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Abstract

The first chapter focuses on evaluation of time-series forecasts. It is a common practice to
split a time series into in-sample and pseudo out-of-sample segments and estimate the
out-of-sample loss for a given statistical model by evaluating forecasting performance over
the pseudo out-of-sample segment. I propose an alternative estimator of the out-of-sample
loss, which, contrary to conventional wisdom, utilizes criteria measured both in- and
out-of-sample via a carefully constructed system of affine weights. I prove that, provided
the time series is stationary, the proposed estimator is the best linear unbiased estim-
ator of the out-of-sample loss, and outperforms the conventional estimator in terms of
sampling variability. Application of the optimal estimator to Diebold-Mariano type tests
of predictive ability leads to a substantial power gain without increasing finite sample size
distortions. An extensive evaluation on real world time series from the M4 forecasting
competition confirms the superiority of the proposed estimator, and also demonstrates
substantial robustness to violations of the underlying assumption of stationarity.

In the second chapter we perform an extensive investigation of different specifications
of the BEKK-type multivariate volatility models for a moderate number of assets, fo-
cusing on how the degree of parametrization affects forecasting performance. Because
the unrestricted specification may be too generously parameterized, often one imposes
restrictions on coefficient matrices constraining them to have a diagonal or even scalar
structure. We frame all three model variations (full, diagonal, scalar) as special cases of a
ridge-type regularized estimator, where the off-diagonal elements are shrunk towards zero
and the diagonal elements are shrunk towards homogeneity. Our forecasting experiments
with the BEKK-type Conditional Autoregressive Wishart model for realized volatility
confirm the superiority of the more parsimonious scalar and diagonal model variations.
Regularization of the diagonal and off-diagonal parameters does not regularly lead to
tangible performance improvements irrespective of how precise the tuning of regularization
intensity is. Additionally, our results highlight the crucial importance of frequent model
re-estimation in improving the forecast precision, and, perhaps paradoxically, a slight
advantage of shorter estimation windows compared to longer windows.

In the third chapter I propose a novel meta-learning model that utilizes hypernetworks to
design a parametric model tailored to a specific family of forecasting tasks. The model’s
training can be directly performed with backpropagation, eliminating the need for reliance
on higher-order derivatives, and is equivalent to a simultaneous search over the space of
parametric functions and their optimal parameter values. This, in essence, provides a
data-driven alternative to manually designing a parametric model for a group of similar
prediction tasks, an endeavor that typically requires considerable statistical expertise and
domain knowledge. I demonstrate the capabilities of the proposed meta-learning model
on two applications. When applied to the sinusoidal regression task, the proposed model
outperforms state-of-the-art meta-learning approaches and is capable of almost perfectly
recovering the underlying parametric model. As a second application, I use the model to
make quintile predictions for asset returns in the M6 Financial Forecasting Competition.
The model attained an RPS of 0.15689, securing the 4th place in the forecasting challenge
and ultimately the 1st place in the overall duathlon ranking.



Abstrakt

Prvni kapitola se zaméruje na vyhodnoceni presnosti predpovedi ¢asovych fad. Je béznou
praxi rozdélit ¢asovou radu na in-sample a pseudo out-of-sample segmenty a odhadnout
out-of-sample ztratu daného statistického modelu vyhodnocenim presnosti predpovedi v
pseudo out-of-sample segmentu. V této kapitole navrhuji alternativni estimator out-of-
sample ztraty, ktery, na rozdil od konvencéniho estimatoru, vyuziva kritéria mérena jak v
in-sample, tak out-of-sample prostrednictvim peclivé konstruovaného systému afinnich
vah. Za predpokladu, ze casova Tfada je stacionarni, navrzeny estimator je nejlepSim
linedrné nezkreslenym estimatorem out-of-sample ztraty a predci konvenéni estimator z
hlediska vzorkové variability. Pouziti tohoto optimalniho estiméatoru pro statistické testy
prediktivni schopnosti typu Diebold-Mariano vede k podstatnému zvyseni statistické sily
bez zvyseni zkresleni v malych vzorcich. Rozsédhlé vyhodnoceni na redlnych ¢asovych
radach ze soutéze M4 potvrzuje nizsi vzorkovou variabilitu navrzeného estimatoru a také
prokazuje znacnou odolnost vuci poruseni zakladniho predpokladu stacionarity.

Ve druhé kapitole zkoumame riuzné specifikace BEKK multivaria¢nich modelt volatility
pro stfedni pocet aktiv s diirazem na to, jak stupen parametrizace ovliviuje kvalitu
predpovédi. Vzhledem k tomu, Ze neomezena specifikace miize byt prilis stédie paramet-
rizovana, casto se ukladaji omezeni na koeficientové matice, omezujici je na diagonalni
nebo dokonce skaldrni strukturu. Vsechny tii varianty modeltu (plny, diagonalni, skaldrni)
formulujeme jako specidlni pripady estimatoru s regulaci typu ridge, kde jsou prvky mimo
diagonalu penalizovany smérem k nule a prvky na diagondle penalizovany smérem k
homogenité. Nase experimenty s modely typu CAW (Conditional Autoregressive Wishart)
pro realizovanou volatilitu potvrzuji vhodnost restriktivneéjsich variant modelu v podobé
skalarni a diagonalni specifikace. Dale nase vysledky zduraznuji klicovy vyznam casté
re-estimace modelu pro zvyseni presnosti predpovédi a paradoxné také mirnou vyhodu
kratsich estimacnich oken ve srovnani s delsimi okny.

Ve treti kapitole navrhuji novy meta-learning model, ktery vyuzivd neuronové hyper sité
k navrhu parametrického modelu prizptsobeného konkrétni skupiné predikcénich tkol.
Trénink modelu lze provadét primo pomoci zpétné propagace, coz eliminuje potfebu
spoléhat se na derivace vyssich radi, a je ekvivalentni simultannimu prohledavani prostoru
parametrickych funkci a optimalnich hodnot jejich parametri. To poskytuje alternativu
k rué¢nimu navrhu parametrického modelu pro skupinu podobnych predikénich tkola,
coz obvykle vyzaduje zna¢né statistické a doménové znalosti. Schopnosti modelu jsou
demonstrovany na dvou aplikacich. Pti aplikaci na problém sinusové regrese, navrzeny
model predci vSechny alternativni pristupy a dokaze témér dokonale obnovit ptvodni
parametricky model. V ramci druhé aplikace je model pouzivan v soutézi M6 Financial
Forecasting Competition k predikci kvintila vynost aktiv. Zde model dosdahl presnosti
0.15689 RPS, coz zajistilo 4. misto v pfedpovédni vyzvé a 1. misto v celkovém poradi
duatlonu.
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Introduction

This dissertation consists of three standalone articles on time-series forecasting stapled

together, each forming a chapter.

The first chapter focuses on time-series forecast evaluation. Here, I demonstrate that
the conventional estimator frequently used for out-of-sample loss is generally suboptimal
for stationary time-series and derive the best linear unbiased estimator of out-of-sample
loss. Furthermore, I propose a modification of the Diebold-Mariano type tests of equal
predictive ability which utilize this proposed estimator, achieving higher power without
increasing finite sample size distortions. Simulations and evaluation on real-world time-
series from the M4 Forecasting Competition confirm the superiority of the proposed
estimator and tests. This work was published in the Journal of Forecastingll] To facilitate
broader use of the proposed optimal estimator, I introduce an R software package called

AC VE], which contains a ready-to-use implementation of the estimator and tests.

The second chapter is a joint work with Stanislav Anatolyev and focuses on the task
of multivariate volatility forecasting. We propose a ridge-type regularized estimator of
the full BEKK/CAW model, which conveniently nests all three model variations (full,
diagonal, scalar) as special cases. We perform extensive evaluation on real-world data to

assess the optimal degree of regularization and confirm that the most stringent regulariza-

1Stanék, F. (2023) "Optimal out-of-sample forecast evaluation under stationarity", Journal of Fore-
casting, 42(8), 2249-2279.
2Available at: https://CRAN.R-project.org/package=ACV.
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tion of off-diagonal elements is typically preferred in terms of forecasting performance.
Additionally, our results highlight the crucial importance of frequent model re-estimation
and, paradoxically, an advantage of using shorter estimation windows as opposed to longer
ones. This work was published in Studies in Nonlinear Dynamics & Econometm’cs.ﬁ] A
ready-to-use implementation of the proposed regularized estimator for both BEKK and

CAW is publicly available as a MATLAB software package RM V]

The third chapter is concerned with meta-learning, a field that is extremely relevant
for time-series forecasting, as the task of finding the most suitable parametric model
for a given family of prediction tasks can be framed as a meta-learning problem. I
propose a meta-learning model based on hypernetworks, whose training is equivalent to a
simultaneous search over the space of parametric functions and their optimal parameter
values. This approach enables the creation of a parametric model specifically optimized
for a particular family of prediction tasks, so that the degrees of freedom allotted to
each task are fine-tuned to best capture any heterogeneity between the tasks. The model
substantially outperforms state-of-the-art meta-learning approaches on the sinusoidal
regression task, a synthetic problem often used to benchmark different meta-learning
approaches. To demonstrate its applicability to real-life time-series forecasting problems,
I participated with the model in the M6 Financial Forecasting Competition, where it
secured the 4th place in the forecasting challenge and ultimately won the 1st place in the
overall duathlon ranking. This work was submitted to the special issue of the International
Journal of Forecasting dedicated to the M6 Competition and is currently under review,
as of the writing of this thesis. To facilitate broader use of the proposed meta-learning

model, a ready-to-use implementation is provided in the R languagef]

3Anatolyev, S., Stanék, F. (2022) "Unrestricted, Restricted, and Regularized Models for Forecasting
Multivariate Volatility", Studies in Nonlinear Dynamics € Econometrics.

4Available at: https://github.com/stanek-fi/RMV.

®Available at: https://github.com/stanek-fi/MtMs_sinusoidal_task
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Chapter 1
Optimal Out-of-Sample Forecast Evaluation

Under Stationarity

Originally published as:
Stanék, F. (2023) "Optimal out-of-sample forecast evaluation under stationarity", Journal

of Forecasting, 42(8), 2249-2279.

1.1 Introduction

In the field of time-series forecasting, researchers are typically concerned with the expected
performance of a particular statistical model on yet unseen data, the so called out-of-
sample loss. It is used to assess whether a proposed model statistically significantly
outperforms an already established benchmark model. Likewise, in practical forecasting
tasks, the out-of-sample loss is frequently used to select a model that is likely to deliver

the best forecasting performance from a set of competing models.

Out-of-sample loss is defined as the expected value of a contrast function that measures
the discrepancy between the prediction and the observed value (e.g., the expected value
of squared error). Thus, it is by definition unknown and needs to be estimated. This is
typically achieved by excluding the most recent segment of the observed time-series from

the estimation and performing a sequence of predictions for these observations instead,

3



essentially mimicking the process of actual out-of-sample forecasting[]| The estimate of
the out-of-sample loss is then obtained simply by averaging the precision of individual
predictions as measured by the contrast function, i.e., the so called empirical contrasts
(e.g. squared errors). While there are many such pseudo out-of-sample evaluation schemes
(for a survey, see Tashman, 2000), we restrict our attention to two prominent variants; the
rolling scheme and the fixed scheme. When performing an evaluation under the rolling
scheme, the model is repeatedly estimated on a rolling window of a fixed length and
predictions are made for the subsequent observations. In the fixed scheme, the model
is estimated only once on the first segment of the data and is then used to predict all

remaining observations (see e.g. (Clark and McCracken| 2013b).

A common drawback of all such pseudo out-of-sample evaluation schemes and correspond-
ing estimators is the relatively high sampling variance, as the estimate is computed based
on only a relatively few most recent observations reserved for the pseudo out-of-sample
evaluation (Bergmeir and Benitez, 2012; Bergmeir et al., 2014; [Schnaubelt, 2019; |Cerqueira,
et al., [2020)). Moreover, this issue of scarcity of pseudo out-of-sample observations and
consequently of high sampling variance is not limited to situations with few observations,
but also afflicts longer time-series. This is because there is an inevitable trade-off between
the size of the data-sets designated to be in-sample and pseudo out-of-sample. The former
allows for a more faithful approximation of the loss when the whole data-set is used for
estimation, whilst the latter allows for more precise estimation of the loss (see Arlot and

Celisse, 2010).

To alleviate this issue, we propose an alternative estimator of the out-of-sample loss that
utilizes in-sample performance to aid the estimation of the out-of-sample loss, a practice
often considered taboo in the forecasting community. In particular, we use in-sample
empirical contrasts to partially eliminate the idiosyncratic noise present in observations
designated for the out-of-sample evaluation, via a carefully constructed system of optimal
affine weights. We prove that, under stationarity, the proposed estimator of the out-of-
sample loss is optimal in terms of the sampling variance within the class of unbiased linear
estimators, to which the conventional estimator also belongs. The proposed estimator

hence offers a lower sampling variance relative to the conventional estimator, all without

!There is another class of evaluation schemes that do not respect the temporal ordering of the data
and perform out-of-sample evaluation not dissimilar to the canonical cross-validation for independent
processes, see e.g., [Burman et al.| (1994), [Racine| (2000), and [Bergmeir et al.| (2018). However, these are
not as widely used in practice and hence are not considered in this chapter.

4



introducing any bias. In turn, this allows for a finer assessment of forecasting ability, more

powerful inference about predictive ability, and more precise model selection.

The proposed optimal estimator is obtained by finding weights that minimize the sampling
variance, subject to constraints that guarantee unbiasedness. Importantly, both in-
and out-of-sample contrasts can be included with non-zero weights, and weights are
allowed to be negative, unlike for the conventional estimator, which simply places equal
positive weights only on out-of-sample contrasts. In practice, this translates to assigning
negative weights to in-sample empirical contrasts that are positively correlated with
out-of-sample empirical contrasts, and positive weights to in-sample empirical contrasts
that are uncorrelated with out-of-sample empirical contrasts. At the same time, sums of
weights of ex-ante identical in-sample contrasts are equal to zero, which ensures that the
inclusion of in-sample contrasts does not alter the expected value of the estimator, and
hence does not introduce bias. From a more general standpoint, the possibility to reduce
the sampling variance arises because time-series out-of-sample evaluation schemes are
inherently unbalanced in the sense of [Shao| (1993). That is, these schemes generally do
not treat observations equally in terms of in-/out-of-sample usage. The proposed optimal

weighting partially rectifies this unbalanced design.

Aside from the optimal estimator itself, we also propose modifications of the canonical
Diebold-Mariano test (Diebold and Mariano, 1995) and of the sub-sampling test of
equal predictive ability (Zhu and Timmermann, [2020; Ibragimov and Miller, 2010). Both
modified tests leverage the proposed optimal weighting for estimation of the loss differential.
We show that these tests are asymptotically valid and demonstrate that they exhibit
a substantially higher power in detecting deviations from the null hypothesis of equal

predictive ability relative to their respective benchmarks.

Finally, to assess the real-life applicability and the robustness of the proposed estimator, we
perform an extensive evaluation on 100,000 time-series from the M4 forecasting competition
(Makridakis et al., [2020)) ranging from yearly to hourly frequency. The proposed estimator
delivers more than a 10% reduction in the mean squared error relative to the conventional
estimator when tasked with predicting the incurred loss on the test segments of time-series.
Moreover, when selecting the model by comparing estimated losses, the proposed optimal
estimator is more likely to select the best performing model and delivers a smaller overall
incurred loss. Importantly, we take no special care to ensure that the time-series are

stationary in this evaluation. In fact, most series in the M4 competition do exhibit either



some trend, seasonality, or both. Despite this adverse setting, the proposed estimator still
substantially outperforms the conventional estimator, exhibiting a remarkable robustness
to the violation of the underlying assumption of stationarity. This clearly demonstrates
that the theoretical superiority of the proposed estimator does extend to actual forecasting

applications, even with all the difficulties that forecasting real time-series entails.

Section [1.2] introduces the statistical framework and provides formal definitions of out-
of-sample evaluation schemes and corresponding estimators. Section [1.3]introduces the
proposed estimator of the out-of-sample loss, proves its optimality, and demonstrates
its efficiency gains in a simulated environment. Section [1.4] introduces modified tests of
equal out-of-sample predictive ability that utilize the optimal estimator, and demonstrates
their power advantage relative to benchmarks. Section [1.5] compares the performance
of the conventional estimator and the proposed optimal estimator on real world time-
series from the M4 forecasting competition. Section [1.6] concludes. Sections [1.7] [1.8] [I.9]
and Appendix [I.A] contain proofs, estimators, algorithms, and supplementary results,
respectively. A ready-to-use implementation of the estimator and tests is provided as an

R software package ACVP]

1.2 Conventional Estimator of the Loss

We follow the notation of |Arlot and Celisse (2010). Consider a sequence {Xt}ip € R” from
a stationary random process X; for a given T" € N. A statistical model M = {s, 5} is
composed of two functions. The estimator 6 : U,,enR™ — O, which takes sequence {X:3
of length m and outputs model parameters 6 belonging to the parameter space ©, and the
forecasting function s : {R¥; ©} — R, which predicts the observation X}, based on most
recent observations {Xt}le where k is the memory of the model and 7 is the forecast
horizon.ﬂ To assess the quality of a model M, we use a contrast function v : {R, R} - R
that measures the discrepancy between a prediction X, = s({X;}/_, , #) and the actual
realization of the process Xy ,. For instance, a simple AR (k) model would correspond to

X1 = s({X Y 0) = >F X0, where 0 is the corresponding OLS estimator. Contrast

2Available at: https://CRAN.R-project.org/package=ACV.

3To facilitate the exposition, we take the liberty of representing the model as a prediction and estimation
function pair M = {s, 6} rather than a single function A representing a statistical algorithm as in |Arlot;
and Celisse| (2010]), hence focusing on parametric models. All results can nonetheless be extended to

non-parametric models by using the identity A({X;}}") ({X; ?ilqﬂ) =s({X, §:;77+13 5( {X37)).
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— _ 2
function is typically a squared error in which case fy(X ki1, X, k+1) = (X ka1 — X, k+1)

Finally, let us denote the loss of model M = {s, 5} when estimated on a sequence of length

Jj—T

m and when faced with forecasting the period j > m using observations {X,}77; |

1 a8

L (M) =E [y (X;,s ({00 (4x3))] - (1.1)

Note that the expectation is taken over the whole segment {X; {, i.e., both the forecasted
observation X; and its predecessors, including the estimation window {X;}}". We are
therefore interested in the performance of model M rather than that of some partic-
ular forecasting function s({Xt §:Z—7+1 ;90) with fixed 6, € © (i.e., Question 6 from
Dietterichs (1998) taxonomy).

Further, for a “shifting” index 7 : 0 < ¢ < T — m, we also denote the out-of-sample
empirical contrast of model M when estimated on a sequence {Xt}zfln and evaluated at

the (i + j)-th period with j > m as
M) =y (X s (X0 0 (1GHT))) - (1.2)
The assumption of stationarity then immediately implies

E [ (M) = L5 (M). (1.3)

In this text, we focus on the pseudo out-of-sample evaluation with step-size v (see e.g.,
Callen et al.| (1996]) and [Swanson and White| (1997))). The procedure is as follows. The
model is estimated on a segment of data of length m and forecasts are iteratively made
on v consecutive periods for which empirical contrasts are recorded. After that, the
estimation window is moved forward by v, and the process is repeated until the end of
the sample is reached. The estimate of the out-of-sample loss is then computed simply by

averaging all pseudo out-of-sample empirical contrasts incurred. Figure provides a

4Throughout the text, we focus exclusively on univariate point prediction for the sake of simplicity.
The framework can be however readily extended to a general d-variate prediction problem by considering
s {(Rd)k; O} — ¥ and v : {RY, ¥} — R where ¥ represents the space of possible predictions. For
instance, in the case of univariate conditional density forecasting, a model M is a class of densities
with a corresponding estimator 6 for its parameters, set ¥ is a space of density functions and ¥ (q) =
s({Xt ke @(q) = f(q|{Xt ’f,@ is the predicted density at point g. One may take *y(XkJrT,i/J) =
—1In (w (XkJrT)) = —In (f(X;HTHXt k. @) to obtain the Kullback-Leibler divergence (Kullback and
Leibler} [1951)) as a measure of precision.



diagram of such a procedure. More formally, the estimator is expressed asﬂ

E o 1 WA lm, (i—1)v 1.4
cv — E Z Z m+j ( : )
i=1j=1
where n =T — m is the number of observations designated for the pseudo out-of-sample
evaluation.lﬂ This specification nests the two most common variants of pseudo out-of-
sample evaluation. By setting v = n, we obtain the fixed scheme evaluation, which is
popular because of its low computational requirements and simplicity. On the other
hand, by setting v = 1, we obtain the rolling scheme evaluation, which requires repeated
re-estimations, but is presumably more theoretically appealing (Swanson and White,

1997).
From Eq. [L.3] it follows that

~ 10 m
E [ﬁcv} = sz::lﬁm+j = ECV (15)

where Loy is the quantity of interest. Note that Loy depends not only on model M but
also 7, v, and m. Indeed, different losses Ly might be relevant to different applications,
depending on the desired horizon, the ability to update the model, and the length of the
available data. However, irrespective of the particular Loy to be estimated, we show that
the conventional estimator [,ACV is sub-optimal for that task. In the next section, we derive
the optimal estimator of Loy which, under the assumption of stationarity, outperforms the

conventional estimator in terms of the sampling variance while retaining its unbiasedness.

®Due to space considerations, we omit M from the argument of empirical contrasts, losses, and
estimators when it causes no confusion.
SThroughout this text, we assume that n is divisible by v, i.e. n mod v = 0.
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Figure 1.1: A diagram illustrating estimators of the out-of-sample loss.

The example is for T" = 20 observations, length of the estimation window m = 14, and step size
v = 2. The gray background indicates whether the observation X; is used in the estimation of
parameters 6. The blue outline indicates whether the empirical contrast l;-n’l is used when
computing the estimate of the out-of-sample loss.

1.3 Optimal Estimator of the Loss

Analogically to out-of-sample empirical contrasts, in-sample empirical contrasts can be

expressed as
ly” (M) =~ (Xi+j7 s ({Xt}zig:;—ﬂrl ’§<{Xt}zj:n)>> (1.6)

with the only difference being that j < mJ[7| To construct the optimal estimator, we
leverage two facts. First, the correlation between out-of-sample contrast l;r” and in-
sample contrast l?’i/ varies, generally being the strongest when j +1i = j' + 4/, i.e. when

the in-sample empirical contrast is computed from the same observation X,; as the

7All propositions bellow remain valid even if the definition in Eq. is replaced with a measurable
model-specific function r; ( {Xt}:j:n) proxying the in-sample contrasts as defined in Eq. This allows
us to also consider applications in which the forecasting function s uses all available observations up to
X;_7 in order to predict X}, i.e., when k = m.



out-of-sample contrast, and hence is influenced by the same idiosyncratic noise. Second,
for any pair ¢ and ¢’ it holds that E[l;r”] =E[I]" "]. Consequently, we can construct affine
combinations of in-sample contrasts l;»n’i, which are of zero mean, but are still negatively
correlated with ECV, and whose inclusion hence reduces the sampling variance without

introducing any bias. Figure provides a diagram of such a procedure.

To provide a precise description of how such affine combinations should be obtained,
we denote the vector of in-sample and out-of-sample contrasts of a model estimated on

{X 0 by U and 1™/ respectively, i.e.

i+1 out
lm,i . lm,i lm,i lm,i T 1.7
n 1 %2 sy by ( . )
lm,i_ m,1 m, 1 m, i T 1.8
out ~ m4+1> “m+2> -5 "“m+4v . ( . )

We can then collect all measured in-sample and out-of-sample contrasts across different

window locations ¢ to a single column vector ¢, i.e.

lm, Ov T lm, 1lv T
¢ o n mn
- m, Qv ’ m, lv
lout lout

Throughout this chapter, we consider estimators linear in measured empirical contrasts,

T

e T !
(lﬁ(g—m) ey (1.9)

out

i.e.

Ao with A e Reard@ (1.10)

where, following the work of [Lavancier and Rochet| (2016) on optimal weighting of
estimators, A is a vector of weights for individual elements of ¢. Note that the conventional

estimator L¢y can likewise be expressed as in Eq. [1.10F by deﬁnin

1 .
—  for ¢ coresponding to elements /" with 0 <7 < 2 and j > m

Aoy =47 (1.11)
0 otherwise

it follows that
Lov = Oev)o. (1.12)

This automatically poses the question of whether the vector of weights A¢y is optimal in

8We follow convention and denote g-th element of vector a by aq and the row (resp. column) subset
of matrix A by Ag.. (resp. A. ) where Q is the set of indices to be kept. Furthermore, we denote the
identity matrix by I and column vectors of ones (resp. zeroes) of length k by 1j (resp. Oy).

10



terms of mean squared error

E [(ATqﬁ —Lov)’ | = ATE (1.13)

where

26 = E |(¢ — LovLera)(® — Lov L) |- (1.14)

In the following proposition, we derive the optimal linear unbiased estimator of L¢y
(denoted by Lacv+ where the “A” stands for affine) and show that the conventional

estimator Lcy is generally not optimal.

Proposition 1. Let {X;} be a stationary process and let Vi, be a positive definite covariance
matriz of vector ¢. It then holds that the set of all linear estimators of Loy that are

gquaranteed to be unbiased is given as

EP\T¢] =Lcv <~ A€ Aoy = {iL‘ € Rcard(¢)

B = b} (1.15)

with
T 0.
B= (1, ®I Ly) b= . (1.16)
where M = (1, 2, ..., m). Furthermore, for estimator
Lacv- = (uev) 6 with  Aaoy =V;'BT(BV;'BT) b (117)
it holds that
E [EACV*} = Lcv, (1.18)
Var (EACV*) < Var ()\T(b) with A€ AACV, A 7é )\Acv, (1.19)
and also
Var (EAACV*) <Var (ZCV> ) (1.20)

In Proposition [T, we first show that, for all linear unbiased estimators, it holds that
A € Ayoy. We then derive the variance minimizing weights A acy within Asey. The
corresponding optimal estimator L Acv+ = (Aacv) '@ is preferred to the conventional

estimator ECV as it is also unbiased and Var (2 ACV*> <Var (ECV).

It is worth noting that the efficiency gains do not necessarily stem from the stationarity

11



per se, but rather from the existence of some partition (in addition to the partition of
singletons) of vector ¢ where contrasts within components of that partition share a common
mean. Consequently, analogous estimators can also be constructed for non-stationary
series, provided that there is such a partition, i.e., as long as there is at least some degree
of regularity. For example, by partitioning ¢ so [} " and l;??’i/” share a common component
of the partition if and only if j = j” and both contrasts are from the same day of the week,

we can construct the optimal estimator for time-series with a day-of-the-week seasonality.

1.3.1 Feasible Approximate Optimal Estimator of the Loss

Obviously, the estimator Lacy- as presented in Eq. is not feasible, as Vj is not
known and needs to be estimated. Given the large size of matrix V, relative to the
amount of data available, some restrictions on its structure are necessary. Furthermore,
computational resources needed for the storage of V,,, and even more so for its inversion,
grow very quickly, making the computation of optimal weights A 4oy directly via Eq.

infeasible for even moderately sized applicationsﬂ

Consequently, to make the proposed estimator practical, it is essential to develop the
estimator ‘A/¢, jointly with an algorithm for computation of weights A ACvV, SO it is not pro-
hibitively computationally expensive. To achieve this, we assume the following covariance

structure:

0 for j +iv # j' +i'v

Cov(I"™, 1707) = (1.21)

a?pli="l for j+iv =5 +i'v

i.e., only contrasts computed from the same period are mutually correlated, and the

strength of that correlation increases in the overlap between respective estimation windows.

9For applications as small as T = 600, m = 400, and v = 1, approximately 109 GB of RAM would be
needed merely for the storage of Vi (assuming double precision). Inversion of such a matrix is practically

impossible via regularly available CPUs, as it requires O(((m +u)o + m)3) floating-point operations.

12



We can then express XA/¢ as

9 n_og n_q

I Al A2 o y y (A7),
Ay I Ay P(AR D
A2U A%f I (AE_Z):,M
V, = 62 ' " (1.22)
n_9
Ay Ay oAb T (A
n n_1q r_2
(A (A Iy (A D -0 (AP (Ab)m: (D
where
- Ay = (U
.« Ap=(pL")
and M = (1, 2, ..., m). Matrices U, L € RO are upper and lower shift matrices, i.e.,
matrices with ones on the superdiagonal and subdiagonal, respectively:
0 fori—j#—1 0 fori—j#1
UiJ - 7& Li,j - 7£ . (123)
1 fori—j=-1 1 fori—j5=1

Parameters p and 02 can be estimated via a generalilzed method of moments based on
differenced contrasts {;*" and l;n,’ii”)” with varying = as described in Section |1.8|in more
detail. Combined with the convenient structure of V, from Eq. which admits a
closed-form inverse as shown in Lemma [2| we can compute a feasible and approximately

optimal analog of L Acy+; estimator L Acv with weights

- . ~ -1

Mcv =V, 'BT (BV;'BT) b, (1.24)
without the need to store or numerically invert ‘7¢, as described in Algorithm [1|in Section

L9l

Admittedly, the parametrization via p and o? is rather restrictive and might not fully
account for all complexities of the true V. However, since the covariances of contrasts
from the same period are generally larger than other entries of V; by an order of magnitude,

and since they tend to decay approximately exponentially, XA/¢ as defined in Eq. [1.22

13



successfully captures the key properties relevant for optimal weighting. Consequently, it is
able to reap a major share of the available reduction of sampling variance as demonstrated
in Sub-section This is in line with the observation of |Lavancier and Rochet| (2016))
that the weighting of estimators is often beneficial, even when based on an imperfect
variance estimator. Furthermore, the estimator Ly retains unbiasedness irrespective of
how well ‘Zb approximates the true Vj, as by definition A acv € Ayoy. Therefore, only
the magnitude of the reduction of sampling variance is at risk when V,, is imprecisely

estimated.

1.3.2 Simulations

We first illustrate the core mechanism that leads to the reduction of sampling variance.
Figures and display weights A¢y and Py acy for an illustrative simulated scenario
with T'= 20, m = 16, n = 4, and simple AR(1) process/model for the fixed and the rolling
schemes, respectively. As is apparent from the figures, A Acv includes in-sample empirical
contrasts from periods 17— 20 with negative weights to eliminate a part of the idiosyncratic
noise present in out-of-sample empirical contrasts. In turn, it is necessary to include
other in-sample contrasts with positive weights to retain unbiasedness, creating a chain
of positive and negative weights that gradually approach zero as we move towards the
beginning of the sample. Obviously, such a small sample application is rarely encountered
in practice, but it serves well for illustrative purposes, as the basic mechanics are the same

regardless of the sample size.

To assess the magnitude of the reduction of sampling variance, we perform a series of
simulations with the AR(1) data generating process (p; = 0.9) and an AR(1) model
estimated via OLS. For varying m and n, we repeatedly (1,000 repetitions per combination)
estimate the loss of the model by EACV and £ acy under a fixed scheme, and measure the
variance of each estimator. Furthermore, to assess how well the feasible approximate
estimator ‘7¢ matches the true Vy, we also compute the true V4 by means of simulations,
which then allows us to compute the unfeasible L Acy+ and its variance as a reference

point.

Figure [I.4] displays ratios VarlLacv) for different combinations of m and n. Clearly, the
N Var(Lov) R
improvement brought by Loy relative to Loy decreases in n and increases in m. This is

because the larger the n, the more precise the Lev and the lesser the potential of reducing
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Figure 1.2: A side by side comparison of weights A¢y and h) acv for the fixed scheme.
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Figure 1.3: A side by side comparison of weights Acy and h) acv for the rolling scheme.
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the variance by optimal weighting. On the other hand, the larger the m, the stronger
the correlation p, which in turn allows for better utilization of in-sample contrasts and
larger reduction of sampling variance. Consequently, for commonly used in-/out-of-sample
splitting rules that maintain a fixed ratio of n and m, EAACV delivers a reduction of
sampling variance that is approximately constant in the sample size T'. Variance ratios
range from ~ 0.4, when 1/3 of the sample is reserved for the out-of-sample evaluation, to
~ 0.1, when 1/10 of the sample is reserved for the out-of-sample evaluation. This clearly

demonstrates that the gains are sizable and not limited to small sample applications.

Furthermore, the estimator 17¢, despite its parsimonious parametrization, approximates
the true matrix Vj relatively well, as measured by the performance of L acy relative to
L Acv+. Indeed, the feasible estimator L Acv is able to reap more than 90% of the available
reduction of sampling variance relative to the optimal unfeasible estimator L ACy+, as 1s

apparent from the ratios eeev)=Var(Lacy)

Var(Loy)—Var(Lacy+)'
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Figure 1.4: Ratios Var(Zacv)/Var(Ley) for different combinations of m and n.
Numbers in brackets measure the optimality of the feasible estimator relative to the true unfeasible
optimal estimator, that is (Var(Lov) — Var(Lacv))/(Var(Lov) — Var(Lacv+)). Common
in-/out-of-sample splitting rules {1/3, 1/5, 1/10} are highlighted.
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1.4 Inference about Predictive Ability

The lower variance of the proposed estimator also translates to a substantial power ad-
vantage when performing inference about out-of-sample loss. Since Diebold and Mariano’s
(1995)) pioneering work, many studies have been devoted to inference about predictive
ability (see West| (2006) or (Clark and McCracken| (2013b)) for a comprehensive survey).
Following the taxonomy of |Clark and McCracken| (2013b)), these tests can be broadly
divided into two families. First, there are the tests of population-level predictive abil-
ity (e.g. West|, |1996; |Clark and McCracken) 2001)), which are concerned with the null
hypothesis about prediction errors of models evaluated at the true, unknown parameters.
Second, there are the tests of finite-sample predictive ability (e.g. Giacomini and White,
2006; |Clark and McCracken, [2015), which are concerned with the null hypothesis about
prediction errors of models with parameters that are themselves a function of a finitely

sized window of observed data.

In this section, we apply the optimal estimator to an inference about finite-sample predict-
ive ability, i.e., asymptotics n — oo with m considered fixed. The reasons for adoption of
this asymptotic framework are threefold. First, the null hypothesis addressed by the test
of finite-sample predictive ability appeals to practitioners, as it takes into consideration
the bias/variance trade-off inherent to comparing models of different complexity at a given
sample size (Clark and McCracken, [2013b). Second, unlike for tests of population-level
predictive ability, the null hypothesis cannot be addressed with full-sample methods, which
tend to dominate pseudo out-of-sample methods in terms of power if applicable (Diebold
2015). Lastly, the inference about finite-sample predictive ability is very general and can
be used for both parametric/non-parametric and nested /non-nested models, which is in
sharp contrast to tests of population-level predictive ability, where special care has to be

taken to address individual cases (West| 2006)).

We restrict our attention to the rolling window (i.e. v = 1) 7-step ahead unconditional test
of equal predictive ability, i.e. the test of null hypothesis Hy : L7, (M1) = L, (M)
for models M; and M, [l This narrower scope is motivated by recent findings showing

that the null hypothesis of equal conditional predictive ability can occur only under very

0Note that in the generic definition of the rolling window estimator presented in Eq. all observations
up to m are utilized for estimation (but not as input to s) irrespective of the horizon 7. This is done
for a notational convenience. To obtain the canonical rolling window estimator with 7 > 1, it suffices to
define the 6 associated with the given model so that it omits last 7 — 1 observations from the estimation

(see e.g. Section |1.4.1)).
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specific data generating processes (Zhu and Timmermann, 2020) and findings that the
inference under the fixed scheme (i.e. v = n) fails to address the desired null hypothesis

about models M; and My, (McCracken, 2020).

Let ALy = ECV(MQ) — ﬁACV(Ml) and let 5%, be a HAC estimator of its asymptotic
variance; o2y = Var (\/ﬁAﬁcv). As shown in |Giacomini and White (2006), the following

proposition applies.

Proposition 2. Provided that:
(1) {X:} is mizing with ¢ of size —r/(2r — 2), r > 2 or « of size —r/(r — 2), r > 2.
(ii) E[|AL P < oo for all v.

(iii) ok = Var(\/ﬁAﬁAgv> > 0 for all n sufficiently large.

Then under Hy R
ALoy — (Aov)'A¢ 4
t = — = — — N O, 1 1.25
DM O'CV/\/E O-CV/\/E ( ) ( )
where A¢p = ¢(My) — ¢(My) and under H, : \E{A/:’CVM >0 >0 for all n sufficiently

large

P(|[tpu| > ¢) — L. (1.26)

We denote the test statistic by a subscript DM as it coincides exactly with the canonical

Diebold and Mariano| (1995) test (henceforth DM test).

Provided that {X;} is stationary, the third expression in Equation motivates an
alternative test statistic that utilizes the optimal weights Aacy to gain more power. Note
that, unlike in Section [I.3] here the weights are optimal for minimizing the variance
of estimator of L7, (Ms) — L7, (M;) rather than that of individual estimators of
L. (My) and L, (My), which is generally not the same task. We propose the
following modification of the DM test, which uses the optimal affine weighting (ADM test
henceforth).

Proposition 3. Provided that {X;} is stationary, plim(p) # 1, and (1)-(iii) holds, then

AL acy Aacv)TAd q
ADM O'ACV/\/E O-ACV/\/E ( ) ( )
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where Gacy = O'CVM and under Hy : |E[AECV]| >0 > 0 for all n sufficiently
Ao Vasrov
large

P(ltADM| > C) — 1. (128)

While widely adopted, the DM test is known to suffer from level distortions in small
samples, stemming from the estimation of the long-run variance (see Clark and McCracken,
2013b)). To mitigate this issue, [Zhu and Timmermann| (2020)) propose to use [bragimov
and Miiller’s (2010) sub-sampling t-test (IM test henceforth), which does not require
a variance estimation. In particular, Zhu and Timmermann (2020) prove the following

proposition.

Proposition 4. Suppose that {X,} is stationary and E[Alr},] = 0. Assume that
E|ALL | = 0 is bounded for some v > 2 and ALy is strong mizing of size —r/(r — 2).
Then, for fizted K > 1

ALoy
tiv = —
¢ (K= )T, (28 - ALev) VR

st (1.29)

where E(le‘)/ is the loss estimate computed from the k-th block of data of size n = n/K,
that is L), = A 'SPt AIPHTED = B AR where Ag® = Agy with M =
[ a4, and where ALy = K-V S L.
Similarly to the DM test, the IM test also immediately lends itself to a modified version
that exploits the optimal weighting Ascy (AIM test henceforth).

Proposition 5. Suppose that {X;} is stationary, plim(p) # 1, and E[AI}}] = 0.
Assume that E|Al $+1| = 0 is bounded for some r > 2 and Alm;l is strong mizing of size

—r/(r —2). Then, for fited K > 1

AL s0v d

tarvg = 5 — tg_1 (130)
¢ (K =)k, (£ — Alacy ) VE

where fo())v is the loss estimate computed from the k-th block of data of size n = n/K,
that is L3y = Nidy A® where ApH = Mgy with M = (i} E Dt v e,
and where AEACV =K 'YF, EACV
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1.4.1 Power and Level Properties

To evaluate the power and level properties of the proposed tests, we adapt the simulation
environment of McCracken| (2019)) that allows to generate series satisfying, or to a various
degree violating, the null hypothesis of equal unconditional predictive ability under
different forecast horizons 7. In particular, we consider a process

T—1

Xi=c+mn with n =¢ + Z Pi€t—g, Et N(O, 0-2)7 (1.31)

Jj=1

and two models M; = {sy, 51} and My = {s9, 52} producing point predictions of X ,:

s ({XH o se)=¢ with ¢=06, ({X,})]77,) =0, (1.32)
. N . L 1 J
S9 ({Xt}z'—k—l; C) =c¢ with ¢= 02 <{Xt}iiT—:n) = m t:j;_m Xt' (133)

Model M is hence misspecified in that it omits the intercept c¢. Model Msy, on the
other hand, estimates ¢ by averaging X; over the estimation window. For ¢ # 0 and
m — 0o, model M is always preferred over M. In finite samples however, their relative

performance is determined by m and ¢ as expressed in the following proposition.

Proposition 6. For the mean squared error contrast function v(X;, X;) = (X — X;)2,

any ¢ > 1, and

- 0.5
1 m—1>=

Cc = (§ (OCO + %Ofg -+ 2 Z:ZI Tr%iQZOéZ> — Oéo) s (134)
where m =m — 7+ 1 and a; = E [, it holds that

¢ = EmualMy) (1.35)
L3 1(Ma)

By setting ¢ = 1, Proposition [f] allows to simulate series under Hy, that is with the
constant ¢ such that the loss stemming from the bias caused by its omission is exactly
the same as the loss stemming from the noise introduced by its estimation. To explore
the power of the proposed tests, we also consider values ¢ > 1, in which the omission of
the constant will result in worse predictions. In the exercise below, we follow the setup
of McCracken| (2019) and set 0> = 1 and ¢; = (0.5)”. The truncation lag of Newey and
West/s (1987) HAC estimator in DM and ADM tests is chosen according to the commonly
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used rule L%n%j (see e.g. Lazarus et al., [2018)). The number of groups K in IM and AIM

tests is 2 as in [Zhu and Timmermann| (2020).

We repeatedly (2000 repetitions per combination of parameters) simulate the process
from Eq. with constant ¢ corresponding to values of ¢ € {1, 1.03125, 1.0625,
1.125, 1.25, 1.375, 1.5, 1.75, 2} for m = 100, n € {10, 20, 50, 100, 200, 300}, and
T € {1, 3, 6}. Figure displays rejection rates for simulations with the forecast horizon
7 = 1. The proposed ADM and AIM tests exhibit substantially higher power relative
to their conventional counterparts. In accordance with results from Section [I.3.2] the
power gain is especially sizable in scenarios with small n relative to m. The power gain
also appears to be more pronounced for IM type tests, which tend to sacrifice power
in exchange for lesser finite sample level distortions, creating a greater opportunity for
improvements. A similar power advantage of ADM and AIM tests relative to benchmarks
is also observed when considering forecast horizons 7 = 3 and 7 = 6 as can be seen in
Figures [I.6] and [1.7] respectively, in Appendix [T.A]

To better explore level properties, we repeat the exercise with ¢ = 1, levels p €
{0.01, 0.05, 0.1}, and 10000 simulation repetitions. Inspecting Table , it is appar-
ent that for all tests and forecast horizons, rejection probabilities approach the desired
levels as n — oco. In small samples, we do observe the same level distortions for DM type
tests as documented in the literature. The over-rejection is especially pronounced for
higher 7 as there, the data generating process exhibits a stronger temporal dependence
which further complicates the estimation of the long run variance in small samples. Im-
portantly however, the magnitude of these distortions is, in fact, smaller for the proposed
ADM test. This shows that the power gain is achieved despite better level properties,
not because of them. For IM type tests, rejection probabilities are generally closer to the
desired levels even for small n, as expected. The AIM test exhibits larger level distortions
in small samples relative to the conventional IM test. These distortions stem from stronger
finite sample dependencies between individual estimators Zi{%v introduced by the affine
weighting. However, given the substantially higher power of the AIM test relative to the

IM test, these finite sample distortions seem acceptable.
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Figure 1.5: Plots of rejection probabilities for DM, IM, ADM, and AIM tests at level 0.05 for
7 = 1. Whiskers represent 95% confidence intervals.
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p =0.01 p =0.05 p =0.10
T n DM  ADM IM AIM DM  ADM M AIM DM  ADM M AIM

1 10 0.048 0.035 0.009 0.019 0.120 0.084 0.047 0.090 0.188 0.132 0.095 0.174
20 0.031 0.027 0.010 0.018 0.102 0.071 0.047 0.081 0.164 0.119 0.093 0.165
50 0.016 0.018 0.012 0.016 0.072 0.055 0.052 0.075 0.126 0.100 0.097 0.151
100 0.014 0.018 0.011 0.013 0.059 0.057 0.051 0.075 0.109 0.099 0.099 0.149
300 0.011 0.011 0.012 0.015 0.046 0.045 0.057 0.072 0.087 0.082 0.115 0.141
3 10 0.130 0.098 0.010 0.020 0.235 0.183 0.054 0.098 0.318 0.254 0.101 0.188
20 0.068 0.048 0.009 0.020 0.159 0.121 0.045 0.093 0.231 0.184 0.092 0.176
50 0.035 0.028 0.010 0.015 0.109 0.085 0.049 0.076 0.181 0.144 0.097 0.150
100 0.022 0.023 0.010 0.014 0.085 0.076 0.047 0.069 0.144 0.132 0.092 0.141
300 0.012 0.012 0.010 0.012 0.054 0.055 0.051 0.068 0.103 0.101 0.106 0.134
6 10 0.171 0.139 0.010 0.024 0.284 0.240 0.055 0.109 0.365 0.313 0.108 0.208
20 0.102 0.071 0.011 0.019 0.201 0.157 0.051 0.092 0.283 0.229 0.100 0.175
50 0.053 0.041 0.008 0.016 0.149 0.112 0.043 0.077 0.226 0.182 0.089 0.150
100 0.030 0.031 0.007 0.013 0.104 0.094 0.043 0.064 0.170 0.157 0.091 0.134
300 0.014 0.014 0.011 0.014 0.064 0.063 0.053 0.062 0.115 0.111 0.108 0.132

Table 1.1: Rejection probabilities for DM, ADM, IM, and AIM tests under the null (¢ = 1) for
different values of p and 7.

1.5 Empirical Evaluation

To demonstrate that the theoretical superiority of the proposed estimator also translates
to real-life forecasting tasks, we perform an extensive evaluation on the M4 competition
(Makridakis et al., |2020)) data, consisting of 100,000 time-series ranging from yearly to
hourly frequency. Participants in the M4 competition were asked to produce forecasts for
each of the series for the upcoming 6/8/18/13/14/48 periods for yearly /quarterly /monthly/
weekly /daily /hourly frequency, respectively. The organizers withheld the most recent
segment of each series of corresponding length (test segments, henceforth). Submitted

forecasts were then compared with test segments to evaluate their precision.

To assess the performance of L Acy we consider two canonical models that were used
as standards for comparison in the M4 competition; the ETS (Hyndman et al. [2002),
which automatically selects the optimal form of exponential smoothing via the information
criterion, and the autoARIMA (Hyndman and Khandakar] 2008), which selects the most
appropriate ARIMA specification via the information criterion. Both these models are
frequently used in practice and performed comparably well in the M4 competition, making
them ideal candidates. Similarly to the competition, the performance of each model is
assessed on the test segment of series using the SMAPE contrast function:E
X, — Xi|

v (X, X)) = ———=1_100. (1.36)
( ) 31Xl + 51X

Unlike in the M4 competition however, our interest is not in the performance of indi-

HThis contrast function was chosen by organizers so that losses of series on different scales are
approximately comparable. As a robustness check, we also repeat the exercise with MAE and MSE
contrast functions with prior normalization and obtain comparable results (available upon request).
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vidual models per se, but rather in our ability to predict the out-of-sample performance
ENCW(M) on the test segment of a series s with the use of in-sample data only. To do so,
we perform 1-step ahead pseudo out-of-sample evaluations under the rolling scheme (i.e.
7 =1 and v = 1) with the same number of pseudo out-of-sample observations as in the
test segment (i.e. n € {6, 8, 18, 13, 14, 48}). For each series s, we compute the estimates
EACV,S(M) and L acv,s(M) and compare them with the actual 1-step ahead out-of-sample
loss ZCV’S(M) incurred on the test segment. The overall precision of the estimator is

computed as

MSEoy (M) = é’ S (LevaM) = Loy (M)’ (1.37)
SES
and
MSFEacv(M) = ysly > (Lovia(M) - EACV’S(M))Q (1.38)
SES

with S being a subset of time-series under consideration. To better assess the performance
on different types of series, we also subject each series to a non-parametric CS test for the
presence of a trend (Cox and Stuart, [1955) and a QS test for the presence of seasonality

(Ljung and Box, [1978]).

Table [1.2] depicts M SE¢cy and MSEacy for both models across all frequencies, further
broken down by the results of the CS and QS tests (for both, the threshold p = 0.05
is considered). For each model, percentage improvements of L ACy over ZCV in terms
of MSE are shown alongside their statistical significance. As is apparent, the use of
Lacv leads to a substantially more precise estimation of the incurred out-of-sample loss
Lcv, in particular to a reduction of MSE by 13.0% and 10.6% on average for ETS and
autoARIMA, respectively. It is worth highlighting that this reduction of MSE likely
underestimates the true gains, as the comparison is made with respect to the estimate of
loss Loy rather than the true theoretical loss Loy ; hence, the corresponding part of the
MSE in principle cannot be reduced. A back of the envelope calculation suggests that the
theoretical reduction of MSE, if computed against the true loss rather than its estimate,

is actually twice the size.

Furthermore, the majority of series in the M4 competition are not-stationary, exhibiting

cither a trend (90%), seasonality (39%), or both (36%). Despite this adverse setting, £4cv

12\We use the notation ECV rather than ECV to highlight that this is the loss incurred on the test
segment (i.e., the true out-of-sample evaluation). However, as the test segment is of finite length, this is
still only an estimate of the true theoretical loss Loy . The subscript CV indicates that the conventional
estimator is used to compute the loss incurred on the test segment.
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still offers a substantial advantage over Lev, although it should be noted the reduction
of MSE is not as sizable for series that exhibit seasonality. The fact that L acy exhibits
superior performance relative to EACV, even when applied indiscriminately to a wide range
of time-series without any regards for stationarity, clearly demonstrates its robustness

and practical applicability.

To assess the robustness of these findings, we also repeat the exercise for forecast horizons
7 up to 3 and 6 (Tables and in Appendix . In these cases, the optimal
estimator £ 4oy reduces MSE by 9.7% and 3.2%, respectively for ETS and 7.0% and 1.4%,
respectively for autoARIMA. Although more modest than in the case with horizon 7 =1,
all these differences are statistically significant. The lower relative gains of L ACY Over EACV
for longer forecast horizons likely stems from the fact that the mean and the dispersion of
out-of-sample contrasts tend to increase in the forecast horizon, reflecting the difficulty of
forecasting far ahead to the future. Consequently, the gains achievable through optimal
affine weighting are smaller in comparison to the higher inherent uncertainty present in

the estimation of the out-of-sample loss.

To gauge the computational complexity of the proposed estimator, Table in Appendix
provides average run-times needed for the computation of the vector of contrasts ¢ as
well as for the computation of ECV and £ acv- Unsurprisingly, the computation of L ACYV
is more demanding than that of the conventional estimator, averaging to approximately
5 seconds per series. Overall however, the usage of L oy results in only < 20% longer
run-time as the most demanding task is the computation of ¢ which is common to both
Loy and Lacy. For more complex forecasting models likely used in practice, the relative

difference in run-times would be even smaller.

Lastly, we assess the performance of L acy in terms of model selection. In this exercise,
the task is to use the loss estimate to select the model M that will perform best on the test
segment of a given series, i.e., to identify the model with the smallest ZCV’S(M). Table
shows the average incurred loss Ly and the probability of selecting the best model,
for AIC (Akaike, 1998), Loy and Lacy. The table also includes the average loss that
would be incurred if we knew which model was the best-performing on the test segmentﬁ
Obviously, such a selection is not feasible in practice but it provides a useful benchmark,

as it represents the best possible outcome that can be achieved via model selection alone.

13We denoted these incurred losses and probabilities of selecting the best model by ch (M) and
P(best),, respectively, where x € {AIC, CV, ACV, ex — post opt.}.
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time-series ETS autoARIMA
Period Trending Seasonal N MSEcy MSEscv AMSE [%] MSEcy MSE cvy AMSE [%]
Yearly 23000 48.68 41.47 -14.8%** 57.05 51.37 -10.0%**
(1.65) (1.49) (2.42) (2.38)
F F 2214 139.93 126.41 -9, TH** 194.26 187.93 -3.3
(10.60) (10.27) (16.17) (16.36)
F T 267 20.22 19.86 -1.8 24.08 23.84 -1.0
(5.49) (5.43) (6.22) (5.76)
T F 15076 49.62 41.06 -17.3%** 54.29 46.57 -14.2%**
(1.92) (1.65) (2.74) (2.63)
T T 5443 10.35 9.12 -11.9%* 10.51 10.44 -0.7
(0.90) (0.81) (1.38) (1.37)
Quarterly 24000 28.70 24.18 -15.8%** 33.87 29.30 -13.5%**
(1.16) (0.97) (1.41) (1.22)
F F 1561 92.17 78.02 -15.4%* 101.50 81.68 -19.5%**
(8.96) (7.75) (9.51) (7.78)
F T 681 65.29 49.90 -23.6 90.95 81.41 -10.5
(14.91) (8.83) (16.93) (14.93)
T F 14115 26.34 21.68 S17. TR 29.50 25.23 -14.5%%*
(1.32) (1.09) (1.49) (1.18)
T T 7643 16.82 15.50 -7.9 23.02 21.50 -6.6
(1.48) (1.38) (2.43) (2.33)
Monthly 48000 19.32 17.65 -8.6%** 21.68 19.69 -9.2%%*
(0.47) (0.45) (0.57) (0.55)
F F 2574 78.64 63.56 -19.2%%* 87.64 73.09 -16.6%**
(5.02) (4.42) (5.89) (5.28)
T 1964 21.89 19.70 -10.0%* 24.63 21.33 -13.4%*
(1.99) (1.88) (2.67) (2.38)
F 21613 23.60 22.27 -5.6%* 26.57 24.78 -6.8%**
(0.72) (0.75) (0.91) (0.94)
T T 21849 7.85 7.49 -4.7* 8.81 8.23 -6.6%*
(0.36) (0.36) (0.41) (0.40)
‘Weekly 359 8.81 5.55 -37.0%** 6.47 5.95 -8.0
(1.40) (0.99) (0.86) (1.13)
F F 54 13.18 10.50 -20.4 9.50 7.51 -21.0
(3.05) (4.09) (2.27) (1.67)
F T 3 2.72 1.85 -32.1 0.81 0.67 -18.0
(2.09) (1.47) (0.80) (0.64)
T F 257 8.81 5.15 -41.5%%* 6.39 6.35 -0.7
(1.81) (1.06) (1.06) (1.53)
T T 45 4.01 2.14 -46.8 3.61 2.12 -41.2
(1.99) (0.91) (1.65) (0.84)
Daily 4227 1.62 1.56 -3.5 2.11 2.15 1.7
(0.33) (0.37) (0.51) (0.54)
F F 226 2.71 3.98 47.1 4.05 4.36 7.6
(2.33) (3.73) (3.53) (4.01)
F T 19 0.39 0.43 10.8 0.33 0.42 26.5
(0.19) (0.24) (0.18) (0.21)
T F 3535 0.89 0.71 -19.3* 0.89 0.77 -13.4%*
(0.22) (0.19) (0.23) (0.22)
T T 447 6.94 7.11 2.5 10.92 12.05 10.3**
(2.29) (2.45) (4.07) (4.31)
Hourly 414 12.71 8.55 -32.7¥** 53.11 45.62 -14.1
(2.27) (1.47) (11.36) (12.16)
F F 1 0.24 0.09 -60.4 0.06 0.02 -56.3
(NA) (NA) (NA) (NA)
F 125 29.67 17.97 -39.4%%* 90.33 59.04 -34.6%**
(6.65) (3.89) (21.18) (15.35)
T 5 2.12 2.70 27.1 1.56 1.86 18.6
(1.93) (2.54) (1.30) (1.49)
T T 283 5.45 4.53 -16.8 37.77 40.63 7.6
(1.36) (1.22) (13.64) (16.44)
All 100000 27.51 23.94 -13.0%** 31.99 28.60 -10.6%***
(0.52) (0.47) (0.71) (0.68)

Table 1.2: Comparison of EACV and L. Acy in terms of the loss estimation.
100. Standard errors in brackets,
*xxp < 0.001, x%x p <0.01, xp < 0.05.

AMSE [%)] =

MSEscv—MSEcy

MSEcy
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Compared to AIC, L 1cv achieves a 23.7% reduction of incurred loss relative to what is
achievable and is more likely to select the best model by 4.9% points Compared to ECV,
the relative reduction of loss is more modest, only 1.4%, but still statistically significant.

The estimator £ acv 18 0.3% points more likely to select the best model than Ecv-

time-series ex-post opt. AIC CcVv ACV AIC vs ACV CV vs ACV
Period N L P(best) L P(best) L P(best) L AL %] AL (%]
Yearly 23000 6.489 0.513 7.186 0.528 7.096 0.526 7.089 -13.9%** -1.2
(0.056) (0.003) (0.065) (0.003) (0.063) (0.003) (0.062)
Quarterly 24000 5.602 0.484 6.198 0.548 6.007 0.551 6.002 -32.8%** -1.0
(0.055) (0.003) (0.061) (0.003) (0.059) (0.003) (0.059)
Monthly 48000 6.513 0.525 6.944 0.578 6.858 0.585 6.852 -21.3%%* -1.7
(0.043) (0.002) (0.046) (0.002) (0.045) (0.002) (0.045)
Weekly 359 5.033 0.616 5.162 0.526 5.245 0.577 5.229 52.1 -7.3
(0.298) (0.026) (0.303) (0.026) (0.316) (0.026) (0.316)
Daily 4227 1.013 0.516 1.052 0.522 1.030 0.509 1.031 -53.6%** 4.4%
(0.027) (0.008) (0.031) (0.008) (0.028) (0.008) (0.028)
Hourly 414 6.765 0.551 9.261 0.804 6.911 0.819 6.869 -95.9%%* -28.9
(0.443) (0.024) (0.655) (0.020) (0.452) (0.019) (0.450)
All 100000 6.052 0.512 6.575 0.558 6.456 0.561 6.451 -23.7*** -1.4%
(0.028) (0.002) (0.031) (0.002) (0.030) (0.002) (0.030)

Table 1.3: Comparison of ~AIC, ZCV an~d L Acy in terms of model selection.
For z € {AIC, CV}, AL %] = ~—~fovMacv)—LeviMs) 100, Standard errors in brackets,
Lov(Mae)—Lov(Mez—post opt.)
* %% p < 0.001, x%x p <0.01, xp < 0.05.

While the gains from more accurate model selection via L acy rather than ECV are not
as sizable, it should be noted that the variance minimizing weights of Lacy are not
necessarily optimal in terms of selecting a model so that its incurred loss is the lowest in
expectation. By computing multiple sets of weights jointly, so that they are optimal in
terms of model selection, we could presumably attain even better results. This promising

research direction is, however, beyond the scope of this chapter.

1.6 Conclusions

We propose an alternative estimator of the out-of-sample loss that optimally utilizes both
in-sample and out-of-sample empirical contrasts via a system of affine weights. We prove
that under stationarity, the proposed (unfeasible) estimator is the best unbiased linear
estimator of the out-of-sample loss and that it dominates the conventional estimator in

terms of the sampling variance. We also propose an approximate feasible variant of the

4The dominance of CV and ACV over AIC likely stems from violations of stationarity, which more
heavily penalize the AIC than the ACV, and/or the fact that the SMAPE contrast function in Eq. [1.36]
is not aligned with the MSE contrast function, for which the AIC is designed. A thorough theoretical
comparison of the AIC and pseudo out-of-sample estimators such as Loy or Lacoy is beyond the scope
of this chapter. A detailed analysis can, however, be found in Inoue and Kilian| (2006)).
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estimator, which closely matches the performance of the unfeasible optimal estimator,
and which exhibits a substantially smaller sampling variance relative to the conventional
estimator, by a factor of ~ 0.4 to ~ 0.1 in our simulations. The reduction of sampling
variance is most sizable in situations where few observations are designated for the

out-of-sample evaluation relative to the number of in-sample observations.

The proposed optimal estimator can also be applied to the inference about predictive
ability. We put forward modifications of Diebold and Mariano’s (1995) test and of
Ibragimov and Miiller[s (2010]) test and show that utilization of the optimal estimator
leads to a substantial power gain (often by a factor > 2) in detecting deviations from the
null hypothesis of equal predictive ability. In addition, the finite sample level distortions
of Diebold and Marianofs (1995) test frequently documented in the literature seem to be

attenuated, rather than exacerbated, by the system of optimal affine weights.

Finally, to assess the real-life applicability of the estimator and its robustness, we perform
an extensive evaluation on time-series from the M4 forecasting competition (Makridakis
et al. [2020). In line with the theoretical derivations and the simulation evidence, the
proposed estimator more precisely estimates the losses incurred on the test segments of
series (> 10% reduction of MSE relative to the conventional estimator). Furthermore,
selecting a model based on the proposed estimator leads to a higher probability of selecting
the ex-post optimal model and also to an overall lower loss relative to that which would be
incurred if the model were selected according to the conventional estimator. Importantly,
these improvements are achieved despite the majority of time-series in the M4 competition
exhibiting some form of non-stationarity, and hence not strictly satisfying requirements

for the application of the proposed estimator.
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1.7 Proofs

Lemma 1. Let P = {Pl, P, ..., Pcard(p)} be a partition of {1, 2, ..., card(¢)} such
thatVj € {1, 2, ..., card(P)} Vi,i' € P; : E[¢;] = El¢py|. Then for X € Aacv where

e RO A Ve (1,2, ..., card(P)}: Y a; = O} . (1.39)

’iEPj

Ascv = {Acv +x

it holds that
E\"¢] = Lov (1.40)

and
AT = ATVA (1.41)

where Y = E [(¢ — Lev1) (¢ — Lev1)T] and V= Var(g).
Proof of Lemma (1] To prove this lemma, consider

E[\T¢] =E[(Acv +1)' 4]
E[(Acv)' ¢] +Elz¢]

card(P)

=Lov+ Y, Y wE[¢] (1.42)
Jj=1 i€ePp;
=0
=Levy.

Furthermore

Yy =E[(¢—Lovl) (¢ — ﬁcvl)T]
=E[((¢ — E[¢]) + (E[¢] — Lov)) (¢ — E[g]) + (E[¢] — Lovl))'] (1.43)
=Var(¢) + (E[¢] — Levl) (E[g] — Lovl) '

and

AT8A = AT (Var(o) + (El¢] ~ Lov1) (El9] ~ LovD)T) A
= A"Var(¢)A + A" (B[g] — Lov) (E[¢] — Lov1)' A (1.44)
= AVar(o)
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as

AT (E[g] — Levl) = Mov +2) ' (B[¢] — Lev)
= (ev) E[¢] — Do) Lovl+ 2 Elg] — 2 Loyl

card(P) card(P)
=Lov—Lev+ Y, Y. mBEg]—Lov >, Dzl (1.45)
jil iEPj ]:1 iEPj
=0 =0

= O’
which completes the proof.
Proof of Proposition 1. Let P = {Py, P5, ..., Pyy,} be a partition of {1, 2, ...,
card(¢)} such that Vj € {1,2, ..., m+v}Vi € {0,1,..., 2} : I]*" € P;. Due to
stationarity, it holds that Vj € {1, 2, ..., card(P)} Vi,i' € P; : E[¢;] = E[¢y] and hence

Lemma (1| can be applied. Also note that the set Aoy from Lemma [l can be equivalently
expressed as

A EAACV <~ BAX=1b (1.46)
with
T U
B=(1,,®1, Lu) =, (1.47)
where M = (1,2, ..., m).
By virtue of Proposition [1} for any A € Aacv, it holds that

E\'¢] = Lev (1.48)

and

ATS A = ATV, (1.49)

i.e., all estimators with weights in A 5oy are unbiased estimators of Loy and their mean
squared error is equal to their variance. We are interested in the best possible estimator

(in terms of mean squared error/variance) in the set Agcy. Formally:
argmin A" Vy\ s.t: BA=b. (1.50)
A
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The Lagrangian associated with the problem is given by
L\, a) = ATVA—a' (BA—b). (1.51)

Necessary conditions for pair {\, a} to be solution to Eq. are

OL(\, «) T
—=2VybA—B a=0 1.52
OL(\, «)
—— 2~ =B\A—b=0. 1.53
Oa (1.53)
From Eq. [1.52] it follows
Lo 17
A= §V¢ B «, (1.54)
combining that with Eq. leads to
a=2(BV,'B") b (1.55)
and consequently
A=V, "B (BV,'B") b (1.56)

The invertibility of matrix Vj and (BVleBT) follows from positive-definiteness of Vi and
full rank of B. The sufficient conditions then follows from the fact that ATV, is strictly
convex function as Vjy is positive definite. We denote the optimum weights as A 4o and

the corresponding estimator by Loy, ie.
Lacv-=MNacv) ¢ with  Aaoy =V, B’ (B’V(z;lBT)*1 b. (1.57)

The statement
E[Lscv+] = Loy (1.58)

stems directly from Aacy € Aoy and Lemma [} Statements
VCLT(EAC\/*) < VCLT’(/\Tgb) with AE AACV7 A 7A )\ACV (159)

and

Var(Lacy+) < Var(Lev) (1.60)

follows from strict convexity of function AT VA and Aoy € Aacy, respectively.
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It remains to show that there is no X' & Aacy such that it is guaranteed that E[(N)" ¢] =
Leoy. Suppose that there is such A and let x = X — Aoy, From X ¢ Ascy it follows that
35 - Yiep, Ti=C # 0. Suppose that Vj € {1, 2, ..., m+v},j #j' : L' =0 and LT # 0.

Then

E[(X)' ¢] = E\y o] + Elz"¢] = Lov + Ll # Lev,

which is a contradiction.

Lemma 2. Provided that p # 1, matrix 17¢ defined as:

& )
I

>
)

with
. Ay = (pUY)
e Aj = (pL")’

e M=(1,2,...,

Ap A7
I Al
Al i
Ay
n_y n_g
(A a: (Ag " ws
m)

is inwvertible and its inverse is given by:

with

Zy Zy Zr,
0 Zy Zo
0
0 0

(0)ar: (0)ar: (0,

32

n_o

Ap

Zs

(0)ar,

n
n_q
v
Ay
n_g

Ap

Zr,

(Zv)m,: (Zs)mm

(UBY;
(Z1):m

(1.61)

(1.62)

(1.63)



Zy =1+ L5 LU

1-p?

« Zy=1T+ 5 (LU +ULY)
o Z3= 1151

e Zu=15U"

o Zr= 151"

Proof of Lemma |2 To prove this lemma, we check individual sub-matrices of \A/¢XA/¢_1 to

verify that, together, they indeed constitute an identity matrix:

e [i,i]:i=1

~2 A
12+ A Zy =1 (I + %L”U”) L —L
L=p L=p (1.64)

=1

e lii]:1<i<®

—» 7
L'+11|1 LU+ U"L"
1 . b2 + ( + 1 A2 ( + ))

oL =P i (1.65)

AL Zp + 1 Zy+ AL Zy = pU"

=1

1—7° 1—
52 1
=1 2D+ 7 (Dum
(1) n,m

(1.66)
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e il 1<i<™j=1

A2 A
A 2+ A2 2y = (U (f)U ' (1 Al ) i pdf”)

= Uyt L (- ) U + U — ) (1.67)

(A5 2+ (AP 2o = (A 21+ A Zu) e,

(1.68)
- (O)M,:
e li,jlig<i<il<y< %
AT 7+ A Zy 4+ AT 2y =
7 ~2 _A
= (U (U gL pU 1+ s (U UL ) + R
1—-p 1-p 1—-p
_ (ATTV\E2 1 _~3772v TV A A3 v | A3TTUTUTTU | A3TT20TV _ ATTU
= (pU") 1_[32( PURL + (p— p*) UY + pPU LU + pPUP LY — pU”)
=0
(1.69)
e [i,j]i=5+1,1<j <%
(AT e Ze + (AG ) naZe + (AG7 D aZo =
= (A7 2+ A 2o + AT 20 (1.70)

= (0)ns,. -

The fact that remaining submatrices above the diagonal equal O follows from the symmetry

Of V(b.
Proof of Proposition 2. The proof is provided in (Giacomini and White| (2006, p. 1575).
Lemma 3. Provided that {X;} is stationary, plim(p) # 1, and v = 1, it holds that:

Vi(acy —Aev) ¢ 250 (1.71)
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and T oo
Aoy Vo
e (1.72)
Proof of Lemma @ To prove this lemma, we first express Acy as function of m, n and

p. First let us recapitulate that
- . ~ -1
Macv =V, 'BT (BV;'BT) b (1.73)

and note that for v =1, the system of restriction B and b representing partition implied

by stationarity is the following:

0
B=(1'®I, 1 b= " (1.74)
aroniy) o ()
where M = (1,2, ..., m).
Consider any p # 1, using the Lemma[g, we can express
. Z1+ Zy,
Vi'BT = 5 |11 @ (Zu + 22+ 20) (1.75)
(Zv)n, + (Z3)gng Tna

and furthermore

BV;'BT = 5 (Z1+ Zu+ (n = 1) (Zu + Za+ Z1) + Lot (Z0) g, + Lona (Z) yy a0 Tt )

=Zy
L”)

T ! P2 (n ((1 — I+ pP(L'UY + UL") — p(U” + L”)) +(1— ,?JQ)U”L”) .

Q>‘
l\'))_l

— 1 U’UL’U
1—p2

(’I’L ZU+Z2+ZL)+Zl—

1
6_2
1
=sn(Zv+2Zy+2Z)+ULY)
g
1
62

(1.76)
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Under v =1, the resulting matriz is tridiagonal, in particular:

a ¢ 0 0 0 0
c ay ¢ 0 0
0 ¢ oaj 0
BV, 'B" = ;21 _1 5 (1.77)
0 Am_1 C 0
0O O c Qm c
0O 0 O 0 C  Gmai1
=y

with
e ap=n+1-7p
caj=(1+pP)m+1-p* 1<j<m+1
© Upi1="n
e c=—np.
Using the results of | Usmani (1994) on the inverse of tridiagonal matrices, we know that

the left-most column of Y1 can be expressed as

0

Y—l —(—1 J+(m+1) C(m+1)—j J—1 1
( )j,m+1 ( ) (V— (1 78)
.. :
aym+1—j7 Yj—1
= N _—
(np) oo

with 6y =1, 01 = a1, and 0; = a;0;_1 + 029j_2 with 2 < 7 < m+ 1. In our particular case
it then follows that
n? +0(ni1) 0<j<m
0; = (1.79)
(1= +0(mi~) j=m+1,

which can be proven by induction as 6y =1 and 6, = n+ 1 — p* and for 2 < j < m it
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holds that

0]' = ajéj_l + C20j—2
= (A+)m+1=7) (W + 0 72)) = (=np)* (W72 + O(n'*)) (1.80)
=n! +O0(n’ 1)

and consequently for j =m+ 1

0]' = ajﬁj,l + 026]',2
= (n) (W' + 0 ?)) = (=np)* (/2 + O(n? %)) (1.81)
= (1 =) +0(n’™).

Therefore
(Y—l) _ (np>m+1—j njil + O(n]72)
JmA41 | (1 — pH)nm+L + O(nm)
_ P+ O (1.82)
(L= Pnm1 + O(nm)
~m+1—j
p 1 ( 1 )
fr—y — O —_
1-p*n * n?
and finally
1T\ ! _ A2 2 -1
((BV¢ B ) b)'—O' (1—/) ) (Y )j,m+1
I 1 1 (1.83)
_ 5_2&771—&-1—‘77 + O (2>
n n
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and furthemore using the definitions of Z;, Zy, and Zy,

"+ 0(s)
7, + 71 L+ 0(%)
Aacy = | 1o ® (Zv+ Zy+ Z1)
(ZU)M,: + (Z3)M,M IM; %/A)l + O(%)
10+ 0(%) (1.84)
1P +e(n)

1 U
= 1n—1 & (n ( 1 ) —i—@(n))

%Om + e3(n)

-
where P = (f)m, prt /30> and €, for k € {1, 2, 3} is a vector function that is
element-wise O(-5).

With the explicit, albeit approximate (up to O(#)), expression for Aacy, we proceed with

proving the individual claims. Let us denote

%P + €1(n) 0
_ . (0 I I
AN = Aoy —Acv = [ 1,1 @ | 5 . +en)| | — 1

%Om + €3 (n)

L — Om €1ln
(= (7)) e

1,-1 ® €(n)

63(71)

(1.85)

and furthermore

m—+1 1 ) n—1 )
EDY ((nbm“‘J Fa(n) ) 0+ X el + el < m>) - (156)
j=1 i=1

EQJ'

Consider any j € {1, 2, ..., m + 1}. From the definition of ex(n), k € {1, 2, 3} it follows
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that 3C, ng : Vn > nyg:
o<\m]r<f((\ I ()] ) 10

> lea(m); 1] + es(m)] 17115 < m))

1 (1.87)
S\/_ﬁAerl j|lm0|+\/_ch|lmz‘+\/_Cf|lmn| ( <m)
= ey 2oL Zl ] fcfyzmny (G <m) =50
v T Vo v '
250 P 250
Considering that
m+1 m+1 m+1 m+1

=2 WnQil < -V 3 Qi SVRAlo < 3 V@i <[V Yo Qi) (188)
j=1 j=1 J=1 j=1
it follows that
ViQuaoy —Aev) o -2 0 (1.89)

via Squeeze theorem. To prove the second claim, note that

McvVadacy ~ (Aev + Aa)' V, Aev + Aa)

Aoy Vadev MovVisrev (1.90)
N Veder + ARVadov + Moy Vida + AL VA

Let us denote

& (n) = |711 (P— (01’")> +ean) (1.91)
0.,
( 1 ) . (1.92)
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From the definition of ex(n), k € {1, 2, 3} it follows that 3C,ngy : Yn > ny:

nAAVpAov < ALVl Aev|
< né* ((Zm + 1)|e(n)|" Je(n) +n(2m + 1)|ex(n)| " Je(n)
+ (2m + 1)les(n)| " Je(n))
L 11 11 11\ o
< n6(m +1) ((2m + 10 4 n(2m + 10—~ + (2m + 1)02> LN
nn n<n n“n
(1.93)

Where we utilized the fact that %\A@ can be bounded from above by a block-Toeplitz matrix
with a matriz of ones (denoted by J) on the diagonal and first m sub/super-diagonals.

Similarly for

n)\ V¢)\A < n|)\ HV¢>H)‘A|
< n* ([ (n)| " J[e (n)] + 2(n = DIa(n)] " Tlea(n)] + (n = 1)[ez(n)] " J]ez(n) |+
+2[e(m)] " Jles(n)] +2(n — Dlea(n)]" Jles(n)] + 2\63( )!TJles(n)l)

< n62(m + 1)2(0ll +on— 1)01i -1zt ly

2n2
11 11 )

(1.94)

Utilizing the Squeeze theorem, we obtain n)\gffd,)\cv 250 and n)\XYA/d,)\A -5 0. By noting

that plim(n)\gvf/qﬁ)\cv) = const we can invoke Slutsky’s theorem to obtain

Ny Voh ey Voh
A$VA¢ ACV _ n A$VA¢ ACV L> 1. (1‘95)
>‘va¢)‘C’V n)\CVV¢)\CV

Proof of Proposition 3. Applying lemma |3| to the contrasts differential A¢, it follows

that
Vi(dacy — Aev) Ap 250 (1.96)
o <
/\Ag_‘VYAd))\ACV L) 1 (1'97)
AcvVagAov
noting that
acv)T A Vi) TAG + V(A acy — Aev)TA¢
tapm = (1.98)
Gacv [V G M
cv T
cv pNCV
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and hence via Slutsky’s theorem
plim(tapnr) = plim(tpar)- (1.99)
Combing this with already established results from Proposition 2] both
tapu —= N(0,1) (1.100)

and

P(‘tADM’ > C) — 1 (1101)

immediately follow.

Proof of Proposition 4. The proof is provided in Zhu and Timmermann| (2020). Just
note that stationarity of {A o +1} follows from the stationarity of {X;}.

Proof of Proposition 5. From Lemma [3 it follows that Vk € {1, ..., K}:

plim (VALE)) = plim (ViLley ) . (1.102)
As
Vi (L3, . L&) =5 N(0, ) (1.103)

where ¢2 = E[AI] ] + 2%, BIAIM ALMG] (see [Zhu and Timmermann| (2020)), it

then immediately follows that also
Vi (L%, - Lhoh) == N(0,¢1). (1.104)

The rest of the proof coincides with [Zhu and Timmermann| (2020).

Proof of Proposition 6. Losses of both models are:

Lr(M1) =E (X1 = 0] = E[(c i)’ = ¢+ (1.105)
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~ 2
1 m

‘C?nl—&-l(M?) =E (Xm+1 - = ZXt)
mi4

~ 2
< (1.106)
Nm+1 — =< Un ’
( " )

Il
&=

Tl —

1
- + = + 2 s .
(%)) mOé() Z:ZI m2 (0
By setting

L1 (M)

£ (M) (1.107)

g:

and solving for ¢, we obtain

~ 0.5
1 -
c= (g (ao +=ag+2 ; Wozi) - a0> : (1.108)
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1.8 Estimators

Estimator 1. To estimate parameters p and o2, we utilize the following moment conditions
which relates to variance of contrasts differenced across different shifts x € {0, 1..., no~!}

of the estimation window{™|
, . 2
ga(1 ™, 5% 02, p) = (17 = 17 57Y) = (202 — 20%p7). (1.109)
We normalize individual moments by the number of pairs of contrasts

N, = (m+v —zv) (m}’l—aH—l) (1.110)

available and collect them to a single vector function

-t m+4v m, v i+0)v
]\lfo 1=0 OZ] Ov+1 gO(l s l] 0v+ . , O ,p)
1 ! m,iv , (i+1)v
- Z v l l v 70 )
9(¢; 0°,p) = M 7= +19{( i1 p) L11)
nyv~l—ny1! m—+v m, v i+nv— v
Nn:'ll)_l i=0 P J,rw_lvﬂ Ino1 (77", lj m}tlv ) .02, p)

The estimates are solution to the following optimization problem:

argmin  g(¢; 02, p) Wy(o; o2, p) with W = diag(Ng, N1, ..oy Npp—1). (1.112)

o2,p

Instead of the two stage GMM, we weight directly by the precision of each moment to reduce
computational costs. Since parameter o2 cancels out in the optimal weight computation
(see Algorithm , it is possible to further simplify the estimation by normalizing contrasts

beforehand and performing univariate search.

15We also tested moments based on products of contrasts but these tend to exhibit occasional erratic
behavior.
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1.9 Algorithms

Algorithm 1. Our goal is to express

Sacv =V, 'BT (BV;'BT) b (1.113)
with
T 0
B= (1, ®I Ly) b= ' (1.114)

and Vy as defined in Eq. without the need to numerically invert nor store 17¢, which

is a square matrix of dimension (m + v)% 4 m.

Using lemma [2], we can express

X 21+ Zr Fiq
‘Z{lBT = 52 1,.1®(Zu+Zo+Zy) | = [ 11 @ Fla| (1.115)
(ZU)M,: + (Z3)M,M [M,: F1»3
N 1
Bvd)*lBT = ? (Zl + Z; + (7’1, — 1) (ZU + 2y + ZL) + [:,M (ZU)M,; + [:,M <Z3)M,M [M,:)
= Fg
(1.116)
with
o Zy=1+{5L00"
o Zy=1+ 5 (LU + ULY)
o« 3= 1—1;;21
o Iy = 1:22[]1)
o /= 1:';2[/1).
This in turn allows us to compute A ACV as
Fi 3
Moy = | 1,01 ® (FioF) where  Fy = (Fy) b, (1.117)
Fi3F3
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which involves inversion and multiplication of matrices of dimensions no greater than

m —+ .
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1.A Supplementary Results

Diebold-Mariano Ibragimov—Muller
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Figure 1.6: A plot of rejection probabilities for DM, IM, ADM, and AIM tests at level 0.05 for
7 = 3. Whiskers represent 95% confidence intervals.
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Figure 1.7: A plot of rejection probabilities for DM, IM, ADM, and AIM tests at level 0.05 for
7 = 6. Whiskers represent 95% confidence intervals.

time-series ETS autoARIMA

Period m n time(¢) time(Lov) time(Lacv) time(¢) time(Lovy) time(LAcv)
Yearly 31.324 6.000 0.201 0.001 0.143 0.559 0.001 0.143
Quarterly 92.254 8.000 4.474 0.001 0.178 1.811 0.001 0.177
Monthly 216.300 18.000 51.619 0.002 0.391 23.717 0.002 0.388
Weekly 1022.039 13.000 4.293 0.003 7.563 7.517 0.003 6.653

Daily 2357.383 14.000 10.986 0.006 109.778 8.475 0.005 104.449

Hourly 853.865 48.000 680.157 0.006 3.285 2747.418 0.006 3.294
All 240.020 12.777 29.193 0.002 4.944 23.707 0.002 4.714

Table 1.4: Comparison of run-times of LACV and L. acv- The table displays the mean number of
in-sample and out-of-sample observations m and n, and the mean run-times in seconds needed for
the computation of ¢, Loy, and Lacy .
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time-series ETS autoARIMA

Period Trending Seasonal N MSEcy MSEscv AMSE [%] MSEcy MSE cvy AMSE [%]
Yearly 23000 97.77 88.81 -9 . 2%¥* 103.20 97.54 -5.5¥**
(2.84) (2.62) (3.38) (3.33)
F F 2214 229.60 215.83 -6.0%* 305.21 301.61 -1.2
(15.69) (15.64) (22.34) (22.91)
T 267 56.98 49.67 -12.8%* 57.95 57.13 -1.4
(11.36) (9.56) (16.09) (14.89)
F 15076 102.14 91.51 -10.4%** 101.06 93.03 -8.0%**
(3.52) (3.12) (3.77) (3.63)
T T 5443 34.05 31.59 ST.2%H* 29.18 29.00 -0.6
(2.45) (2.29) (2.73) (2.48)
Quarterly 24000 45.85 40.03 -12.7%%* 51.48 46.68 -9.3%**
(1.79) (1.50) (2.00) (1.81)
F F 1561 140.75 121.14 -13.9%** 153.42 130.69 -14.8%*
(12.99) (10.99) (15.17) (12.79)
F T 681 92.94 75.12 -19.2 112.91 100.14 -11.3
(23.19) (15.49) (21.06) (18.33)
T F 14115 45.73 39.64 -13.3%** 48.18 43.56 -9.6%**
(2.24) (1.93) (2.13) (1.81)
T T 7643 22.49 21.04 -6.4 31.27 30.53 -2.4
(1.67) (1.52) (3.22) (3.38)
Monthly 48000 27.98 25.77 -7.9%H* 29.93 27.61 -7.8¥**
(0.63) (0.62) (0.70) (0.68)
F F 2574 98.69 81.02 -17.9%** 107.14 91.97 -14.2%%*
(6.26) (5.45) (6.92) (6.43)
F T 1964 29.62 26.98 -8.9% 33.68 30.22 -10.3**
(2.70) (2.60) (4.15) (3.65)
T F 21613 35.80 33.43 -6.6%** 37.27 34.67 ST.0%**
(1.00) (1.04) (1.10) (1.09)
T T 21849 11.78 11.58 -1.7 13.24 12.80 -3.3*
(0.53) (0.53) (0.58) (0.57)
Weekly 359 13.17 9.86 -25.1%* 9.90 10.60 7.1
(2.07) (2.04) (1.46) (2.15)
F F 54 24.45 22.62 -7.5 13.05 11.52 -11.7
(7.71) (11.45) (2.72) (2.15)
F 3 2.44 1.48 -39.3 0.43 0.38 -11.7
(1.41) (0.73) (0.28) (0.20)
T 257 11.77 7.85 -33.3%* 9.81 11.35 15.7
(2.27) (1.44) (1.88) (2.95)
T T 45 8.31 6.58 -20.9 7.26 5.92 -18.4
(3.87) (2.65) (3.11) (2.26)
Daily 4227 4.86 4.66 -4.0 7.75 7.98 3.0
(1.22) (1.26) (2.30) (2.40)
F F 226 4.10 5.37 30.8 5.59 5.60 0.2
(2.82) (4.46) (3.93) (4.38)
F T 19 1.19 1.23 3.7 1.16 1.27 9.8
(0.79) (0.90) (0.83) (0.92)
T F 3535 1.92 1.63 -14.9%* 1.89 1.65 -13.1%*
(0.52) (0.52) (0.53) (0.54)
T T 447 28.66 28.42 -0.8 55.42 59.59 7.5
(10.64) (10.88) (21.12) (22.03)
Hourly 414 23.89 17.93 -24.9%** 86.50 76.90 -11.1
(3.57) (2.50) (18.51) (19.59)
F F 1 0.97 0.68 -29.7 0.01 0.01 -15.4
(NA) (NA) (NA) (NA)
F T 125 51.78 36.26 -30.0%** 149.95 110.10 -26.6%**
(9.40) (5.98) (37.47) (31.12)
T F 5 4.09 4.37 6.7 2.52 2.85 13.1
(3.78) (4.17) (1.93) (2.13)
T T 283 12.00 10.13 -15.5 60.26 63.81 5.9
(2.89) (2.38) (21.26) (25.13)
All 100000 47.27 42.71 -9.TH** 51.18 47.58 ST.Ok**
(0.84) (0.77) (0.99) (0.95)

Table 1.5: Comparison of LAZCV and L. Acy in terms of the loss estimation for forecast horizon 7
up to 3.
AMSE %] = MSE’?V?‘S’ECA‘{SECV 100. Standard errors in brackets,
*xxp < 0.001, x%x p <0.01, xp < 0.05.
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time-series ETS autoARIMA

Period Trending Seasonal N MSEcy MSEscv AMSE [%] MSEcy MSE cvy AMSE [%]
Yearly 23000 151.91 150.46 -1.0 151.66 154.00 1.5
(3.82) (3.79) (4.20) (4.33)
F F 2214 319.14 321.68 0.8 402.81 415.07 3.0
(20.30) (21.45) (27.49) (28.76)
T 267 124.49 117.87 -5.3 116.15 118.38 1.9
(23.61) (22.36) (26.05) (24.57)
F 15076 157.22 154.43 -1.8 149.01 149.57 0.4
(4.72) (4.53) (4.69) (4.78)
T T 5443 70.53 71.44 1.3 58.58 61.82 5.5%
(4.11) (4.23) (3.67) (3.73)
Quarterly 24000 71.74 67.99 -5 2%¥* 77.85 75.27 -3.3*
(2.54) (2.33) (2.73) (2.68)
F F 1561 208.50 194.95 -6.5 208.44 186.77 -10.4*
(18.54) (17.48) (19.66) (17.54)
F T 681 115.34 104.09 -9.8 136.70 129.78 -5.1
(20.29) (16.94) (23.21) (23.36)
T F 14115 75.65 70.89 -6.3%%* 79.94 77.01 -3.7*
(3.43) (3.09) (3.34) (3.18)
T T 7643 32.72 33.50 2.4 42.07 44.42 5.6
(2.20) (2.26) (3.82) (4.35)
Monthly 48000 42.91 40.68 -5.2%** 45.15 43.06 -4.6%**
(0.88) (0.88) (0.95) (0.94)
F F 2574 131.07 112.19 -14.4%** 139.13 123.49 -11.2%%*
(8.06) (7.20) (8.77) (8.30)
F T 1964 37.86 36.00 -4.9 44.71 40.78 -8.8*
(3.61) (3.51) (5.63) (5.10)
T F 21613 57.87 55.29 -4.5%%* 58.95 56.52 -4, 1%%*
(1.43) (1.51) (1.51) (1.52)
T T 21849 18.19 18.22 0.2 20.47 20.48 0.0
(0.79) (0.81) (0.86) (0.87)
Weekly 359 18.05 15.17 -16.0* 16.28 18.24 12.0
(2.47) (2.45) (2.59) (3.61)
F F 54 33.16 29.90 -9.8 18.80 16.86 -10.3
(8.83) (11.71) (3.82) (3.16)
F 3 4.25 3.27 -23.1 6.26 5.47 -12.6%**
(1.14) (0.56) (3.36) (3.17)
T 257 14.99 11.80 -21.2 15.79 18.96 20.1
(2.50) (1.97) (3.32) (4.87)
T T 45 18.36 17.47 -4.8 16.68 16.61 -0.5
(8.32) (7.37) (6.97) (6.52)
Daily 4227 13.12 12.93 -1.5 22.83 23.60 3.4
(3.35) (3.43) (6.14) (6.44)
F F 226 6.66 7.94 19.3 9.10 8.79 -3.5
(3.65) (5.49) (4.97) (5.29)
F T 19 3.28 3.40 3.8 3.51 3.36 -4.2
(2.56) (2.87) (2.46) (2.50)
T F 3535 4.02 3.54 -11.9% 4.08 3.67 -9.8
(1.04) (1.01) (1.08) (1.06)
T T 447 88.81 90.08 1.4 178.95 189.55 5.9
(30.35) (31.10) (56.86) (59.77)
Hourly 414 36.26 32.67 -9.9 106.11 97.04 -8.5
(5.00) (4.10) (20.88) (22.04)
F F 1 1.83 1.18 -35.4 0.01 0.00 -93.3
(NA) (NA) (NA) (NA)
F T 125 81.20 71.84 -11.5 193.90 152.58 -21.3%*
(13.45) (10.86) (45.80) (39.93)
T F 5 3.39 2.75 -19.0 3.43 3.63 5.9
(2.73) (2.19) (1.58) (1.65)
T T 283 17.10 16.01 -6.4 69.53 74.50 7.2
(3.72) (3.10) (22.55) (26.91)
All 100000 73.53 71.19 -3.2%** 76.70 75.62 -1.4%
(1.17) (1.14) (1.29) (1.31)

Table 1.6: Comparison of LAZCV and L. Acy in terms of the loss estimation for forecast horizon 7
up to 6.
AMSE %] = MSE’?V?‘S’ECA‘{SECV 100. Standard errors in brackets,
*xxp < 0.001, x%x p <0.01, xp < 0.05.
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Chapter 2

Unrestricted, Restricted, and Regularized
Models for Forecasting Multivariate Volatility

This chapter was coauthored with Stanislav Anatolyev (CERGE-FEI).

Originally published as:
Anatolyev, S., Stanék, F. (2022) "Unrestricted, Restricted, and Regularized Models for
Forecasting Multivariate Volatility", Studies in Nonlinear Dynamics & FEconometrics,

2023, 27.2: 199-218.

2.1 Introduction

The knowledge of a covariance matrix of multivariate returns distribution is essential for
many tasks such as portfolio allocation, risk management, derivative pricing, analysis of
financial contagion, and so on. This has led to development of a variety of models for
forecasting covariance matrices such as the constant conditional correlation model (CCC)
of Bollerslev| (1990)), the dynamic conditional correlation model (DCC) of [Engle, (2002)),
the BEKK model (Engle and Kroner, |1995) and extensions thereof. More recently, with
the machinery allowing the estimation of low frequency volatility from high frequency data

(Andersen et all 2003; Barndorff-Nielsen and Shephard, [2004), ideas behind these models
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were translated to realized covariance matrices. The Conditional Autoregressive Wishart
model (CAW henceforth) of (Golosnoy et al.| (2012)) utilizes directly realized volatilities and
co-volatilities and models them via a BEKK-style dynamic equation. Among extensions
of BEKK/CAW are asymmetric BEKK |Caporin and McAleer| (2014), proximity-based
structured GARCH (Caporin and Paruolo| 2015), threshold CAW |Anatolyev and Kobotaev
(2018)), and others.

The dynamic equation in these models is constructed to simultaneously attain two,
somewhat conflicting objectives — to accurately capture both temporal and cross-sectional
dependencies in return (co-)volatilities, and to maintain a reasonable model parsimony. In
this regard, both the BEKK and CAW models are available in three variations of different
complexity: a full BEKK/CAW where the law of motion is parameterized by unrestricted
parameter matrices, a diagonal BEKK/CAW where these matrices are set to be diagonal,
and a scalar BEKK/CAW where these matrices are identity matrices multiplied by scalars.
While the full model offers highest flexibility in capturing the data generating process, it
suffers from a curse of dimensionality as the number of parameters determining the law of
motion increases at the rate O(n?) in the number of assets n, which frequently results in
imprecise estimation of model parameters and, as a consequence, in poor out-of-sample
predictive performance. Due to this demerit, researchers frequently opt for the diagonal or
even the scalar model (see e.g.: |(Caporin and McAleer, 2012; Laurent et al.; [2012; |Zhipeng
and Shenghong, [2018; Zolfaghari et al., [2020) rather than the full model.

In this chapter, we address the curse of dimensionality present in BEKK/CAW models by
allowing for a smooth transition among differently parameterized models. Namely, we
frame all three existing model variations — full, diagonal, scalar — as special cases of a
regularized full model. The regularized estimator applies a combination of the standard
ridge regularization towards zero (Hoerl and Kennard, 1970)) that drives the full model
towards the diagonal model, and the ridge regularization towards homogeneity (Anatolyev
2020) that drives the diagonal model towards the scalar model. Thus, the regularized
estimator naturally nests all three benchmarks — scalar, diagonal, full — and is hence
capable of optimally selecting among them, or between any of their combinations. This
allows us to assess the optimal degree of cross-sectional dependence or non-homogeneity

that helps forecasting performance.

We perform an extensive battery of out-of-sample forecast evaluations on Noureldin et al.

(2012) data-set of realized stock market co-volatilities of up to ten assets. We trace the
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influence of a number of assets n, as well as other factors affecting forecasting performance,
such as a length of the estimation window and the recency of estimated coefficients relative
to the forecasted period. Furthermore, we analyze the in-sample performance to assess
the degree, to which the additional flexibility of the diagonal and the full model helps to

account for the volatility dynamics.

Our experiments confirm the general superiority of more restricted models. The per-
formance of the full model deteriorates for higher n, while among the scalar, diagonal
and optimally regularized models, the diagonal model seems to be preferred, thought
the evidence is noisy and the margin is small. The regularization does not seem to
bring perceptible improvements indicating that cross-sectional dependencies are of limited
relevance. This can be attributed to a need to tune the regularization intensities, but even
in experiments with non-feasible optimal regularization, one can see that the maximal
achievable gains from regularization tend to be below 1%. Additionally, we observe that
increasing the length of the estimation window does not translate to more precise predic-
tions and that forecasting performance rapidly deteriorates as we increase the distance
between the forecasted period and the window on which parameters are estimated. The
superiority of more parsimonious scalar and diagonal models is also confirmed by analysis
of the in-sample performance. The additional flexibility of the full model delivers only a

very modest reduction of the correlation of transformed residuals.

The remainder of the chapter is structured as follows. Section [2.2| describes the canonical
models as well as the regularized estimator. Section presents the empirical evaluation;
Subsection describes the design of the empirical evaluation, Subsection [2.3.2] presents
results from a battery of out-of-sample forecasting evaluations, and Subsection [2.3.3] assess
the in-sample performance. Section concludes. The Appendix contains tables and

figures with supplementary results.

2.2 Methodology

2.2.1 Canonical Models

Let us consider n assets living through time periods ¢ = 1,...,7T, and let F; denote
observable information at t. The BEKK model (Engle and Kroner, |1995) describes

evolution of conditional second moments of the n-vector of returns, while the CAW
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model (Golosnoy et al., 2012) describes evolution of its conditional first moments of the
n X n-matrix of realized co-volatilities. However, the structure of their dynamic equations
for the object of interest is the same. This object of interest is a matrix R, € R™ that
represents, in the case of BEKK, the outer product of demeaned returns, and in the case

of CAW, the realized co-volatility matrix.

The BEKK/CAW model postulates the following law of motion for the conditional
expectation of R; denoted S; = E [R;|F;_1]. The canonical BEKK(p, ¢)/CAW (p, ¢) model

reads

q P
St == CCT + Z AiRt,iAiT -+ Z BiSt,iBiT. (21)

i=1 i=1
Here, in the case of the BEKK model, R, = (1, — ) (re — p1) ", and ry| Fi_y ~ N (11,5, is
a vector of n returns. In the case of the CAW model, R; is a realized volatility matrix
computed from high frequency data, Ri|F;_1 ~ W, (v, Si/v), where W, (v, S) represents

an n-dimensional Wishart distribution with v degrees of freedom and a scale matrix S.

The lower-triangular parameter matrix C' € R™* and general parameter matrices A4; € R™
and B; € R” determine the law of motion for volatility and are to be estimated along with
the other parameters.ﬂ This specification offers several advantages. First, it guarantees,
by construction, the positive semidefinitness and symmetry of volatility predictions .S;
without requiring parameter restrictions on matrices {C, {4;}!_, ,{B;}}_,}. Second, in
its most general form, it allows one to model various dependencies between the current

volatility and past innovations or past volatility predictions across different assets through

the off-diagonal elements of matrices A; or B;, respectively.

In practice, however, restrictions on parameters are frequently made in order to reduce
the estimation noise at the cost of more probable misspecification. The most commonly
used model variations are the following (the abbreviations corresponding to the CAW

class):

1. fCAW: the full model with general parameter matrices: A; € R™ for 1 <i<gqand
B; € R™ for 1 < i < p, resulting in n?(p + q) = O(n?) parameters in matrices A
and B.

2. dCAW: the diagonal model with zero restrictions on the off-diagonal elements: A; =

We maintain the standard assumption that the intercept matrix C is populated by %n(n +1)
parameters (Engle and Kroner| [1995; |Golosnoy et al., [2012)). For unique parameter identification, it is
conventional and convenient to restrict all the diagonal elements of C' and the first diagonal elements of
all matrices A; and B; to be positive (Engle and Kroner, (1995)).
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dg {az‘vl,ang, . 7ai,n} fOI' 1 S 7 S q and Bz = dg {bz’,labz‘,Q; . 7bi,n} fOI‘ 1 S 7 S D,

resulting in n(p + ¢) = O(n) parameters in matrices A and B.

3. sSCAW: the scalar model with zero restrictions on the off-diagonal elements and
equality restrictions across the diagonal elements: A; = a;I, for 1 < i < ¢ and

B; = b1, for 1 <i < p, resulting in p + ¢ = O(1) parameters in matrices A and B.

While the full BEKK/CAW offers highest flexibility, it is rarely used in practice due to its
excessive parametrization — for example, the full CAW(1, 1) model with 10 assets requires
estimation of 256 parameters. Instead, researchers frequently opt for the diagonal or even

scalar models.

2.2.2 Regularized Model

Maximum Likelihood Estimation

The parameters of equation (2.1)) are estimated by the method of maximum likelihood.
Let us denote the model parameters by 6, and the log-likelihood for one observation by
00y, Then, 0 = {C,{A;}]_, . {Bi}}_,,pu} for the BEKK, and 0 = {C,{A;}_, . {B:}}_, v}

=1

for the CAW. The likelihood for observation t is
_k _1 1 -1
04, = log ((27?) £ 15,) ) — (s 'R)

for the BEKK, and

S| "2 |Ry| =
2%7}'”(”4_1) ?:IF (%H)

ly = log - ;tr(vSt_lRt)

for the CAW. The maximum likelihood estimator solves the optimization problem
R T
Oy = arg maXZMt (2.2)
o t=1

subject to the evolution equation (2.1)) and possibly additional parameter restrictions listed
in subsection [2.2.1} The fCAW/fBEKK, dCAW /dBEKK and sCAW /sBEKK estimates

emerge depending on which additional constraints are imposed.
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Penalized Estimation

Regularization augments the log-likelihood in the optimization problem by two
ridge-type (i.e., relative to the Lo-norm) penalty termsﬂ The first penalty punishes for
deviations of the off-diagonal elements from the zero value, providing regularization of
fBEKK/fCAW towards dBEKK/dCAW corresponding to classical “ridging towards zero”
(Hoerl and Kennard, |1970)):

n o n P n n
Tr= 22 ALt D D Bk (2:3)
i=1j=1 k#j i=1j=1k#j

The second penalty punishes for deviations of the diagonal elements from the common
value, providing regularization of dABEKK/dCAW towards sBEKK/sCAW corresponding
to “ridging towards homogeneity” (Anatolyev, 2020):

q n 1 n 2 P n 1 n 2
Ti=)) (Az;j,j -=> Azkk) +> (Bz‘,j,j -=> Bz}lak) : (2.4)
i=1 =1 noy i=1j—=1 noy
This results in the following regularized maximum likelihood estimator:
R T
GRML = arg maxz {Mt - )\fo - )\de} (25)
¢ t=1

subject to the evolution equation . The hyper-parameters Ay and A\; control the degree
of regularization applied to the off-diagonal and diagonal matrix elements, respectively:
Ay is the intensity of ridging of fBEKK/fCAW towards dBEKK/dACAW, and ), is the
intensity of ridging of dABEKK/dCAW towards sBEKK /sCAW.

This specification naturally nests the full BEKK/CAW (\; = 0, A = 0), the diagonal
BEKK/CAW (A\; =0, Ay = 00), and the scalar BEKK/CAW (\; — 0o, Ay — 00). Apart
from these three extreme cases, it also allows for intermediate states. We abbreviate this
model and technique corresponding to the BEKK/CAW class by rBEKK/rCAW, where

‘r’ stands for ‘regularized.

2In principle, other regularization norms are possible; however, they may not provide such natural
framing of the three basic models within the regularized version, or may not be so attractive from the
viewpoint of emerging restrictions. The popular L;-norm, as an obvious alternative, would lead to setting
most of the off-diagonal elements to zero shutting down dynamics for some realized covariances, while
lassoing the diagonal elements would result in unmotivated equality of some elements and non-equality of
others.
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Feasible Penalization

In practice, the hyper-parameters A\; and A; are not known ex-ante and need to be
tuned. We follow the usual tradition and select them a via fixed scheme time-series
cross-validation (see |Clark and McCracken|, 2013a)): given a pair of candidate values of
hyper-parameters Ay € Ag = {Ag1, A2, - Aagg} and Ap € Ay = {Ar1, Ara, - oy Apas b
the model is estimated on a window of data {1,2,...,7,}, and then evaluated on the
remaining {To + 1,75 + 2,..., T} observations using a desired loss function; we use the
Stein loss (see Section . The optimal values of hyper-parameters are selected so that
they minimize the loss incurred in the validation sample {7y + 1,7y + 2,...,T}.

As computational complexity of large scale numerical optimization unfortunately makes
an exhaustive grid search for optimal values of A\; and A; impractical even for moderately
sparse sets Ay and Ay, we opt for a sequential search for the optimal hyper-parameters,
starting with A; and only then proceeding to A;. Furthermore, one is able to further
reduce the run-time of numerical optimizations by sorting the sets Ay and Ay in descending
order and then proceeding so that the parameters estimated for A\y; (respectively, Af;)
form a starting point of numerical optimization for \g;.1 (respectively, As;11), effectively
tracing the optimal 6 as an approximately continuous function of A\, (resp. As) rather
than performing a search along a long optimization path from a common starting point.
This procedure is analogous to the practice of using estimates of more restricted models of
BEKK as starting values for more flexible models (Engle and Kroner, |[1995) but applied to
a gradually changing degree of regularization rather than the extreme models themselves.
These measures make the regularized estimator not too much more computationally

expensive than the standard full BEKK/CAW.

Moreover, the fact that optimization on a less constrained parameter space utilizes solutions
found in a more restricted space as starting points reduces the possibility of converging to a
sub-optimal local maximum, an understandable concern given the scale of our optimization
problems. This is so because, by design, optimization in the less constrained parameter
space cannot ever attain a worse solution than the best solution already found in the
more restricted space including that of the most parsimonious sSBEKK/sCAW, effectively

ruling out a whole range of potential sub-optimal local maxima ]

3A MATLAB package building upon the MFE toolbox (Sheppard, 2013)) implementing the regularized
estimator for both BEKK and CAW is available at https://github.com/stanek-fi/RMV.
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2.3 Empirical Evaluation

2.3.1 Evaluation Design

Throughout this section, we restrict our attention to volatility modeling via the CAW
class of models for realized covariance matrices. The results for BEKK are qualitatively
similar; these results are available upon request. The main reason of focusing on the CAW
class is a wide availability of high frequency return data for modeling realized variances,
whose use generally improves forecast precision relative to GARCH-type models (see, e.g.,
Andersen et al., 2003; Golosnoy et al., 2012). In addition, the use of models for realized
volatility allows higher quality evaluation of forecasts as realized volatility is observable.
Furthermore, we set ¢ = p = 1 as that represents arguably the most commonly used model

specification and because it also reduces computational burden.

Let R, be a forecast of R, made in the previous period. The Stein loss (James and Stein,

1961) that we exploit here for forecast evaluation,
Ls (Rr, Et) = tr(éth) —log (det (Eth)) —n,

is coherent with the Wishart likelihood and is robust to volatility measurement in the

sense of Patton (2011). Along with the Stein loss, we exploit the Frobenius loss function
-~ -~ ~N\T
Le(Re, Ry) = tr <(R,, —R)(R. - R) ) |

This is (along with a very similar Euclidean loss, see |[Laurent et al., 2012)) a multivariate
extension of the quadratic loss in the scalar case, and is also robust in the sense of [Patton
(2011). Among the two, the Stein loss generally exhibits less erratic behavior hence

allowing us to draw finer conclusions /]

We use the popular realized stock market volatility data-set from Noureldin et al.| (2012)
covering 10 stocks (BAC, JPM, IBM, MSFT, XOM, AA, AXP, DD, GE, KO) from
2001-02-01 to 2009-12-31. In order to attain maximal external validity and to explore
different factors which might affect forecasting performance, we employ the following
experimental design, which also reflects on practitioners’ decisions to employ training

samples of arbitrary sizes. For each of n € {2, 3,... 10}, 4 distinct combinations of stocks

“We report the results for the Stein loss in the main text, and those for the Frobenius loss in the
Appendix.
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of size n are randomly selected (except the case n = 10 when only one combination is
available). For each combination, training windows of sizes T' € {2, 2.5, 3, 3.5, 4, 4.5, 5}
years| are rolled through the sample with increment 0.5 year. For each position of the
window, a day ahead forecasts for the following 0.5 year are produced via estimated
scalar, diagonal, full, and regularized CAW (recall the acronyms sCAW, dCAW, f{CAW
and rCAW, respectively). Finally, the quality of the forecasts is measured via the Stein
and Frobenius losses, and significance of the observed differences is tested via model
confidence sets (MCS) (Hansen et al.; [2011]). This setting assures a substantial variation
in both the estimation and evaluation data as well as in the assets under consideration.
In the case of rCAW, the regularization hyper-parameters A\; and A; are selected from
Ay = Ay ={ky, -+ K}, where k; = (exp(2(z’ —1)) — 1)/10 fori=1,...,7 and kg = ooﬁ
by evaluation on the validation set — the last 0.5 year of data in the training window. The
optimization itself is performed via a Newton-type optimizer with constraints accounted
for with the use of an active-set method. The optimality tolerance is set to 107% to
minimize the possibility of premature termination in almost flat regions of the objective
function. To reduce computational requirements, the BFGS algorithm suitable for large

scale problems such as this one is utilized in computation of Hessian updates.

2.3.2 Out-of-Sample Performance

As can be seen in Figure displaying the average volatility alongside the average
performance of individual models and the selected A\; and A, the data-set spans two
volatile periods — the US stock market downturn of 2002 and the US housing crisis — as
well a relatively calm period from 2003 to 2007. Clearly, the out-of-sample performance
of all models as measured by the Stein loss deteriorates during the volatile housing crisis.
This is especially true for the fCAW whose relative performance, as measured by the ratio
of out-of-sample Stein loss (with the rCAW being the benchmark) and the average ranking

among the models, deteriorates when trained or evaluated on highly volatile periods.

This fact is also mirrored by the optimal hyper-parameters A\; and As selected, as we

can see that more stringent regularization is being chosen during the US housing crisis

5Due to space considerations, we choose not to display separate results for estimation windows of
non-integer sizes T € {1.5, 2.5, 3.5, 4.5} years, thou they still do enter aggregate computations. Results
for these intermediate window lengths are, as expected, intermediate, and are available upon request.

6This scale was purposefully chosen so that it allows for very mild up to stringent penalties. The
cases \g = oo or Ay = oo are implemented via corresponding restrictions on the likelihood maximization
problem.
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Figure 2.1: The three upper panels display the out-of-sample Stein loss, ratio of Stein losses
(where rCAW is the benchmark), average ranking (with 1 indicating the best model and 4 the
worst model), for individual models as a function of time. The three lower panels display the
optimal regularization hyper-parameters Ay and Ay selected, alongside with the average realized
volatility, as a function of time.
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whereas less stringent regularization corresponding to lower A; (respectively, A) is being
chosen whenever dCAW (respectively, f{CAW) performs notably well (e.g., during the 2003-
2007 tranquil period). This variability over time indicates that possible cross-sectional
dependencies might not be stable. Overall, however, we see that complete (kg) or very
stringent regularization (r7) are most frequent for both the diagonal and off-diagonal

elements.

Figure displays in-sample and out-of-sample Stein losses for individual models relative
to the loss of rCAW. As to be expected, more parameterized models achieve better
in-sample performance, especially pronounced when the estimation window is short (which
presumably reflects higher within-window stability). However, the magnitude of the
observed differences between individual models is relatively small; for estimation windows
larger than or equal to three years, it is generally within 1%. As for the rCAW, which
optimally selects the degree of parameterization, the in-sample fit is comparable to that of
the dCAW. With regard to the out-of-sample Stein losses, the sSCAW, dCAW, and rCAW
perform similarly (well within 1%), outperforming the much more parameterized f{CAW

on average by 1%-6%, depending on a length of the training window.

To be able to discern these relatively small differences between the sSCAW, dCAW, and
rCAW, Tables and provide a more detailed assessment of the out-of-sample
performance broken down to individual combinations of the number of assets n and the
training window length T'. Table depicts the average ranking of individual models
as measured by the Stein loss. The average ranking of all the three models is in the
neighborhood of 2.1, though slightly favoring the dCAW over the rCAW and sCAW, with
the difference being somewhat more sizable for longer training windows. Table [2.2] depicts
the frequency of rejection via the MCS at the 5% level for individual models, thus focusing
on how often the models perform notably badly. According to this measure, the dCAW
seems to be a slightly safer option relative to the sSCAW or rCAW for situations with
more assets and longer estimation windows, though it should be noted that the evidence
is again not entirely conclusive. The most flexible f{CAW model is, on average, rejected in

more than half of the cases.

The fact that rCAW largely fails to outperform dCAW, merely matching its performance,
can be attributed to two factors. First, it appears that sSCAW and dCAW perform
similarly without much gain obtained via optimal selection of A\;. With respect to A, the

performance appears to quickly decline as we move towards less stringent regularization
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with no apparent intermediate region of improved performance relative to dCAW. In
order to see this, we have performed an additional experiment. Figure depicts the
performance of SCAW and dCAW relative to the performance of non-feasible optimally
diagonally regularized dCAW, with \; chosen to be ez-post optimal in terms of loss.
The maximal achievable gains from diagonal regularization are generally below 1%.
Furthermore, the potential gains from regularization of off-diagonal elements relative to
dCAW are well bellow 0.3% as can be seen from Figure depicting the performance of
dCAW and fCAW relative to the performance of the unfeasible optimally off-diagonally
regularized fCAW. Clearly, the off-diagonal regularization, no matter how stringent, fails

to substantially improve dCAW even when we abstract from tuning the optimal ;.

Second, the quickly changing nature of the process (see Figure makes it difficult to
choose the optimal Ay and Ay and hence reap the already small improvements stemming

from regularization as displayed in Figures and

n=2 n=3 n=4 n=5 =n=6 n=7 n=8 n=9% n=10 all n=2 n=3 =n=4 n=5 n=6 n=7 n=8 n=9 n=10 all

2y 215 2.14 1.97 2.15 1.92 1.86 1.87 1.88 1.89 1.98 2y 226 2.14 2.28 1.94 202 219 2.10 2.05 2.00 211

3y 243 2.33 241 2.26 2.13 2.00 2.05 2.15 205 221 3y 2.26 223 2.25 211 2.07 223 2.09 2.02 191 214

4y 253 2.42 2.38 2.43 2.35 2.29 2.22 2.27 211 235 4y  2.28 2.22 2.22 2.03 203 197 1.94 2.07 2.00 2.09

S5y 270 2.52 2.43 2.75 2.71 2.55 2.39 2.28 236 2.52 Sy 214 2.14 221 1.89 1.82 1.68 1.68 1.59 1.57 1.87

all 2.431 2.305 2.299 2.371 2.224 2.157 2.152 2.135 2.129 225 all 2.283 2.249 2.291 2.032 1.95 2.071 1.993 1.955 1.943 2.09
(a) sCAW (b) dCAW

n=2 n=3 n=4 n=5 10n=6 0n=7 n=8 n=9 n=10 all n=2 1n=3 n=4 1n=5 1n=6 n=7 n=8 n=9 n=10 all

2y 3.30 3.46 3.56 3.68 3.92 3.85 4.00 3.96 4.00 3.75 2y 230 2.26 2.19 2.23 2.14 2.11 2.04 2.11 212 2.16

3y 276 318 330 346 384 373 389 38 391 3.54 3y 255 226 205 217 197 205 198 196 214 211

4y 239 2.94 3.11 3.28 3.42 3.64 3.69 3.56 3.67 3.28 4y 281 2.42 2.29 2.26 221 2.10 2.14 2.10 222 228

S5y 250 289 296 314 318 336 3.57 359 357 318 5y 266 245 239 221 229 241 236 255 250 242

all 2.699 3.112 3.245 3.378 3.667 3.657 3.8 3.754 3.771 3.45 all 2.587 2.334 2.165 2.219 2.159 2.114 2.055 2.156 2.157 2.22
(c) fCAW (d) rCAW

Table 2.1: Average ranking of individual models in terms of out-of-sample Stein loss (1 indicates
the best model, 4 indicates the worst model) for combinations of a number of assets n and length
of the estimation window 7.

The factorial design of our experiments also allows us to address questions regarding
the optimal length of the estimation window and frequency with which the model needs
to be re-estimated. This is especially relevant because researchers, possibly due to
computational limitations associated with high dimensional optimization, frequently opt
for a fixed forecasting scheme (see eg. [Lucheroni et al., |2019; |Asai et al., [2020), in which

case a single estimated model is used throughout the whole out-of-sample period.

With respect to the former question (the optimal length of the estimation window), the
upper panel of Figure depicts the out-of-sample Stein losses for different estimation

window lengths relative to the loss, which would be achieved if the estimation window
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Figure 2.2: Ratios of in-sample (the upper panel) and out-of-sample (the lower panel) Stein losses
of individual models (rCAW is the benchmark represented by the horizontal line) plotted for
different combinations of a number of assets n and length of the estimation window 7.

length was equal to a benchmark of 2 years for the given out-of-sample part of the data
and the combination of assets. In line with expectations, for the f{CAW, the ratios of
losses are generally below 1 implying that increasing the estimation window length leads

to a more precise forecast. However, for the dCAW and especially for the rCAW and
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Figure 2.3: Ratios of Stein losses of individual models and the loss which would be achieved
under the ex-post optimal regularization parameter A\; (a) and A (b) (benchmark, represented by
the horizontal line) plotted for different combinations of a number of assets n and length of the
estimation window 7.

sCAW, increasing the estimation window length does not lead to a better forecasting

performance; in fact, it somewhat worsens it (in the case of the sCAW, on average by
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n=2 1n=3 n=4 n=5 0n=6 n=7 1n=8 n=9 n=10 all n=2 n=3 n=4 n=5 n=6 n=7 n=8 n=9 n=10 all

2y 0.09 0.16 0.12 0.14 0.18 0.17 0.19 0.14 0.15 0.15 2y 023 0.16 0.36 026 029 037 039 028 0.31  0.29

3y 012 018 0.16 0.23 0.18 0.25 0.25 0.27 0.27  0.21 3y 019 0.11 0.21 023 0.11 0.14 0.16 0.18 0.18 0.17
4y 019 0.14 0.14 0.17 0.17 0.19 0.25 0.28 0.11 0.19 4y 031 0.14 0.17 0.17 014 019 019 022 022 0.19
5y 014  0.11 0.14 0.18 0.39 0.25 0.21 0.27 029 0.22 5y 0.18 0.04 0.11 0.00 011 0.04 0.07 0.00 0.00 0.06
all 0.13 0.159 0.151 0.187 0.226 0.221 0.232 0.234 0.214 0.20 all 0.249 0.137 0.212 0.183 0.14 0.186 0.2 0.191 0.186 0.19
(a) sSCAW (b) dCAW
n=2 n=3 n=4 n=5 n=6 n=7 n=8 n=9 n=10 all n=2 n=3 n=4 n=5 1n=6 n=7 n=8 n=9 n=10 all
2y 047 052 064 0.76 088 0.89 0.89 0.92 092 0.77 2y 034 028 0.36 0.32 0.35 029 033 027 023 031
3y 024 041 052 068 0.73 0.73 0.77 0.85 091 0.64 3y 021 021 0.11 0.21 0.21 0.16 0.18 0.21 0.36 0.19
4y 025 031 033 050 0.67 0.67 0.83 0.78 0.89 0.57 4y 028 022 0.14 0.19 0.22 025 028 037 0.44 0.26
5y 011 025 043 043 057 0.46 0.64 0.63 0.57 0.46 5y 014 014 0.14 0.29 0.36 025 036 042 0.43 0.28
all 0.268 0.39 0.464 0.59 0.703 0.704 0.771 0.809 0.829 0.61 all 0.249 0.22 0.187 0.216 0.262 0.225 0.25 0.282 0.314 0.24
(c) fCAW (d) rCAW

Table 2.2: Frequency of rejection of individual models via the MCS for the Stein loss at the 5%
level for combinations of a number of assets n and length of the estimation window 7.

0.27% per additional year of the estimation window). This counter-intuitive behavior
may be attributed to changes of the data generating process, which penalize utilization of

more distant data points during estimation.

With respect to the latter question (the importance of re-estimation), the lower panel of
Figure [2.4] depicts the average Stein loss for individual out-of-sample observations with
different distance from the end of the estimation window relative to the average Stein
loss over the whole out-of-sample periodm Clearly, one-day-ahead forecasts made for the
periods immediately following the estimation window are substantially better compared to
day-ahead forecasts made for more distant periods. This effect is sizable averaging to 22%
per year, completely dwarfing any differences that are observed among the sCAW, dCAW
and rCAW. The effect is stronger for more parameterized models such as the fCAW and
for larger numbers of assets n. Again, this indicates that the data generating process may
be changing, and/or that CAW-type models are likely to merely locally approximate the

process rather than to correctly describe it globally.

2.3.3 In-Sample Performance

In the previous subsection, we compare the models in terms of their out-of-sample
predictive performance as it is admittedly the single most relevant factor for practitioners.
The ranking of the models in terms of their in-sample performance, on the other hand, is
evident given their nested nature. Nonetheless, the assessment of in-sample performance

still serves a valuable role. While none of the models, not even the fCAW, can be reasonably

"The outlier period 2007-02-27 was removed from this analysis, as its relative value exceeds the sample
standard deviation by approximately ten times, heavily skewing the results.
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Figure 2.4: The upper panel displays ratios of out-of-sample Stein loss for lengths of estimation
window {3, 4, 5} years and the loss for the estimation window of only 2 years (benchmark
represented by the horizontal line) plotted for different combinations of a number of assets n and
individual models. The lower panel displays ratios of the average Stein loss for individual
out-of-sample observations with different distance from the end of the estimation window and the
average loss over the whole out-of-sample period (benchmark represented by the horizontal line)
plotted for different combinations of a number of assets n and individual models.
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expected to describe the data generating process perfectly in all its complexity, comparing
the in-sample performance of individual models offers valuable insights regarding the
poor forecasting performance of {CAW and the incapability of rCAW to deliver a superior
performance relative to SCAW and dCAW. More flexible models such as the fCAW should
explain the data generating process notably better than the sCAW to justify hundreds of
its additional parameters. Similarly, allowing for non-zero, albeit shrinked, off-diagonal
parameters in the case of rCAW is beneficial only to the extent to which these parameters

can actually genuinely help to explain the real volatility dynamics.

To assess the in-sample performance, we employ the extended Bartlett decomposition

method for Wishart processes as proposed in Alfelt et al.| (2020)). In particular, we compute

N |=

1 1\ T
U =|S R, (S{ ) , (2.6)

=Q:

where Q); is the re-scaled matrix of errors and U, is its lower-triangular Cholesky root. We

then compute transforemed errors

U, for j <i
€tij — ! (27)

¢ (FF(%Q) ((Ut,i,j)Q)) for j =i

and collect them to a single vector
-
[T (6t71,1, PN €t7n71, 6t,2,27 ceey et’nm) . (28)

As shown in |Alfelt et al| (2020)), if the model is correctly specified, the errors are 11D
standard normal, i.e., e, ~ N (O, I;) with & = n(n+1)/2. This convenient decomposition
allows us to separately assess how well CAW models account for different features of the
data generating process; an auto-correlation of e; signals misspecification of the law of
motion for S;, whereas a violation of e; ~ N (Oy, I;) signals deviations from the assumed

Wishart distribution and/or systematic prediction errors.

Table displays average rejection rates across different window locations for selected
tests performed on e;. In this exercise, the estimation window is set to T = 5 years to

obtain the largest possible power and the number of stocks is set to n = 10 to maximize
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the potential difference between the sCAW, dCAW and fCAW. Furthermore, we omit
results for the rCAW as the regularization is not justified when only the in-sample fit is
considered. For sCAW, dCAW and fCAW alike, all test (with the exception of t-test for
Hy : Eles] = 0y) reject the hypothesis that the data are consistent with the CAW(1, 1)
model; the e; exhibits an excess variance, non-normality, and temporal correlations.
Considering the long estimation window and the power of these tests, these findings are
not surprising. CAW model rarely perfectly explain the observed data; in-sample errors
are often auto-correlated (Golosnoy et al., 2012; Alfelt et al., 2020), and inconsistent
with the assumption of Wishart distribution (Alfelt et al., [2020]), with the only the test
of Hy : Ele;] = 0 usually exhibiting rejection rates close to 0 (see Alfelt et al., 2020).
Moreover, similar results are likely to be observed even when considering higher order
CAW models; in (Golosnoy et al.| (2012), increasing the model order from CAW(1,1) to
CAW(3, 3) leads to a non-rejection of only one additional error auto-correlation (out of
15).

Hp : Eles] =0,  Var(er) =Ir e ~N(p,3) e Ley
sCAW 0.571 1.000 1.000 1.000
dCAW 0.714 1.000 1.000 1.000
fCAW 0.000 1.000 1.000 1.000

Table 2.3: Average rejection rates at p = 0.01 across different window locations.
For each window location, null hypotheses were tested via the t-test, chi-squared test, |[Anderson
and Darling| (1952)) normality test, and multivariate Box and Pierce (1970) auto-correlation test
(with |[log(5 * 252) | = 7 lags), respectively.

To better assess the in-sample fit of different models, we also perform tests on individual
elements e, ; ; rather than on the whole vector e;, see Table . Despite its 198 additional
parameter relative to the sSCAW, the fCAW does not deliver a markedly better in-sample
fit. It exhibits comparable rejection rates to the SCAW for all considered tests with
the exception of the univariate Box and Pierce| (1970) test, where it offers a modest
8.6% reduction of the rejection rate. This shows that non-zero off-diagonal elements of
parameter matrices A and B generally fail to explain the residual error dependencies.
Interestingly however, errors e;; ; from the {CAW exhibit a smaller kurtosis relative those
of the sSCAW (35.8 vs 42.2), as can be seen in Figure in Appendix. This is indicative
of the fact that off-diagonal elements of parameter matrices A and B are used to better
accommodate outliers in the estimation window rather than to genuinely model the law
of motion for volatility. This also likely explain the poor performance of the fCAW, and
by extension, also the incapability of the optimal regularized rCAW to outperform the
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sCAW and dCAW.

Ho: Eletijl=0 Var(erij) =1 etij~No?) enijley;; Covletij, ey ji)=0

sCAW 0.125 0.987 0.699 0.847 0.176
dCAW 0.109 0.987 0.714 0.875 0.177
fCAW 0.117 0.987 0.688 0.761 0.168

Table 2.4: Average rejection rates at p = 0.01 across different window locations and i, j.
For each window location and combination of 4, 7, null hypotheses were tested via the t-test,
chi-squared test, /Anderson and Darling| (1952) normality test, univariate Box and Pierce, (1970)
auto-correlation test (with |log(5 * 252)] = 7 lags), and t-test for correlation, respectively.

2.4 Conclusions

We perform an extensive forecasting experiment examining the performance of the sCAW,
dCAW, fCAW, and the regularized version thereof, rCAW, which nests all three via
ridge-type regularization towards zero and towards homogeneity. The results confirm
the poor predictive performance of the f{CAW relative to more restricted models. The
performance of the sSCAW and dCAW is comparable, slightly favoring the dCAW. The
optimal amount of regularization in the rCAW does not seem to bring any tangible
improvements in terms of forecasting performance, irrespective of how precise is tuning of
regularization intensity. This indicates that the cross-sectional volatility dependence is

not a major factor, at least as far as the forecasting performance is concerned.

Further analysis shows that for the sCAW and dCAW, increasing the length of the
estimation window typically does not lead to a better forecasting performance; oftentimes,
the converse is true. Furthermore, we observe a very quick performance deterioration
when one-day-ahead forecast are made using a model estimated on more distant segments
of data, indicating possible model misspecification and/or changes in the data generating
process. Overall, based on the results, we would recommend to perform multivariate
volatility forecasting via diagonal variants of volatility models estimated on a short rolling

window, to achieve the best forecasting performance.

While we have performed all experiments with the canonical CAW(1,1) model, we con-
jecture that the tendencies we have discovered also carry over to other models with a
similar structure of the dynamic volatility equation — more general CAW and BEKK mod-
els, various extensions thereof (Caporin and Paruolo, 2015; |Caporin and McAleer, |2014;
Anatolyev and Kobotaev|, 2018]), and extensions with a block structure, these tendencies

being applicable for blocks of assets.
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different combinations of a number of assets n and length of the estimation window 7.
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n=2 n=3 n=4 n=5 n=6 n=7 n=8 n=9 n=10 all n=2 n=3 n=4 n=5 n=6 0n=7 n=8 n=9 n=10 all

density

2y 211 2.24 2.23 2.17 1.96 1.97 2.00 1.94 1.89  2.06 2y 247 2.72 2.84 2.78 2.88 2.87 2.96 2.92 3.00 2.82
3y 221 238 2.46 2.26 2.10 2.18 2.11 1.99 214 220 3y 236 2.50 2.80 2.89 2.80 2.96 3.05 3.08 3.09 283
4y 261 261 2.88 2.60 2.40 2.54 2.47 2.14 1.78  2.49 4y 244 2.53 2.86 2.56 2.81 2.94 2.94 3.11 322 281
Sy 2838 277 3.07 3.18 3.18 3.13 3.00 2.94 3.07 3.01 Sy 239 2.32 2.54 2.57 2.57 2.711 2.50 2.68 2.71  2.55
all 2.42 2471 2.597 2.489 2.346 2.389 2.345 2.192 2.157 2.39 all 2.431 2.588 2.781 2.719 2.814 2.836 2.861 2.974 3.043 2.77
(a) SCAW (b) dCAW
n=2 n=3 =n=4 =n=5 0n=6 n=7 n=8 n=9 =n=10 all n=2 n=3 =n=4 n=5 1n=6 0n=7 n=8 n=9 =n=10 all
2y 298 284 276 284 3.04 3.17 3.12 3.36 3.39 3.05 2y 245 220 217 221 212 1.99 1.92 1.78 1.73 207
3y 281 293 248 277 302 293 291 306 300 288 3y 262 219 227 208 208 193 193 1.8 177 210
4y 2.36 247 208 253 2.67 2.50 2.44 2.48 289 2.46 4y 258 239 2.18 2.32 2.13 2.01 2.14 2.27 2.11 225
Sy 221 236 211 2.00 1.82 2.07 221 2.34 229 216 5y 252 255 2.29 2.25 243 2.09 2.29 2.04 1.93 228
all 2.628 2.643 2.41 2.594 2.692 2.736 2.761 2.831 2.914 2.68 all 2.52 2.298 2.212 2.198 2.149 2.039 2.034 2.004 1.886 2.16
(c) fCAW (d) rCAW

Table 2.5: Average ranking of individual models in terms of out-of-sample Frobenius loss (1
indicating the best model and 4 indicating the worst model) for combinations of number of assets n
and length of the estimation window 7.

n=2 n=>3 n=4 n=5 n=6 n=7 n==8 n=9 n=10 all n=2 n=3 n=4 n=>5 n=6 n="7 n=8 n=9 n=10 all

2y 011 0.12 0.14 0.14 0.02 0.14 0.15 0.12 0.08 0.12 2y 021 0.30 0.26 0.18 0.22 0.37 0.33 0.33 046 0.28

3y 0.02 0.21 0.14 0.14  0.09 0.07 0.14 0.06 0.09 0.10 3y 0.07 0.21 0.14 0.16 0.16 0.14 0.16 020 0.09 0.15

4y 011 0.17 0.14 0.06 0.03 0.06 0.03 0.04 0.00 0.07 4y 0.17 0.11 0.08 0.06 0.03 0.06 0.08 0.07 0.11 0.08

5y 0.07 0.07 0.11 0.18 025 0.21 0.18 0.22 029 017 S5y 0.11 0.04 0.07 0.11 0.14 0.18 0.04 0.10 0.14 0.10

all 0.071 0.137 0.151 0.122 0.1 0.114 0.132 0.098 0.1 0.11 all 0.141 0.188 0.155 0.126 0.147 0.193 0.175 0.189 0.2 0.17
(a) SCAW (b) dCAW

n=2 n=3 n=4 1n=5 n=6 n=7 n=8 n=9 n=10 all n=2 n=3 n=4 n=5 0n=6 n=7 n=8 n=9 n=10 all

2y 023 0.24 0.28 0.26 0.37 0.31 0.29 0.36 0.39 0.30 2y 017 0.14 0.18 0.20 0.20 0.19 0.19 0.18 023 0.18

3y 017 0.23 0.11 0.21 0.23 0.30 0.23 0.30 0.18 0.23 3y 0.10 0.16 0.14 0.11 0.09 0.07 0.07 0.08 0.00 0.10

4y 017 017 0.06 0.08 0.17 0.06 0.08 0.09 0.11 011 4y 0.14 0.11 0.06 0.00 0.00 0.00 0.00 0.00 0.00 0.04

S5y 011  0.14 0.07 0.04 0.07 0.11 0.11 0.15 0.00 0.10 5y 0.14 0.14 0.11 0.11 0.11 0.14 0.07 0.15 014 012

all 0.16 0.199 0.133 0.162 0.219 0.189 0.193 0.229 0.229 0.19 all 0.141 0.152 0.126 0.112 0.097 0.107 0.096 0.1 0.1 0.12
(c) fCAW (d) rCAW

Table 2.6: Frequency of rejection of individual models via the MCS for the Frobenius loss at the
5% level for combinations of a number of assets n and length of the estimation window 7.
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Figure 2.7: Distributions of e;; ; for individual models plotted against A/(0, 1) distribution
function.
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Chapter 3
Designing Time-Series Models With

Hypernetworks

An early version of this chapter appeared in a pre-print |Stanek (2025a).

3.1 Introduction

According to the classification by [Januschowski et al. (2020), time-series forecasting
approaches can be broadly divided into two strains: The conventional approach, known
as local modeling, involves selecting the most appropriate parametric model for a given
family of forecasting tasks, often based on expert judgment. This model is then applied to
each individual observed series independently. On the other hand, global models consider
all observed time-series jointly. In extreme cases, this can be done via pooling, thus
disregarding the information regarding which data belong to which series altogether and
estimating a single global model (see e.g. [Montero-Manso and Hyndman, 2021). However,
it is often beneficial to utilize this information to help account for possible heterogeneity
among the data generating processes (DGPs henceforth) underlying the series, an approach
aptly dubbed the localization of global models (Godahewa et al.| 2021)). This is typically
performed by grouping the series either with time-series clustering techniques based on

time-series features (Bandara et al., [2020) or directly according to model performance
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(Smyl and Kuber, [2016; |[Smyl, 2020)) and estimating a specialized global model on each
cluster. By adjusting the number of such clusters, one can then regulate the degree of

globality /locality.

We present an alternative method that helps bridge the gap between these two extremes.
A global model, which instead of deriving a single forecasting function for all time-series,
outputs a function parameterized by a latent parameter vector specific to each series,
thereby acknowledging the potential heterogeneity of DGPs. Accounting for heterogeneity
through the latent parameter space, rather than clustering, offers the advantage of
equally accommodating a mixture of several different types of DGPs as well as a family
of continuously varying DGPs. Alternatively, this approach can also be viewed as a
data-driven alternative to manually designing a parametric model for a group of related
prediction tasks, an endeavor which typically requires considerable statistical expertise

and domain knowledge.

Specifically, by connecting an encoder-decoder network that accepts a task identifier
to the parameters of another network responsible for processing inputs and generating
predictions for that task, we enable a simultaneous search across the space of parametric
functions and their associated parameter values. Importantly, the resulting hyper-network
allows for complete backpropagation and does not rely on the computation of higher-order
derivatives for training, unlike alternative approaches (see e.g., [Finn et al., 2017} |Li et al.,
2017). This allows, even with relatively limited computational resources, the design a
parametric model that is finely tuned for a specific family of tasks, using the allotted

degrees of freedom per task to capture the variability between tasks.

Abstracting from the time-series nature of the data, the method belongs to a broader
category of meta-learning and/or multi-task learning methods, depending on how exactly
it is deployed in practice. Meta-learning aims at designing/training a model based on
multiple observed tasks so that it performs well when adapted with training data of a yet
unseen task from the same family, and subsequently evaluated on the test data of that
task. In contrast, multi-task learning aims to achieve optimal performance on new data
from tasks that were used for the initial training. For an excellent review of these two
closely related fields, please refer to [Hospedales et al. (2021), [Huisman et al.| (2021)), or
Zhang and Yang (2022), respectively.

We demonstrate the performance of the model in two applications. First, we show that

the proposed model substantially outperforms MAML (Finn et al., 2017) and other state-
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of-the-art meta-learning approaches on the sinusoidal regression task, a synthetic problem
introduced in Finn et al.| (2017) commonly used to benchmark various meta-learning
approaches. In the second application, we apply the model to the forecasting challenge of
the M6 Financial Forecasting Competition (see Makridakis et al.,|2022). There, the model
secured 4th place in the forecasting challenge, which, combined with the results of the

investment challenge, ultimately resulted in the 1st place in the overall duathlon ranking.

The remainder of the chapter is structured as follows. Section lays out the statistical
framework and motivates the proposed model. Section [3.3| introduces the model. Section
demonstrates its superior performance on the sinusoidal regression task. Section [3.5
details its application to the M6 Financial Forecasting Competition. Section [3.6concludes.

Section and Appendix contain proofs and supplementary materials, respectively.

3.2 Statistical Framework

In this section, we formulate the problem in terms of the meta-learning objective, as it
is typically a more relevant paradigm for time-series forecasting. Following the notation
of Hospedales et al|(2021]), we denote a task as T = {Dyrain, Dml}.ﬂ This task consists
of data generated by some DGP split into a training set Dy aim = { (2, y¢) }E, used for
estimating model parameters, and a validation set Dyq = { (24, y1) } v, for which we
aim to make predictions. The vector z; € R% typically contains lagged values of y, € R%
or some transformation of these values. Tasks are distributed according to an unknown

distribution p(7).

In the framework a model consists of two components: the prediction function
U = folzs; 9) (3.1)
which outputs predictions of y; based on the predictors z;, and the estimation function
0 = ki,(Dirain) (3.2)

which outputs the vector of task-specific parameters beo given the observations Dy.qin.

IHospedales et al.| (2021)) allow for a slightly more general setup in which the loss function may also
differ across tasks. However, this level of generality is not necessary for our purposes, so we suppress it
for ease of exposition.
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Both functions, f,(-) and k,(+), are further parameterized by a vector of meta parameters
w € 2, which are not directly dependent on the task 7 and generally encompass any prior
decisions regarding the model (e.g., the choice of an appropriate model and its particular
specification, estimation procedures, regularization techniques applied when estimating
0 etc.). To clearly differentiate between the meta parameters w and the task-specific

parameters 6, we will refer to the latter as mesa parameters, following |[Hubinger et al.
(2021)).

The quality of the model is assessed by the loss incurred on the evaluation set, denoted
by L(Dya; 0,w), with
~ 1 ~
L(D;0,w) = B S v (v fulzs 0)) (3.3)
(zt,yt)€D
where the function v measures the discrepancy between y; and the prediction ¢,. Typically,
to align the process of finding the optimal parameters 6, the estimation 0= Kw(Dirain) s

likewise performed by numerically minimizing the incurred loss over the training set:

0= Kw(Dirain) ~ arg min L(Dyqin; 0, w). (3.4)
€O

Oftentimes, the information contained in w regarding which forecasting function f,(-) to use
and the most appropriate estimation function x,(+) is determined through expert judgment,
based on informal prior knowledge regarding the task and/or ad-hoc hyperparameter
tuning. By considering a family of tasks distributed according to p(7"), we can formalize
the problem of finding the most suitable model; w such that, when observing D,.q;, and
adapting accordingly through 9, the expected performance on yet unobserved D, will be
minimized. Formally:

w* =argmin_ E_[L(Dyas; 0,w)]

st 0 = Kw(Dirain) =~ argmin L(Dyyqin; 0, w).
USS]

Solving this problem is not feasible as the distribution p(D) is unknown. However, given

a collection of M observed tasks {7 (™) M_ it is, at least in theory, possible to solve the
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finite sample equivalent of the problem instead:

o= rgmm—Zﬁ wl,@ ,w)
weo M 2= (3.6)
S.t.: é(m) = /’iw(Dgzzn) ~ arg mmﬁ( trazn’ 0 CU)

0cO
3.3 Model

The bi-level optimization problem presented in Eq. is generally computationally
demanding. It may be feasible to estimate {#(™}M_, for a limited set of different model

specifications Q = {w; }92,, and choose the model f,, (-) that yields the best out-of-sample

M

val . However, this approach quickly becomes untenable when

performance over {D
the set €1 is large or even uncountable, for example, when considering a continuum of

possible models rather than a limited set of predefined model specifications.

In addressing this problem, we adopt the following two simplifying assumptions:

A1: The estimation function x,(-) outputs the global minimizer of the in-sample

loss:

Yw € QD™

train

e (R* xR%)" 30" c o (3.7)

k(DI ) = 6% = arg min £(D

train
0

traz'm 9 w) (38)

A2: The training is conducted using a train-train split:

&= arg1 min — Z L(D tmm, " , W) (39)

~(m)

st = k(DM Y.

train

Assumption Al is pragmatically motivated by our aim, which is finding optimal parametric
models. This is in stark contrast to the widely popular family of meta-learning approaches
derived from MAML (Finn et al} |2017) that primarily concentrate on estimation routines.
There, w typically represents the initial value of # used in the estimation routine s, or
some additional information on how to adapt from 6 (see, for example, Finn et al.| (2017,
Li et al. (2017), and |Park and Olival (2019)).

Assumption A2 implies that the training is not conducted with the train-val split (i.e.,
m)

irain 11 the inner optimization problem),

with Dﬁa) in the outer optimization problem and D"
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which is typical for meta-learning. Instead, it is done with a train-train split (i.e., using

Dt(:;zn in both the outer and inner optimization problems), as is common in multi-task

(m
val

learning. In this setup the validation datasets D ) are still utilized, but typically for
early stopping of the training process rather than being directly included in the objective
function. This assumption is substantial because the training process, in this case, doesn’t

strictly correspond to how the model will be deployed in practice. That is, to the situation

M+1 M+1

when observing a completely new task, 7™+ and being asked to adapt 8™+ based on

(M+1) (M+
Dtrain val

to predict y in D Y while keeping w fixed. Despite this, it appears justifiable
in light of recent studies that demonstrate that for meta-learning, the commonly adopted
train-val split might not always be preferable to a simpler train-train split (Bai et al.|
2021) and that meta-learning and multi-task learning problems are closely connected

(Wang et al., [2021))

The introduction of these assumptions substantially simplifies the optimization problem,

as shown in the following proposition.

Proposition 1. Under assumptions A1 and A2, there exist functions f(-; 3) : R% — R
parameterized by 5 € B and g(-;w) : © — B parameterized by w € ), such that the

solution of

(0™} b= i 5 S S0 S0 ) 310)
weN Mm:l K¢

=1
m M
{otm 1} coM
coincides with the solution of the bilevel optimization problem introduced in Eq. [3.0,.

The proposition demonstrates that under A1 and A2, the bilevel optimization problem in
Eq. [3.6] collapses to a much simpler, single-level optimization problem. In this equivalent
formulation, the model f,,(-,6™) is conveniently separated into two components: the base
model f(-; 3™), parameterized by 3™, which processes features to generate predictions,
and a meta module g(™); w), which, based on the mesa parameter vector 6™ outputs

the corresponding 3™, Thus, in effect, Proposition [1] allows for a simultaneous search

M
m=1"

over both parametric functions f,, and their corresponding mesa parameters {6
Going back to the comparison with the clustering approach to the localization of global
models, Proposition [I] allows one to deploy a distinct forecasting function for each time-
series. These functions lie in the function space indexed by theta chosen to best describe

the observed heterogeneity between individual series, instead of choosing a handful of
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functions in the unrestricted function space, one for each cluster, as is done in the case of

clustering.

To allow for maximal flexibility, we express both the base model f(; /) and the meta
module g(-;w) as feedforward neural networks. The total size of the network f(-; /),
represented by dg = card(f) , controls the level of complexity with which the predicted
values ¢, depend on the input z;. The size of the mesa parameters dy = card(6) corresponds
to the number of degrees of freedom allotted to each task m and thus regulates the degree
of globality /locality of the modelﬂ Finally, the size of the network g(-;w), represented
by d,, = card(w), controls the nonlinearity of the model’s response to mesa parameters
6™ Network g does not necessarily have to be fully connected. To reduce computational
complexity, it is possible to leave some output nodes as orphaned constants, allowing

the mesa parameters ™ to affect only a part of the base model f, such as only its last
layers.ﬂ

Importantly, given that the optimization problem in Eq. is unconstrained and
that both the meta parameters w and the task-specific mesa parameters {#™M_ are
optimized at the same level, the standard backpropagation techniques can be applied,

considerably facilitating the training of the model.

When implementing the model, it is convenient to equivalently express the array of
mesa parameters {#(™}M_  as a single neural network layer without any constants or
nonlinearity. This layer takes, as input, the one-hot encoding of the task ¢ = e,, € {0, 1}
and outputs the corresponding vector of mesa parameters 6™ = (61, .. §*))q. The
entire model can then be expressed as depicted in Figure [3.1 For brevity, we will refer
to it simply as MtMs henceforth to emphasize the simultaneous training of both global

meta parameters w and task-specific mesa parameters {6(™}M_

Despite being trained under the multi-task learning paradigm, the model can be deployed
for both multi-task and meta-learning problems. For multi-task problems, it can be used
without further optimization, simply by providing more data from an already observed
task and utilizing the corresponding mesa parameters ™. For meta-learning problems,

it is first necessary to optimize over the mesa parameters 6 to estimate the parameters of

21f setting dg = 1 would still yield too much flexibility, it is also possible to further regularize the mesa
parameters. Allowing the regularization penalty to tend towards infinity renders the adaptation via 6
ineffective, causing the model to collapse into a pure global model.

3This is motivated by the fact that adaptation predominantly occurs by altering the head of the
network (Raghu et all 2019; [Lin et al., |2020)).
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Figure 3.1: A diagram of the MtMs model for an illustrative example with 6 features and 5 tasks.
The process of generating forecasts proceeds from the right to left. First, a one-hot encoded vector
¢, denoting to which task the observation belongs, is multiplied by a matrix of mesa parameters
(9(1), o, 0 )) to extract the corresponding task-specific mesa parameter vector 6. This vector is
then passed to the meta module g(;w) to generate task-specific parameters 3 of the base model
f(z; B). Lastly, the network f(x; ) is used to process the corresponding feature vector z and
generate the prediction 7.
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the new task:
é(M-H)

1 & M+1 M+1
Zargemmgzwyt( L @Y g(050))). (3.11)
i=1
This can be done using either backpropagation or a conventional numerical method. Mesa
parameters 6 often influence the prediction function f in an interpretable way, similar
to the parameters of a model manually crafted by a human expert, as demonstrated in
. . . A(M+1) .
section . Furthermore, considering that 8™ is an extremum estimator, one can

even perform inference (provided that regularity conditions are met) as with any other

parametric model.

This method belongs to the strain of meta-learning research where hypernetworks or
embeddings are used to perform adaptation to individual tasks at a lower-dimensional
manifold of the parameter space (see e.g. Lee and Choi, 2018; Zintgraf et al [2019;
Zhao et al., [2020; Flennerhag et al., [2020; von Oswald et al., [2022} Nava et al.l 2023;
Ramanarayanan et al., [2023). The main point of differentiation is that in these studies,
hypernetworks are generally used to facilitate fine-tuning of network weights while retaining
the MAML paradigm of bilevel optimization, where the inner optimization is restricted
to a few gradient steps due to computational constraints. In contrast to this approach
of fine-tuning network weights, MtMs sidestep the bilevel problem formulation by virtue
of assumption A2, which, in turn, allows one to interpret mesa parameters {G(m)}%zl
as global optimizers of some underlying parametric model crafted specifically for the
family of tasks p(7). This is essential, as multistep task adaptation has been shown to be
crucial in meta-learning (Lin et al., [2020). In this respect, the model is closely related to
the seminal work of Shamsian et al.| (2021)), where a similar architecture with a custom

training algorithm (pFedHN) is proposed for the task of personalized federated learning.

3.4 Application: Sinusoidal Regression Task

To evaluate the potential of the MtMs to find the most appropriate parametric model for
a given family of prediction problems, we first consider a simulation exercise originally
proposed by [Finn et al.| (2017) to test the performance of MAML. Since then, this

environment has frequently been used to compare competing meta-learning methods.

In particular, the tasks 7™ = {D(m) ng;)} are generated according to the following

train>’
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DGPH

A™ ~ U(0.1,5)
b ~ U(0, )
(3.12)
2™ A pm) U (=5, 5)

The goal is to find the best model that can predict y(m) based on a:l(m) for i > K after

(m)

rain, &8 Measured by the mean squared error:

observing only D

Y m) (m). 3™
,W) = Z (yim - fw(mzm ;0 ))2

L, (D0
N-K, 2, (3.13)

For fair comparison, we follow [Finn et al.| (2017)) and set the base model to be a feedforward
neural network with two hidden layers of size 40 and ReLU non-linearities. The number
of mesa parameters, dy, is set to 2 and the meta module g(-;w) is a simple fully connected
feedforward network with no hidden layers or non-linearities. For training of the MtMs, it
is entirely sufficient to use only 1000 distinct tasks. This is far fewer then the 70000 task
originally used in Finn et al.| (2017)) and in the followup studies. Likewise, the training is
done with a fraction of the computational resources. It takes approximately 0.5 hour on a
consumer grade mid-range CPU, which is in sharp contrast to the powerful GPU units
used for training in other studies. Other simulation details follow Zhao et al. (2020) and

are available in the replication repositoryﬂ

Table shows the mean squared error achieved by the MtMs for 5-shot learning and
10-shot learning. For comparison, we include the losses of commonly used meta-learning
methods on this task (the performance of competing methods is taken from Park and Oliva
(2019) and |Zhao et al.| (2020])). The proposed MtMs model outperforms all benchmark
methods by an order of magnitude for both 5-shot learning and 10-shot learning of the
sinusoidal task. In fact, the losses are in both cases very close to the theoretical minimum
of 0, indicating that the MtMs is capable of recovering the data-generating process to

such a degree that, when faced with only as few as 5 observations {xz(m), yfm)} from task

4As the sinusoidal regression task is a cross-sectional exercise, we index individual observations by 4
rather than t to highlight that they are conditionally IID.
Shttps://github.com/stanek-fi/MtMs_sinusoidal_task
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)

m, it is able to almost perfectly infer ygm as a function of xl(-m) for the whole range [—5, 5].
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Figure 3.2: MtMs predictions for sinusoidal task (K = 5)
Plots of f,,(z;60) as a function of = for different values of the mesa parameter vector . In the
upper panel, the first mesa parameter 6, varies while 65 is fixed to its median value. In the lower
panel, the second mesa parameter @5 varies while #; is fixed to its median value.

Figure (resp. shows predictions of the model f,,(x; 8) as a function of z for different
values of mesa-parameters 6 for K =5 (resp. K = 10). As is apparent from Figure |3.2]
plotted prediction functions closely resemble different sine waves, indicating the MtMs is
indeed capable of correctly determining that each generated task follows a sine function
with varying phase and amplitude. However, the mesa parameters 6 = [0y, 0] explaining

the variability between tasks do not directly correspond to the amplitude A and phase b.
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Figure 3.3: MtMs predictions for sinusoidal task (K = 10)
Plots of f,,(z;60) as a function of = for different values of the mesa parameter vector . In the
upper panel, the first mesa parameter #; varies while 0 is fixed to its median value. In the lower
panel, the second mesa parameter 05 varies while 0, is fixed to its median value.
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Instead, 0 regulates the amplitude (negatively), but to a lesser degree, it also regulates
the phase (positively), while 8, primarily regulates the phase (positively) and, to a lesser
degree, it also regulates the amplitude. This is not surprising, as there are infinitely many
parametric models that are observationally equivalent to the DGP described in Eq. [3.12]
In particular, any two vectors in R? that are linearly independent are capable of spanning
the whole space of [b, A] just as well as the basis vectors used in Eq. . The MtMs
hence generally converges to one of these equivalent parametrizations, not necessarily to
the exact same parametrization used to simulate the data. In Figure [3.3] the prediction
functions approximate sine waves even more closely, as K = 10 allows more accurate

identification of the between-task variability.

Method K —5 K =10
WML(Finn et al.:2017) 0.686E0070 () 435%0.039
LayerLR (Park and Oliva, 2019) 0.528%0-068 (.269+0:027
Meta-SGD (Li et al., 2017) 0.489£0061 () 958+0.026
MC1 (Park and Olivaj [2019) 0.426%00%4  (.239%0:025
M(C2 (Park and Olival, 2019) 0.405%0-048 () 201%0-020
MH (Zhao et al., [2020) 0.501%0-082 () 981 %0.072
MtMs (ours) 0.022£0003 () ()] 4+0.001

Table 3.1: Losses for sinusoidal task
Mean squared errors and corresponding 95% confidence intervals for different meta-learning
methods.

Admittedly, the sinusoidal regression problem is relatively favorable to the MtMs because
the data are generated using a clearly defined low-dimensional model, and MtMs is, at its
core, a method for recovering unknown parametric models. To demonstrate that the good
performance is not limited to artificial tasks like this one, in the next section, we apply it

to real-life forecasting problems posed in the M6 competition.

3.5 Application: M6 Forecasting Competition|’

The M6 Financial Forecasting Competition (see [Makridakis et al., [2022) spanned from
March 2022 to February 2023 and focused on a universe of 100 assets: 50 S&P 500

stocks and 50 international ETFs. In the forecasting challenge, participants were tasked

5The model specification evolved slightly during the competition. This section details
the model’s state as of the 12th and final submission. For the evolution of the model, please
refer to the original repository https://github.com/stanek-fi/M6 which contains unaltered
scripts used for the submissions.
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with predicting probabilities for each asset’s next 4-week returns falling into one of five
quintiles relative to other assets in the universe. The accuracy of these predictions
was assessed using the ranked probability score (RPS) loss after the 4-week period had
passed. In the investment challenge, participants were required to submit portfolio weights
for the upcoming 4-week interval. These portfolios were then evaluated based on risk-
adjusted returns (IR). Additionally, participants competed in a duathlon, which combined
both forecasting and investment challenges. The duathlon ranking was computed as an
arithmetic mean of participants’ ranks in the forecasting and investment challenges. This
section describes the methods we employed for our submissions, which achieved 4th place
in the forecasting challenge, 6th place in the investment challenge, and ultimately secured

the 1st place in the duathlon.

MtMs, while broadly applicable, is especially well-suited for time-series forecasting, where
the number of observations is typically insufficient to apply nonparametric methods on a
per-series basis, but where multiple realizations of similar (but not necessarily ex-ante
identical) time-series are available. In particular, in the case of M6, it allowed us to
perform a search over the space of prediction functions parameterized by some latent
parameter vector specific to each asset, as opposed to finding a single prediction function
for all assets, as one would do when applying a conventional nonparametric model on
pooled data. The latent parameter vector can absorb heterogeneity in DGPs across assets,

hence improving the performance.

In the context of the forecasting challenge in the M6 competition, each task m represents
a single asset. The variable yﬁm) € {0,1}° serves as an indicator for the quintile to which

)

the returns of asset m belong within the 4-week interval ¢, and x,gm is a feature vector

used for prediction.

3.5.1 Data augmention

To enhance training stability and performance, we augment the dataset with assets beyond
the 100 specified in the M6 universe. Data augmentation is particularly advantageous
for the MtMs model, as even if additional assets have substantially different DGPs from

those in the M6 universe, these variations are likely to be absorbed by (™).

We augment the original 50 stocks and 50 ETFs with an additional 450 stocks and 450
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ETFs. These assets are selected from a pool of assets with sufficient trading activity|
(must be at least 0.5 times the minimal trading activity observed in the M6 universe) and
price history (must span from at least 2015 to the current date) to match the volatility
observed in the M6 universe (the top 450 stocks/ETFs with the highest likelihood of their
volatility being observed among the stocks/ETFs in the M6 universe are selected). Finally,
the additional 450 stocks and 450 ETFs were randomly divided into 9 additional M6-like
universes in order to compute quintiles yt(m) of returns

In addition to augmentation across the dimension M, we calculate quintiles ygm) and

features xﬁm) for 4-week intervals shifted by 1, 2, and 3 weeks relative to the actual start of
the competition (2022-03-07). Assuming the time-series are stationary, such augmentation
does not alter the objective in any way and allows us to effortlessly quadruple the amount

of data per asset m, further enhancing the stability of the training process.

3.5.2 Features

As features xim), we utilize an indicator for whether a given asset is an ETF, its own

lagged 4-week returns and volatilities (up to lag 7), and an array of technical trading
indicators from the TTR package (Ulrich) [2021), calculated based on historical prices. We
opt for TTR because it offers a unified interface, allowing us to generate a diverse set of
features programmatically without requiring extensive supervision or manual adjustments.
A complete list of all 81 features is provided in Table in Appendix [3.AlF] Finally, we
impute missing values with medians, and normalize the features to zero mean and unit

variance.

3.5.3 Model & training

The base model f(-;3) is a feedforward neural network comprising two hidden layers with
32 and 8 units, featuring leaky ReLLU nonlinearity and a dropout rate of 0.2. The output
layer has 5 units and utilizes a softmax transform. The meta module g(-;w) is a trivial

feedforward network with no hidden layers or nonlinearity. One mesa parameter (dy = 1)

"Measured by the product of the daily traded volume and the closing price.

8Note that computing quintiles based on all 900 additional assets at once does not generally align
with the original objective.

9Some indicators are multivariate and/or are computed with different lengths of the rolling window.
The feature selection process involved initially training an XGBoost model (Chen et al., |2023) using all
available technical trading indicators from TTR and subsequently pruning the least important features.
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is allotted to each asset, influencing the weights and biases of the final layer in f(-; 3).
The architecture of the entire model is displayed in Figure [3.4]
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Figure 3.4: A diagram of the MtMs model applied to M6. In the case of M6, there are 1000
tasks/assets (100 specified by the organizers and 900 from the additional 9 auxiliary M6-like
datasets). Each asset is allotted one univariate mesa parameter 6, which, through the meta module
g(0;w), determines the parameters 3 of the network f(x; ). This network then processes the
corresponding feature vector x to generate the prediction §. The meta module g(0;w) is a trivial
single-layer neural network that connects 6 to the weights and biases of the last layer of the
network f; Beonnected- The remaining nodes corresponding to parameters Borphaned are not
influenced by 6 and are hence constant across all tasks/assets.

To train the model, we utilize data from 2000 to 2022 for training, reserving the remaining
data for testing. Given the high sensitivity of hypernetworks to their initialization
, , our training process consists of two steps. In the first step, the base model is
trained on pooled data without taking into account which data belongs to which task.
This training is conducted under the RPS loss using the Adam optimizer with a learning

rate of 0.01, a minibatch size of 200, and early stopping.

In the second step, the trained weights from the first step serve as an initialization for
the bias of the meta module g(-;w). Meanwhile, the weights of the meta module are
initialized uniformly on the interval [—1,1], and mesa parameters {#™}M_ are set to 0.
This means that the optimization begins from a point where the MtMs model is already

proficient at predicting yt(m), and the objective now is primarily to capture any systematic
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differences among the DGPs of individual assets through the mesa parameters {§(™}M_ .
The optimization is carried out iteratively using the Adam optimizer, with gradually
decreasing learning rates, minibatches consisting of 100 randomly selected assets and early
stopping. We employ this repeated training scheme because MtMs can be challenging to
train, with the optimizer often struggling to adjust the model weights for improved test
loss on the initial attempt. Multiple iterations are typically required. Finally, to make
predictions, we can readily employ mesa parameters #(™) corresponding to the original

asset universe without any further training (i.e., a multi-task learning scenario).

Although the rankings of individual assets are intrinsically related (with exactly 20 assets
belonging to each quintile within each universe), we choose to disregard this dependence
and submit predictions @im) =f (azgm) , g(g(m); w)) without any post-processing or further
adjustments.m While harmonizing the predictions could potentially yield performance
improvements, we did not pursue this as the universe’s size of 100 assets is adequate to

)

ensure that y§m is at least approximately unrelated in this regard.

3.5.4 Implications for Investment Decisions

Interestingly, despite the model’s predictions performing well when measured by RPS losﬂ,
attaining an RPS of 0.15689, they contain surprisingly little information about expected
returns. This severely limits their practical utility for forming investment portfolios, except
for risk management purposes. Figure |3.5| shows the predicted probabilities of the 1st
(resp. 2nd) quintile plotted against predicted probabilities of the 5th (resp 4th) quintile
for individual assets throughout the competition. Predictions generally traverse along the
diagonal line, implying that an increased probability of exceptionally good performance,
relative to other assets, is accompanied by an increased probability of exceptionally poor
performance, and vice versa, thus failing to provide any clear recommendations on which
positions to take. This finding appears to align with the efficient market hypothesis (see,

e.g., Malkiell 2005), which posits that it is impossible to achieve abnormal returns based

0The only exceptions are the predictions for the DRE stock during submissions 10-12. After DRE
stock was acquired by PLD, it exhibited zero price changes from that point forward. To address this,
we overrode the predictions with observed frequencies with which a hypothetical asset with zero returns
would belong to individual quintiles.

"Disentangling the precise causes of the model’s relatively good performance is challenging. However,
the training metrics suggest that the considered assets are relatively homogenous. The most significant
improvements over naive predictions were achieved through joint training, with adaptation playing a
secondary role. MtMs nonetheless still provided the advantage of using a much broader universe of assets
for training without concerns about their dissimilarity to the assets specified by the organizers.
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on information contained in the price history.

In general, the predictability of quintiles of rank does not necessarily imply predictability
of expected returns; many DGPs for asset returns with identical means are compatible
with non-uniform and predictable quintiles. Even the minor asymmetries in quintile
predictions (i.e., a situations in which P(quintile,, = 1) # P(quintile,,, = 5) or
P(quintilen,; = 2) # P(quintile,,; = 4)) occasionally observed in Figure are not
necessarily indicative of mean predictability. Instead, they are likely caused by a varying

degree of asymmetry in the distribution of returns across different assets.

This posed a challenge regarding how to best approach the investment challenge in which
we also participated. Given the lack of information in predictions regarding the expected
returns, which would allow us to attain abnormal returns, we opted to use the investment
challenge as ancillary to the prediction challenge and to strategically regulate the risk
depending on the current ranking to improve the chances of securing a good enough
rank in the duathlon challenge.H In particular, to maximize the probability of securing
the top rank, it is desirable to take more risky positions when one ranks poorly in the
public leaderboard, attempting to improve otherwise hopeless positions. Conversely, more
conservative positions might be warranted if one already holds a sufficiently good rank

and only wishes to maintain it.

A formalization of this type of approach as a dynamic programming problem and analysis
of its performance is beyond the scope of this chapter, but can be found in (Stanek,
2023b). The simulations suggest that employing such an adversarial portfolio strategy can
significantly improve the likelihood of achieving a favorable rank within the leaderboard.
This effect is particularly notable for the highest rankings; the probability of securing the
1st place is approximately 3 times higher than expected by chance, comparable to that of
a participant consistently generating double the market returns. The advantage for less
extreme placements is less pronounced, with the probability of securing the 20th place or

better being approximately 1.5 times higher than expected by chance.

12As the objective is defined in terms of risk-adjusted returns, it is challenging to directly control risk
by forming portfolios with varying degrees of return variability. To circumvent this issue, we leveraged
the competitive nature of the competition, where only relative performance matters, and the fact that
participants were primarily taking long positions. By varying the proportion of short positions in the
portfolio, one can control the extent to which returns of the submitted portfolio would be negatively or
positively correlated with the returns of other participants at large.
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Figure 3.5: Predicted probabilities of the 1st quintile plotted against the probabilities of the 5th
quintile (upper panel) and predicted probabilities of the 2nd quintile plotted against the
probabilities of the 4th quintile (lower panel).
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3.6 Conclusions

We propose a meta-learning/multi-task model based on hypernetworks. This approach
enables the creation of a parametric model specifically optimized for a particular family of
prediction tasks. In this way, the model’s parameters are used to capture any between-task
variability, while features of the DGP that are approximately invariant across tasks are
learned from the pooled data. Unlike other meta-learning approaches, the training of the
model does not rely on the computation of higher-order derivatives and can be done via
standard backpropagation techniques, considerably reducing the computational resources

required.

The model outperforms state-of-the-art meta-learning approaches on the sinusoidal re-
gression task by an order of magnitude. It is capable of almost perfectly recovering the
underlying parametric model (or one of its equivalent representations) and delivering
near-oracle-level performance. The second application in which we showcase the model
is the M6 Financial Forecasting Competition. There, the MtMs model allowed us to
leverage a much broader universe of assets for training while also acknowledging potential
heterogeneity among the assets. The model attained an RPS of 0.15689, securing the 4th
place in the forecasting challenge and ultimately the 1st place in the overall duathlon

ranking.

These two applications clearly demonstrate the potential of MtMs in solving difficult
prediction problems where neither pure global nor pure local models are completely
appropriate. An exciting area for further research, which we plan to explore, is to
test its applicability on a broader range of meta-learning problems, especially few-shot
image recognition—a typical domain of meta-learning approaches—and general few-shot

reasoning tasks.
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3.7 Proofs

Proof of Proposition 1. Define g(6™;w) = {8 w} and f(-, ™) = faem( B™I1])
with B = © x (2. Under Al and A2, the bilevel optimization problem in Eq. reads as
follows:

1
@ =argI min —

2 LAl g0 )

=Q(w {rw (DI M)

train

||M§

) (3.14)
s.t.: 0

_argmlnEZV f( ;g(0;w))).

=1

The assumption of existence and uniqueness of the inner optimization problems (A1)

guarantees that the objective Q(w, {r, (D (m) )IM_ ) is properly defined. Let us denote

train

the set of solutions to the bilevel problem (Eq. [3.14) as Q3 C ©, and the w component of
the set of solutions to the single-level problem (Eq. [3.10)) as 2%. The fact that Qf = QF
directly stems from the fact that the individual components (m) of the outer optimization

objective Q(-) coincide with the inner optimization objectives:

Let w* € Q. By virtue of optimality,

Vw € Q¢ Qw", {ku (Dl )} < Q(w, {ku(Dff ) },). (3.15)

From the definition of ., and the additivity of Q(-), it also holds

Vw € QV{MIM_ € 0M ¢ Q(w, {ku(Diral) }A_1) < Q(w, {0, (3.16)

train

Combining these, we obtain

Vw € QV{0MIM_ € 0M ¢ Q(w*, {kur (D) }1) < Qw, {0} ))  (3.17)

which implies w* € Qg.

Let w* € Qg, and let {#*™}M_ ¢ ©OM be the corresponding # component of the solution.

By virtue of optimality,

Yo € QY9 € 0 Q{0 < Qw, {0}y (3.18)
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Since k(D™ ) € O, it follows that
Vo €0 QW {IMEIL) < Q. {mu(Diai) bnzn). (3.19)
From the definition of k., and additivity of Q(-), it also holds
Q" {rwr (Difeh) bms) < Q™ {07 EL). (3.20)
Combining these, we obtain

Yw € Q: Q" {ku (DI ) < Q(w, {ku(Di )Y, (3.21)

which implies w* € Qp.

94



3.A Supplementary Results

Source Feature Transformation
own Volatility (lag = [1,2,3,4,5,6,7])

own Return(lag = [1,2,3,4,5,6,7])

own IsETF

TTR ADX

TTR aroon

TTR  ATR(n=[7, 14, 28)]) Norm.
TTR BBands Norm.
TTR CcClI

TTR  chaikinAD diff(1)
TTR chaikinVolatility

TTR CLV

TTR CMF

TTR CMO

TTR CTI

TTR DEMA Norm.
TTR DonchianChannel Norm.
TTR EMA Norm.
TTR EVWMA Norm.
TTR  GMMA (short=10, long=[30, 60]) Norm.
TTR HMA Norm.
TTR KST

TTR MACD

TTR MFI

TTR OBV diff(1)
TTR PBands Norm.
TTR ROC

TTR RSI

TTR  runPercentRank(n=100)

TTR SMI

TTR SNR(n=[20,60])

TTR TDI Norm.
TTR TRIX

TTR ultimateOscillator

TTR VHF

TTR volatility

TTR  williamsAD diff(1)
TTR WPR

TTR ZLEMA Norm.

Table 3.2: Features wgm) used as input to the model. The transformation “Norm.” indicates that
the feature is normalized by the price of the asset while the transformation “diff(1)” denotes first
differencing.
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