0.001. The window is a square of size
10 x 10. The distribution of radii @ is uniform on [0.2,0.7] and the intensity function
p = 1 is a constant and the probability g = 0.5. The decrease of p; for this simulated
model is shown in Table 5.1.

o8



Figure 5.1: Simulated model with time-dependent interacting discs, evolution in the
time ¢t = 0,5, 10, 15, 20,25, 7o = (1, —0.5,—1), a = (—=0.07,0.035,0.07), 0% = 0.001, S is a
square of size 10 x 10. Here @ is uniform distribution on [0.2,0.7] and p = 1 is constant.

k\ 1 2 3 4 5 6
pk\0.38 0.15 0.06 0.02 0.01 0.00

Table 5.1: The characteristics p; of the temporal evolution of the simulated germ-grain
model from Fig.5.1.



5.3 Statistics of the model with interacting particles

5.3.1 Maximum likelihood

The MLE method using MCMC simulations (MCMC MLE) is based on finding & =
argmax, ga p(y|z), where the data y (i.e. realization of a planar random set Y) are rep-
resented by the vector G(U,). However, since ¢, has no explicit expression, p(y|x)/p(y|z°)
for fixed 2° € R? is maximized instead, because in that case, we can use importance sam-
pling for approximatio ratio of normalizing constants. Log-likelihood ratio is then given

by

plylz) 0 Co
l,o(x) = log =(x—2") -Gy) — log—
(7) = log B = (2 = 2%) - Gly) —log =
1 n
~ (z—a%) Gly) —log = > exp{(w —a°) - G(=)}, (5.7)
i=1
where 2;, 1 = 1,...,n, for a given n are realizations from p(.|2°) obtained by MCMC

simulations. The function (5.7) has simple analytical form, so the maximum likelihood
estimate is obtained as
& = argmax l,o(x). (5.8)

5.3.2 Model checking

A discussion on the model fit is based on spherical contact distribution function. Given
a compact convex set B C R? and a stationary planar random set Y define

D=inf{r>0:YNrB#0}.

Assuming P(D > 0) > 0 and that B is the unit disc, the spherical contact distribution
function is defined as

Hgp(r)=P(D <r|D>0), r>0.

A non-parametric estimator of Hp for stationary Y including edge-effect correction is

. I .+ >
HB(T) _ ZuEL [ugY, u+rBCS, (ut+rB)NY #0)

, (5.9)
ZueL I[uf Y, u+rBCS]

where L is a regular lattice of test points.
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5.3.3 Envelopes

Consider a control function (statistic) M(r), e.g. the spherical contact distribution func-
tion, of the process Y. According to [28] we introduce a graphical interpretation of a non-
parametric estimate of M(r). For each value 7 a confidence interval is constructed in the
following way. Consider a simple hypothesis H, that the data correspond to the process Y.
For a given r > 0, let My(r) = M (Y, r) denote M (r) obtained from the point process Y ob-
served within the observation window S. Let M (r) = M(Y',r),..., M,(r) = M(Y™,r)
be obtained from i.i.d. simulations of the process Y, ..., Y" under hypothesis Hy. Let

Mpin(r) = min{ My (1), ..., My ()}, Mpaz(r) = maz{M(r),..., M,(r)}. (5.10)

Under Hy, for each r holds

1

B(My(r) < Monin(r)) = B(Molr) > Muae(1)) < =55

with equality if My(r), My(r),..., M,(r) are all different. The bounds M,,;,(r) and
M paz(1) are called the 100/(n + 1)%-lower and the 100/(n + 1)%-upper envelope at the
distance r > 0. For example, if we let n = 39, we obtain a 2.5% lower and a 97.5% upper
envelope, or we can also say we have 95% envelopes for the value M (r). The same tech-
niques are often used when instead of a simple hypothesis the fit of an estimated model
is checked. This is the so—called local test, recently in [15] global tests were developed.
The tests are not used in the thesis.

5.4 Simulation study

5.4.1 Independent time extension

Recall a generalization of Y to a space-time random set in discrete time is
Y = {}/U:T}> (5'11)

where Y;, 0 <t < T, are models with interacting particles having densities (4.5) with
vector of geometrical characteristics G = G5 in (4.8) and with the state vectors
1 d
Xt = (.Tg )7"'7x1§ ))

developing in time as realizations of a Markov process Xo.7 in R?, d = 3. More precisely,
let X; develop as a random walk

Xt:Xt—l—i_th t:].,...,T, (512)
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Figure 5.2: Simulated time-independent model with interacting discs, evolution in the
time ¢t = 0,5,10,15,20,25, 2o = (1,-0.5,—1), a = (—0.07,0.035,0.07), 0% = 0.001, B is
a square of size 10 x 10. Here @ is uniform distribution on [0.2,0.7] and p = 1 is constant.

where 7; are i.i.d. Gaussian N (a,0%I;) random variables, I, is the unit matrix of size d.
Here we consider § = (19, a,0) € R**! as an unknown auxiliary parameter. Note that
since for any ¢t = 1,...,7T, X; may acquire an arbitrary value from R¢, the distribution
of radii @, see (4.6), must be chosen so that it fulfills the condition (4.2).

In this situation the only time dependence is given through the Markov chain (5.12), i.e.
given {X;}, t =1,...,T, the random sets Y; are conditionally independent.

As a criterion for quality of any estimator Zi., of x1., we will use the mean integrated
square error

MISE =

~| =

l T
SN @) - ah)? i=1,23, (5.13)
t=0

7=1
where ;44 1s the true value at time ¢ and [ is the number of simulated realizations of
Y, cf. (5.11).

5.4.2 Numerical results

We consider 19 simulated realizations of the process {Yp.05} as data for the statistical
analysis. At each time ¢ we used the classical Metropolis-Hastings birth-death algorithm
(see e.g. [26]) to simulate the realizations from the true distribution (4.5). In this
simulation study, B is a square window of size 10 x 10, p = 1 and the distribution @ is
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uniform on [0.2,0.7]. The parameter Xg.05 is the same for all realizations generated as a
Gaussian random walk with xo = (1, —0.5, 1), a = (—0.07,0.035,0.07) and ¢ = 0.001.
One selected simulation is drawn in Fig. 5.2 and the evolutions of its characteristics are in
Fig. 5.6. The characteristics of all 19 simulated realizations were used to the computing of
maximum likelihood estimator according to (5.8) and throughout as an input to PMMH
and PF.

Using the linear regression on MLE of z;, cf. [27], we obtained estimations x}/“¥ and

aMEE of xo and a, respectively (see Table 5.3). The estimation o™*¥ is then obtained
from differences of MLE estimations as an empirical variance

§? = 3T1_ y i (i (;z,@f (T —1) (5;,@)2> (5.14)

=1 t=1

of the sample of differences 97;9 = x,gi) - ycgi_)l, i = 1,2,3, see [40]. The denominator
responds to 3 x (T — 1) differences. The proposal density for PMMH is a Gaussian
random walk

q(+|0) ~ N(6;0.001)

and the prior distribution of  is uniform with independent components on intervals with
endpoints given by 0 and double size of x)*E aMLE respectively. The total number
of iterations was 100 000, basic graphical diagnostics shows that this number is enough
for approaching the target distribution. The means and variances of estimated auxiliary

parameters are in Table 5.3.

In this section we review the PMMH estimator in two different ways. The first one is
numerical comparing given by MISE (5.13) where also the results for the PF method and
MLE are given (see Table 5.2). Here it is obvious that the best results are obtained by
PMMH which gives the lowest MISE for all parameters (1), 2(® and z(®.

The second way is graphical (plots of estimates, spherical distribution function described
in Subsection 5.3.2 etc.). For simplicity denote R the realization from Fig. 5.2. The
comparison of true parameters Xg.05 and Xg.05 computed for R are in Fig. 5.3, where we
can see that these two evolutions are very similar. The envelopes of all estimators based
on 19 realizations are in Fig. 5.4, where we observe that except for a few cases (:1:(2) in
later times), all the envelopes cover the true evolution of parameters and the envelopes
given by PMMH are the narrowest. It means again that this method gives the best results
in the sense of estimation variance.

In order to check the model we used the PMMH estimation of xg.05 for R to simulate a
set Ryew 0f 19 new realizations of {Yp.05}. One of these realizations is in Fig. 5.5. For R
the estimator H 5(7) of spherical contact distribution function was computed in times ¢ =
0,5,10, 15,20 and 25. We avoided edge-effects by using subwindow [0.7,9.3] x [0.7,9.3].
The envelopes of Hp (r), obtained from R e, given by pointwise maximum and minimum
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are presented in Fig. 5.7. Until time ¢ = 15 the envelopes cover Hp(r) for R while in later
times Hp(r) for R lies on the lower envelope or slightly under the envelope. This small
misfit in spherical contact distribution function correspond with Fig. 5.2 and Fig. 5.5
where it can be seen that the intensity of discs in the simulated model is a little bit
higher than in the data in later times.

| 20 e E)
MLE || 2.645685 1.086167 1.550637

PF 4.010112  2.530336  2.503888
PMMH | 1.0807717 0.9361609 0.5929558

Table 5.2: Square root of MISE obtained for all three methods used. The estimations
are based on 19 characteristics obtained from simulated realizations.

true MLE PMMH
mean 52 mean s2
1 1.08015 0.17412 | 1.07455 0.02527
zo || -0.5 |-0.52289 0.06559 | -0.57967 0.01067
-1 -0.98794 0.09270 | -0.99238 0.01490
-0.07 | -0.08049 0.01445 | -0.07106 0.00183
a | 0.035 | 0.05043 0.00544 | 0.06170 0.00066
0.07 | 0.06751 0.00714 | 0.06446 0.00111

o? || 0.001 | 0.09669 0.00366 | 0.01034 0.00015

Table 5.3: Mean and sample variance of estimations of auxiliary parameter 6 = (g, a, 0?)
based on 19 realizations.

5.4.3 Some selected results for model with four parameters

At the beginning of our study of this topic we focused on a four parametric model of the
union of interacting discs with vector of characteristics G = Gy in (4.7), see [40]. We
compared maximum likelihood estimator and particle filter. Since from the results of the
section 5.4.2 a PF seems to be the worst estimator, we introduce here some results from
this older study just to show that it is not a general fact.

Consider again the model from Section 5.4.1 with d = 4. The reference process is a
Boolean model with intensity of the germs p = 1 and with radii of discs uniformly
distributed in the interval [0.2,0.7]. We simulated discrete time realizations for ¢ =
0,...,T = 11 with given xq = (0.5, —0.25, —0.5,0.5), a = (—0.1,0.05,0.1,—0.1), 02 =
0.001, number of MCMC iterations IT ER = 30000 and a square window S of size 10 x 10.
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Figure 5.3: Comparison of true parameter x.o5 (full line) and the estimation z¢.o5 (dashed
line) obtained from the realization R using the PMMH method. The first plot corresponds
to the parameter (), the second one to z? and the last one to z(®.
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Figure 5.4: The envelopes for all estimators based on 19 realizations given by (5.10). Full
line denotes the true evolution, dotted line denotes the envelopes for MLE, dashed line
denotes the envelopes for PF and dot-dashed line denotes the envelopes for PMMH. The

first plot corresponds to the parameter z(!), the second one to £ and the last one to
(3)
A
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Figure 5.5: Simulated model with time—independent interacting discs, evolution at times
t =0,5,10,15, 20,25 with parameter Zg.o5 obtained from PMMH for the realization R.
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Figure 5.6: Comparison of averaged geometrical characteristics of original 19 realiza-
tions (full line) and those of R,., (dashed line). Dotted line denotes the evolution of
geometrical characteristics of the realization from Fig. 5.2.
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Figure 5.7: The envelopes for the spherical contact distribution function at times ¢t =
0,5,10,15,20,25 based on R, and given by (5.10). Full line denotes the estimation of
the spherical contact distribution function obtained from R.

The edge effects are not considered, the disc centres lie in S and the whole discs are
drawn and evaluated. We simulated a varying number of simulations [ = 1,5, 10, 39, 100,
where in each case the data of all simulations are summed. The estimation of auxiliary
parameters is the same as for Quermass model in section 5.4.2. The evolution of estimated
parameters for varying number of simluation are in Fig. 5.8, in Fig. 5.9 one can see
envelopes based on [ = 39 simulations for MLE and PF respectively and finally the
results for MISE (5.13) with ¢ = 1,...,4 are given in table 5.4.

no. of simul. | [ =5 [ =39

parameter PF MLE PF MLE
e 3.031 3.735 | 11.47 30.16
2 3.802 1.529 | 32.10 6.439
2 3.524 3.733 | 14.97 19.41
2 5132 7.424 | 31.76 TA.72

Table 5.4: A comparison of MISE for the estimation of parameter x using the methods
PF (particle filter) and MLE. Results for the number of simulations [ = 5 and | = 39 are
presented.
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Figure 5.8: Comparison of true evolution of the parameter z; (full line) at times ¢t =
0,1,...,11 with the estimations obtained from data added up of [ = 1 (dashed), [ = 10

(dotted) and I = 100 (dashed—dotted) simulated realizations using MLE (a) and PF (b).

The plots correspond to the parameters xﬁl) assigned to the area, xEQ) assigned to the

perimeter, x,@ assigned to the number of connected components and x§4) assigned to the

number of holes.
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Figure 5.9: Comparison of true evolution of the parameter x; (full line) at times t =
0,1,...,11 with its estimations obtained from the | = 39 simulations (dashed line as
their average, with dotted envelopes) using MLE (a) and PF (b). The plots correspond
to the parameters xﬁl) assigned to the area, x§2) assigned to the perimeter, xig) assigned

to the number of connected components and x§4) assigned to the number of holes.
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Chapter 6

Conclusion

In the theoretical part of the work we introduced U —statistics for point processes with
probability density function with respect to a Poisson point process. We derived equalities
for the first and the second moments and also for higher moments. Moreover formulas
for mixed moments of two and more different U—statistics were proved. These results
were aimed at explicit formulas for characteristics of union of interacting discs. Note that
since Papangelou conditional intensity has complicated expression even in case of density
in form (4.1) we are not able to compute it without using numerical methods.

The aim of the simulation study was to compare PMMH estimator of parameters of a
given space-time model with interacting discs, see (5.11) and (5.12), with the particle
filter estimator suggested in [40] and MLE studied in [27].

First note that in Section 5.4.3 we observed better performance of PF than of MLE (in
the sense of the variance), while the results for Quermass model are different. The proba-
ble reason is that the four-parametric model was investigated in [40] considering number
of components and number of holes separately instead of Euler-Poincare characteristic.
Simulations in four-parametric model then often worked with realizations with only one
component or zero holes, respectively, i.e. with the lowest possible values of those char-
acteristics, which lead to the undervaluation of the estimates of parameters from the
reasons described in [38].

Concerning PMMH estimator, it has smaller variability than both PF and MLE. Also the
values of MISE show advantage of the PMMH estimator. We can observe that the tangent
of PMMH estimators of 33(()?%5 slightly differs from the true evolution of the parameters,
so there is a small misfit in PMMH estimators at later times. Consequently, also the
realizations simulated from estimated parameters may differ a little bit from the original
ones. In order to quantify the presence of such a bias we used the spherical contact
distribution functions provide a difference between simulations with true and estimated
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parameters, especially at later times, but the misfit is again very small.

So the conclusion is that in the real data analysis when a single realization of a space-time
random set is available, PMMH may be recommendable.

There still remain some open questions like how to choose the right estimation method
in general or whether the properties of the introduced methods can be improved by using
some additional method, e.g. Takacs—Fiksel estimator ([8]). These questions are going
to be solve in further research.
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Appendix—Program comments

This thesis includes simulation and computation programs. Both programs were produced
in language C'++.

Simulation of interacting line segments

The program (file segment_interaction.cpp) generates the union of interacting line
segments with vector of geometrical characteristics (4.10). The intensity of the reference
points of Poisson process is a constant p, the distribution of lengths is uniform on [ex, var].

Inputs

Line 17 : maxs... maximum number of line segments (350 default)

Line 21 : IT...number of iteration of birth and death algorithm (100000 default).
Line 22 : ex...lower boundary of the uniform distribution of lengths (0 default).
Line 23 : var...upper boundary of the uniform distribution of lengths (0 default).
Line 314 : p...intensity of reference points (1.5 default).

Lines 315,316 : the side lengths of rectangle observation window (10, 10 default).
Lines 323 — 325 : the parameter x.

Outputs

The outputs of programs are the text files including:
"lexmin.txt”. .. the coordinates of the reference points.

"length.txt”...the lengths of simulated segments.
”characteristics.txt”. .. the geometrical characteristics of the simulated union.
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Remark 6.1 For the other choice of length distribution it is sufficient to change the
generating function (uniform default) in lines 194,213, 352.

Particle Marginal Metropolis Hastings estimation

This program (file PMMH.cpp) was produced for Quermass interaction model of the
union of interacting discs in R?, but its construction allows us to use this program for
any three dimensional parametric model with intensity given by (4.1). The only problem
is a normalising constant cy, which is needed for computing the weights. Since this
normalising constant is, exept for the Poisson process, unknown we use the estimation of
ratio of normalising constants of two processes of discs (or other particles)

CX

Cxg

with fixed process {X(}. The weights in step 2(b) of Algorithm I are normalized and thus
the ratios can be used instead of unknown normalizing constants. The auxiliary process
Xy was simulated using program from the page

http://math.feld.cvut.cz/helisova/02progr.html,

one realization is enclosed in CD. Note that suitable choice of auxiliary process has an
essential importance for quality of the estimation. It should be as close to real distribution
of the process as possible. In the remaining text of this section the inputs and outputs
of the program are described.

Inputs

Line 15 : Kpart...number of particles (1024 default).

Line 17 : ITERATION. .. number of iterations of Metropolis-Hastings (100000 default).
Line 18 : MTime. . . time development (default 25, time 0 is not included, it is considered
in auxiliary parameter).

Line 20 : Nint.. . the length of auxiliary chain X, (75000 default).

Lines 27 — 33 : pl...p7...boundaries of the prior distribution obtained from MLE.
Line 36 : prum. .. default 200, that means that the output is the average from each 200-
th estimation.

Lines 143 — 156 : reading of input data: the realization of auxiliary process Xy. The
files should have names ”area.txt”, "length.txt” and "ep.txt”, respectively.
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Lines 159 — 173 : the observed geometrical characteristics of the estimated process. The
files should have names ”datal.txt”,” data2.txt” and ”data3.txt”, respectively.

Lines 177 — 257 : the true values of parameter x. The program computes the integrated
square error.

Lines 276 — 282 : the initial adjustment of auxuliary parameter 6. Based on MLE.

Outputs

The outputs of programs are the text files including:

"parameters_mean200.txt” ...the mean of estimations of auxiliary parameter.
"parameters_deviation200.txt”. .. the deviation of the estimations of auxiliary parameter.
"ISE200.txt”. .. writes ISE for each 200—th iteration of the algorithm.

"ISEmean.txt”. .. mean of ISE.

“final.txt”. .. final estimation is a mean of all iteration.

Remark 6.2 To perform the common PF estimation it is sufficient to break (command
"break”) the process before the for-loop
for (IT = 1;IT < ITERATION;IT + +)

begins (line 477), i.e. after finishing the initialisation of PMMH.
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List of Abbreviations

Poisson point process

point process, usually with density with respect to n
the intensity measure of process n

the Papangelou conditional intensity of order ¢

the Borel o-field on F

difference operator of order m

separable, locally compact space

vector of geometrical characteristics of U,

set of L2-integrable functions with respect to a measure -
Markov Chain Monte Carlo

mean integrated square error

maximum likelihood estimator

distribution of the process n

particle filter

particle marginal Metropolis—Hastings algorithm
d-dimensional Euclidean space

the expectation of Dy; , F with respect to n
the expectation of Dy, F with respect to x
the union of all particles of configuration y

LU
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