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“ And here, poor fool! With all my lore,
I stand no wiser than before. ”

– Goethe’s Faust (1800)
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“ A laser is a solution seeking a problem. ”
– Theodore Harold Maiman (1964)

1
Introduction

In the opening chapter, we introduce a very coarse review of historical milestones and some
of the most important achievements in high-power laser technology and applications. Then,
we define and put our research objectives in the context of these advancements. Finally, we
outline how the structure of this doctoral thesis is organized.

1.1 Historical overview and motivation
Relativistic optics can be defined as a regime of light-matter interaction where relativistic
effects become non-negligible [Mourou et al., 2006]. This occurs when the velocity of the
lightest component of matter, the electron, approaches the speed of light. To study such a
regime, we require large amplitude electromagnetic waves. Therefore, the journey towards
relativistic optics was intimately tied to the development of intense electromagnetic radiation,
which began with the first demonstration of the laser1, which stands for light amplification
by stimulated emission of radiation. The laser produces a coherent state of visible light,
where all waves are of the same wavelength and entirely in phase. This was achieved using a
solid-state synthetic ruby crystal [Maiman, 1960]2.

This achievement was rapidly followed by the introduction of Q-switching [McClung
and Hellwarth, 1962] and mode-locking [Hargrove et al., 1964; Mocker and Collins, 1965],
two techniques that led to the generation of ultrashort laser pulses. Q-switching requires
a variable attenuator inside the optical resonator. For a gain medium with population
inversion, a decrease of attenuation rapidly generates a burst of electromagnetic energy, a
laser pulse [McClung and Hellwarth, 1962]. In mode-locking [Hargrove et al., 1964; Mocker
and Collins, 1965], an active or passive modulator modulates the transmission of the laser
at some frequency. If the modulation frequency equals frequency spacing of the oscillator
modes, these modes3 become locked in phase, and an ultrashort laser pulse is produced.
Following these developments, large-amplitude laser pulses stimulated rapid exploration

1For a review and historical overview of laser physics, we recommend [Saleh and Teich, 1991].
2The realization of a laser was preceded by the maser [Gordon et al., 1955], which is based on the same

principle of stimulated emission of radiation, but operates in the microwave spectral range.
3Within the spectral bandwidth of the gain medium.
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Chapter 1. Introduction

of nonlinear optics in the 1960s [Franken et al., 1961; Bass et al., 1962; Armstrong et al.,
1962; Maker et al., 1964; Woodbury and Ng, 1962; Chiao et al., 1964b; Chiao et al., 1964a;
Kaiser and Garrett, 1961; Voronov and Delone, 1966], such as generation of harmonics of the
fundamental optical frequency [Franken et al., 1961].

These discoveries laid the groundwork for further advancements in laser technology and
applications. Throughout the 1970s and 1980s, the push towards increasingly shorter laser
pulses continued with the development of dye lasers and solid-state crystals. Today, amplifying
media provide gain bandwidths that produce laser pulses as short as a few femtoseconds
(1 fs “ 10´15 s) [Mocker and Collins, 1965], with the primary representative being a solid-state
crystal of sapphire (Al2O3) doped with titanium ions (Ti3`), referred to as Ti:sapphire laser
system, which operates in the infrared range with a central wavelength of λ “ 0.8 µm. Ti:Sa
laser systems typically produce laser pulses with a duration of « 30 fs. In the 1990s, passive
mode-locking saturable absorbers were refined [Shank et al., 1982], and the introduction
of Kerr-lens mode-locking represented a significant breakthrough. Now, femtosecond laser
pulses could have been produced without an additional saturable absorber in the resonant
optical cavity [Spence et al., 1991].

Despite these advances, generating powerful femtosecond pulses proved challenging
without inducing ionization damage to the amplifying medium. The damage threshold of
amplifying media was overcome with the advent of chirped pulse amplification (CPA) in
the 1980s [Strickland and Mourou, 1985], a technique that has since become foundational
for high-power laser systems and was awarded the Nobel Prize in Physics 2018. CPA works
around the damage threshold by stretching a short pulse in time to reduce its peak power
before amplification and then compressing it back to its original duration after amplification.
This enabled the amplification of laser pulses to unprecedented energies without damaging
the amplifying medium [Strickland and Mourou, 1985; Maine and Mourou, 1988]. The
introduction of optical chirped pulse amplification (OPCPA) [Dubietis et al., 1992], which
combines CPA with optical parametric amplifiers [Giordmaine and Miller, 1965; Baumgartner
and Byer, 1979], offered additional bandwidth increase and pushed the pulse durations below
10 fs. Currently, the state-of-the-art technique for ultrashort pulse generation is the nonlinear
self-phase modulation in hollow-core fibers [Nisoli et al., 1996], which can produce few fs
laser pulses, with a recent record of peak powers over 1 terawatt (TW) [Ouillé et al., 2020;
Nagy et al., 2020]. This rapid development of laser technology led to the proliferation of
high-power lasers worldwide4.

Today, laser systems exceed the petawatt (PW) peak power threshold [Perry et al., 1999;
Haefner et al., 2017; Zeng et al., 2017; Danson et al., 2019], with a current record of 10 PW
peak power [Tanaka et al., 2020; Radier et al., 2022]. Global efforts towards making lasers
even more powerful are continuing, with plans already in place to reach the 100 PW peak
power in the future [Li et al., 2021]. Focusing a petawatt laser pulse into a diffraction-limited
focal spot with a diameter of « λ « 1 µm, we obtain focused intensity of « 1023 W{cm2,
which corresponds to the current experimental record of focused intensity [Yoon et al., 2021].
This is five orders of magnitude above what is known as the threshold of relativistic optics,
an intensity threshold of « 1018 W{cm2 [Mourou et al., 2006], beyond which electrons attain
relativistic velocities. Indeed, relativistic laser-plasma interactions already become significant
at the TW level [Bahk et al., 2004; Lazzarini et al., 2024] and have been studied since the
advent of CPA [Gibbon, 2005]. Yet, pushing below the femtosecond barrier at the petawatt
level proves a challenge using conventional technology of large-aperture solid-state optics.

A way towards the attosecond regime opened by pushing the nonlinear laser-matter
interaction closer to the ionization threshold, where nonlinear polarization of atoms becomes

4For an up-to-date overview of petawatt laser systems worldwide, see [Danson et al., 2019].
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1.2. Goals of the thesis and author’s contributions

dominant. Ionized noble gases enabled the generation of high harmonics of the fundamental
laser frequency [Ferray et al., 1988], the presence of which dramatically increases the available
bandwidth, with a current world record for the shortest pulse of coherent radiation being 43
as5 [Gaumnitz et al., 2017]. This technique was awarded the Nobel Prize in Physics 2023
because it opened the way towards the study of attosecond physics6, where the dynamic of
individual electrons in atomic systems is studied. For example, the oscillation period of a
hydrogen electron oscillating between the 1s and 2p energy levels is approximately 400 as. Yet,
limitations remain. High-harmonic generation in gases requires laser intensities at or below
the ionization threshold of the gas medium, which is approximately « 1015 W{cm2. Therefore,
employing nonlinear effects for even shorter pulse generation requires laser interaction with
the final frontier of the states of matter – plasma, an electrically quasineutral medium
composed of light negatively-charged electrons and heavy positively-charged ionized atoms.

Today, nonlinear interactions in plasma continue to open the way toward even shorter and
brighter radiation sources. In plasma, the nonlinear interaction occurs due to a fundamental
limit on the oscillation velocity of electrons – the speed of light [Mourou et al., 2006]. The
oscillation velocity of electrons must be smaller than this limit, leading to laser-driven
nonlinear relativistic oscillations. The field of high-intensity laser physics is currently bursting
with activity, with many different research directions leveraging the relativistic nonlinearity.
Currently, the main research activities can be narrowed down to compact particle acceleration
and generation of coherent and incoherent high-frequency7 electromagnetic, both of which
have numerous applications in medicine, industry, and fundamental science [Gibbon, 2005;
Mourou et al., 2006; Corde et al., 2013; Albert and Thomas, 2016; Attwood and Sakdinawat,
2017; Rivas et al., 2017; Faure et al., 2019; Tanaka et al., 2020; Toth et al., 2020; Chaulagain
et al., 2022].

1.2 Goals of the thesis and author’s contributions
The goals of this doctoral thesis can be defined in two parts:

1. Produce a compendium of theory and literature relevant to the author’s results and
the field of relativistic optics.

2. Present the author’s results and contributions in the field of relativistic optics, mainly
in the form of peer-reviewed publications.

This doctoral thesis has been supervised by Jaroslav Nejdl, with additional guidance provided
by Sergei Bulanov and Uddhab Chaulagain. The postgraduate studies occurred at the
Faculty of Mathematics and Physics, Charles University, and the ELI Beamlines Facility,
Extreme Light Infrastructure ERIC. The research projects I have worked on are extensively
documented in publications by me and my co-authors. I have authored or co-authored
19 publications, including 7 in peer-reviewed journals, 1 pre-print, and 11 in conference
proceedings. The central part of this doctoral thesis is based on the following four selected
publications:

51 as “ 10´18 s. An attosecond is to a second as a second is to about 31.78 billion years. To give a sense of
a scale, this is more than two times the current estimate for the age of our universe, which is approximately
13.78 billion years.

6For an overview of attosecond physics, see [Krausz and Ivanov, 2009].
7X-rays, extreme ultraviolet radiation, broadband attosecond pulses.
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I. M. Lamač, K. Mima, J. Nejdl, U. Chaulagain, and S. V. Bulanov (2023). Anomalous
relativistic emission from self-modulated plasma mirrors. Physical Review Letters,
131(20), 205001

II. M. Lamač, P. Valenta, J. Nejdl, U. Chaulagain, T. M. Jeong and S. V. Bulanov (2024).
Bright coherent attosecond X-ray pulses from beam-driven relativistic mirrors. arXiv,
preprint arXiv:2403.03277. (submitted)

III. M. Lamač, U. Chaulagain, L. Jurkovičová, J. Nejdl, and S. V. Bulanov (2021). Two-color
nonlinear resonances in betatron oscillations of laser-accelerated relativistic electrons.
Physical Review Research, 3(3), 033088.

IV. M. Lamač, U. Chaulagain, J. Nejdl and S. V. Bulanov (2023). Generation of intense
magnetic wakes by relativistic laser pulses in plasma. Scientific Reports, 13(1), 1701.

The results obtained have also been presented at several international conferences and
workshops. The most important oral and poster contributions related to Refs. I. – IV. are
mentioned in Chapter 3.

1.3 Outline of the thesis
The remainder of this doctoral thesis is organized as follows:

Chapter 2 fulfills the first goal of this doctoral thesis. It presents an overview of the theory
of relativistic optics, where we discuss various topics relevant to the author’s main
research activities and results. Our approach is pedagogical and concise, intending
to produce a compendium of theory that builds up the key concepts and provides
a literature overview. Crucially, we do not aim for an exhaustive description of all
consequences and applications. A significant body of literature is provided in each
section to give the reader more details, contextual information, and references.

Chapter 3 fulfills the second goal of this doctoral thesis. It presents a brief commentary
on the author’s primary results, which are presented in the form of four selected
publications in Appendix B. We also discuss the author’s role and contributions.

Chapter 4 summarizes this doctoral thesis’s content, highlights the author’s key findings,
and indicates potential avenues for future research.

Appendix A includes a comprehensive list of the author’s publications up to the submission
date of this doctoral thesis, encompassing those in peer-reviewed journals and conference
proceedings, as well as pre-prints.

Appendix B features the four selected publications, Refs. I. – IV., reproduced in full with
permission.
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“ And, believe me, if I were again begin-
ning my studies, I should follow the
advice of Plato and start with mathe-
matics. ”

– Galileo Galilei (1638)

2
Theory of relativistic optics

This chapter serves as a theoretical primer for relativistic optics and the author’s original
results within the field. We begin by defining the relativistic regime of laser-matter interaction
and outline basic equations and key parameters. Further, we show that the relevant physics
naturally splits into two cases, and therefore, we provide each with its section. In the first
case, denoted as relativistically underdense, the laser can propagate within the interacting
medium. Here, we present key concepts related to the author’s research, such as plasma
wakefield acceleration, betatron X-ray generation, realization of relativistic mirrors, and
generation of magnetic fields relevant to laboratory astrophysics. In the second case, the
medium is relativistically overdense, and the laser is reflected upon interaction. The key
concepts presented are high-harmonic generation and laser intensity amplification, both of
which can arise from a relativistic oscillating mirror induced by the incident intense laser.

2.1 Interaction of electromagnetic field with matter
The microscopic Maxwell’s equations give the evolution of classical electromagnetic field
[Maxwell, 1865; Born and Wolf, 1959; Jackson, 1962; Zangwill, 2013]

∇ ¨ E “
ρ

ε0
, (1)

∇ ¨ B “ 0, (2)

∇ ˆ E “ ´
BB
Bt

, (3)

∇ ˆ B “ µ0j ` µ0ε0
BE
Bt

, (4)

where ρ and j are the electric charge and current densities, which act as the sources of
electromagnetic field, E is the electric field, and B is the magnetic field, ε0 is the vacuum
permittivity, and µ0 is the vacuum permeability. By combining Maxwell’s equations, we may
find that electromagnetic fields satisfy the wave equation, with phase velocity given by the
speed of light in vacuum c, i.e., without charges and currents, which is defined as µ0ϵ0c2 “ 1.
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Chapter 2. Theory of relativistic optics

Due to the linearity of Maxwell’s equations, any electromagnetic field can be described as a
superposition of propagating electromagnetic waves [Born and Wolf, 1959; Jackson, 1962;
Zangwill, 2013].

Taking the curl of Ampere’s law (4), with the use of Gauss’ law (1), we obtain the
continuity equation

Bρ

Bt
` ∇ ¨ j “ 0, (5)

which is a microscopic formulation of charge conservation. In macroscopic terms, the total
charge is always conserved, and any change in total charge in a given volume is always equal
to the net current going through the boundary of that volume.

An equivalent formulation of the Maxwell’s equations can be given in terms of the
electromagnetic potentials, which are defined to satisfy

E “ ´
BA
Bt

´ ∇ϕ, (6)

B “ ∇ ˆ A, (7)

where A is the magnetic vector potential and ϕ is the electric scalar potential. The electro-
magnetic potentials are not unique. The electromagnetic fields are invariant to the following
gauge transformation: A “ A1

` ∇f and ϕ “ ϕ1 ´
Bf
Bt , where f is any differentiable scalar

function. As we will illustrate in this chapter, the fact that the scalar function f can be
chosen arbitrarily often allows us to simplify our calculations significantly.

The change of electromagnetic fields due to charge and current distributions is described
by Maxwell equations (1) – (4). In turn, the charge distribution must react to changes in
electromagnetic fields. The change in momentum p of a particle with mass m and charge q
is given by the Lorentz force, written as

dp
dt

“ q pE ` v ˆ Bq , (8)

where v is the particle velocity. Multiplying Eq. (8) by v, we get the power acting on the
charged particle

d
`

γmc2˘

dt
“ qv ¨ E, (9)

where γ “ 1{

b

1 ´ pv{cq
2 is the Lorentz factor of the charged particle.

To understand the onset of relativistic effects in light-matter interaction, let us first focus
on the lightest component of matter, the electron. The electron has q “ ´e and m “ me,
where e is the elementary charge and me is the electron mass. The following exposition
is an adaptation from [Gibbon, 2005], where additional information can be found. Using
v ˆ p∇ ˆ Aq “ ∇ pv ¨ Aq ´ pv ¨ ∇q A, where we note that the gradient only acts on the
field since coordinates and particle velocity are independent variables, Eqs. (8) – (9) can be
rewritten in terms of the electromagnetic potentials as

d
dt

pp ´ eAq “ e∇ pϕ ´ v ¨ Aq , (10)

d
dt

pγ ´ 1q mec2 “ ev ¨

ˆ

∇ϕ `
BA
Bt

̇

. (11)

Let us now consider that the electron interacts with an electromagnetic plane wave with

8



2.1. Interaction of electromagnetic field with matter

elliptical polarization propagating in the x-direction in vacuum (ϕ “ 0); the vector potential
is then given as

A “ A0

´

0, δ cos φ,
a

1 ´ δ2 sin φ
¯

, (12)

where φ “ ωt ´ kx is the phase of the wave, ω is the angular frequency, k is the wave
number, A0 is the amplitude of the vector potential and δ is the polarization parameter,
where δ P t˘1, 0u for a linear polarization and δ “ ˘1{

?
2 for right-handed and left-handed

circular polarization, respectively. To further simplify the analysis, we introduce the following
normalizations,

a “
eA
mec

, p Ñ
p

mec
, ϕ Ñ

eϕ

mec2 , β “
v
c

, t Ñ ωt, x Ñ kx, (13)

which is equivalent to a system of normalized units where ω “ k “ c “ e “ me “ 1. Eqs. (10)
– (11) can be then written in normalized units as

d ppK ´ aq

dt
“ 0, (14)

d ppx ´ γq

dt
“ ´β ¨

ˆ

Ba
Bt

`
Ba
Bx

̇

“ 0, (15)

where the second equation is identically zero since the electromagnetic wave given by Eq. (12)
depends only on the phase, φ “ t ´ x, and therefore Bta “ ´Bxa. Integrating Eqs. (14) –
(15), we get two constants of motion, a longitudinal constant γ ´ px “ α and a transverse
constant pK ´ a “ κ, which are given by the initial conditions. Using the energy-momentum
relation γ2 “ 1 ` |p|2, we can write the momentum components as

pK “ a ` κ, (16)

px “
1 ` |pK|2 ´ α2

2α
, (17)

which is a general Lorentz-covariant (choice of constants is frame-dependent) solution for the
motion of free electrons in an electromagnetic wave. Taking the time derivative of the phase1

corresponding to the longitudinal position of the particle, we get the following relationship
between the phase φ and the longitudinal constant of motion α [Gibbon, 2005],

dφ

dt
“

Bφ

Bt
`

px

γ

Bφ

Bx
“ 1 ´

px

γ
“

α

γ
. (18)

Thus, γ “ px ` α. We also have

p “ γ
dr
dt

“ γ
dφ

dt

dr
dφ

“ α
dr
dφ

. (19)

Let us now consider the special case of an electron initially at rest, then we have

1We use the chain rule, φ9 pxptq, tq “ Btφ ` vxBxφ “ Btφ ` ppx{γqBxφ.
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Chapter 2. Theory of relativistic optics

κ “ pK0 “ 0, α “ γ0 ´ px0 “ 1, and Eqs. (16) – (17) become

pK “ a, (20)

px “
|a|2

2 . (21)

Eqs. (20) – (21) show that magnitude of normalized vector potential |a| “ e|A|{pmecq serves
as a key parameter which identifies non-relativistic and relativistic regime of interaction. For
|a| ! 1, the electrons oscillate purely in the polarization direction of the electric field vector,
and their momentum is non-relativistic, |pK| “ |a| ! 1. For |a| ě 1, the oscillations become
relativistic, e.g., for |a| “ 1 we have |pK| “ mec and the electron velocity approaches the
speed of light in vacuum, |vK|{c “ 1{

?
2 « 71%. The nonlinear longitudinal oscillations also

become dominant for |a| " 1, and the electron has significant longitudinal momentum.
For an electromagnetic wave propagating in vacuum, the critical parameter becomes the

peak amplitude of the normalized vector potential, a0 “ eA0{pmecq, where A0 “ E0{ω is the
peak amplitude of the vector potential, E0 is the peak amplitude of the oscillating electric
field and ω is the angular frequency of the wave. It is helpful to express this parameter in
terms of the radiation intensity I0 and wavelength λ0

2:

a0 “
eE0

meω0c
“ 0.85

ˆ

I0

„

1018 W
cm2

ȷ

λ2
0 rµms

̇1{2
. (22)

Table 1 presents the intensity required to reach a0 “ 1 for typical coherent light sources.
Eq. (22) makes it clear that longer wavelength sources are preferred for the study of relativistic
interactions since the required intensity is orders of magnitude smaller in comparison to short
wavelength radiation sources, such as the high harmonics from noble gases or free electron
laser, as presented in the table.

Laser system λ0 I0
“

1018 W{cm2‰

Nd:Glass 1 µm 1.4
Ti:Sapphire 800 nm 2.2

KrF 248 nm 23
59th harmonic of Ti:Sa from neon gas 13.5 nm 104

Free electron laser 0.1 nm 1.5ˆ108

Table 1: Intensity required to enter regime of relativistic optics (a0 “ 1) for various laser systems.

The global proliferation of Ti:Sapphire high-powered laser systems establishes them
as the premier instruments in relativistic optics [Perry et al., 1999; Mourou et al., 2006;
Danson et al., 2019; Tanaka et al., 2020; Li et al., 2021; Radier et al., 2022]. Therefore,
in the following sections, we consider that the laser operates within the wavelength range
λ0 “ 0.8 ´ 1 µm unless stated otherwise. The intensity corresponding to Irel « 1018 W{cm2

is therefore often referred to as the threshold of relativistic optics [Mourou et al., 2006]. To
create a reference point, let us consider an electron bound to an atom at a distance of Bohr
radius, ra “ ℏ2{pmee2q “ 53 pm, where ℏ is the reduced Planck constant. The electric field

2We consider the linear polarization.
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2.1. Interaction of electromagnetic field with matter

Figure 1: The Coulombic potential in the presence of a laser field with intensity given by Eq. (27).

acting on the bound electron is then [Gibbon, 2005]

Ea “
e

4πϵ0

1
r2

a

« 5.1 ˆ 109 V
m , (23)

which corresponds to atomic intensity of

Ia “
ϵ0cE2

a

2 « 3.5 ˆ 1016 W
cm2 . (24)

Since Irel " Ia, we have good reasons to believe that any target of a relativistic laser pulse
becomes ionized swiftly, and the radiation interacts with ionized matter – plasma. In the
next section, we briefly describe this ionization process and show that the ionization intensity
threshold can be even much smaller than the atomic estimate given by Eq. (24).

2.1.1 Interaction with a single atom
Let us consider an electron bound in the Coulombic potential interacting with a low-frequency
incident laser, such as the relativistically interesting Ti:Sapphire laser system mentioned
before. Specifically, we assume that the laser photon energy is much smaller than the electron’s
binding energy. Then, we may approximate such a laser with a constant electric field with
strength E0

3 [Bethe and Salpeter, 1957]

Upxq “ ´
Ze2

4πϵ0

1
|x|

´ eE0x. (25)

Local maximum can be found at xmax “
a

Ze{p4πϵ0E0q. If the potential energy at the local
maximum equals the ionization energy, Upxmaxq “ Uion, the Coulombic barrier is suppressed,

3This is reasonable since λ0 " ra. Therefore, we have E0 cospωt ´ kxq « E0 for x ! λ0 and times much
smaller than the laser period, t ! c{λ0.

11



Chapter 2. Theory of relativistic optics

and the electron will escape into the vacuum, as shown, in Fig. 1. The critical electric field
required to free the electron is given from this condition as

Ec “
πϵ0U2

ion

Ze3 , (26)

giving us the threshold intensity required to release electrons from ions with charge number
Z, assuming linear polarization, as

Ith “
ϵ0cE2

c

2 « 4 ˆ 109 U4
ionreVs

Z2
W

cm2 . (27)

For ground state hydrogen (Z “ 1), the ionization energy is given using the fine-structure
constant α “ e2{p4πϵ0ℏcq « 1{137 as Uion “ α{p4πraq “ 1 Ry “ 13.6 eV, and the critical
electric field is Ec « Ea{16, which gives Ith « 1.4 ˆ 1014 W{cm2. Eq. (27) describes the
threshold intensity required for barrier suppression ionization, which holds remarkably well
for many electron atoms interacting with intense short laser pulses. Other ionization processes
relevant at lower intensities, such as multiphoton or tunneling ionization [Keldysh, 1965;
Perelomov et al., 1966], can bring the appearance threshold even below that of Eq. (27).
Thus, our focus is reduced to the interaction of electromagnetic fields with electrons and ions
in the following sections.

2.1.2 Interaction with a single electron

Now, we understand that relativistic lasers immediately ionize their target. So, we gain
additional motivation to study the interaction of electromagnetic waves with electrons in more
detail (See also [Landau and Lifshitz, 1962; Gibbon, 2005] and references therein for more
information). Let us, therefore, return to Eqs. (20) – (21), where we consider the interaction of
a free electron with an elliptically-polarized electromagnetic wave in the laboratory reference
frame.

Laboratory frame

Using the definition of laser field given by Eq. (12), we can write Eqs. (20) – (21) explicitly
in terms of the wave phase φ:

px “
a2

0
4

“

1 `
`

2δ2 ´ 1
˘

cos 2φ
‰

, (28)

py “ a0δ cos φ, (29)

pz “ a0
a

1 ´ δ2 sin φ. (30)

Averaging the momentum components in time over the wave period, we find that the electrons
drift along the x-direction for any polarization, with drift momentum p̄x “ 1

2π

ş2π

0 pxdφ “ a2
0{4,

where the overscore denotes averaging over the wave period. We know from Eq. (18) that
γptq “ α ` pxptq. For a free electron in vacuum initially at rest, α “ 1, we may average its
Lorentz factor to obtain

γ̄ “ 1 ` p̄x “ 1 `
a2

0
4 . (31)

12



2.1. Interaction of electromagnetic field with matter

Figure 2: Trajectory of an electron (which was initially at rest) in the field of an electromagnetic
wave with linear (a) and circular (c) polarization. Trajectory of the electron in the momentum space
for linear (b) and circular (d) polarization.

We note that Eq. (31) is exact for circular polarization, i.e. without averaging, γCP,free “

1 ` pa0{2q2. We can also express the electron drift velocity,

βd “ β̄x “
p̄x

γ̄
“

a2
0

4 ` a2
0

. (32)

The electron orbits can be obtained using Eq. (19) for arbitrary polarization δ by direct
integration of Eqs. (28) – (30) over phase as (retrieving the dimensional electron coordinates

13



Chapter 2. Theory of relativistic optics

as ωt Ñ t and kx Ñ x)

kx “
a2

0
4

„

φ `

ˆ

δ2 ´
1
2

̇

sin 2φ

ȷ

, (33)

ky “ a0δ sin φ, (34)

kz “ ´a0
a

1 ´ δ2 cos φ. (35)

The electron trajectories, described by the set of variables tkx{a2
0, ky{a0, kz{a0u, are self-

similar, as shown in Fig. 2. We see that in the longitudinal x-direction, the electron drifts
with velocity βd. Additionally, for δ ‰ ˘1{

?
2, the electron trajectory exhibits longitudinal

oscillations with periodicity of twice the fundamental wave frequency. For circular polarization
(δ “ ˘1{

?
2), the longitudinal oscillations disappear, and the electron drifts with velocity

βd since the longitudinal momentum is constant px “ a2
0{4. The electromagnetic wave also

imparts angular momentum to the electron. Using the trajectory and momentum components
obtained above, we can calculate the component of electron angular momentum along the
drift direction as

Lx “ pr ˆ pqx “
a2

0
k

δ
a

1 ´ δ2. (36)

Note that for linear polarization pδ P t0, ˘1uq, the electron gains no angular momentum in
the x-direction. Conversely, the angular momentum is maximized for circular polarization
pδ “ ˘1{

?
2q. Furthermore, we note that apart from acceleration, the nonlinear dependence

of longitudinal momentum on field strength, given by Eq. (17), tells us that the laser field
can also serve as a spectrometer of laser-accelerated electrons. To show this, we again
consider the longitudinal constant of motion for electrons initially at rest with Eq. (17), i.e.,
px “ γ ´ 1 “ p2

K{2. Therefore, the maximum angle at which the electrons can be emitted
from the laser focus must be given simply by the maximum ratio of the transverse and
longitudinal momentum components,

tan θ “
pK

px
“

c

2
γ ´ 1 “

?
8

a0
, (37)

where the last equality is valid exactly for circular polarization, corresponding to the pitch
angle of the helical trajectory shown in Fig. 2c, and on average for the trajectory due to linear
polarization shown in Fig. 2a, where it corresponds to the ratio of transverse momentum
amplitude to the averaged longitudinal momentum. Eq. (37) shows that the electron angular
distribution is related to the electron energy spectrum, which can be utilized for simple
spectrometry of laser-accelerated electrons [Moore et al., 1995; Meyerhofer, 1997; Malka
et al., 1997].

Boosted frame

To further analyze the laser-driven electron orbits, we perform a Lorentz transformation into
the drift reference frame moving with velocity given βd by Eq. (32). Here, the transformed
momentum components are given as follows

p1
x “ γdppx ´ βdγeq “ px ´ pd, (38)

p1
y “ py, (39)

p1
z “ pz, (40)

14



2.1. Interaction of electromagnetic field with matter

Figure 3: Electron trajectories in the field of an electromagnetic wave with linear polarization in
the laboratory frame (a) where the electron is initially at rest and in the boosted frame (b) moving
with drift velocity (32).

where we have used the first constant of motion, γe ´ px “ 1. Since the phase is Lorentz-
invariant, φ1 “ ω1t1 ´ k1x1 “ ωt ´ kx “ φ, the momentum components can be directly written
in the boosted frame as

p1
x “

a2
0

4
`

2δ2 ´ 1
˘

cos 2φ1, (41)

p1
y “ a0δ cos φ1, (42)

p1
z “ a0

a

1 ´ δ2 sin φ1. (43)

The averaged momentum in the boosted frame is zero, p̄1
x “ 0. Therefore we can obtain

the longitudinal constant of motion α1 by averaging over Eq. (17) in the boosted frame,
α1 “

a

1 ` |ā|2 “
a

1 ` pa2
0{2q “ γ̄1. Therefore, the longitudinal constant equals the electron

quiver energy in the boosted frame, α1 “ γ̄1. Note that this Lorentz factor is exact for circular
polarization, γ̄1 “ γ1, since no longitudinal oscillations are present. After integrating Eqs. (41)
– (43), we get

k1x1 “
a2

0
4γ̄1

ˆ

δ2 ´
1
2

̇

sin 2φ1, (44)

k1y1 “
a0

γ̄1
δ sin φ1, (45)

k1z1 “ ´
a0

γ̄1

a

1 ´ δ2 cos φ1, (46)

the frequency and wave number in the boosted frame are given as ω1 “ ck1 “ ω{γ1, where ω
is the angular frequency in the laboratory frame.

Let us focus on linear polarization (δ “ 1). The electron orbit in the boosted frame can
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Chapter 2. Theory of relativistic optics

be written in the following implicit form

16pk1x1q2 “ pk1y1q2

«

ˆ

a0

γ̄1

̇2
´ pk1y1q2

ff

, (47)

which is the famous lemniscate of Gerono, also known as figure-eight curve, which is a special
case of a Lissajous curve. The lemniscate is drawn in Fig. 3b, where the second harmonic
content of the longitudinal oscillations is visualized.

The Maxwell equations also state that an oscillating relativistic electron must generate
its electromagnetic field. As we will show in the next section, the radiation of periodically
oscillating electrons is composed of harmonics of the fundamental oscillating frequency.

2.2 Radiation from relativistic electrons
To describe radiation emitted from relativistic electrons, we begin by rewriting Eqs. (1) and
(4) in terms of the potentials given by Eqs. (6)–(7), which yields4 [Jackson, 1962; Born and
Wolf, 1959; Zangwill, 2013]

∇ ¨

ˆ

∇ϕ `
BA
Bt

̇

“ ´
ρ

ε0
, (48)

ˆ

∆A ´
1
c2

B2A
Bt2

̇

´ ∇
ˆ

∇ ¨ A `
1
c2

Bϕ

Bt

̇

“ ´µ0j. (49)

Let us now apply the Lorenz gauge, which amounts to the requirement that ∇ ¨A`Btϕ{c2 “ 0.
This is equivalent to a choice of a scalar function f , within a gauge transformation, which
satisfies ∆f ´ B2

t f{c2 “ ´∇ ¨ A1
´ Btϕ

1{c2, where A1 and ϕ1 are the potentials prior to
the gauge transformation. Using the Lorenz gauge, the potential formulation of Maxwell
equations reduces to inhomogeneous wave equations

∆ϕ ´
1
c2

B2ϕ

Bt2 “ ´
ρ

ε0
, (50)

∆A ´
1
c2

B2A
Bt2 “ ´µ0j, (51)

and the particular solutions are obtained by a convolution of the source terms on the right-hand
side with the fundamental solution for the wave equation, F pr, tq “ δpt ´ |r|{cq{p4π|r|q [Riley
et al., 2006]. Performing the convolution in time and space, we get

ϕpr, tq “
1

4πϵ0

ż

ρpr1, t ´ R{cq

R
d3r1, (52)

Apr, tq “
µ0

4π

ż jpr1, t ´ R{cq

R
d3r1, (53)

where R “ |R| “ |r ´ r1| is the distance from the position of the charge distribution r1 to
the field observation point r, where the potentials are evaluated. We see that the charge
and current distributions are now evaluated in terms of the retarded time, t ´ R{c, which
corresponds to the emission time of radiation originating at position r1 and arriving at

4Using the definition of potentials given by Eqs. (6)–(7), and the vector identities ∇ ¨ p∇ ˆ Aq “ 0 and
∇ ˆ p∇ϕq “ 0, it is easy to verify that the remaining two Maxwell equations are satisfied identically.
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2.2. Radiation from relativistic electrons

Figure 4: Trajectory of an electron and illustration of the vectors defining the Lienard-Wiechert
potentials (54) – (55) and the corresponding electromagnetic field (56) – (57).

position r at time t. This is clear from the fact that the time radiation takes to propagate
between r1 and r is simply R{c.

We may also add the solution to the homogeneous wave equation, which is determined by
initial conditions. For example, the homogeneous solution must represent the fields responsible
for the motion of the charge distribution, which in turn produces current and electromagnetic
field described by the solutions (50) – (51), which radiates away in the direction of increasing
distance R. The real electric and magnetic fields can then be obtained by differentiation
according to the definition (6) – (7).

Electromagnetic field due to a single particle with charge q propagating with arbitrary
trajectory reptq can be obtained by integrating Eqs. (52) – (53) with the charge and current
distribution given as ρ pr, tq “ qδ rr ´ reptqs and j pr, tq “ qcβδ rr ´ reptqs, where δpxq is
the Dirac delta function. Integrating over the delta function yields the Lienard-Wiechert
potentials (we retrieve the SI units, see, e.g., [Jackson, 1962; Lamač, 2023] for integration
details5.)

ϕpr, tq “
q

4πϵ0

„

1
p1 ´ β ¨ nq R

ȷ

ret.

(54)

Apr, tq “
q

4πϵ0

„

β

p1 ´ β ¨ nq R

ȷ

ret.

, (55)

where R “ |Rptq| “ |r ´ reptq| is the distance vector between the field observation point P
situated at r and the position of the charged particle at reptq at time t, n “ R{R is the
direction pointing from the particle towards the observation point P . The square brackets
r¨sret. indicate that all quantities inside the bracket are evaluated at the retarded time
t1 “ t ´ |r ´ rept1q|{c. We reiterate that the retarded time has the following interpretation: it

5The only challenging part about the integration is correct change of variables. It is useful to note
the following identity,

ş

fpt1qδrt ´ gpt1qsdt1 “
ş

f rt1pgqsδpt ´ gqpdt1{dgqdg “
ş

pf rt1pgqs{g9 rt1pgqsqδpt ´ gqdg “

f rt1ptqs{g9 rt1ptqs
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Chapter 2. Theory of relativistic optics

is the time at which radiation observed at position r and observer time t begins to propagate
towards observation point P from the position of the particle rept1q at retarded time t1 (see
Fig. 4). Once again, the time taken by light to propagate between r and rept1q is simply
|r ´ rept1q|{c. Therefore, subtracting it from the observer time t gives us the time of radiation
emission, the retarded time t1 “ t ´ Rpt1q{c.

The electromagnetic field can be obtained from Lienard-Wiechert potentials using the
defining relations given by Eqs. (6) – (7) as

Epr, tq “ Enear ` Efar “
q

4πϵ0

„

n ´ β

γ2κ3R2

ȷ

ret.

`
q

4πϵ0c

” n
κ3R

ˆ rpn ´ βq ˆ β9 s

ı

ret.
, (56)

Bpr, tq “
npt1q ˆ Epr, tq

c
, (57)

where κ “ dt
dt1 “ d

dt1 rt1 ` |r ´ rept1q|{cs “ 1´R ¨β{R “ 1´n ¨β “ 1´β cos θ is the derivative
of observer time t with respect to retarded time t1 and θ is the angle between β and n. We
note that for observers close to the axis of ultra-relativistic motion, it can be approximated
as κ «

“

1 ` pγθq2‰

{p2γ2q. The electromagnetic field is split into two parts: the near-field,
which is due to velocity β, and the far-field, which depends on acceleration β9 . The near-field
is static and drops off with distance as 1{R2, whereas the far field is responsible for the
radiation since it drops off with distance as „ 1{R. Therefore, the far-field term will dominate
the near-field term far from the charged particle. Note that for a static charge (β “ β9 “ 0),
we recover Coulomb’s law. To give another example, an electron that is in uniform motion
along the x axis (β9 “ 0) has the following electric near-field

Enearpr, tq “
q

4πϵ0

R
γ2 rpz2 ` y2q{γ2 ` px ´ vtq2s

3{2 , (58)

where R “ px ´ vt, y, zq. The magnetic near field follows as Bnear “ pv ˆ Enearq{c2. Eq. (58)
is the relativistic version of Coulomb’s law. It shows that the on-axis pz “ y “ 0q near field
drops off with velocity as Ex „ 1{pRγq2, while in the transverse plane px “ vtq, within a
narrow cone of angular width θ „ 1{γ, the field grows as Ey,z „ γ{R2. This is schematically
illustrated in Fig. 5. In the ultra-relativistic limit β Ñ 1, the field lines assume an infinitely
thin "pancake" shape, and the electromagnetic field is purely transversal to the direction of
motion.

Since we are primarily interested in radiation emitted by relativistic particles, we adopt
the far-field approximation R " 1. For a single electron, this allows us to estimate the
electric field as E « Efar. Then, the general solution given by Eq. (53) can also be simplified.
Choosing the origin anywhere near the current distribution, the distance between the far
away observation position r and the position within the radiating charge distribution r1 can
be approximated as R “ |r ´ r1| « r ´ r1 ¨ n, where r “ |r| " r1. Substituting into Eq. (53),
we get

Apr, tq “
µ0

4πr

ż

j
ˆ

r1, t ´
r ´ r1 ¨ n

c

̇

d3r1, (59)

where we have approximated the denominator as R « r. However, such approximation is not
generally possible in the retarded time t1 « t ´ r{c ´ r1 ¨ n{c, since we do not know how fast
the current changes during the time r1 ¨ n{c.
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2.2. Radiation from relativistic electrons

Figure 5: Electric field lines induced by a charged particle at rest (a) and in uniform motion (b),
given by Eq. (58).

2.2.1 Angular distribution of radiation power and energy spectrum

The energy flux S, also known as the Poynting vector, can be readily calculated at the
observation point P using Eq. (59) as [Landau and Lifshitz, 1962; Jackson, 1962]

Spr, tq “
1
µ0

pE ˆ Bq “ cϵ0|E|2n “
c

µ0
|B|2n, (60)

where we have used cB “ n ˆ E. Thanks to this transversality of radiation fields, the energy
flux can also be written as S “ cEn, where E “ pϵ0|E|2 ` |B|2{µ0q{2 is the energy density
of the electromagnetic field. The fields can be readily calculated from the far-field vector
potential (59) as [Landau and Lifshitz, 1962]

Bpr, tq “
1
c

´

A9 ˆ n
¯

, (61)

Epr, tq “

´

A9 ˆ n
¯

ˆ n, (62)

where all the quantities are evaluated in terms of the retarded time t1 “ t ´ Rpt1q{c and A9 is
the derivative of vector potential with respect to the retarded time. The power per unit area
radiated in the direction of n is simply the projection S ¨ n. The area can also be written in
terms of the solid angle, using dA “ R2dΩ. The radiated power per unit solid angle can be,
therefore, calculated using the following equal expressions

d2W

dΩdt
“ R2 pS ¨ nq “ cϵ0|E ¨ R|2 “ cϵ0|E|2R2 “

c

µ0
|B|2R2 “ cϵ0|n ˆ A9 |2R2. (63)

For the far field of a single charged particle, given by Eq. (56), we can perform a non-trivial
integration over the solid angle to obtain the generalized Larmor formula, which describes
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the instantaneous power radiated by a relativistic charged particle

dW

dt
“

q2

6πϵ0c
γ6

´

β9
2

´ |β ˆ β9 |2
¯

“
q2

6πϵ0c
γ6β9

2 `

1 ´ β2 sin2 θ
˘

, (64)

where θ is the angle between β and β9 .
Before we return to the general discussion, we will now discuss some consequences of

Eq. (64), which illustrate some properties of radiation emitted by relativistic particles. When
velocity is parallel to acceleration, we have P „ γ6β9

2
, while for the perpendicular case

P „ γ6p1 ´ β2qβ9
2

“ γ4β9
2
. This could lead us to conclude that longitudinal acceleration

yields greater radiated power than transverse acceleration, but that conclusion is wrong. To
see that, let us consider the case of a charged particle traveling along a straight line while
accelerated by a parallel constant force F . Then we have β ˆ β9 “ 0 and the radiated power
can be written as P „ p9 2

“ F 2, where we have used (in normalized units) p9 “ γ9 β ` γβ9 “

γ3β9 β2 ` γ3p1 ´ β2qβ9 “ γ3β9 . Therefore, the radiation is proportional to the square of the
accelerating force acting on the particle, P „ p9 2

“ F 2.
Now, let us focus on the perpendicular case where the velocity and acceleration are

orthogonal. Here we have |β ˆ β9 |2 “ β2β9
2
, and so in terms of momentum using the above

formula (with γ9 “ 0 valid for perpendicular acceleration) we have p9 “ γβ9 , and therefore
P „ γ2p9 2

“ γ2F 2. At last, we come to the opposite conclusion – radiated power is increased
by a factor γ2 in the case of transverse acceleration, assuming the accelerating force is equal
in magnitude in both cases. This is sometimes referred to as the concept of longitudinal
and transverse inertia, which can be summarized as follows: compared to perpendicular
acceleration, the inertia of a charged particle is effectively increased by a factor of γ2 for any
force acting parallel to its direction of motion, which can be written as

p9 ∥ “ mecγ3β9 ∥ (65)

p9 K “ mecγβ9 K. (66)

We now return to the general discussion of Eqs. (59) – (63). To understand the spa-
tial or angular distribution of the radiation energy spectrum, we use the linearity of
Maxwell’s equations to decompose the vector potential (59) into a sum of monochromatic
waves, Apr, tq “

ş

Aωpr, tqdω, where Aωpr, tq “ Apr, ωqe´iωt. The spatial component of the
monochromatic waves, Apr, ωq, is related to the temporal profile of the total field, Apr, tq,
through the Fourier transform as

Apr, ωq “

ż

Apr, tqeiωtdt, (67)

Apr, tq “

ż

Apr, ωqe´iωt dω

2π
. (68)

If we also express the current jpr1, t1q in Eq. (59) in terms of its spectral Fourier transform,
the spatial component of the monochromatic waves (67) can be expressed as

Apr, ωq “
µ0

4π

eikr

r

ż

jpr1, ωqe´ik¨r1

d3r1 “
µ0

4π

eikr

r
jpk, ωq, (69)
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2.2. Radiation from relativistic electrons

where k “ kn is the wave vector with magnitude k “ ω{c and

jpk, ωq “

ż ż

jpr, tqeipωt´k¨rqd3r dt, (70)

is the spacetime Fourier transform of the current distribution [Attwood and Sakdinawat, 2017].
We see that monochromatic waves have the form of outgoing spherical waves, with amplitudes6

fully determined by the spacetime Fourier transform (70). The Fourier components of the
electromagnetic field can be then obtained from Eqs. (61)–(62) as

Bpr, ωq “
iµ0ω

4πc2
eikr

r
n ˆ jpk, ωq, (71)

Epr, ωq “
µ0ω

i4πc

eikr

r
n ˆ rn ˆ jpk, ωqs , (72)

To obtain the correct expression for the angular distribution of the radiation energy spectrum,
we note that the total energy obtained by summing up over either spectral or temporal
resolution must be the same, which can be formally proven using Plancherel’s theorem
(‹) [Riley et al., 2006] as

dW

dΩ “

ż 8

´8

d2W

dΩdt
dt “ cϵ0

ż 8

´8

r2|Epr, tq|2dt
‹
“

cϵ0

2π

ż 8

´8

r2|Epr, ωq|2dω (73)

“
cϵ0

π

ż 8

0
r2|Epr, ωq|2dω

△
“

ż 8

0

d2W

dΩdω
dω. (74)

From Eq. (67) it is clear that for a real signal Aptq, the spectrum conjugate equals its
negative part, Ap´ωq “ A˚

pωq, and therefore we can define the distribution of radiation
spectrum, d2W {dΩdω, such that the negative components are omitted and the positive
frequency components are multiplied by a factor of 2, which was done in the last step (△).
Therefore, the angular distribution of the radiation energy spectrum can be generally written
in terms of the following radiation integral [Landau and Lifshitz, 1962; Jackson, 1962]

d2W

dΩdω
“

cϵ0

π
r2|Epr, ωq|2 “

ω2

16π3ϵ0c3

ˇ

ˇ

ˇ

ˇ

ż 8

8

n ˆ rn ˆ jpr, tqs eipωt´k¨rqd3r dt

ˇ

ˇ

ˇ

ˇ

2

(75)

“
ω2

16π3ϵ0c3 |n ˆ rn ˆ jpk, ωqs|
2

. (76)

We now have two recipes for obtaining the angular distribution of the radiation energy
spectrum. Either, we can calculate the spacetime Fourier transform of the current distribution7

(76), or we can directly evaluate the integral (75). Finally, it is important to remember these
results are valid only for observation points far from the motion of the source |r ´ r1| " 1.

6Note that it is the spacetime Fourier transform of the current j(k,ωq which determines the angular
distribution of radiation since it depends on k.

7It is useful to remind ourselves that evaluation of jpk, ωq gives us information about both: a) the spatial
profile of the monochromatic waves composing the electric field according to Eq. (72) and b) the angular
distribution of the energy spectrum according to Eq. (76).
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Radiation from a single and many electrons

Let us now consider the case of a single charged particle; the spectrum distribution can be
written in terms of the Fourier transform of the previously obtained electric far field Eq. (56),
as8

d2W

dΩdω
“

cϵ0

π
|F rrEfars |2 “

q2

16π3ϵ0c

ˇ

ˇ

ˇ

ˇ

ˇ

ż 8

8

n ˆ rpn ´ βq ˆ β9 s

p1 ´ β ¨ nq2 e
iω

´

t´
n¨reptq

c

¯

dt

ˇ

ˇ

ˇ

ˇ

ˇ

2

, (77)

where the integrand is now evaluated, before integration, in terms of the observer time t.
Let us discern some general features of Eq. (77). First, the denominator shows that the
radiation energy is concentrated primarily in the direction of motion, increasingly so for more
relativistic motion (β ¨n Ñ 1). Second, radiation vanishes for zero acceleration (β9 “ 0). Third,
the numerator shows that radiated energy emitted along the direction of relativistic motion is
maximized for transverse acceleration (rn´βsˆβ9 “ 0 for n ∥ β ∥ β9 ), following the discussion
below Eq. (64). Finally, suppose that the electron performs harmonic oscillations along its
trajectory, due to some transverse oscillating force with frequency ω0. In that case, we can
use the method of stationary phase to approximate the radiation frequency corresponding to
the strongest emission, as ω „ γ2ω0. The electromagnetic field that oscillates the charged
particle undergoes a double Doppler upshift.

Another simplification of Eq. (77) occurs if we note that

n ˆ rpn ´ βq ˆ β9 s

κ2 “
d
dt

„

n ˆ pn ˆ βq

κ

ȷ

. (78)

Per partes integration then gives an expression more malleable for analytical evaluation,
which is also equivalent to Eq (75), with the current given by a single charged particle,
jpr, tq “ qβptqδpr ´ reptqq,

d2W

dΩdω
“

q2ω2

16π3ϵ0c

ˇ

ˇ

ˇ

ˇ

ż 8

8

n ˆ pn ˆ βq e
iω

´

t´
n¨reptq

c

¯

dt

ˇ

ˇ

ˇ

ˇ

2

. (79)

Note that the vectorial direction of the integrand decides the polarization of emitted radiation,
per Eq. (72). The radiation distribution for a particular polarization can be, therefore, obtained
by calculating the scalar product of the integrand with a unit polarization vector of interest
before taking the absolute square value.

Noticing that dreptq{dt “ cβptq, Eq. (79) can also be written as an integral taken along
the trajectory of a particle, as

d2W

dΩdω
“

q2ω2

16π3ϵ0c

ˇ

ˇ

ˇ

ˇ

n ˆ n ˆ

ż rb

ra

dreeiωpt´
n¨re

c q

ˇ

ˇ

ˇ

ˇ

2
. (80)

Eq. (80) illustrates that each position along the trajectory of a radiating particle is weighted
by a spherical wave9 emitted at the retarded time t1 « t ´ r ´ n ¨ rept1q{c, corresponding to a

8For numerical evaluation, instead of direct numerical integration, it is often computationally much faster
to calculate fast Fourier transform (FFT) of the integrand (without the exponential term) of Eq. (77). The
integrand must be first evaluated in terms of the retarded time t1 “ t ´ |r ´ rept1q|{c before the transform.

9This point is a bit hidden in Eq. (80), but the instantaneous waves are indeed spherical. This is clear
when we look back at Eq. (72). The same exercise as with Eq. (79) can be performed to show that it can also
be written in terms of an integral along the trajectory of a radiating charged particle.
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2.2. Radiation from relativistic electrons

Figure 6: A schematic illustrating interpretation of Eq. (80).

given position rept1q. The apparent wavefronts10 formed by the individual spherical waves
then form the radiation signal seen by the observer positioned at r at time t, as shown in
Fig. 6.

Eq. (79) can be easily generalized to many charged particles by summing the far field
contributions from individual charges, which turns out to be equal to the following substitution
in the integrand of Eq. (79) [Jackson, 1962]:

qβe´ipω{cqn¨reptq Ñ

N
ÿ

i“1
qiβie

´ipω{cqn¨riptq. (81)

Similarly, radiation due to the motion of a continuous charge distribution, described by
current density jpr, tq, can be obtained with the substitution

qβe´ipω{cqn¨reptq Ñ
1
c

ż

d3r jpr, tqe´ik¨r, (82)

which once again yields the general result given by Eq. (75).

Periodic radiation and frequency harmonics

Yet, another simplification occurs when we consider the periodic motion of radiating charges.
Then, periodic electric fields are produced, which can be written as

Epr, tq “

8
ÿ

n“´8

Enpr, t ´ nT q “

ż

Enpr, t1q

8
ÿ

n“´8

δpt ´ nT ´ t1qdt1, (83)

where Enpr, tq is the radiation field that describes the electric field within a single period,
i.e., it is non-zero only for t P p0, T q, where T “ 2π{ω0 is the period of the signal. The second
equality highlights that a periodic signal equals the convolution of a single period signal with
a Dirac comb [Riley et al., 2006; Jackson, 1962]. According to the convolution theorem, the
Fourier transform of a convolution of two functions is equal to the product of their Fourier

10Superposition of individual outgoing spherical waves, summed up over all frequencies.
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transforms [Riley et al., 2006], which gives the spectrum of the electric field

Epr, ωq “ Enpr, ωq

ż 8
ÿ

n“´8

δpt ´ nT qe´iωtdt (84)

“ Enpr, ωq

8
ÿ

n“´8

e´iωnT ‹
“ ω0

8
ÿ

n“´8

Enpr, ωqδpω ´ nω0q, (85)

where we have used the Poisson summation formula p‹q [Riley et al., 2006], which states
that the Fourier transform of a Dirac comb of period T is equal to a Dirac comb with
period ω0 “ 2π{T (up to a factor of ω0q. Eq. (85) makes it clear that the spectrum of a
periodic signal is spaced at integer frequencies, ωn “ nωn, which are called harmonics of
the fundamental frequency. The amplitudes of the harmonics, Enpr, ωnq, are given by the
Fourier transform of the single period signal evaluated at ω “ nω0, given as

Enpr, ωnq “
µ0nω0

i4πc

eink0r

r

ż 2π{ω0

0
n ˆ pn ˆ jpr, tqq einω0pt´ n¨r

c qd3r dt. (86)

To convert the angular distribution of spectral energy to the angular distribution of power
radiated per harmonic, we multiply Eq. (75) by the repetition rate ν “ ω0{2π and by the
fundamental frequency ω0 to obtain [Jackson, 1962]

dPn

dΩ “
n2ω4

0
32π4ϵ0c3

ˇ

ˇ

ˇ

ˇ

ˇ

ż 2π{ω0

0
n ˆ pn ˆ jpr, tqq einω0pt´ n¨r

c qd3r dt

ˇ

ˇ

ˇ

ˇ

ˇ

2

. (87)

An infinite periodic signal spectrum is given by a Dirac comb with periodicity ω0. In much
simpler terms, the previous discussion reduces to the understanding that any reasonable
periodic function can be represented by its Fourier series. However, in reality, periodic signals
have a temporally finite envelope. In such a case, the harmonics have a finite bandwidth. Let
us assume that the signal is emitted for a duration of T . Then, the spectral lineshape of the
individual harmonics can be obtained as

|Enpr, ωq|
2

“

ˇ

ˇ

ˇ

ˇ

ˇ

Enpr, ωnq

ż T

0
eiωntdt

ˇ

ˇ

ˇ

ˇ

ˇ

2

“ |Enpr, ωnq|2T 2sinc2
ˆ

pω ´ ωnqT

2

̇

, (88)

where Enpr, ωnq is the electric field amplitude of the n-th harmonic given by Eq. (86) and
sincpxq “ sinpxq{x is the cardinal sine function. If we assume that the train of pulses is
emitted for a duration of T “ 2πN{ω0, where N is the number of periods of the signal, the
full-width-at-half-maximum (FWHM) spectral bandwidth can be written as [Attwood and
Sakdinawat, 2017]

∆ω

ωn
“

1
nN

. (89)

Compared to the bandwidth of the fundamental frequency, ∆ω “ ω0{N , the bandwidth of
higher harmonics is further reduced with increasing harmonic order by a factor of 1{n.

2.2.2 Relativistic aberration and searchlight effect
Let us now discuss a general property of radiation emitted by relativistic charged particles
known as relativistic beaming or relativistic aberration. We consider a particle with normalized
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2.2. Radiation from relativistic electrons

velocity β1
p in the boosted frame R, which moves with normalized velocity β in the positive x

direction with respect to the laboratory frame L. Then, the velocity components of the moving
particle are given in the laboratory frame by the inverse Lorentz transform of four-velocity,
as [Einstein, 1905; Jackson, 1962; Landau and Lifshitz, 1962; Attwood and Sakdinawat, 2017]

βx,p “
β1

x,p ` β

1 ` ββ1
x,p

, (90)

βK,p “
β1

K,p

γp1 ` ββ1
x,pq

, (91)

where the velocity components are given as β1
x,p “ β1

p cos θ1 and β1
K,p “ β1

p sin θ1, in the
coordinate system of the boosted frame R, where θ1 is the altitude angle at which the particle
propagates with respect to the x1 axis. The angle under which the particle is seen to propagate
in the L frame is then given as

tan θ “
βK,p

βx,p
“

β1
K,p

γpβ1
x,p ` βq

“
β1

p sin θ1

γpβ1
p cos θ1 ` βq

pβ1
p“1q

“
sin θ1

γpcos θ1 ` βq
, (92)

where for the last equality, we have assumed that the particle is, in fact, a photon, which
travels at luminal velocity β1

p “ 1 in all reference frames. Let us consider that the radiation
is emitted along the y or z axis in the R frame. Then. sin θ1 “ 1 and cos θ1 “ 0, and the
relativistic case (β « 1) then becomes

tan θ “
1

γβ
«

1
γ

. (93)

Therefore, even radiation emitted in the perpendicular directions in the R frame is observed
to be collimated along x in the L frame within a radiation cone with an opening angle of
θ « 1{γ, as illustrated in Fig. 7. This is a consequence of relativistic aberration, known as
the searchlight or headlight effect.

An effective strategy to solve problems involving the motion of relativistic charges is to
calculate the radiation distribution (77) in the boosted frame of the particle (R), dW 1{dΩ1dω1,
and then transform it back to the laboratory frame of reference (L), dW {dΩdω. We now
present the general procedure. The energy radiated at an angle θ1 in the R frame is given
by inverse Lorentz transformation in the L frame as dW “ γp1 ` β cos θ1qdW 1. Frequency
transforms in the same way, ω “ γp1 ` β cos θ1qω1. Lastly, we are missing the transformation
for the solid angle differential, dΩ “ d cos θdϕ. It now seems useful to express Eq. (93) in
terms of cosines, which is given by (90) for a photon, which propagates in the R frame with
speed |β1

p| “ 1, as

cos θ “ βx,p “
cos θ1 ` β

1 ` β cos θ1
. (94)

Using Eq. (94), we can find that the solid angle transforms as dΩ “ dΩ1{ rγp1 ` β cos θ1qs
2.

Combining all of the previous components with the identity γp1´β cos θq “ 1{rγp1`β cos θ1qs,
which can be easily verified using Eq. (94), we obtain that the angular distribution of radiation
transforms as11

dW

dΩ “
1

γ3p1 ´ β cos θq3
dW 1

dΩ1
. (95)

11See [Jackson, 1962] or [Attwood and Sakdinawat, 2017] and references therein for more details on Lorentz
transformations of radiation energy distributions.
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Further, we can differentiate with respect to the frequency to obtain the angular distribution
of energy spectrum,

dW

dΩdω
“

1
γ2p1 ´ β cos θq2

dW 1

dΩ1dω1
. (96)

Finally, we need to transform the angular distribution of power. In that case, we need to find
the relationship between the observer time interval in the L frame and retarded time interval
in the R frame, which is the time that parametrizes particle trajectories in the R frame, e.g.,
Eqs. (44) – (46). The time intervals between the two frames are related as dt “ γdt1. However,
this equation relates only to observer time intervals in the two frames. To obtain the relation
between the observer time in L frame and the retarded time in R frame, we simply use the
derivative of the observer time with respect to retarded time used in the previous section,
κ “ dtobs{dtret “ 1 ´ n ¨ β “ 1 ´ β cos θ. The relationship between the observer time in the
L frame and retarded time in the R frame is then dtobs “ γp1 ´ β cos θqdt1

ret and the angular
power distribution therefore transforms as

dW

dΩdt
“

1
γ4p1 ´ β cos θq4

dW 1

dΩ1dt1
. (97)

Note that the power scales on-axis (cos θ “ 1) for ultra-relativistic boosts as 1{rγ4p1 ´ βq4s «

p2γq4, since 1 ´ β « 1{p2γ2q. Additionally, it is useful to note that the relationship between
observer and retarded time can be approximated for ultra-relativistic particles close to their
propagation axis, as κ “ 1 ´ β cos θ « r1 ` pγθq2s{2γ2.

We are now equipped with various tools and techniques required to calculate radiation
emitted from charged particles in motion, for example, the laser-driven nonlinear orbits of
relativistic electrons given by Eqs. (33) – (35).

2.2.3 Instantaneous circular motion

We now consider the case of radiation emitted by an electron performing instantaneously
circular motion. This is quite a useful problem to solve since any reasonable trajectory reptq
can be locally approximated by a circle with radius corresponding to the local radius of
curvature, which can be calculated as ρptq “ |1 ` r1

eptq|3{2{ |r2
eptq|. As we’ve noted within our

discussion of the radiation integral (77), radiation from a relativistic electron is observed only
in short bursts since it is collimated along the direction of motion. This often makes radiation
from instantaneous circular motion an excellent local (measured at some observation point P )
approximation to radiation emitted from a much more complicated trajectory at relativistic
velocities since most of the radiation detected by the observer comes from a tiny part of the
trajectory. Here, we only cite the results of the derivation, which can be found in [Jackson,
1962; Landau and Lifshitz, 1962], with emission geometry shown in Fig. 7,

d2W

dΩdω
“

q2γ2

16π3ϵ0c3

ˆ

ω

ωc

̇2
“

1 ` pγθq2‰2
„

K2
2{3pξq `

pγθq2

1 ` pγθq2 K2
1{3pξq

ȷ

, (98)

where Knpxq is the modified Bessel function of the second kind [Gradshteyn and Ryzhik,
1965],

ωc “
3
2

c

ρ
γ3 (99)
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2.2. Radiation from relativistic electrons

Figure 7: Illustration of the geometry of radiation emission from the instantaneous circular motion
of a relativistic charged particle, which is given analytically by Eq. (98) and shown in Fig. 8.

is the critical frequency, where ρ is the radius of curvature, and the argument is given as

ξ “
ω

ωc

“

1 ` pγθq2‰3{2

2 . (100)

The first term in the second square brackets of Eq. (98) corresponds to radiation polarized
in the orbital plane, while the second term corresponds to radiation polarized perpendicular to
that plane. These two components are visualized in Fig. 8. To obtain the angular distribution
of radiation energy analytically, we can integrate over the frequency to obtain

dW

dΩ “

ż 8

0

d2W

dΩdω
dω “

7q2

64πϵ0

γ5

ρ

1
p1 ` pγθq2q

5{2

„

1 `
5
7

pγθq2

1 ` pγθq2

ȷ

, (101)

where the first and second terms in the square brackets again correspond to orbit parallel and
perpendicular polarization. A curious observation follows: if we individually integrate the two
polarization terms in Eq. (101), we will find that the ratio of energy in the two polarizations
is exactly W∥{WK “ 7. The total radiation energy emitted per a single turn is explicitly

W “ p2πq

ż 8

´8

dW

dΩ dpγθq “ W∥ ` WK “ 2π
7q2

64πϵ0

γ4

ρ

„

4
3 `

4
21

ȷ

“
q2

3ϵ0

γ4

ρ
. (102)

A fundamental property of radiation emitted by relativistic electrons is confirmed explicitly
with Eq. (101) – most of the radiation is emitted along the trajectory within a cone that has
an opening angle θ „ 1{γ, as shown in Fig. 8. Therefore, as noted previously, radiation from
relativistic particles is highly collimated along the particle trajectory. This is known as the
searchlight effect or headlight effect because the angular distribution of radiation looks similar
to the headlights of a car, as illustrated in Fig. 7. This also has significant consequences
for the temporal properties of observed radiation since it can be registered only when the
particle’s velocity points toward the observer over an angle of θ „ 1{γ.
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Chapter 2. Theory of relativistic optics

Figure 8: Distribution of radiation energy (98) for (a) polarization parallel to the orbital plane,
and (b) polarization perpendicular to this plane. (c) Normalized angular distribution of radiation
energy, given by Eq. (101). (d) Normalized radiation energy spectrum, given by Eq. (105).

Looking at geometry of Fig. 7, if the angle described by the particle along its trajectory
in retarded time is equal to ϕ “ vt1{ρ, the particle will illuminate the observer within a single
turn only for a short time interval of ∆t1 „ ρ{pcγq, since the angular width of the beam is of the
order 1{γ. However, the observer sees its own time interval ∆t „ pdt{dt1q∆t1 “ κ∆t1 « ∆t1{γ2.
Therefore, the radiation pulse duration registered by the observer is given as

∆t «
ρ

γ3c
“

1
ωc

, (103)

This agrees with the general properties of Fourier transform pairs since the energy spectrum
extends up to the critical energy ωc, which we will now show in detail. Integrating Eq. (98)
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over the solid angle, we obtain the energy spectrum of the emitted radiation

dW

dω
“

ż 4π

0

d2W

dΩdω
dΩ “

2q2γ

9ϵ0c
S

ˆ

ω

ωc

̇

, (104)

where Spxq is the normalized energy spectrum, given as

Spxq “
9
?

3
8π

x

ż 8

x

K5{3pηqdη . (105)

The normalized spectrum satisfies
ş8

0 Spxqdx “ 1. Also, note that
ş1
0 Spxqdx “ 1{2, which

means that half of the total energy is emitted above the critical frequency px ą 1q, and
half below px ă 1q. The radiation emitted by a relativistic charged particle in instantaneous
circular motion is known as synchrotron radiation12 because it was first observed as visible
light emitted from a 70 MeV electron synchrotron by [Elder et al., 1947].

2.2.4 Periodic circular motion
Let us assume that the motion along the circle with radius ρ is not instantaneous but periodic.
According to Eq. (84), the observer, in this case, sees radiation bursts described by the
formulas presented in the previous section, with periodicity T0 “ 2πρ{v, as shown in Fig. 9.
Since the signal is periodic, it can be decomposed into Fourier series, which is given in terms
of harmonics of the fundamental frequency ω0 “ βc{ρ. To obtain the spectral intensity of
the individual harmonics, we merely evaluate the energy distribution given by Eq. (98) for
ω “ ωn “ nω0 and then multiply with the repetition rate ν “ v{2πρ « c{2πρ and harmonic
frequency ω0 « c{ρ to convert energy radiated per unit frequency per solid angle into power
radiated per harmonic per solid angle, which gives

dPn

dΩ “
c2

2πρ2
d2W

dΩdω

ˇ

ˇ

ˇ

ˇ

ω“ωn

. (106)

These results can be directly applied to the circularly polarized laser-driven electron orbits in
the boosted drift frame given by Eqs. (44) – (46), where no longitudinal motion is present. This
corresponds to synchrotron radiation from an electron circulating with velocity a0{p

?
2γ1q at

a radius ρ “ a0{p
?

2k1γ1q, as shown in Fig. 10.
For any periodic motion of a relativistic electron which generates current jpr, tq “

´eβptqδ rr ´ reptqs, Eq. (107) gives

dPn

dΩ “
q2c

4πϵ0

n2ω4
0

p2πcq3

ˇ

ˇ

ˇ

ˇ

ˇ

ż 2π{ω0

0
β ˆ n e

inω0

´

t´
n¨reptq

c

¯

dt

ˇ

ˇ

ˇ

ˇ

ˇ

2

, (107)

which can also be written in terms of a closed-loop integral over the trajectory

dPn

dΩ “
q2

4πϵ0c

n2ω4
0

p2πcq3

ˇ

ˇ

ˇ

ˇ

¿

pdre ˆ nq einω0pt´
n¨re

c q

ˇ

ˇ

ˇ

ˇ

2
. (108)

The angular distribution of power per harmonic emitted by a relativistic electron con-
ducting circular relativistic motion can be readily calculated using Eq. (108) as [Jackson,

12See [Attwood and Sakdinawat, 2017] and references therein for more details, historical overview, and
applications of synchrotron radiation sources and free electron lasers.
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Figure 9: Schematic illustrating radiation emitted due to periodic circular motion of a relativistic
charged particle. The observer is placed at point P in the orbital plane.

1962]
dPn

dΩ “
q2c

4πϵ0

ρ2n2ω4
0

2πc3

„

cos2 θ

β2 sin2 θ
J2

n pnβ sin θq ` J 12
n pnβ sin θq

ȷ

, (109)

where Jnpxq is the Bessel function of the first kind and J 1
npxq is its derivative [Gradshteyn

and Ryzhik, 1965]. Here, the angle θ denotes the polar angle with respect to the orbital
y ´ z plane pθ P r0, πsq shown in Fig. 10a, i.e. the observation vector n is perpendicular to
the orbital plane for θ “ 0, whereas in the radiation distribution for instantaneous circular
motion (98) it denoted the altitude angle from the orbital plane pθ P r´π{2, π{2sq, where for
θ “ 0 the observation vector n rested within the orbital plane. This variable change will
be useful when we discuss the laser-driven orbits, where the polar angle θ will be the angle
between the observation vector n and the laser wave vector k. The first term in the square
brackets („ J2

n) corresponds to radiation polarized in the y direction, while the second term
(„ J 12

n ) corresponds to radiation polarized in the z direction. If the orbit is not circular but
instead consists only of oscillations along the y or z (see Fig. 11a,c), the second term is equal
to zero, and the radiation is polarized along the axis of oscillations. Note that polarization
along the x axis is also naturally present in the radiation near field, but this is neglected
within the far field approximation, and therefore Eq. (109) does not describe it.

It can be shown using the Nicholson’s formula for Bessel functions [Jackson, 1962;
Gradshteyn and Ryzhik, 1965] that Eq. (109) yields Eq. (106), with angular distribution
given by Eq. (98), in the ultra-relativistic limit γ " 1. Note that while the electron orbits are
harmonic with ω0 (or ω1

0 and 2ω1
0 in the case of electron orbits driven by laser with linear

polarization in the boosted frame), the radiation is composed of all harmonics of ω0, which
is due to the causal relationship between radiation emission and propagation expressed by
the retarded time, which modifies the phase factor in Eq. (77) with the term n ¨ reptq{c.
Without this, the observed radiation would contain only spectral components related to the
frequencies present in the orbital motion. The angular distribution of power per harmonic
from laser-driven orbits in the boosted drift frame (R frame shown in Fig. 10a) can be then
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obtained by the following substitutions in Eq. (109), which is valid for the circular motion
in the R frame, ρ “ a0{p

?
2k1γ1q, β “ a0{γ1, θ Ñ θ1 “ a0{p

?
2kq, where γ1 “

a

1 ` a2
0{2. For

linear polarization, the procedure is not as subtle, as it also includes the second harmonic
longitudinal oscillations13.

2.2.5 Boosted periodic circular motion
In the context of laser-driven relativistic orbits described in Sec. 2.1, we are ultimately
interested in the angular distribution of radiation in the laboratory frame, where the electrons
do not only perform oscillatory motion but also drift in the longitudinal direction (L frame,
shown in Fig. 10b), either due to the laser field or due to their initial velocity. The power
distribution of harmonics transforms according to Eq. (97) as

dPn

dΩ “
1

γ4p1 ´ β cos θq4
dP 1

n

dΩ1
, (110)

where dP 1
n{dΩ1 is given by Eq. (109) and all the dashed variables pω1, θ1q inside dP 1

n{dΩ1 are
expressed in terms of the L frame non-dashed variables pω, θq, as given by the inverse Lorentz
transform. For example, the sine of angles in Eq. (109) is expressed according to the formulas
on relativistic aberration, as sin θ1 “ psin θ{γq{p1 ´ β cos θq. The harmonic frequencies are
given in the L frame as

ωn “
nω1

0
γp1 ´ β cos θq

. (111)

Nonlinear Thomson scattering

For electron orbits driven by circular polarization, we consider the R frame to propagate with
drift velocity βd “ a2

0{p4`a2
0q and Lorentz factor γd “ 1{

a

1 ´ β2
d “ p1`pa0{2q2q{

a

1 ` a2
0{2.

The frequency of the laser in the R frame is given as ω1
0 “ ω0{γ1, where γ1 “

a

1 ` a2
0{2.

Plugging into Eq. (110), we get the power distribution of harmonics as

dPn

dΩ “

´

1 `
a2

0
2

¯2

”

1 `
a2

0
4 p1 ´ cos θq

ı4
dP 1

n

dΩ1
, (112)

and for the harmonics, we have

ωn “
nω0

1 `
a2

0
4 p1 ´ cos θq

. (113)

The angular distribution of total radiated power is then simply the sum of all the harmonics

dP

dΩ “

8
ÿ

n“1

dPn

dΩ . (114)

Radiation generated by the interaction of the free electron with laser field of relativistic
intensity, described by Eq. (114), is said to be a result of nonlinear Thomson scattering

13We guide the reader to the seminal work on nonlinear Thomson scattering – [Sarachik and Schappert,
1970], where scattering due to circular or linear polarization is calculated, in both the laboratory (L) and the
boosted (R) frame.
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Figure 10: (a) Circular orbits of electrons driven by circularly polarized laser with a0 “ 8 in the
boosted (R) frame, which propagates with the drift velocity βd “ a2

0{p4 ` a2
0q along the x direction

with respect to the laboratory (L) frame. R frame trajectories are given by Eqs. (44)–(46). (b)
Helical orbits of electrons driven by circularly polarized laser in the L frame, given by Eqs. (33)–(35).
Angular distribution of power, calculated for the first two harmonics in the R frame (c) using
Eq. (109), and L frame (d) given by Eq. (110). The R frame moves with respect to the L frame with
the Lorentz factor γ “ 1{

a

1 ´ β2
d « 3, which corresponds to the opening angle θ “ 1{γ « 20˝, in

accordance with the radiation cone shown in (d).

[Sarachik and Schappert, 1970]. Electrons initially at rest scatter fundamental laser frequency
ω0 into harmonics given by Eq. (111), which are intensity red-shifted off-axis, i.e. for θ ‰ 0.
For a0 ! 1, the total power of the harmonics has the following leading term, Pn « I0σT a2n

0
14,

where I0 “ ϵ0cE2
0{2 is the incident laser intensity and σT “ p8π{3qre is the Thomson

scattering cross section, where re is the classical electron radius.

14See [Sarachik and Schappert, 1970] for more precise prefactors.
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2.2. Radiation from relativistic electrons

Figure 11: Linear oscillatory orbits in the R frame (a) with corresponding power distribution (c).
Sine trajectory in the L frame (b) and corresponding power distribution (d). R frame moves with
respect to L frame with γ “ 3.

Nonlinear inverse Thomson scattering

Suppose the electrons are initially not at rest but propagate with some relativistic velocity
β towards a head-on collision with the incident laser. In that case, the laser frequency is
boosted in the R frame, as ω1

0 “ γω0p1 ` βq « 2γω0. Transforming back into the L frame, we
find the harmonics given by Eq. (111) enhanced by a factor of

a

p1 ` βq{p1 ´ βq « 4γ2, i.e.

ωn «
4γ2nω0

1 `
a2

0
4 p1 ´ cos θq

. (115)

With the upshift factor included in the harmonics, Eq. (114) describes what is known as
nonlinear inverse Thomson scattering. This is illustrated in Fig. 11, which shows an electron
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Chapter 2. Theory of relativistic optics

propagating with γ “ 3 along the x axis in the L frame. If the electron performs linear
harmonic oscillations in the R frame15, the power distribution and frequency harmonics
become boosted according to Eqs. (110)–(111), where the R frame laser frequency is given
according to Lorentz transform, i.e., relativistic Doppler effect, as ω1

0 “ γp1 ` βqω0.

Nonlinear inverse Compton scattering

Yet, the zoo of laser scattering processes grows even more complex. If, in the R frame,
the laser photon energy approaches the electron energy, ℏω1

0 « γ1mec2, the process is
called inverse Compton scattering. In this case, the conservation of energy and momentum
leads to non-negligible electron recoil, which changes the energy of scattered radiation.
The angular distribution of radiation can be calculated in the framework of quantum
electrodynamics [Di Piazza et al., 2012], a detailed discussion of which is beyond the intended
scope of this thesis, and patience of the kind reader16. In addition, it is sufficient for quantum
effects to arise already if the local laser energy approaches the electron energy in the R frame,
nℏω1

0 « γ1mec2, such process is then called nonlinear inverse Compton scattering. For the
sake of completeness, we at least cite the result for the on-axis harmonics emitted due to
this process [Meyerhofer, 1997]

ωn “
4γ2nω0

1 ` 4γ2n ℏω0
mec2 ` a2

0
. (116)

The second term in the denominator enforces is due to the conservation of energy and
momentum and can be obtained classically from relativistic kinematics. However, the third
term is purely quantum due to a so-called electron mass shift.

In summary, we have discussed that relativistically intense lasers ionize matter and force
electrons to execute harmonic oscillations, the velocity of which can approach the speed of
light. We have shown that the motion of relativistic electrons always leads to a frequency
shift of emitted radiation compared to the oscillation frequency. Radiation sources based on
laser scattering from relativistic electron beams are known as inverse Compton scattering
(ICS) sources [Ta Phuoc et al., 2012; Corde et al., 2013], and currently enjoy the focus of
active research due to their immense potential for applications [Albert and Thomas, 2016;
Chaulagain et al., 2022]. The following sections discuss relativistic laser interaction with a
medium composed of many free electrons – plasma. As we will see, many of the radiation
features discussed until now will also apply to the collective motion of electrons within the
plasma.

2.3 Interaction of electromagnetic field with plasma
The interaction of plasma with electromagnetic fields is described by the coupled set of the
following partial differential equations: microscopic Maxwell’s equations (1)–(4), continuity
equation (5) and the momentum equation for both electrons and ions (10). We adopt the
Eulerian (fluid) description of plasma. In the Eulerian specification, we describe properties of

15This is true for counter-propagating laser with circular polarization, or linear polarization and a0 ! 1, at
which point we can neglect the longitudinal 2ω0 oscillations. We refer to [Sarachik and Schappert, 1970] for a
general treatment, which includes the 2ω0 longitudinal component. The most important consequence of the
general treatment for linear polarization is that odd harmonics are non-zero on-axis. In contrast, the even
harmonics are non-zero only off-axis.

16For recent summary and direction of quantum electrodynamics in the context of high-intensity lasers, we
refer to [Di Piazza et al., 2012; Blackburn, 2020].
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2.3. Interaction of electromagnetic field with plasma

plasma, such as momentum p, at every position in space and time, denoted by coordinates
x and t, respectively. This allows us to rewrite the Lagrangian derivative in terms of the
Eulerian coordinates as pdtqLagr. “ pBt ` v ¨ ∇qEuler . The closed set of equations can be
written out in Lorenz gauge as [Farina and Bulanov, 2001; Bulanov et al., 2013; Bulanov,
2021]

∆a ´
B2a
Bt2 “ neβe ´ Zniβi, (117)

∆ϕ ´
B2ϕ

Bt2 “ ne ´ Zni, (118)

Bnα

Bt
` ∇ ¨ pnαβαq “ 0, (119)

B

Bt
ppα ` qαaq “ ´∇ pραϕ ` γαq ` βα ˆ ∇ ˆ ppα ` qαaq . (120)

The electron and ion variables are denoted by subscripts e and i, and α P te, iu. In the
momentum equation (120), we have used the identity v ˆ p∇ ˆ pq “ γ´1∇|p|2 ´ pv ¨ ∇qp.
We have introduced the following normalizations to obtain dimensionless quantities

a “
eA
mec

, pα Ñ
pα

mαc
, ϕ Ñ

eϕ

mec2 , βα “
vα

c
, t Ñ ωpet, x Ñ

c

ωpe
x, nα Ñ

nα

n0
, (121)

where ωpe “
a

e2n0{meϵ0 is the linear plasma frequency and n0 is the homogeneous density
of the fluid components, which are initially at equilibrium. The number density of plasma
electrons nα is normalized by n0. In these units, the Lorentz factor for both fluids is
given as γα “

a

1 ` |pα|2. We have also introduced the normalized charge-to-mass ratio
ρα “ ´ pqα{eq pme{mαq, where qα and mα are the particle charge and rest mass of the fluid
component α. Specifically, for the electrons (α “ e) we have qα “ ´e and mα “ me, and for
the ions (α “ i) we have qα “ Ze and mα “ mi, where Z is the ion charge number.

2.3.1 Ultrashort laser pulses and static ion approximation
In the following sections, we will be primarily interested in the interaction of plasma with
electromagnetic laser pulses on the femtosecond (fs) timescale; that is, we will study the
immediate effects that occur close to an ultrashort electromagnetic pulse propagating in
plasma. In this case, the ion contribution can be neglected, which is known as static ion
approximation, where we consider βi « 0 and ni « 1. It is simple to verify that the electrons
are the main contribution to the current affecting the electromagnetic field at this timescale.
Lightest (in terms of ion mass mi) plasma can be created by ionizing hydrogen, yielding
protons as the ions, which carry the significantly larger mass of mp « 1837me. For any
heavier stable element, the ratio of ion mass A to ion charge number Z will be at least twice
as large.

Eqs. (117) – (120) describe the interaction of the electromagnetic field with cold colli-
sionless plasma [Chen et al., 1984], where we consider only microscopic interaction between
electrons, ions, and fields. At the timescale of ions τ „ 1{ωpi, which is typically of the order
of picoseconds (ps)17, the description of plasma dynamics should include the ion motion,
but potentially also pressure and temperature effects due to Coulombic collisions. These
are typically described by a more general kinetic theory of plasma [Chen et al., 1984; Arber

17This depends primarily on the amplitude of the laser. A sufficiently strong laser can induce ion motion
on a faster timescale.
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Chapter 2. Theory of relativistic optics

et al., 2015], which is based on particle distribution functions, the evolution of which is typi-
cally solved for numerically 18. Coulomb collisions between individual electrons or electrons
and ions can be indeed neglected for relativistic laser-plasma interaction since collisional
cross-section follows σ „ 1{v4, where v is the relative velocity of two electrons [Chen et al.,
1984]. At relativistic velocities, electrons are more "slippery", and such collisions become
increasingly negligible, making the evolution of the macroscopic electromagnetic field the
primary mechanism behind the motion of relativistic electrons.

For simplicity, we now assume ions with Z “ 1. As stated above, within the static ion
approximation, we solve only for the dynamical variables of the electron fluid, in which case
the closed set of equations (117) – (120) reduces to

∆a ´
B2a
Bt2 “ neβ, (122)

∆ϕ ´
B2ϕ

Bt2 “ ne ´ 1, (123)

Bne

Bt
` ∇ ¨ pneβq “ 0, (124)

B

Bt
pp ´ aq “ ∇ pϕ ´ γq ` β ˆ ∇ ˆ pp ´ aq . (125)

Taking the curl of Eq. (125), we get identically ∇ ˆ ∇pϕ ´ γq “ 0 and the remaining terms
become

1
c

B

Bt
r∇ ˆ pp ´ aqs “ ∇ ˆ rβ ˆ ∇ ˆ pp ´ aqs . (126)

The quantity Ω “ ∇ ˆ pp ´ aq is known as generalized vorticity [Chen et al., 1984; Hasegawa
and Mima, 1977; Bulanov et al., 2001]. Eq. (126) is a variant of the frozen-in flux theorem for
generalized vorticity Ω, sometimes also called induction equation. If Ω “ 0 initially, before
the electromagnetic field enters plasma, Eq. (126) tells us that Ω “ 0 holds for all time. In
this case, we say that the plasma is initially irrotational and the vorticity of electrons is
bound to magnetic field lines, ∇ ˆ p “ ∇ ˆ a “ eB{mec. For initially irrotational plasma,
Eq. (125) reduces to

1
c

B

Bt
pp ´ aq “ ∇ pϕ ´ γq . (127)

According to Eqs. (52) and (123), the scalar potential is determined by the electron (charge)
density distribution. Therefore, the first term ∇ϕ describes the electrostatic space-charge
force arising due to a charge distribution. The second term ´∇γ is known as generalized
nonlinear ponderomotive force [Sprangle et al., 1992; Chen and Sudan, 1993].

Eq. (127) admits the solution p “ a, which requires that the electrostatic space-charge
force is exactly compensated by the ponderomotive force, ∇pϕ ´ γq “ 0. In this case, we have
exactly γ “

a

1 ` |p|2 “
a

1 ` |a|2, and the ponderomotive force becomes fpond “ ´∇γ “

´ 1
2γ ∇|a|2. The ponderomotive force pushes electrons out from the regions of high intensity

to regions of low intensity. More precisely, the force is strongest when the gradient of the
radiation intensity (∇|a|2 „ ∇I) is largest [Sprangle et al., 1992; Chen and Sudan, 1993]. At
the same time, an electrostatic field emerges due to the created space-charge inhomogeneity,
which creates an equal and opposite force that pushes the electrons back into the region from
which the ponderomotive force expelled them. For transverse components of momentum,

18For a review of the kinetic theory and algorithms for numerical solutions known as particle-in-cell method,
see Refs. [Birdsall and Langdon, 2004; Arber et al., 2015].
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2.3. Interaction of electromagnetic field with plasma

pK “ a also holds in the case when the laser beam is transversally large, in which case the
transverse derivatives can be neglected. We also satisfy ∇Kpϕ ´ γq « 0. Note that these
electrostatic fields, which arise due to the collective motion of plasma, act to cancel the
longitudinal drift that is present in the motion of free electrons interacting with relativistic
electromagnetic field (28) [Gibbon, 2005].

Creating such electrostatic fields with the strength of the order comparable to pondero-
motive force due to laser fields is an essential feature of relativistic laser-plasma interactions.
A laser pushing with ponderomotive force on plasma through which it propagates creates a
copropagating electrostatic field due to space-charge force. If charged particles are injected
into the correct phase of the copropagating electrostatic field, it can act as an accelerator.
In the case of electrons, this is known as laser wakefield acceleration (LWFA) [Tajima and
Dawson, 1979; Andreev et al., 1992; Pukhov and Meyer-ter Vehn, 2002; Esirkepov et al., 2006;
Lu et al., 2006; Lu et al., 2007; Esarey et al., 2009; Bulanov et al., 2016a], where accelerating
gradients four orders of magnitude larger than those produced in conventional radiofrequency
accelerators can be achieved [Dawson, 1959; Faure et al., 2004; Geddes et al., 2004; Mangles
et al., 2004], enabling compact laser-driven acceleration of electrons to multi-GeV energies
in centimeter-scale plasma [Kim et al., 2013; Leemans et al., 2014; Gonsalves et al., 2019;
Aniculaesei et al., 2024]. Plasma can be, therefore, used as an efficient optical rectifier. This
concept will be discussed in more detail in the following sections.

2.3.2 Relativistic transparency

Let us now focus on the evolution of an electromagnetic wave when the ponderomotive
and the space-charge force compensate each other, i.e., p “ a. The Lorentz factor is then
γpr, tq “

a

1 ` |apr, tq|2. Using that the velocity of the electrons is now β “ p{γ “ a{γ, the
wave equation (123) can be written in the form of Klein-Gordon equation (in dimensional
units), as

ˆ

c2∆ ´
B2

Bt2 ´ ω2
p,rpr, tq

̇

apr, tq “ 0, (128)

where ωp,r “ ωpe{
?

γ is the inhomogeneous relativistic plasma frequency, which can vary in
both space and time since both the Lorentz factor γ and the electron density ne are generally
functions of space and time coordinates. To obtain the dispersion relation of electromagnetic
waves, we now consider only a single monochromatic plane wave propagating in plasma,
apr, tq “ a0 exppiφq, where the phase of the wave is given as φ “ k ¨ r ´ ωt. We get the
following dispersion relation, valid for any constant amplitude a0,

`

´c2k2 ` ω2 ´ ω2
p,r

˘

a0 “ 0, (129)

in other words,
ω2 “ c2k2 ` ω2

p,r. (130)

Note that the dispersion relation (130) derived from the wave equation for A must indeed
equal the dispersion relation for the linear waves described by the real fields E and B, since
their phase can differ from the phase of A only up to a constant phase shift φ0, which is
determined by the derivative of A, according to the definition of the real fields (6) – (7).
A particular phase front propagates according to φ “ const. For example, the first crest of
the wave satisfies φ “ 0, i.e., k ¨ r “ ωt. If we choose the coordinate system such that axis
x is parallel with the wave vector k, we can get the velocity of this phase using dispersion
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relation (130), referred to as phase velocity [Born and Wolf, 1959],

vp “
dx

dt
“

ω

k
“

c

n
, (131)

where we have introduced the refractive index of inhomogeneous relativistic plasma [Gibbon,
2005]

npr, tq “

c

1 ´

´ωp,r

ω

¯2
“

c

1 ´
ne

γnc
, (132)

where nc “ ω2ϵ0me{e2 is the critical density. The phase velocity of electromagnetic waves
defines two regimes of interaction. For ω ą ωp,r, the phase velocity is real, and the wave can
travel in plasma, which is therefore described as relativistically underdense. For ω ă ωp,r,
the phase velocity is imaginary, and the wave is reflected upon entry into the plasma; such
plasma is described as relativistically overdense. Within the plasma, the evanescent wave
has the wave vector magnitude k « iωp,r{c “ i{δp,r [Chen et al., 1984]. The electromagnetic
field can, therefore, penetrate the plasma upon entry from vacuum up to a length which is
approximately equal to the relativistic skin depth δp,r “ c{ωp,r. In a non-relativistic scenario,
where γ „ 1, we retrieve the well-known behavior of plasma or ideal metals, where waves
with frequency smaller than the linear plasma frequency become reflected from the metal
back into vacuum [Born and Wolf, 1959].

For the superposition of monochromatic waves, the velocity of such an electromagnetic
pulse corresponds to the slope of the dispersion relation (130), known as group velocity [Born
and Wolf, 1959],

vg “
Bω

Bk
“ cn, (133)

where the last equality is valid specifically for plasma. The phase and group velocities in
plasma, therefore, satisfy vpvg “ c2. Note that the phase velocity in plasma is larger than
the speed of light, vp ą c, since n ă 1. Fortunately, causality is preserved if we understand
that information can propagate between two spacetime events only through changes in the
electromagnetic field, which correspond to electromagnetic pulses propagating with group
velocity (133), which is smaller than the speed of light.

While we have derived the refractive index for a monochromatic wave, this result can be
generalized to an electromagnetic pulse with a slowly varying envelope. Averaging Eq. (128)
over a single laser cycle, we get an equation for a slowly varying amplitude envelope a0pr, tq,
with a refractive index that has the same form as Eq. (132), except that now the Lorentz
factor is averaged over in time and polarization independent. Such averaging over the laser
envelope amounts to the following simple substitution, γ Ñ γ0 “

a

1 ` x|a|2y “

b

1 `
a2

0
2 , in

Eq. (132).
A laser pulse can therefore penetrate even overdense (ne ą nc) plasma when γ0 ą ne{nc.

This is a unique feature of relativistic optics known as self-induced relativistic transparency
(SIT). For ultra-relativistic amplitudes with a0 " 1, we have γ0 « a0{

?
2 and from Eq. (132)

the condition for SIT takes a simple form [Kaw and Dawson, 1970]

a0 ą
?

2ne

nc
. (134)

Another kind of wave that can propagate in plasma, apart from the electromagnetic wave
with a ‰ 0, is the electrostatic wave with a “ 0. These waves do not carry magnetic field,
since ∇ ˆ a “ 0, and the Lorenz condition gives Btϕ “ c2∇ ¨ a “ 0. Therefore, Eq. (123)
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2.4. Relativistically underdense plasma

reduces to Poisson’s equation, ∆ϕ “ ne ´ 1. If we consider a plane wave solution for the
scalar potential, ϕ „ exppik ¨ r ´ iωtq, we can linearize Eqs. (122) – (125) to obtain the
following dispersion relation for electrostatic waves propagating in plasma, ω “ ωpe [Chen
et al., 1984; Gibbon, 2005]. This tells us that the wave vector k is not determined by the wave
equation for scalar potential, and the phase velocity vp “ ωp{k may have arbitrary values.
This also means that the group velocity (133) equals zero. These waves are known as electron
plasma waves since they exist thanks to the plasma electron density modulations given by the
right-hand side of Poisson’s equation. Additionally, from the definition of the scalar potential,
we see that the waves are longitudinal, since the electric field is polarized in the direction
of wave motion, E “ ´∇ϕ “ ´ikϕ. Since the longitudinal plasma waves can propagate
even with vp À c, they are the key that unlocks plasma-based acceleration of well-injected
charged particles to relativistic velocities [Tajima and Dawson, 1979]. Also, this electrostatic
field is responsible for canceling the longitudinal drift of free electrons [Gibbon, 2005]. The
averaged Lorentz factor of laser-driven plasma electrons initially at rest is, therefore, smaller
in plasma, as shown above. It can be related to the averaged Lorentz factor of free electrons
as xγfreey “ xγplasmay2. Note that this does not mean that vacuum acceleration is more
efficient. As we will show later, electrons injected into the accelerating phase of the wave can
achieve significantly higher energy.

The nonlinear refractive index given by Eq. (132) foreshadows that relativistic laser-plasma
interactions can yield abundant nonlinear optical effects, such as the already introduced
self-induced transparency. The refractive index also clearly splits the remaining physical
discussion into two different cases: a) relativistically underdense plasma (ω ą ωpe{

?
γ), where

the laser freely propagates, and b) relativistically overdense plasma (ω ă ωpe{
?

γ), where
region of interest narrows down to the surface of the plasma target, from which the laser
field must reflect according to the refractive index. Therefore, the following sections reflect
this disjunction, and we focus on these two cases individually, with a selection of topics.

2.4 Relativistically underdense plasma
When the plasma is relativistically transparent, we return to the wave equation (128) to
understand the nonlinear evolution of the laser field throughout its propagation. The laser
propagates in plasma with normalized group velocity βg « ck0{ω0. It, therefore, seems
convenient to express wave equation (122) in terms of the following coordinates, t “ τ and
ξ “ z ´ vgt, where ξ is the copropagating coordinate which measures the relative distance
from the propagating laser pulse. The derivatives transform as

B

Bt
“

Bξ

Bt

B

Bξ
`

Bτ

Bt

B

Bτ
“ ´vg

B

Bξ
`

B

Bτ
, (135)

B

Bz
“

Bξ

Bz

B

Bξ
`

Bτ

Bz

B

Bτ
“

B

Bξ
, (136)

which gives us the wave equation19 as [Bulanov et al., 1992; Decker et al., 1996; Mori, 1997;
Bulanov et al., 2001]

„

1
γ2

g

B2

Bξ2 ` ∇2
K ` 2βg

B2

BξBτ
´

B2

Bτ2

ȷ

a “ neβe, (137)

19In normalized units as before – length is given in units of c{ωpe, and time in units of 1{ωpe.
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where γg “ 1{

b

1 ´ β2
g is the Lorentz factor of the laser pulse and βg is the normalized

group velocity. The first term on the left-hand side of Eq. (137) disperses the laser pulses
longitudinally. The laser pulse is longitudinally increasingly more stable in the relativistic limit
γg " 1. This is equivalent to propagation in low-density plasma, since pvg{cq2 « 1´pωpe{ω0q2.
The second term is responsible for the transverse modulation of the laser beam. As we will
show later, this can lead to nonlinear effects such as self-focusing [Litvak, 1970; Bulanov
and Sakharov, 1991; Sprangle et al., 1992; Chen and Sudan, 1993; Askaryan et al., 1994;
Bulanov et al., 1995], which can enable self-guiding of the laser on distances significantly
larger than the typical Rayleigh length. The third term describes variations in the laser
group velocity, and the fourth term is responsible for fast variations of a forward-going wave
and can be typically neglected. The right-hand side is once again the source term. In the
previous sections, we have shown that the transverse momentum can be taken as p “ a for
ponderomotive and space-charge force compensation or one-dimensional approximation. In
other scenarios, it is nevertheless the leading order contribution [Esarey et al., 2009]. We
therefore take βe « a{γe.

Let us now consider a forward propagating wave with the following normalized vector
potential apr, ξ, τqeikξ, where a is the envelope of the laser which evolves slowly in time and
r “

a

x2 ` y2 is the transverse distance from the beam center. We assume that γg " 1, and
the wave equation (137) in the slowly varying envelope approximation20 (SVEA) can be
written as

„

2iω0
B

Bτ
` ∇2

K ` 2βg
B2

BξBτ

ȷ

a “
ne

γe
a. (138)

It is helpful to note that the source term on the right-hand side is related to the refractive index
of plasma (132), as pne{γeqa “ ncp1 ´ n2qa, which can help draw analogies between Eq. (138)
and well known nonlinear optical effects based on modulations of refractive index [Mori,
1997]. We see that the refractive index, as well as group and phase velocities, can be altered
by changes in plasma density and laser amplitude or frequency [Esarey et al., 1990; Bulanov
et al., 1992; Mori, 1997].

We first assume the quasistatic approximation [Gibbon, 2005] to see how the plasma evolves
with the laser pulse as it propagates. This approximation assumes that plasma electrons
evolve on a much faster timescale than the laser envelope, allowing us to approximate changes
in plasma quantities as instantaneous, i.e., for normalized potential Btϕ « 0. Additionally, we
assume that the plasma response is due to a wide laser beam (kpw0 " 1, where w0 is the laser
waist), allowing us to approximate the transverse changes of the beam with respect to the
longitudinal ones as ∇Kϕ ! Bξϕ. The continuity equation (124) in the Eulerian coordinates
then becomes Bξnepβg ´ βeq “ 0, where we have assumed that the transverse modulations
of the plasma are negligible. Assuming that the plasma is at rest at ξ “ 0, we have after
integration (in normalized units) ne “ 1{p1 ´ βe{βgq. Note that the plasma density diverges
for electrons approaching the group velocity of the laser pulse. This divergence indicates a
singularity in the fluid description of the dynamics. It corresponds to so-called wave breaking,
through which individual electrons become released from the fluid-like motion of plasma.
Similarly, we can integrate the longitudinal component of the momentum equation (127) to
obtain the following constant of motion of plasma electrons,

γep1 ´ βgβeq “ 1 ` ϕ. (139)

20This approximation assumes that the laser pulse evolves slowly compared to the plasma electrons, and
therefore it neglects the second derivative with respect to time in Eq. 137.
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Plugging these into Eq. (123), we get the following equation for the evolution of the
plasma waves [Esarey et al., 1997]

Bϕ2

Bξ2 “ γ2
g

«

βg

ˆ

1 ´
1 ` a2

γ2
g p1 ` ϕq2

̇´1{2

´ 1
ff

´ ρ, (140)

where γg “ 1{

b

1 ´ β2
g is the Lorentz factor corresponding to the velocity of the wave

coordinates, and ρ is the externally injected charge distribution propagating within the
plasma, and a “ |a| is the magnitude of the normalized vector potential. To simplify the
following discussion, we assume the ultra-relativistic limit γg " 1, i.e., low-density plasma
and vg « c, and ρ « 0, i.e., no external charged particle beam is injected into the plasma21.
The ultra-relativistic approximation neglects the effects of plasma wave breaking, i.e., plasma
wave steepening due to the accumulation of electrons as they approach the phase velocity
of the plasma wave, βe Ñ βg [Bulanov et al., 1992; Bulanov et al., 1998; Bulanov et al.,
2001; Panchenko et al., 2008]. Now, we are primarily interested in describing plasma waves
copropagating with a laser pulse.

The nonlinear plasma wave equation in the ultra-relativistic limit simplifies to the following
form [Bulanov et al., 1989; Berezhiani and Murusidze, 1990; Esarey et al., 2009; Bulanov
et al., 2016a; Bulanov, 2021]

Bϕ2

Bξ2 “
1
2

ˆ

1 ` a2

p1 ` ϕq2 ´ 1
̇

. (141)

Assuming a laser pulse with constant amplitude a “ const., and that the plasma is
undisturbed at the pulse front, ϕpξ “ 0q “ Bξϕpξ “ 0q “ 022, Eq. (141) can be integrated to
get the following equation for the longitudinal electric field (E∥ “ ´Bξϕ) as

E2
∥ “

ˆ

Bϕ

Bξ

̇2
“

ϕpa2 ´ ϕq

1 ` ϕ
. (142)

Indeed, this is the equation for an oscillating electric field; the condition for the existence of
periodic solutions is given by ϕ2 “ 0, which can be easily checked to be equivalent to a2 ą 0.
This condition is satisfied for any laser pulse shape or amplitude. Therefore, plasma waves
are excited and copropagate with any laser pulse in plasma. Additionally, we see that the
potential oscillates within the laser pulse between the values ϕmin “ 0 ă ϕ ă ϕmax “ a2. To
calculate the wavelength of the plasma wave, we invert and integrate Eq. (142) to obtain an
implicit solution

ξpϕ, a2q “

ż ϕ

0

d

1 ` φ

φpa2 ´ φq
dφ. (143)

The roots of the electric field of the oscillating plasma wave are given by the condition
ϕ1 “ 0, which gives their presence from Eq. (142) at the points where either ϕmin “ 0 or
ϕmax “ a2. Integrating the implicit solution from ϕ “ 0 up to ϕ “ a2, we get the distance
between the first two zeroes of the electric field, which yields the following formula for the

21See contents of paper B.2 for an overview of beam-driven plasma wakefields.
22To obtain analytical results which qualitatively describe properties of plasma waves excited by more

realistic pulse shapes, we are considering a flat-top laser pulse shape for the moment.
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Figure 12: Numerical solutions of Eq. (140) showing the effect of laser pulse length
lp on plasma wave excitation. Normalized laser amplitude (blue), normalized electron density
(black), longitudinal electric field (red) and Lorentz factor of the plasma electrons (grey, dashed) for
different pulse durations: lp “ lopt “ λw{2 (a), lp “ 5λw{6 (b) and lp “ λw (c), which corresponds to
the no-wakefield condition. Since the ultra-relativistic limit applies (γw “ γg “ 100), the wavelength
of the interior plasma wave is given by Eq. (144), and the electric field amplitude of the wake plasma
wave is given by Eq. (147). The plasma wave amplitude is largest in the optimal case (146).

nonlinear plasma wavelength λw [Bulanov et al., 2016a],

λw

λpe
“

2ξpϕmax, a2q

2π
“

1
π

ż a2

0

d

1 ` φ

φpa2 ´ φq
dφ “

2
π

Ep´a2q, (144)

where Epkq is the complete elliptic integral of the second kind [Gradshteyn and Ryzhik, 1965],
and λpe “ 2πc{ωpe is the linear plasma wavelength23. In the limit a2

0 ! 1, the wavelength
reduces to the linear plasma wavelength λw « λpe. In the large amplitude limit a2

0 " 1,
the plasma wavelength is elongated, as λw « λpep2a0{πq. In the same manner, we can find
the amplitude of the electric field from the condition E1 “ ´ϕ2 “ 0, which occurs when
ϕ˘ “ ˘

?
1 ` a2 ´ 1. Plugging this into Eq. (142), we get the electric field amplitude of the

interior laser-driven plasma waves as Emax “
?

1 ` a2 ´ 1. Therefore, the laser amplitude
directly dictates the nonlinearity of the electron plasma wave response.

We note that plasma waves can also be excited in the wake of a laser pulse. Such a

23λpe “ 2π in the dimensionless units used throughout the derivation.
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2.4. Relativistically underdense plasma

plasma wave is often referred to as laser wakefield. If we consider a laser with pulse length
lpulse “ lopt “ λw{2 such that it ends exactly after the first half-cycle of the plasma wave,
ϕ1p´loptq “ 0, the electrostatic potential at the trailing edge of the pulse becomes maximized,
ϕp´loptq “ a2. Taking these values as the boundary conditions for the evolution behind the
laser pulse, we integrate Eq. (141) again to obtain an equation for the longitudinal electric
field of the wake wave

E2
∥ “

ˆ

Bϕ

Bξ

̇2
“ pa2 ´ ϕq

ˆ

1 ´
1

p1 ` a2qp1 ` ϕq

̇

. (145)

Note that the potential maxima and minima in the wake can be obtained as ϕmax “ a2 and
ϕmin “ ´a2{p1 ` a2q. Indeed, the potential is also maximized in the wakefield due to our
choice of pulse length. That is, any other choice would produce ϕmax ă a2. The condition
for resonant wakefield excitation can be, therefore, formulated in terms of the following
requirement for the optimal pulse duration

lopt “
λw

2 , (146)

with the nonlinear plasma wavelength λw given by Eq. (144). The optimal pulse duration
also implies that a flat-top pulse with a length of lp “ 2lopt excites no wakefield. An interior
plasma wave is excited, but at the pulse rear, which equals a full cycle of the plasma wave,
we have ϕ “ 0. That is, the pulse does not transfer any energy into the wake. While this is,
in principle, possible, the interior plasma wave modulates the refractive index. This quickly
changes the flat-top pulse shape such that the no-wakefield condition lp “ 2lopt is quickly
broken, and wakefield amplitude grows. This is shown in Fig. 12, which shows excitation
of both the interior plasma wave with wavelength given by Eq. (144) and the plasma wake
wave.

The potentials corresponding to the minima and maxima of the oscillating electric field,
E “ ´ϕ1, were derived above as ϕ˘ “ ˘

?
1 ` a2 ´ 1 from the condition ϕ2

˘ “ 0. Plugging
ϕ˘ (with a2 “ 0 for the wake region) into Eq. (145), we find that the longitudinal electric
field of the plasma wave oscillates between the values ´Emax ă E ă Emax, where the electric
field amplitude of the wake Emax is given in dimensional units as

Emax “
mecωpe

e

a2
?

1 ` a2
. (147)

It is also useful to note that for weakly relativistic lasers with a2 ! 1, Eq. (141) can be
linearized, since ϕ ă a2 ! 1. The result is the following linear equation for plasma waves
(valid for a2 ! 1),

Bϕ2

Bξ2 ` ϕ “
a2

2 . (148)

Solution for arbitrary laser pulse shape can be then found immediately through convolution
of the right-hand side with the fundamental solution of the equation, ϕ0pξq “ θpξq sinpξq

where θpξq [Riley et al., 2006] is the Heaviside theta function [Gradshteyn and Ryzhik, 1965],
as (in dimensional units)

ϕpξq “ k2
pe

ż ξ

´8

sin
“

kpepξ ´ ξ1q
‰ a2pξ1q

2 dξ1, (149)
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where kpe “ c{ωpe is the linear plasma wave number. In the linear regime a2 ! 1, analytic
solutions can be readily obtained by evaluation of Eq. (149). Longitudinal electric field and
electron density then follow from the first and second derivative of the normalized potential,
E∥ “ ´Bξϕ and δne “ B2

ξ ϕ. We continue the discussion of laser-driven plasma waves in
section 2.4.4, where we expand the discussion of their properties in the context of laser
wakefield acceleration.

We now return to discuss the effect of copropagating plasma waves described above on
the laser pulse evolution. We proceed to reveal a crucially important conservative property
of electromagnetic pulses propagating in plasmas with slowly evolving envelopes. First, we
multiply the equation for the evolution of the vector potential envelope (138) by the conjugate
of the complex envelope a˚ and then we add the complex conjugate of the resulting equation,
we obtain

B

Bτ

„

|a|2 ´ i
βg

ω0

ˆ

a˚ Ba
Bξ

´ a Ba˚

Bξ

̇ȷ

“
i

2a∇2
Ka˚ ´

i

2a˚∇2
Ka. (150)

Note that the source term on the right-hand side of Eq. (138) is now canceled out. Integrating
over the beam area πr2, we get [Gibbon, 2005]

π

ż 8

0

B

Bτ

„

|a|2 ´ i
βg

ω0

ˆ

a˚ Ba
Bξ

´ a Ba˚

Bξ

̇ȷ

dr2 “
iπ

2

ż 8

0

`

a∇2
Ka˚ ´ a˚∇2

Ka
˘

2rdr (151)

“ πi

ż 8

0

„

a˚

ˆ

B2

Br2 `
1
r

B

Br

̇

ar ´ c.c.

ȷ

dr “ πi

ż 8

0

˜

r

ˇ

ˇ

ˇ

ˇ

Ba
Br

ˇ

ˇ

ˇ

ˇ

2
´ r

ˇ

ˇ

ˇ

ˇ

Ba
Br

ˇ

ˇ

ˇ

ˇ

2
¸

dr “ 0. (152)

Therefore, we see that Eq. (138) has the following integral of motion

π

ż 8

0

B

Bτ

„

|a|2 ´ i
βg

ω0

ˆ

a˚ Ba
Bξ

´ a Ba˚

Bξ

̇ȷ

dr2 “ 0. (153)

To clearly understand the conserved quantity, we rewrite the normalized complex amplitude,
without loss of generality, in the form a “ |a|eiνpξ,τq. Reminding ourselves that the instan-
taneous frequency of an electromagnetic pulse is defined as a time derivative of the phase
φpz, tq “ ω0t ´ νpz ´ βgt, tq, explicitly written as

ωptq “
dφ

dt
“ ω0 ´ βg

Bν

Bξ
, (154)

we can rewrite Eq. (153), after integrating over the longitudinal coordinate ξ, in the following
form

B

Bτ

ż
ˆ

π

ż 8

0
|a|2ωdr2

̇

dξ “
B

Bτ

ż

|a|2ωd3r “ 0. (155)

Since the electric field envelope (in normalized units) is |E| “ |a|ω, the integrand can be
interpreted as photon number density, |a|2ω “ |E|2{ω “ E{ω, where E is the energy density
of the electromagnetic field. This quantity is sometimes referred to as wave action density,
which has the form of an adiabatic invariant J “ E{ω [Chen et al., 1984]. Therefore, the
total wave action (photon number) is conserved [Bulanov et al., 1992; Mori, 1997; Bulanov
et al., 2001],

ż

|a|2ω d3r “ const. (156)

In other words, the conservation of wave action (156) can be interpreted as the conservation of
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2.4. Relativistically underdense plasma

total photon number, which states that if a slowly evolving electromagnetic pulse propagating
in plasma loses energy, the frequency of the laser must decrease proportionally. This effect is
known as pump depletion, which we will discuss in more detail later. Over time, this effect
redshifts the entire spectrum of the laser as it propagates through plasma24. Eq. (156) can
be estimated as a2ωr2L “ const, where a “ |a| is the amplitude envelope and L is the pulse
length. We see that the amplitude of a laser propagating in plasma can be affected by slow
changes both in size and frequency. For example, the amplitude can be increased through
either longitudinal compression (L Ó ùñ a2 Ò), transverse focusing (r2 Ó ùñ a2 Ò), or
frequency redshift (ω Ó ùñ a2 Ò). Using Eq. (153), we may also obtain the following rate of
change of the transverse electromagnetic field energy

B

Bτ
EK «

B

Bξ

˜

E2
∥

2

¸

, (157)

where the transverse electromagnetic field energy density is given as EK “ E2
K{2 “ p´Btaq2{2 “

pBτ |a|2 ´2Bτ a ¨ Bξa `2Bξ|a|2q{2 and the longitudinal electric field is given as E∥ “ ´Bξp1`ϕq.
Using Gauss’ law, the right-hand side can also be expressed as BξE2

∥{2 “ ´δneE∥, where
´BξE∥ “ δne “ ne ´ 1 is the normalized electron charge density perturbation. We can now
make a general observation: a local loss of laser pulse energy requires in an equal manner two
things: a) the presence of charge density perturbation δne and b) the longitudinal electrostatic
field E∥. Both of them arise through the laser-driven electron plasma waves discussed before.

The physical picture of the laser pulse evolution can be obtained by considering mod-
ulations of the plasma refractive index [Mori, 1997]. In general, the laser pulse evolves in
the plasma due to spatiotemporal changes in the refractive index, which can occur from
the excitation of electron plasma waves discussed above or from other effects, which we
will discuss momentarily. The refractive index (132) can be expanded for relativistically
underdense plasma (ne{γnc ! 1) as [Decker et al., 1996; Mori, 1997]

npr, tq “
vg

c
« 1 ´

1
2

ˆ

ne

γnc

̇

, (158)

where γ “
a

1 ` a2
0{2 is the averaged Lorentz factor of plasma electrons and a0pr, tq is the

averaged amplitude of the normalized vector potential. The phase velocity (131) is then given
(in dimensional units) as

vp

c
« 1 `

1
2

ˆ

ne

γnc

̇

. (159)

Generally, the laser pulse evolution can be described briefly as follows: transverse evolution
occurs due to transverse modulation of phase velocity, longitudinal evolution occurs due to
longitudinal modulation in group velocity, and frequency shift occurs due to longitudinal
modulation of phase velocity. These effects can also be directly described by solving Eq. (138).
The role and timescale of the individual terms on the left-hand side are then estimated by
keeping only one term at a time and comparing the amplification factor’s time dependence
with the refractive index’s initial perturbations [Bulanov et al., 2001].

24We remind ourselves that this result was obtained only for lasers with envelopes that evolve adiabatically,
i.e., slowly in time with respect to the laser phase which evolves on a timescale „ 1{ω0.
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2.4.1 Stimulated Raman scattering and nonlinear laser depletion

From our discussion of plasma waves, it is clear that even weakly relativistic pulses introduce
refractive index modulations due to the occurrence of plasma waves copropagating with
the driving laser pulse. The electron plasma waves evolve fast (τ „ 1{ωpe) and can seed a
host of instabilities within the laser pulse [Forslund et al., 1975b; Bers, 1983; Decker et al.,
1996; Mori, 1997; Bulanov et al., 2001; Gibbon, 2005], which can quickly modulate and
erode the laser pulse envelope [Forslund et al., 1985; Bulanov et al., 1992]. Plasma wave
seeds can also arise from thermal fluctuations of electrons, which occur even ahead of the
laser pulse. The fastest instability (and therefore the most relevant one for ultrashort laser
pulses) is the stimulated Raman scattering (SRS) [Forslund et al., 1975b; Forslund et al.,
1985; Antonsen and Mora, 1992; Darrow et al., 1992; Mori, 1997]. The slower stimulated
Brillouin scattering (SBS) could also grow from an ion acoustic wave seed in a long laser
pulse [Chen et al., 1984]. However, for ultrashort laser pulses it can be neglected as long as
the static ion approximation holds.

SRS occurs due to the presence of small amplitude electron plasma waves, which can
modulate the refractive index at the frequency of ωpe, a time (length) scale much shorter
than the typical Rayleigh diffraction time (length) τR “ zR{c [Bulanov et al., 2001], which
is the natural time (length) scale for the slowly evolving laser envelope [Born and Wolf,
1959]. SRS can be described in the wave-wave interaction picture. An electromagnetic pump
wave with pω0, k0) is scattered by a seed plasma wave with pωpe, kpeq, which is then further
reinforced by the ponderomotive beating between the pump and scattered waves pω˘, k˘q.
The linearization of the wave and fluid plasma equations yields the following phase matching
conditions for the scattered waves [Forslund et al., 1975b; Bers, 1983; Decker et al., 1996;
Mori, 1997; Bulanov et al., 2001; Gibbon, 2005]

ω˘ “ ω0 ˘ ωpe, (160)
k˘ “ k0 ˘ kpe, (161)

where the ˘ corresponds to the anti-Stokes and Stokes shift of the pump wave, respectively,
both of which are allowed in the first-order linearization of the wave equation [Bers, 1983].
Note that, since we have in underdense plasma ω0 ą ωpe, the wave must have frequency
of at least ω0 ą 2ωpe, such that a scattered wave with ω˘ ą ωpe and a plasma wave with
ωpe can be generated. This sets the condition for plasma density in which SRS can occur
as ne ă nc{4. It was experimentally verified that for pump waves scattered from nonlinear
electron plasma waves, the amplitude-dependent nonlinear plasma wave frequency should be
used for the phase-matching conditions, i.e., ωpe Ñ ωp,r “ ωpe{

?
γ, where γ “

a

1 ` a2
0{2.

We note that scattered waves themselves can undergo SRS, which leads to cascading that
creates frequency sidebands at ω0 ˘ nωpe, where n is an integer.

In the case when the scattered wave is nearly parallel with the pump wave, k˘ « k0,
we have ke ! k0. This scenario is known as the stimulated forward Raman scattering
(SFRS). This instability leads to longitudinal modulation of the laser pulse, with modulation
wavelength λpe « 2πc{ωpe. The growth rate of SFRS can be obtained through standard
instability analysis as [Forslund et al., 1975b; Kruer, 1988; Decker et al., 1996; Gibbon, 2005]

ΓSFRS

ωpe
“

1
?

8
ωpe

ω0

a0

1 ` a2
0{2 . (162)

The characteristic rise time of the laser pulse modulation is of the order τθ“0 „ 1{pτpγ2
F q,

where τp is the laser pulse duration. The resonant growth of the plasma wave makes SFRS
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crucial in LWFA since the laser pulse excites a strong copropagating longitudinal field.
Note that the growth rate has a maximum for a0 “

?
2, and drops off as „ 1{a0 for

a0 " 1. Yet, phase matching enables SRS under any angle. For small angles close to the
propagation axis (θ „ 1{pkpw0q ! 1), the stimulated side Raman scattering (SSRS) can
also affect the laser beam in the transverse direction, in a time of the order cτ0ăθ!1 „

pzR{cq ˆ pP {Pcq´1{2 ˆ pωpeτpq´1{2, where zR “ k0w2
0{2 is the Rayleigh length, P is the laser

power and Pc is the self-focusing critical power, which will be calculated in the next section.
It was shown [Andreev et al., 1992; Esarey et al., 1994; Decker et al., 1996; Mori, 1997] that
longitudinal instability due to electron plasma wave seed dominates when 4ω0{ωpe ! kpw0,
while transverse instability dominates when 1 ` a2

0ωpeτp ! r4ω0{pωpekpw0qs
2. In the case

when the following inequality is satisfied [Bulanov et al., 2001]

1 !

ˆ

4ω0

ωpekpw0

̇2
! a2

0ωpeτp, (163)

the laser pulse evolves in two stages. In the first stage, the instability starts as a longitudinal
modulation. In the second stage, the transverse modulation of the laser spot size domi-
nates. The transverse modulation always evolves faster than the Rayleigh diffraction time if
p16P {Pcqωpeτp " 1

In addition to stimulated forward and side Raman scattering, the scattered wave can
also propagate antiparallel to the laser wave vector, k˘ « ´k0. Since the instability growth
requires a copropagating plasma wave, we may neglect the anti-Stokes wave as non-resonant,
which gives us phase matching for the Stokes backscattered wave k` « ´k0 and therefore
kpe « 2k0. This is known as stimulated backward Raman scattering (SBRS). The growth
rate can be obtained as [Forslund et al., 1975b; Kruer, 1988; Darrow et al., 1992; Decker
et al., 1996]

ΓSBRS

ωpe
“

?
3

2

ˆ

ω0

3ωpe

̇1{3
a

2{3
0

p1 ` a2
0{2q1{2 . (164)

Note that the growth rate has a maximum for a0 “ 2, after which it drops off as ΓSBRS „

a
´1{3
0 . By direct comparison, we see that SBRS is significantly faster compared to SFRS,

ΓSBRS{ΓSF RS „ pω0{ωpeq4{3a
2{3
0 . A steady-state solution is established inside the pulse in a

time of the order of the pulse duration [Bulanov et al., 2001].
SFRS and SBRS growth rates drop off with increasing a0. This could lead us to conclude

that SRS does not play a significant role in the modulation of intense laser pulses with
a0 " 1. Indeed, in this case, nonlinear pump depletion [Bulanov et al., 1992] starts to play a
more significant role. Let us consider a laser pulse much larger than the plasma wavelength,
then no substantial plasma wave is initially formed, as the resonance condition (146) is not
satisfied. However, for a0 " 1, the SRS grows fast at the low amplitude leading edge of the
laser pulse where a „ 1. SRS quickly develops a modulation in this region, which feeds the
process of plasma wave excitation and nonlinear pump depletion discussed, which locally
depletes energy and steepens the leading edge of the pulse [Bulanov et al., 1992; Bulanov
et al., 2001]. This steepening of the pulse front can saturate in a distance much shorter
than the Rayleigh length, and it effectively drills a hole, which acts as a steep shock front
(with a size of the order of the nonlinear plasma wavelength „

?
γλpe) for efficient plasma

wake wave excitation [Bulanov et al., 1992; Esarey et al., 2000; Bulanov et al., 2001; Gordon
et al., 2003; Nakajima et al., 2011]. A steep leading edge locally creates a large local density
perturbation. Since the refractive index modulation is not as significant in the remainder
of the laser, the energy is primarily depleted locally at the pulse shock front. This effect,
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which occurs for a0 " 1, is known as pulse etching, and the etching or erosion velocity can
be estimated directly from Eq. (157). Integrating over ξ and then τ up to the time when the
energy of the plasma wake wave equals that of the laser, we get lpdE∥ “

ş

EKdξ “
ş

E2
Kdξ,

where lpd “ cτpd is the pump depletion length, which corresponds to τpd, which is the time at
which the plasma wave energy equals the laser energy. For simplicity, let us consider a flat-top
laser pulse with pulse length lp. The maximum electric field amplitude of the wakefield is
Emax “ a2{p1 ` a2q1{2 (147), and the total energy in the wakefield at the time of pump
depletion can be therefore written as E∥ “ lpdE2

max “ lpda4{p1 ` a2q. Assuming a flat-top
laser pulse, the total energy of the laser can be then written as

ş

EKdξ “ lpa2ω2
0 . From the

equality of the two, we obtain the pump depletion length in dimensional units as

lpd “ lp

ˆ

ω0

ωpe

̇2
a2

1 ` a2 . (165)

In the limit of linear interaction, a2 ! 1, we get lpd{lp « pω0{ωpeq2{a2, and the depletion
length decreases with amplitude. In the nonlinear regime, a2 " 1, the pump depletion length
becomes amplitude-independent, lpd{lp « pω0{ωpeq2. The fact that the pump depletion length
is amplitude independent can also be attributed to the diminishing effect of SRS for a2 " 1.
It is of note that from the pump depletion length we can also obtain the etching velocity of
the pulse front, which is the difference between the linear group velocity of the body of the
pulse and the pulse front velocity, given as βetch “ βg ´ βfront “ lp{lpd « pωpe{ω0q2.

Another exciting mechanism occurs due to the nonlinear pump depletion, which is the
generation of relativistic solitons [Bulanov et al., 1992; Farina and Bulanov, 2001; Naumova
et al., 2001; Esirkepov et al., 2002; Esirkepov et al., 2004]. As the laser loses energy to the
plasma wave it generates in its wake, its carrier frequency is adiabatically decreased [Esarey
et al., 1990; Bulanov et al., 1992; Esarey et al., 1994; Mori, 1997]. Throughout the nonlinear
interaction, it is possible that a significant portion of the pulse energy redshifts down to
ω Ñ ωpe, at which point the group velocity (133) reaches zero. Therefore, the depleted
portions of the electromagnetic pulse can lag behind the main body and convert their energy
into solitons, localized packets of electromagnetic energy. It was even shown that these
electromagnetic structures might emit coherent synchrotron radiation [Esirkepov et al., 2004],
with high-frequency afterglow persisting for tens of plasma wave periods.

2.4.2 Self-focusing, ponderomotive channeling and filamentation
instability

Taking the radial derivative of the refractive index (158), we get

dn

dr
“

ne

ncγ3
B

Br

`

a2˘

´
2
γ

B

Br

ˆ

ne

nc

̇

. (166)

Typically, well-focused lasers have profiles that decrease in amplitude with increasing radial
distance. For example, a Gaussian beam. Such a profile satisfies a2 ą 0 and Bra2 ă 0. That
is, the first term tells us that relativistically underdense plasma acts as a converging lens,
which is known as relativistic self-focusing [Sprangle et al., 1990; Bulanov and Sakharov,
1991; Cohen et al., 1991; Antonsen and Mora, 1992; Borisov et al., 1992; Sprangle et al.,
1992; Chen and Sudan, 1993; Esarey et al., 1997; Cattani et al., 2001]. This is immediately
clear since the local phase velocity increases away from the axis, Brvp ą 0.

We consider the quasistatic approximation to understand the effect of the second term.
This approximation again states that the evolution of the plasma is much faster than that of
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Figure 13: Physical picture of relativistic self-focusing. A laser beam creates a transverse
inhomogeneity (a) in the refractive index due to relativistic plasma oscillations and ponderomotive self-
channeling (b), both of which contribute to off-axis phase velocity increase. The density modulation
is calculated from Eq. (167). The red curve corresponds to the blowout regime (168), in which all
electrons are pushed away from the laser pulse region.

the envelope of the laser. Thus we may neglect the time derivative in Eq. (123) to obtain
(in dimensional units) δne{n0 “ ne{n0 ´ 1 “ k´2

p ∆ϕ. In the quasistatic approximation, the
plasma reacts immediately to the slow evolution of the ponderomotive force, which is therefore
compensated by the space-charge force, and we can take ∆ϕ “ ∆γ. Therefore, the density
modulation can be calculated for a long pulse Gaussian beam with a “ a0 expp´r2{w2

0q,
where w0 is the laser waist, as

ne

n0
“ 1 ` k2

p∆γ « 1 ` k2
p∇2

Kγ “
1

4γk2
p

∇2
Ka2 “ 2 a2

0
γw2

0k2
p

ˆ

2 r2

w2
0

´ 1
̇

e´2pr{w0q
2
. (167)

The electron density has a minimum on the laser axis r “ 0 and always increases from
the laser axis towards the edge of the laser (r « w0). This is known as ponderomotive
self-channeling [Sun et al., 1987; Kurki-Suonio et al., 1989; Borisov et al., 1992], which
is shown in Fig. 13b. A long-pulse laser propagating in plasma creates a density channel
and for typical laser beams25 we have Brne ą 1. Therefore, the second term in Eq. (158)
reinforces relativistic self-focusing, and we have in total Brn ă 0. Additionally, we note that
ponderomotive self-channeling can lead to cavitation, where all electrons are expelled from
the axis. This can be calculated from Eq. (167) by requiring that ne “ 0, which occurs when

25Except for optical vortices, which have topological phase singularity that results in zero intensity on-axis.
See section 2.4.6.
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the following cavitation condition is satisfied [Gibbon, 2005],

a0

c

2
γ

ą kpw0. (168)

Note that for a0 " 1, the ponderomotive force is balanced on the axis with the space-charge
force when

?
2?

a0 « kpw0. This balance is closely related to a so-called bubble regime, where
optimal laser guiding in plasma is achieved when the plasma cavity assumes the form of a
sphere [Lu et al., 2006; Lu et al., 2007; Esarey et al., 2009], for a0 ą 2, if the laser waist and
pulse duration satisfy26

ckpτp À kpw0 « 2?
a0. (169)

Cavitation typically leads to the acceleration of ions towards the edges of the plasma
channel, which further reinforces evacuation of the channel on the timescale of ion motion
„ 1{ωpi. Such slow changes can be then measured with long pulse optical probes, for example,
using interferometry [Matlis et al., 2006; Harilal et al., 2022; Raclavský et al., 2024]. The
fact that plasma acts as a converging lens foreshadows that there exists a focusing threshold,
at which point the natural diffraction of a laser beam propagating in a vacuum becomes
compensated [Mori, 1997]. We note that the Gaussian beam waist evolves in vacuum as
w “ w0

a

1 ` pz{zrq2, where zR “ k0w2
0{2 is the Rayleigh length [Born and Wolf, 1959]. It is

helpful to calculate the second derivative of the vacuum waist near the focus (τ « 0), as we
will momentarily use it to calculate the self-focusing threshold, we get B2

τ w « 4{pk2
0w3

0q.
Let us now find the equation for the evolution of the laser waist in plasma. To find it, we

will need to calculate the velocity difference across the phase front of a weakly relativistic
laser (a2 ! 1), which is

∆vp

c
prq “

vpprq ´ vpp8q

c
„ e´2pr{w0q

2
. (170)

The phase velocity difference leads to a phase front curvature, which is determined by the
relative path difference of different light rays on the phase front, ∆L “ ∆vp∆t, which is
illustrated in Fig. 13. The angle that the wavefront bends forward to θ is then related to
the beam waist w, and the relative path difference is ∆L “ wθ. Let us now calculate the
rate at which the radiation is focused inwards. The rate of change of beam waist is equal to
the transverse component of the phase front velocity Bτ w “ ´vp sin θ « ´cθ. Taking another
time derivative and using the above relationship between the relative path difference and
the focusing angle, Bτ θ « ∆vp{w, we get with the inclusion of vacuum diffraction calculated
in the previous paragraph the following equation for beam waist evolution near the focus,
which includes both plasma self-focusing and vacuum diffraction [Mori, 1997]

B2w

Bτ2 «
4

k2
0w3

0
´

c2

w0

∆vpp0q

c
“

4
k2

0w3
0

˜

1 ´
a2

0w2
0k2

p

32

¸

. (171)

Therefore, self-focusing takes place only when the term in the parenthesis becomes negative,
which yields the following self-focusing condition [Sun et al., 1987]

a2
0k2

pw2
0

32 ě 1. (172)

26This can be trivially obtained from the cavitation threshold, 1 ` k´2
p ∆γ « 0, if we assume spherical

symmetry of the laser envelope.
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The self-focusing condition can also be cast in terms of the laser power as P {Pc ą 1, where
P is the laser power and Pc “ p8πϵ0m2

ec5ω2q{pe2ω2
peq « pω{ωpeq2 17 GW is the critical power

required for self-focusing [Sun et al., 1987; Mori, 1997].
In addition to self-focusing in plasma, a sufficiently wide (kpw0 " 1) laser pulse evolves

according to any transverse modulations of the refractive index, in addition to the ponderomo-
tive density modulation. Linearizing Eq. (138) for small perturbations of the field amplitude,
we can obtain the following dispersion relation for the unstable transverse mode [Bulanov
et al., 2001]

ω2 “
k2

K

4γ2k2
0

ˆ

c2k2
K ´ ω2

pe

a2

γ

̇

. (173)

Instability develops (the frequency is imaginary) for ckK ă aωpe{
?

γ. It can be verified that
the condition for filamentation instability is the analog of the condition for self-focusing
(P ą Pc) when kK „ 1{w0, where w0 is the initial laser beam waist. The laser pulse is self-
focused in a time of τsf « pzR{cqpP {Pc ´ 1q1{2. For P " Pc, the filamentation instability can
split the laser beam into multiple filaments, each of which can undergo self-focusing [Askaryan
et al., 1994; Esarey et al., 1994; Esarey et al., 1997; Mori, 1997; Bulanov et al., 2001; Esarey
et al., 2009].

For a2 " 1, the plasma electrons can attain significant velocity along the longitudinal
direction. An effective current of relativistic electrons that propagates with the laser pulse is
created, and a strong transverse magnetic field can be generated, which significantly affects
the picture of self-focusing. The fast current filaments attract each other, which changes
the refractive index due to the effective local decrease of relativistic plasma frequency. Due
to this, in the regions with the highest concentration of electrons 27, the phase velocity is
increased. Therefore, additional self-focusing is introduced due to this magnetic attraction.
This magnetic interaction between the laser pulse and the plasma yields another mechanism
for transporting laser energy over long distances. In addition, the magnetic interaction is
polarization dependent, and self-focusing and merging of current and laser filaments can be
anisotropic [Askaryan et al., 1994].

2.4.3 Self-compression, photon acceleration, and modulational in-
stability

We may calculate the longitudinal bunching of a laser pulse from the group velocity. A
change in the group velocity gives the separation between two positions within the laser pulse
∆L “ ∆vg∆t. For two positions close to each other, we can write ∆vg « LBξvg

28. Changing
into the copropagating coordinate with Bz “ Bξ, we get

1
L

BL

Bτ
“

Bvg

Bξ
“ c

Bn

Bξ
, (174)

where we have used vg{c “ n. Applying the derivative to the refractive index of plasma (158),
we get

1
cL

BL

Bτ
“

Bn

Bξ
“

ne

ncγ3
B

Bξ

`

a2˘

´
2
γ

B

Bξ

ˆ

ne

nc

̇

. (175)

The analysis of Eq. (175) is now similar to the previous section. At the pulse front, we

27At the laser beam edges, see Fig. 13.
28This is simply Taylor expansion of the group velocity, vgpξ2 ´ ξ1q « vgpξ1q ` pξ2 ´ ξ1qBξvg . The distance

between two points is ξ2 ´ ξ1 “ L, and we get ∆vg “ vgpξ2 ´ ξ1q ´ vgpξ1q « LBξvg .
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Figure 14: Physical picture of self-compression and photon acceleration. A refractive
index inhomogeneity copropagating with the laser pulse leads to longitudinal variations of phase
and group velocity. The choice of refractive index profile is illustrative. Generally, the laser redshifts
in regions where Bξn ă 0, and blueshifts in regions where Bξn ą 0, as given by Eq. (177).

have Bξa2 ă 0. The density modulation also grows since the ponderomotive force pushes
electrons out of the pulse region, yielding Bξne ą 0 at the pulse front. Therefore, both the
first and second terms give us that the group velocity is decreasing at the pulse front. Vice
versa, we have Bξa2 ą 0 and Bξne ą 0 at the pulse back. In summary, the group velocity
increases at the back and decreases at the front, leading to self-compression of the pulse.

Derivation of the equation for frequency modulation is the same as above, except that now
we consider two different phase fronts, which can travel with two different phase velocities,
i.e., the distance between them can be written as ∆λ “ ∆vp∆t. If these phase fronts are
neighboring, we may write ∆vp « λBxvp

29, giving us

1
λ

Bλ

Bτ
“ ´

Bvp

Bξ
, (176)

29Same Taylor expansion as in previous footnote, except for phase velocity. Also, the distance between two
neighboring phase fronts is the wavelength, ξ2 ´ ξ1 “ λ. Refer to Fig. 14.
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which, using Bωλ “ ´λ{ω, can be rewritten in terms of frequency

1
ω

Bω

Bτ
“

Bvp

Bξ
“

c

n2
Bn

Bξ
. (177)

The behavior of the derivative of the refractive index is then the same as for self-compression;
a laser pulse propagating in plasma becomes positively chirped, i.e., redshifted at the front and
blueshifted at the back. This is known as relativistic self-phase modulation (SPM) [Andreev
et al., 1992; Antonsen and Mora, 1992; Krall et al., 1993; Mori, 1997]. We note that it is possible
to place a laser pulse into a phase of a copropagating plasma wave where Bξn « const. ą 0,
in which case Eq. (177) describes what is known as photon acceleration, since the whole
laser pulse then becomes uniformly blueshifted [Mendonça, 2000], potentially from visible
to extreme ultraviolet (XUV) spectral range [Sandberg and Thomas, 2023; Sandberg and
Thomas, 2024].

SPM can lead to what is known as relativistic modulational instability (RMI), which can be
understood as a longitudinal counterpart of self-focusing [Decker et al., 1996]. A relativistic
plasma frequency is locally amplitude-modulated, which leads to frequency modulation
according to Eq. (177). Correspondingly, this changes the group velocity, which leads to
longitudinal energy density modulation according to Eq. (174). RMI is dominant when
c2k2 ! ω2 ´ ω2

p,r, where k and ω are the wave number and frequency of the perturbation, i.e.
the seed perturbation is not a plasma wave. The maximum growth rate is given as [Decker
et al., 1996]

ΓRMI

ωpe
«

a2
0

p1 ` a0{2q3{2
ωpe

8ω0
. (178)

2.4.4 Laser wakefield acceleration of electrons
A concept of utmost importance for particle acceleration has arisen in the context of relativistic
laser-plasma interactions over the past decades, known as laser wakefield acceleration (LWFA)
[Tajima and Dawson, 1979; Esarey et al., 1996; Esarey et al., 2009; Esirkepov et al., 2006;
Bulanov et al., 2016a]. In the previous sections, we have shown that electron plasma waves
propagate within a laser pulse in plasma30. However, they can also propagate in the wake of
the laser. Large amplitude electron plasma waves can be resonantly excited to propagate
behind the laser with the phase velocity vw « vg « c, where vg is the group velocity of the
driving laser, which is close to the speed of light for relativistically underdense plasma. Such a
wave provides a substantial accelerating gradient for any electron injected within the correct
wave phase. An adequately guided laser pulse31 can propagate over many Rayleigh lengths,
up to its depletion length (165), enabling acceleration of electrons to very high energies.

To explore this concept, we return to the equation for the evolution of the normalized
scalar potential (140). Multiplying Eq. (140) by Bξϕ “ ϕ1 and integrating over the wave
coordinate ξ, we obtain the following equation

1
2

ˆ

Bϕ

Bξ

̇2
“ γ2

wp1 ` ϕq

«

βw

ˆ

1 ´
1 ` a2

γ2
wp1 ` ϕq2

̇1{2

´ 1
ff

´ C, (179)

where C is an integration constant, which is given by the values of a2, ϕ and ϕ1 at some
initial boundary, e.g. at ξ “ 0, which may represent the trailing or leading edge of the laser

30We called them interior plasma waves.
31When both Eqs. (169) and (172) are satisfied, or when other guiding techniques are employed.
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pulse, depending on whether we investigate interior plasma waves or wakefield, it can be
written as

C “ γ2
wp1 ` ϕ0q

«

βw

ˆ

1 ´
1 ` a2

0
γ2

wp1 ` ϕ0q2

̇1{2

´ 1
ff

´
1
2 pϕ1

0q2, (180)

where a0 “ apξ0q, ϕ0 “ ϕpξ0q and ϕ1
0 “ ϕ1pξ0q are the initial conditions for the normalized

vector potential, scalar potential, and its derivative, respectively. The phase velocity of the
plasma wave is again given by the group velocity of the driver, βw “ βg. Using the constant
of motion for plasma electrons initially at rest (139), we can find the Lorentz factor of the
plasma electrons, given explicitly in terms of the normalized potential as

γe “ γ2
wp1 ` ϕq

«

1 ´ βw

ˆ

1 ´
1 ` a2

γ2
wp1 ` ϕq2

̇1{2ff

. (181)

Using this and ϕ1 “ ´E, we see that Eq. (179) can be cast in the following simple form32

γe `
1
2E2 “ C. (182)

The constant of motion then tells us the initial conditions of the electric field and Lorentz
factor at ξ “ 0, i.e., C “ γep0q ` E2p0q{2. Eq. (182) can be rewritten as E “

a

2pC ´ γeq.
Using the continuity equation, we have previously shown that wave breaking occurs when the
electrons catch up to the plasma wave, i.e., βe Ñ βw, or equivalently γe Ñ γw, which leads
to diverging electron plasma density. This limits the maximum electric field that relativistic
plasma waves can produce. To find this limit, suppose that the electrons in the laser wake
are initially excited by the laser to oscillate close to the wave-breaking velocity at ξ “ 0, i.e.,
C « γw. Then, in the region behind the laser pulse, ξ ă 0, we have E “

a

2pγw ´ γeq, and
we see that the maximum electric field occurs at the position ξ ă 0 where γepξq “ 1. This
yields the Akhiezer-Polovin wave breaking limit [Akhiezer and Polovin, 1956], which sets the
maximum strength for the longitudinal electric field of relativistic plasma waves (excited by
any driver), given in dimensional units as

Ewb “
mecωp

e

a

2pγw ´ 1q, (183)

where γw is the Lorentz factor of the plasma wave. For plasma waves excited by a laser pulse,
the plasma wave phase velocity is given by the group velocity of the laser, vw “ vg, and
the Lorentz factor is γw «

?
γKω0{ωpe, where γK “

a

1 ` a2
0{2. For plasma waves to break,

their maximum electric field amplitude must approach Emax « Ewb. From this condition, we
estimate the laser amplitude which breaks the plasma wakefield using Eq. (147) as

awb “
a

γwp1 ` βwq ´ 1. (184)

We reiterate that Eq. (184) was obtained for flat-top laser pulse, which drives a resonant
plasma wake, i.e., the pulse length is lopt “ λw{2. For a resonant Gaussian laser pulse,
numerical solutions of Eq. (141) indicate that the wave breaking amplitude increases up
to awb « γw

33. A general analytic study of the dependence of wave-breaking amplitude

32Here the longitudinal electric field E is again given in its dimensionless form. It is least cumbersome
first to evaluate all calculations using dimensionless variables and then express final results in SI units, i.e.,
ESI “ pmeωpec{eqEnorm, using the SI definitions for all the constants and plasma frequency.

33This estimate is based on a limited number of one-dimensional particle-in-cell simulations.
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Figure 15: Numerical solutions of Eq. (140) illustrating wave breaking, βe Ñ βw.
Normalized electron density for various laser amplitudes approaching Eq. (184).

on the laser pulse shape could prove an exciting avenue, among many others, for future
theoretical work. Fig. 15 shows a plasma wave approaching the wave-breaking threshold,
given by Eq. (184). As discussed before, this leads to nonlinear steepening of the plasma
wave and local increase of plasma electron density due to the accumulation of electrons that
are "catching up" with the wave.

To find the wavelength of the plasma wake waves, we must first find the zeroes of the
electric field, which are given by the condition ϕ1 “ 0. Assuming that the excitation of the
plasma wave is resonant in the region behind the driver (particle beam or laser), we have
a2 “ 0. Therefore, the initial conditions in the wake region become ϕ0 “ ϕmax and ϕ1

0 “ 0.
From the condition ϕ2 “ 0, we can see that the maximum electric field of the wake wave
Emax occurs when ϕ` “ 0, and its value is given by Emax “ ´ϕ1pϕ`q. This yields ϕmax in
terms of Emax. The minimum value of the potential, ϕmin, is then given from ϕ1 “ 0. Finally,
both extrema can be then written in the following concise form [Esarey and Pilloff, 1995]

ϕmax,min “
E2

max
2 ˘ βw

d

ˆ

1 `
E2

max
2

̇2
´ 1. (185)

The potential difference is

∆ϕ “ 2βw

d

ˆ

1 `
E2

max
2

̇2
´ 1. (186)

We note that the relationship between the values of the wakefield potentials ϕmin,max and
Emax is completely general. As an example, the potential difference for laser-driven wakefield
can be obtained using Emax “ a2{

?
1 ` a2. To find the maximum potential difference that
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a plasma wake can sustain, we consider the Akhiezer-Polovin limit given by Eq. (183) as
Emax “

a

2pγw ´ 1q. The potential extrema of nonlinear electron plasma waves is then given
as

ϕmax,min “ γw ´
1
2 ˘ βw

d

ˆ

γw `
1
2

̇2
´ 1. (187)

The wavelength of plasma wake waves can now be obtained by inverting Eq. (179) and
integrating between potential extrema, which correspond to the zeroes of the oscillating
electric field. We get the following integral expression

λw

λpe
“

1
π

ż ϕmax

ϕmin

1
a

2 rγepϕ0q ´ γepφqs
dφ. (188)

This integral has no general analytic solution, but it can be integrated numerically to obtain
wavelength for any initial conditions. Nonetheless, we may obtain a general solution in the
limit γw " 1. Then, the integral yields34

λw

λpe
«

2
π

p1 ` ϕmaxq
1{2

E

ˆ

1 ´
1

p1 ` ϕmaxq2

̇

, (189)

where Epkq “
şπ{2
0

`

1 ´ k2 sin2 θ
˘1{2 dθ is the complete elliptic integral of the second kind. In

the limit Emax " 1, the nonlinear plasma wavelength is λw « λpep2{πqEmax, while in the
linear limit Emax ! 1, we get the usual linear plasma wavelength λw « λpe. The wavelength
of a nonlinear plasma wake is elongated compared to the linear plasma wave by a factor of
λw{λpe „ p2{πqEmax. For laser-driven wakefields, Eq. (147) gives λw{λpe « p2{πqa2{

?
1 ` a2.

For wakefields driven close to the wave-breaking threshold given by Eq. (183), we have
λw « λpep2{πq

?
2γw ´ 1.

For typical plasma density and laser frequency, simple estimates of Eq. (183) yield electric
fields that provide accelerating gradients up to 4 orders of magnitude larger than conventional
radiofrequency accelerators. This is extraordinary since it enables acceleration of charged
particles in very short distances compared to conventional technology [Dawson, 1959; Faure
et al., 2004; Geddes et al., 2004; Mangles et al., 2004; Lazzarini et al., 2024]. For example,
acceleration of electrons to GeV energies requires tens of meters long conventional accelerators,
while the same energy gain was achieved in just a few centimeters within the laser-driven
wakefields [Kim et al., 2013; Leemans et al., 2014; Gonsalves et al., 2019; Aniculaesei et al.,
2024], significantly shrinking the required footprint of the machine. This makes wakefield
acceleration an attractive concept for future accelerators [Caldwell et al., 2021].

To understand how the electrons accelerate within the wakefield, let us integrate the
momentum equation (120) over the ξ coordinate to obtain the constant of motion

γ ´ βwp∥ ´ ϕ “ h0, (190)

where the constant h0 is determined by the initial state of the electron, i.e., h0 “ γ0 ´

βwp∥,0 ´ ϕ0. While the plasma electrons initially at rest have h0 “ 1, we could also consider
34Our formula for the wavelength of the plasma wakefield differs from that presented in [Esarey et al.,

2009], where the argument of the elliptic integral is taken under a square root, which predicts laser-driven
wakefields (ϕmax “ a2

0) with wavelengths smaller than the linear plasma wavelength for 0 ă a ă 1, which is
unphysical. Numerical solutions of Eq. (140) indicate that our version is correct, and it correctly predicts
that λw ą λpe for any a0. Both formulas converge in the limit ϕmax Ñ 8. Note that the wavelength of the
laser-driven plasma wakefield (189) is slightly smaller than the wavelength of the plasma which occurs in the
interior of the laser pulse (144). The difference becomes negligible for a0 " 1.
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Figure 16: Laser wakefield acceleration illustrated through numerical solutions of
Eq. (140). (a) Normalized laser amplitude (blue), normalized electron density (black), longitudinal
electric field (red) and normalized potential (grey, dashed). (b) Phase space of electrons (191) due
to the plasma wakefield shown in (a). The open orbits (black, dashed) correspond to electrons that
have initially h0 ą hs, including the plasma electrons that have h0 “ 1. The red orbit marks the
separatrix curve (193), along which travel electrons with h0 “ hs. Singular points of the separatrix
rest on the blue curve given by Eq. (192). Injection occurs for electrons with h0 ă hs, which can
rotate along the closed orbits in the wakefield towards a higher energy position in the phase space.
Maximum energy gain (195) is achieved if the acceleration process terminates at the dephasing
point, i.e., the laser pulse exits the plasma at the dephasing length (198), which corresponds to the
largest maximum potential difference (186).

an electron injected into the wakefield, in which case we have h0 ‰ 1. Using Hamilton’s
equations, it is easy to verify that the constant of motion h0 is the normalized Hamiltonian
describing the electron motion, hpξ, p∥q “ h0. Using γ “

b

1 ` p2
∥ ` a2, we can solve the

integral of motion for the longitudinal momentum p∥, which defines the longitudinal phase
space for any electron as [Schroeder et al., 2006; Esarey et al., 2009]

p∥ “ γ2
wpϕ ` h0q

«

βw ˘

d

1 ´
1 ` a2

γ2
wpϕ ` h0q2

ff

. (191)

The evolution of the electron within the plasma is then uniquely determined based on
its initial state and a given scalar potential, which is obtained by solving Eq. (140). The
longitudinal momentum values are joined at a point that is part of a unique phase orbit
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known as the separatrix, which separates two phase space domains. In the inner domain,
the phase orbits are closed, and in the outer domain, they are open. The separatrix is
joined at the singular points ξs, where the square root in (191) equals zero, which yields
ϕpξsq “

a

1 ` a2pξsq{γw ´ hs. Plugging this back into Eq. (191), we see that the singular
points lie on a curve defined by the following longitudinal momentum [Esirkepov et al., 2006]

|p∥| “ βwγw

a

1 ` a2. (192)

In addition, the singular points coincide with the minima of the potential ϕpξsq “ ϕmin. The
separatrix Hamiltonian can be then written in the following form [Esirkepov et al., 2006;
Schroeder et al., 2006; Esarey et al., 2009]

hs “
1

γw
´ ϕmin. (193)

In the same manner as we arrived at the longitudinal momentum, we can express the
electron energy as γe “ βwp∥ ` ϕ ` C. Using 1 ` β2

wγ2
w “ γ2

w, this becomes [Esarey and
Pilloff, 1995; Esirkepov et al., 2006; Esarey et al., 2009]

γepξq “ γ2
wpϕpξq ` h0q

«

1 ˘ βw

d

1 ´
1 ` a2

γ2
wpϕpξq ` h0q2

ff

. (194)

From Fig. 16, we see that the electrons that can accelerate the most are trapped just inside
the closed orbit bound by the separatrix. The maximum energy gain is then achieved for
electrons that rotate in the phase space to the position ξt, which marks the maximum of the
potential, ϕpξtq “ ϕmax, as well as the electron longitudinal momentum for a given orbit. For
an electron to pass close through the minimum of the potential within the closed orbits, we
must take for the initial condition h0 « hs. Plugging this into Eq. (194), we get [Esarey and
Pilloff, 1995]

γmax “ γwp1 ` γw∆ϕq

«

1 ` βw

d

1 ´
1

p1 ` γw∆ϕq2

ff

, (195)

where we have assumed that a2pξtq « 0, which is equivalent to the requirement that the laser
pulse is shorter than half of the nonlinear plasma wave. Barring this assumption, the energy
gain given by Eq. (195) is valid for any potential difference ∆ϕ. In the limit γw∆ϕ " 1 and
γw " 1, we have γmax « 2γ2

w∆ϕ, where the potential difference is given by Eq. (186). For
Emax ! 1, we have γmax « 4γ2

wEmax, while for Emax " 1, we have γmax “ 2γ2
wE2

max. For
example, using the plasma wave amplitude for LWFA (147), we get the maximum energy
gain in the case Emax " 1 (which is equivalent to a2 " 1) as

γLWFA « 2γ2
wa2. (196)

The energy gain from linear LWFA, where Emax ! 1, can be also readily evaluated, as
γLWFA,lin « 4γ2

wa4. Yet, we know that the maximum electric field amplitude and the
accelerating gradient are produced from plasma waves close to the wave-breaking threshold.
In such a wake, the maximum energy gain can be obtained using Eq. (183) as

γwb « 4γ3
w. (197)

Significant electron energies can be expected from highly relativistic plasma waves
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with γw " 1. For example, let us consider a plasma with a background density of n0 “

2.8 ˆ 1018 cm´3 and a laser with a wavelength of λ “ 1 µm. The phase velocity of the plasma
wave, which is equal to the group velocity of the laser, is γw « ω0{ωpe « 20. The maximum
energy gain (197) is then Emax “ γwbmec2 « 16 GeV. Since the accelerating field given by
Eq. (183) is Emax « 1 TV{m, it is clear that this energy is reached within an acceleration
length of lacc « 1.6cm. This is a four orders-of-magnitude footprint reduction when compared
to the conventional accelerators, which produce accelerating fields of Erf « 100MV{m [Tajima
and Dawson, 1979].

Maximum energy gain assumes that the acceleration is terminated when the electron
reaches the maximum potential ϕmax. Otherwise, the electron continues to rotate in the
phase space along the closed orbit and loses energy. The length which the accelerated electron
must traverse before it reaches the maximum potential is known as the dephasing length
ld. It approximately corresponds to the time it takes the electron traveling with velocity
βe to overtake the first half of the nonlinear plasma wave in the accelerating phase, which
propagates with velocity βw. Therefore, the dephasing length is [Bulanov et al., 2016a]

ld «
λw

2pβe ´ βwq
. (198)

In the limit βe « 1, the dephasing length becomes ld « γ2
wλw, where λw is the nonlinear

wavelength of the wakefield given by Eq. (189). Therefore, maximum energy gain occurs
when the acceleration distance coincides with the dephasing length of the electron lacc « ld;
otherwise, the electron crosses the dephasing point and starts to decelerate. Yet, we have
also shown in previous sections that the laser itself loses all of its energy into the plasma
wake wave after a time corresponding to the pump depletion length lpd, given by Eq. (165)
in the limit γw " 1 and a2 " 1 as lpd « lpγ2

w, where lp is the laser pulse length. Thus, for the
electrons to reach the dephasing point, the acceleration length must satisfy lacc « ld ă lpd.
Additionally, we see that the conversion efficiency of laser-to-electron energy is largest when
lp « λw, since then we have lpd « ld.

2.4.5 Electron injection and betatron X-ray generation
Let us briefly discuss the initial conditions for external electrons to become trapped in the
accelerating phase. This problem is generally known as electron injection. The open orbits
that follow the fluid motion of plasma correspond to Hamiltonians with h0 ă hs. On the
other hand, based on our discussion before, the rotating closed orbits that lead to energy
gain must be defined by Hamiltonians with h0 ą hs. From this condition, using Eq. (193),
we obtain the following condition in the relativistic limit, γep1 ´ βwβeq ą 1. Solving this
inequality, we obtain the initial electron velocity required for injection as

βe ą βw. (199)

In other words, the injected electron must acquire an initial velocity larger than the relativistic
plasma wave to follow the closed orbit. A nice analogy exists to the classical problem of a
surfer trying to catch an ocean wave. Like the surfer, an electron must initially catch up with
the wave such that an "injection" occurs.

There are numerous methods to achieve electron injection into the plasma wakefield,
and we refer to [Esarey et al., 2009; Bulanov et al., 2016a] for more details. To discuss at
least one, we note that the condition for electron injection is related to wave breaking, i.e.,
βe Ñ βw [Esarey and Pilloff, 1995; Bulanov et al., 1998; Schroeder et al., 2006; Panchenko
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et al., 2008]. Indeed, if the driver excites a sufficiently strong plasma wave such that some
electrons oscillate up to γe « γw, these electrons will break out of the fluid-like plasma motion.
If the laser amplitude is very close to (but smaller than) the wave-breaking threshold35 (184),
a small laser pulse modulation can "wiggle" some plasma electrons to cross the wave-breaking
threshold, creating only a small perturbation within the longitudinal electrostatic field of the
plasma wave. These electrons immediately catch up with the wave and become injected into
the wakefield. This produces an extremely localized electron bunch. Such localization enables
uniform acceleration of the whole electron bunch since most copropagate in a similar phase of
the longitudinal electric field. Thus, a high-quality quasi-monoenergetic relativistic electron
beam is produced [Faure et al., 2004; Karsch et al., 2007; Lu et al., 2007; Couperus et al.,
2017; Gonsalves et al., 2019; Salehi et al., 2021; Lazzarini et al., 2024]. To this date, electron
bunches with record energy and total charge, for given laser parameters, were typically
self-injected [Lazzarini et al., 2024; Kim et al., 2013; Aniculaesei et al., 2024]. Since this
method owes its existence to the extreme nonlinearity of the interaction, a drawback of
self-injection is the fluctuation of the electron beam parameters, which occurs due to mostly
inevitable fluctuations of both laser and target parameters.

Finally, injection can also occur with non-zero initial transverse momentum [Bulanov
et al., 1997; Corde et al., 2013], in which case electrons trapped in the wakefield can perform
relativistic oscillations at the relativistic plasma frequency, which is referred to as the
betatron frequency, ωβ “ ωpe{

?
2γe [Corde et al., 2013; Lamač et al., 2021], where γe is the

instantaneous Lorentz factor of the accelerating electron. Relativistic radiation emission, or
synchrotron emission, will occur for electrons with γ " 1, as described generally in Sec. 2.2.3.
The radius of curvature can be calculated for transverse betatron oscillations, which have
normalized transverse momentum pK “ rβkβγ, as [Corde et al., 2013]

ρ « 1{prβk2
βq, (200)

where rβ is the oscillation amplitude, which is determined by the injection conditions, and
kβ “ ωβ{c is the betatron wave number. The critical frequency (99) then follows as

ωc “
3
4c

rβω2
peγ2, (201)

where ωpe is the linear plasma frequency. In the case of optimal guiding, rβ may be estimated
from the width of the plasma channel given by Eq. (169). For typical parameters of laser
wakefield acceleration36, the critical frequency is in the X-ray region, and this process
is referred to as betatron X-ray generation37. This yields a compact all-optical source of
femtosecond X-ray pulses, which is of significant interest for numerous applications [Albert
and Thomas, 2016; Corde et al., 2013; Chaulagain et al., 2022].

2.4.6 Relativistic optical vortices and magnetic field generation
We have previously mentioned that a strong magnetic field can be generated during the
nonlinear interaction of a laser pulse with the plasma due to the occurrence of fast charged

35We remind ourselves that this particular threshold is valid for a flat-top laser pulse. The general
formulation is again βe Ñ βw.

36Which can be estimated using Eq. (196) or (197), assuming that acceleration is terminated at the
dephasing point (198).

37See paper B.3 for more details and overview of recent literature on betatron X-ray generation and
applications. We also suggest [Attwood and Sakdinawat, 2017; Lamač, 2023] for a historical overview of
femtosecond X-ray sources and their applications.
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particles, which can arise from the nonlinear depletion of laser energy [Bulanov et al., 2001].
The possibility of creating a long-lasting magnetized plasma with lasers is of eminent interest
for laboratory astrophysics and inertial confinement fusion38. In the non-relativistic regime,
magnetic field generation in plasma can be understood through the lens of the inverse Faraday
effect [Ali et al., 2010]. The Faraday effect is the transfer of angular momentum from some
medium to a laser, which can, for example, result in a net rotation of the electric field vector
of a linearly polarized electromagnetic wave. The inverse Faraday effect is the opposite of this
process – a transfer of angular momentum from the laser to the electrons and the associated
generation of the magnetic field.

We have already shown that electrons in a vacuum obtain angular momentum along the
optical axis, given by Eq. (36). In plasma, in the case when p “ a (i.e. when ∇γ “ ∇ϕ, or
up to first order in one-dimensional approximation), Eq. (36) also describes the total angular
momentum of the plasma electron, which is also collinear with the optical axis. In addition to
the angular momentum obtained due to nonlinear polarization, which is sometimes referred
to as spin angular momentum, electrons can also obtain angular momentum from the orbital
angular momentum of the electromagnetic wave [Allen et al., 1992; Ali et al., 2010]. The
angular momentum density of an electromagnetic field is given by j “ r ˆ g, where g “ ϵ0µ0S
is the linear momentum density, r is the coordinate vector, and S “ E ˆ H is the Poynting
vector.

Let us consider an electromagnetic wave propagating along the z direction with a beam
profile defined by the solution of the Helmholtz equation upx, y, zq, i.e., with electric field
E “ E0upx, y, zq expr´ipωt ´ kzqs. For cylindrically-symmetric beams defined as upr, ϕ, zq “

upr, zq exppilϕq, where ϕ is the azimuthal angle and l is the so-called topological charge, the
angular momentum density can be calculated as [Allen et al., 1992; Ali et al., 2010; Longman,
2021]

jz “
l

ω
|u|2 `

σzr

2ω

B|u|2

Br
, (202)

where σz “ ˘1 for, respectively, right-handed and left-handed circular polarization and
σz “ 0 for linear polarization.

A non-zero topological charge introduces a helical wavefront into the electromagnetic
wave, creating a phase jump at the optical axis and, therefore, a zero in the electromagnetic
field. Such electromagnetic waves are sometimes referred to as optical vortices. Integrating
Eq. (202) with the use of the fact that a single photon has the energy of ℏω, we obtain the
following well-known formula for the total angular momentum per photon Jz “ pl ` σzqℏ.
Therefore, it is clear that the first term of the angular momentum density corresponds
to orbital angular momentum, which is given by the value of the topological charge. The
second term corresponds to the spin angular momentum, which is given by polarization, i.e.,
the value of σz. Note that in the paraxial approximation, the beam profile is given by the
Laguerre-Gaussian modes, upr, ϕ, zq “ uLG

lp [Saleh and Teich, 1991], and the topological charge
l corresponds to the azimuthal index of the mode. Orbital angular momentum density is
therefore given by the intensity profile jorb. „ |u|2, and the spin angular momentum is related
to the gradient of the intensity profile, jspin „ Br|u|2. A simple magnetic field generation
model can be obtained if we consider the conservation of angular momentum between the
electromagnetic wave and plasma [Ali et al., 2010]. The induced electric field in the plasma is
then given as enerEϕ « ´Btjz, and from Faraday’s law, ´p1{rqBrprEϕq “ ´BtBz, we obtain

38See paper B.4 for motivation, literature review, and more details.
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Figure 17: 3D PIC simulation results of magnetic field generation in underdense plasma using
relativistic circularly polarized laser pulses. Reprinted under CC BY 4.0 license from [Lamač et al.,
2023a]

the following relationship for the rate of change of magnetic field

BB
Bt

“
ez

ener

B2

BtBr

ˆ

l|u|2

ωc
`

σzr

2ωc

B|u|2

Br

̇

. (203)

At the maximum rate of change, using Br|u|2 „ pa0ω{w0q2, the magnetic field scales as
BrMGs „ fabs ˆ pµm{λq ˆ pa2

0nc{neq ˆ pl ` σz{2q ˆ pλ0{w0q2, where fabs is the ratio of laser
energy absorbed by plasma. This model works well in the linear regime. It is also instructive
since it shows us that the magnetic field grows proportionally to both spin and orbital angular
momentum, making use of optical vortices attractive for magnetic field generation since they
can "rotate" plasma more effectively with l ą 1 [Ali et al., 2010; Longman, 2021].

Nevertheless, the model breaks in the nonlinear relativistic regime, where electrons
achieve relativistic velocities, laser filamentation can occur, and plasma density is significantly
modified, all that was neglected in the above treatment. In the nonlinear regime [Askaryan
et al., 1994; Askaryan et al., 1997; Berezhiani et al., 1997], as the laser enters the plasma
and induces fast currents, Weibel instability (also known as current filamentation instability)
quickly saturates, creating transverse anisotropy within the homogeneous plasma density,
with the transverse scale of the saturated channel of the order of the relativistic plasma
wavelength, λw „

?
a0c{ωpe [Askaryan et al., 1994]. Longitudinal currents are primarily

generated if l “ σz “ 0, where the magnetic field is primarily azimuthal. If the laser contains
angular momentum, l ą 0 or σz ą 0, the electrons follow helical orbits, producing both
longitudinal and transverse magnetic field components. These helical current filaments attract
each other and create a magnetic field within the plasma channel, which lasts significantly
longer than the typical electron plasma timescale „ 1{ωpe. From Faraday’s law, the magnetic
field strength can be estimated simply as B „ µ0jλw. The maximum velocity the electrons
can achieve is v « c. The current density can then be estimated as j « enec. Using the
transverse scale estimated above, we get the maximum magnetic field strength as [Askaryan
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et al., 1994; Askaryan et al., 1997; Bulanov et al., 2001; Lamač et al., 2023a]

B «
meω

e

c

a0ne

nc
. (204)

For initially irrotational plasma, we have shown from Eq. (126) that the vorticity of the
plasma electrons is frozen into the magnetic field lines, as Ω “ ∇ˆp “ eB{mec [Hasegawa and
Mima, 1977; Chen et al., 1984; Bulanov et al., 2001]. Therefore, the generated magnetic field is
initially aligned with symmetrical electron vortices, which are unstable against perturbations
and evolve into antisymmetrical rows. This process of magnetic field destabilization is closely
related to the von Kármán vortex street known well from fluid mechanics39. A motorcyclist
driving behind a truck on a highway will feel an oscillating transverse force, corresponding to
antisymmetric wind vortices developing behind the truck. In an exactly analogous manner,
a laser pulse plowing through plasma creates such a slowly evolving antisymmetric vortex
configuration. 3D simulations indicate that long-lasting extremely magnetized plasmas similar
to those surrounding supermassive black hole accretion disks, intermediate zones of magnetar
magnetosphere, or weakly-magnetized neutron stars are already at reach using available laser
technology40. Further stabilization of relativistic laser-generated quasi-static magnetic fields
in plasma is of significant interest for laboratory astrophysics and, therefore, an exciting
avenue for future work.

2.4.7 Relativistic mirrors in underdense plasma

Let us now discuss a concept for producing high-energy coherent electromagnetic radiation
based on the idea of a relativistic mirror, envisioned by A. Einstein in his treatise on special
relativity [Einstein, 1905]. Let us consider a mirror moving with constant velocity βw along
the x axis and an incident counter-propagating electromagnetic wave with angular frequency
ω0. In the rest frame of the relativistic mirror, spacetime coordinates are given by Lorentz
transformation as

ct1 “ γwpct ´ βwxq, (205)
x1 “ γwpx ´ βwctq, (206)
y1 “ y, (207)
z1 “ z. (208)

Due to the relativistic Doppler effect, radiation wavelength and period of the incident radiation
must be contracted in the rest frame, with respect to the laboratory frame frequency and
wave number as

ω1
0

c
“ γw

´ω0

c
´ βwkx

¯

, (209)

k1
x “ γw

´

kx ´ βw
ω0

c

¯

. (210)

We used ω0{c “ k0, i.e., we assume a mirror propagating in a vacuum or low-density plasma.
In the limit γw " 1, we have ω1

0 “ ck1
0 « 2γwω0. Similarly, the electric and magnetic field

39See paper B.4 for more details.
40See [Lamač et al., 2023a], i.e., paper B.4, and references therein.
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amplitude of the incident wave transforms as

E1
∥ “ E∥, (211)

B1
∥ “ B∥, (212)

E1
K “ γw pEK ` cβw ˆ Bq , (213)

B1
K “ γw

ˆ

BK ´
1
c

βw ˆ E
̇

. (214)

Inverse transformations back to the laboratory frame are the same, except that we have
βw Ñ ´βw. For an incident laser counter-propagating along the x axis, we have kx “ ´k0,
and using Eqs. (209)–(214) the counter-propagating laser characteristics take the following
form in the rest frame of the mirror

ω1
0

ω0
“

τp

τ 1
p

“
E1

0
E0

“

d

1 ` βw

1 ´ βw
« 2γw, (215)

where τp is the pulse duration, which is contracted to τ 1
p, and E0 is the incident laser wave

amplitude, which is amplified to E1
0 according to the relativistic Doppler effect. Using the

rest frame laser parameters, the description of reflection from the relativistic mirror now
reduces to the solution of the wave equation (51) in the rest frame, which has a general
solution in three-dimensional space given by Eq. (53). In the far-field limit, it reduces to
Eq. (59). Note that all quantities must be expressed in terms of the rest frame variables
during the evaluation. For example, current and charge distributions transform according to

ρ1c “ γwpρc ´ βwj∥q, (216)
j1

∥ “ γwpj∥ ´ βwcρq, (217)
j1

K “ jK. (218)

Transformation of any variable, including all of the quantities mentioned above41, is
because it is a component of a four-vector in the Minkowski spacetime, which must rotate upon
Lorentz transformations, where rotation is meant in the generalized sense, such that distances
(dot products given by Minkowski metric) are preserved. For example, the coordinates
xµ “ pct, rq, potentials Aµ “ pϕ{c, Aq and currents jµ “ pρc, jq, where µ P t0, 1, 2, 3u, are
typical examples of four-vectors. Note that in the Lorenz gauge, all of the previously mentioned
four-vectors satisfy the following conservation law BµAµ “ ηµνBνAµ “ B0A0 ´ BiAi “ 0,
where Bµ “ pBt{c, ´∇q is the four-gradient and ηµν “ diagp1, ´1, ´1, ´1q is the Minkowski
metric with the r`, ´, ´, ´s metric signature. Lorentz transformation for any four-vector
is then given by a linear transformation Aµ1 “ Λµ1

ν Aν . From Eqs. (205), we see that the
transformation matrix is given as Λµ1

ν “ Bxµ1{Bxν , i.e. any component of the matrix can be
obtained by calculating derivatives of the rest frame coordinates with respect to laboratory
frame coordinates. Scalars, such as the norm of any four-vector, are Lorentz invariant.
Though, just like four-vectors, they may depend on coordinates. The invariance tells us
that the Lorentz scalar measured in the rest frame at x1 “ Λx is equal to the same Lorentz
scalar measured from the laboratory frame at the corresponding coordinate x “ Λ´1x1, i.e.,
ϕ1px1q “ ϕpxq.

41Except for the electromagnetic field components, which are components of a rank-2 antisymmetric
tensor, defined from the four-potential as F µν “ BµAν ´ BνAµ. Eqs. (214) – (214) are then obtained from
Fµ1ν1

“ Λν1

ν Λµ1

µ F µν .
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Figure 18: Relativistic mirror based on nonlinear plasma waves driven in plasma.
(a) Schematic illustrating the increase of reflection coefficient with plasma wave nonlinearity. (b)
Spacetime diagram of a relativistic mirror. Light propagates along the light-cone coordinates
x ˘ ct “ const., which leads to a relativistic double Doppler effect upon reflection. Note that the
upshift factor (219) can be derived based on the geometry of (b).

Let us now return to the relativistic mirrors. A. Einstein assumed that his relativistic
mirror has ideal reflectivity, but as we will show, any finite distribution of charged particles
will introduce a complex reflection coefficient r “ E1

r{E1
0, where E1 is the electric field

given in the rest frame of the mirror, and |r| ď 1. Therefore, the amplitude of the incident
wave is reduced upon reflection in the mirror rest frame. If we transform back into the
laboratory frame, the reflected wave undergoes another relativistic Doppler upshift, and the
final relationship of incident and reflected frequency, amplitude, and pulse duration follows as

ωr

ω0
“

τ0

τr
“

Er

rE0
“

1 ` βw

1 ´ βw
« 4γ2

w, (219)

where the final approximation holds for γw " 1. Assuming that the relativistic mirror is
composed of electrons, reflection from a planar mirror can be described by the wave equation
in the rest frame as

ˆ

B2

Bt12 ´ c2 B2

Bx12 ` ω12
p,rpx1, t1q

̇

apx1, t1q “ 0. (220)

Note that according to Eq. (215), the normalized vector potential (a “ E{ω) is Lorentz
invariant, a1 “ a. Introducing the light-cone coordinates ξ “ x1 ´ ct1 and η “ x1 ` ct142, which
correspond to a π{4 rotation of spacetime coordinate grid, we obtain the wave equation
as [Lamač et al., 2024]

B2ar

BξBη
“

1
4

k12
p

c2

ˆ

η ` ξ

2

̇

a0e´ik1
0η, (221)

where we have assumed that the electron currents composing the mirror oscillate due to the
field of the incident radiation, which has amplitude a0, and that the reflected amplitude
satisfies |ar| ! a0. Integration of Eq. (221) yields [Bulanov et al., 2013; Bulanov et al., 2016b;

42These are practical for any problem describing propagating and counter-propagating waves.
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Lamač et al., 2024] the complex amplitude reflection coefficient for r “ ar{a0 as

r “
1

2k1
0

ż 8

´8

k1
ppsqe´i2k1

0sds, (222)

where k1
0 is the wave number and k1

ppxq is the inhomogeneous plasma wave number, both
transformed to the rest frame of the mirror. We see that the Fourier transform of the
inhomogeneous relativistic wave number determines the complex reflection coefficient in the
mirror rest frame.

The fact that we denote the velocity of the mirror as βw, i.e., the same as the phase velocity
of relativistic plasma waves discussed in the previous section, is not an accident. Indeed,
we have shown before that the density of plasma waves driven close to the wave-breaking
threshold diverges, resulting in a highly localized region of high electron density. Such a
structure can be considered a relativistic mirror propagating with γw « ω0{ωpe [Bulanov
et al., 2003]. The breaking plasma waves have a cusp-like structure [Bulanov et al., 2013;
Bulanov et al., 2016b], for which the reflection coefficient can be calculated [Lamač et al.,
2024] as

rwb “
π

24{332{3Γ
` 2

3
˘

ˆ

n0

γwnc

̇2{3
, (223)

where n0 is the background plasma electron density in the laboratory frame and nc is the
critical density for the incident radiation in the laboratory frame. Laser-driven wakefields are
typically driven in background electron plasma density corresponding to γw “ ωpe{ωdr «

10 ´ ´100, where ωdr is the frequency of the laser driving the nonlinear plasma wave. In the
case when both the driver and the incident wave have a similar frequency, for example, if the
incident one is split from the driving laser, we get a further simplification [Lamač et al., 2024]

rLWFA «
0.44
γ2

w

. (224)

For plasma waves with γw " 1, the reflected amplitude is Er « 4γ2
wrE0. Laser-driven plasma

waves have typically γw « 10 ´ 100, therefore the reflection coefficient is typically small,
r « 10´4. Nevertheless, the double Doppler frequency upshift can produce an extremely
bright beam of coherent radiation. With laser-driven plasma waves, we can tune the pressure
of the gas target to change the velocity of the mirror, according to γw “ ωpe{ωdr. In such
a case, Eq. (219) promises an extremely tunable source of coherent X-ray radiation and
attosecond pulses [Lamač et al., 2024], with relative spectral bandwidth inherited from the
incident laser pulse43.

Relativistic parabolic mirror

Apart from the double Doppler effect, the intensity of radiation reflected from a relativistic
mirror can be further increased if the mirror is curved such that the focusing of radiation
occurs. This was first proposed in [Bulanov et al., 2003], where it was shown that nonlinear
plasma waves naturally take the shape of a paraboloid [Bulanov et al., 2003; Jeong et al.,

43In paper B.2, we show that coherent X-ray sources based on relativistic plasma mirrors could rival
the spectral brightness of free electron lasers. We guide the reader there for an extended discussion of the
properties and applicability of relativistic mirrors based on nonlinear plasma waves. Furthermore, we refer
to [Bulanov et al., 2013; Bulanov et al., 2016b; Koga et al., 2018; Kando et al., 2018] for an overview of the
current state-of-the-art regarding relativistic mirrors based on nonlinear plasma waves driven in underdense
plasma.
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2021b; Jeong et al., 2021a]. To obtain the reflected spatiotemporal distribution of radiation,
we must first calculate the distribution in the mirror rest frame and perform an inverse
transformation into the laboratory frame, done in [Jeong et al., 2021b]. Crucially, the focal
length of a relativistic parabolic mirror is reduced by a factor of γw in the mirror rest frame.
For γw " 1, the focal length is extremely short, and the reflection can be approximated as a
4π focusing scenario [Jeong et al., 2020], where radiation is being spherically focused into
the spot from a solid angle of 4π, which is a limiting case of tight-focusing, where the ratio
of the focal length to beam size, known as f -number, approaches zero [Jeong et al., 2020].

To illustrate the effect of relativistic focusing, we present the case of radial polarization
[Jeong et al., 2021b]. We may consider that the incident radiation is described by a Laguerre-
Gaussian beam, with an effective radius of wp,l “ w0

?
2p ` l ` 1, where w0 is the laser waist

of the zeroth-order Gaussian beam and p and l ě 0 are the radial and azimuthal index. In
the mirror rest frame, the spectral components of the 4π-spherically-focused laser can be
expressed in spherical coordinates pr, θ, φq as

E1
4π

`

ρ1, θ1, ω1
˘

“ e1
θ iE0,f

`

ω1
˘

Sa

`

ρ1, θ1, ω1
˘

exp
`

iω1t1
˘

, (225a)

B1
4π

`

ρ1, θ1, ω
˘

“ ´e1
φ B0,f

`

ω1
˘

Sb

`

ρ1, θ1; ω1
˘

exp
`

iω1t1
˘

, (225b)

where E0,f pω1q and B0,f pω1q are the amplitudes of the Fourier components of electric and
magnetic fields in the focus, e1

θ and e1
φ are, respectively, the azimuthal and polar unit vectors

in the rest frame coordinates, and the spatial distribution functions are given as

Sa “

8
ÿ

k“0

4k ` 1
23k

j2k

ˆ

ω1

c
ρ

̇

P2k

`

cos θ1
˘

, (226)

Sb

`

ω1
˘

“
4
π

j1

ˆ

ω1

c
ρ

̇

P 1
1

`

cos θ1
˘

, (227)

where jn pxq is the spherical Bessel function of the first kind and n-th order, and Pn p¨q and
P m

n p¨q are, respectively, the Legendre and the associated Legendre functions [Gradshteyn and
Ryzhik, 1965]. Note that to obtain the case of azimuthal polarization, we can swap electric
and magnetic field components of the radial polarization, Ef Ø Bf [Jeong et al., 2020;
Jeong et al., 2021b]. It is enough to keep only the first two terms of the infinite sum defining
the spatial distribution Sa to produce tractable expressions. Summing up the neglected
higher-order spherical Bessel functions slightly reduces the size of the focal spot [Jeong et al.,
2021b], but this does not affect the qualitative description, which is our primary interest.
Therefore, we keep only the first two terms of the sum (k “ 0, 1). Performing the inverse
Lorentz and Fourier transformations for the 4π-focused fields given by Eqs. (225a)–(225b),
we obtain in the laboratory frame the spatiotemporal distribution of a radially polarized
laser, focused by a relativistic parabolic mirror, as [Jeong et al., 2021b]

Er pρ, θ, φ, tq “ γw
1 ` βw

1 ´ βw cos θ

c

3π5

8
wp,l

λ0
E0

ˆ

»

—

–

t´j0 pω1
0R{cq sin pω1

0T q Υ1 ` βwj1 pω1
0R{cq cos pω1

0T q Υ2u cos φ

t´j0 pω1
0R{cq sin pω1

0T q Υ1 ` βwj1 pω1
0R{cq cos pω1

0T q Υ2u sin φ

p1{γwq j0 pω1
0R{cq sin pω1

0T q Υ2

fi

ffi

fl

,

(228a)
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Br pρ, θ, φ, tq “ γw
1 ` βw

1 ´ βw cos θ

c

3π5

8
wp,l

λ0

E0

c

ˆ

»

—

–

t´j1 pω1
0R{cq cos pω1

0T q Υ2 ` βwj0 pω1
0R{cq sin pω1

0T q Υ1u sin φ

tj1 pω1
0R{cq cos pω1

0T q Υ2 ´ βwj0 pω1
0R{cq sin pω1

0T q Υ1u cos φ

0

fi

ffi

fl

,

(228b)

where λ0 “ 2πc{ω0 is the wavelength of the incident laser in the laboratory frame. The
envelope functions are given as

Υ1 pT, Rq “
1
2

#

cos θ ` βw

1 ` βw cos θ
exp

«

´
∆ω12

4

ˆ

T `
R

c

̇2
ff

`
cos θ ´ βw

1 ´ βw cos θ
exp

«

´
∆ω12

4

ˆ

T ´
R

c

̇2
ff+

,

(229)

Υ2 pT, Rq “
1
2

#

sin θ

γw p1 ´ βw cos θq
exp

«

´
∆ω12

4

ˆ

T ´
R

c

̇2
ff

`
sin θ

γw p1 ` βw cos θq
exp

«

´
∆ω12

4

ˆ

T `
R

c

̇2
ff+

,

(230)

where ∆ω1 “ 1{τ 1 is the spectral bandwidth of the incident laser pulse in the mirror rest
frame. Finally, the time-like T and space-like R functions are defined as

T pρ; tq “
t ´ pρ{cq βw cos θ

γw p1 ´ β2
w cos2 θq

, (231)

R pρ; tq “
ρ ´ ctβw cos θ

γw p1 ´ β2
w cos2 θq

. (232)

The frequency and pulse duration of the reflected laser is given by [Jeong et al., 2021b]

ωr

ω0
“

τ0

τr
“

1 ` βw

1 ´ βw cos θ
, (233)

which corresponds to the relativistic double Doppler effect [Einstein, 1905]. On the axis of
symmetry of the parabolic mirror (θ “ 0), the frequency upshift corresponds to the case of a
flat relativistic mirror given by Eq. (219). From Eqs. (228a)–(228b), we can estimate the
field strength at the focus of a relativistic parabolic mirror as

Er

E0
« 4γ3

w

c

3π5

8
wp,l

λ0
, (234)

Compared to the flat relativistic mirror, we see that the relativistic parabolic mirror introduces
another enhancement factor of Epar{Eflat « γwpw0{λ0q, which can be significant for highly
relativistic mirrors. To give an example, let us consider a laser pulse with λ0 “ 0.8 µm, initial
beam radius of w0 “ 3 µm, and incident intensity I0 “ 1018 W{cm2. Then, being reflected
from an ideal (r “ 1) relativistic parabolic mirror with γw “ 10, one obtains reflected
intensity of Ir « 2.6 ˆ 1028 W{cm2 at focus, assuming reflection coefficient of r “ 1. An
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Figure 19: Temporal evolution of radiation energy density, pEr{E0q
2, of an electromagnetic pulse

reflected from a parabolic relativistic mirror propagating with βw “ 0.9, with the electric field
calculated using Eq. (228a) for φ “ 0. The laser waist is given as we “ 5.2λ0 with pulse duration of
τFWHM « 6 T0, where T0 “ λ0{c is the period of the incident laser. The value of the electric field at
the focus pt “ 0q is given by Eq. (234). The color bar is saturated to show the relative differences
between individual snapshots.

example of the spatiotemporal evolution of the reflected electromagnetic field was calculated
using Eqs. (228a)–(228b), and is presented in Fig. 19. Crucially, the possibility to achieve
such intensities would allow us to study a realm of nonlinear quantum electrodynamics in a
manner that is not accessible to conventional accelerators, for example, through light-light
interaction [Heisenberg and Euler, 1936; Schwinger, 1951; Di Piazza et al., 2012].

Let us consider an electric field strength that could accelerate an electron to an energy
of 2mec2 over a distance corresponding to the Compton wavelength λc “ 2πc{ωc, which
corresponds to a photon with energy of ℏωc “ mec2. In such a field, electron and positron
pairs can be produced out of a vacuum, known as the Schwinger effect. The corresponding
electric field value is known as the Schwinger limit [Heisenberg and Euler, 1936; Schwinger,
1951; Bulanov et al., 2003; Mourou et al., 2006; Di Piazza et al., 2012],

Es “
mec2c3

qeℏ
« 1.32 ˆ 1018 V{m, (235)

which corresponds to an intensity of Is « 1029 W{cm2. The Schwinger limit corresponds
to the breakdown of vacuum and the surprising onset of nonlinear electrodynamics in
vacuum [Heisenberg and Euler, 1936; Schwinger, 1951; Di Piazza et al., 2012]. For electric
fields close to Es, the vacuum can become significantly polarized, and nonlinear processes
occur, such as photon-photon scattering or birefringence of light [Schwinger, 1951; Di Piazza
et al., 2012]. Studying the effects of such electromagnetic fields would prove invaluable for
fundamental physics [Di Piazza et al., 2012], which drives motivation into accelerated research
of laser amplification processes, which could enable us to probe E « Es in the laboratory.
While this intensity may not yet be readily attainable with today’s technology, we can use
Lorentz invariance to study these processes within the rest frame of relativistic charged
particles, specifically the readily available relativistic electron.

The parameter which dictates the onset of nonlinear effects through the interaction of an
electron with the electromagnetic field is known as the electron quantum parameter [Di Piazza
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et al., 2012; Blackburn, 2020], which is given as

χ “
γ

Es

b

pE ` cβ ˆ Bq
2

´ pE ¨ βq
2
. (236)

For electromagnetic plane waves we have B “ n ˆ E, and since n ¨ E “ 0, we get

χ “ γ
E

Es

b

p1 ´ β ¨ nq
2
. (237)

In counter-propagating geometry, we have n ¨ β « ´1. Therefore, χ “ 2γpE{Ecq. Today,
electrons are routinely accelerated to γ „ 104 using laser wakefield acceleration [Leemans
et al., 2014; Gonsalves et al., 2019; Aniculaesei et al., 2024], or even γ ą 105 with conventional
accelerators [Decking et al., 2017]. To explore nonlinear effects at χ „ 1, the electric field
intensity requirement decreases proportionally with increasing γ. This scheme could enable
all-optical experiments studying the effects of nonlinear quantum electrodynamics, where
both of the scattering components, accelerated electrons and intensely focused radiation,
could be produced using lasers [Mourou et al., 2006; Di Piazza et al., 2012; Blackburn, 2020;
Lamač et al., 2023a].

2.5 Relativistically overdense plasma
In this section, we consider the interaction of electromagnetic radiation with relativistically
opaque plasma, which occurs when ω ă ωp,r “ ωpe{

?
γ. This regime is of great importance to

problems such as inertial confinement fusion, high-harmonic generation, particle acceleration,
or emission of gamma radiation. Typically, the interaction of laser pulses with plasma
often involves some form of plasma inhomogeneity. Femtosecond laser pulses are usually
accompanied by spontaneously amplified emission at the picosecond or nanosecond scale.
These pre-pulses can be significant and ionize target material long before the main pulse
arrives. In such a scenario, the plasma surface can expand into the vacuum with a natural
gradient, which can be estimated with a scale length L « rp1{neqBxnes´1. The interaction
then takes place in an inhomogeneous plasma, where the laser pulse propagates up to the
region of plasma resonance44, where ω “ ωpe. Today, some techniques enable us to clean
pre-pulses such that plasma gradients with scale length kL ! 1 can be produced [Teubner
and Gibbon, 2009; Kahaly et al., 2013], where k is the wave number of incident radiation. In
this scenario, a sharp plasma-vacuum interface allows the laser to easily extract electrons
from the plasma and accelerate them towards the vacuum region in the first half-cycle of
the electromagnetic wave. A process known as vacuum heating of electrons [Brunel, 1987;
Gibbon, 2005; Teubner and Gibbon, 2009]. Thus, it is sensible that we begin this chapter by
discussing the propagation of electromagnetic waves in inhomogeneous plasmas [Landau and
Lifshitz, 1960; Kruer, 1988].

2.5.1 Propagation of electromagnetic waves in inhomogeneous plas-
mas

Let us assume that the electromagnetic wave is obliquely incident on an inhomogeneous
plasma with density ne “ nepxq, which has a positive gradient pointing in the x-direction
(Bxne ą 0), and which is located in the region x ą 0. The angle of incidence θ is given with

44As we will show later, the laser is reflected even earlier at oblique incidence.
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respect to the plasma surface normal vector45. In vacuum, the wave satisfies ω2 “ c2pk2
x `k2

yq,
where ky “ kx cos θ, ky “ k sin θ. For ky “ 0, the wave is said to be incident normally, while
in the case of ky ‰ 0, it is said to pass obliquely. For oblique incidence, two different cases
of polarization must be distinguished. In the case of S-polarization, the electric field vector
is perpendicular to the plane of incidence, E “ Ez expp´iωtqez. In the opposite case of
P-polarization, the electric field vector E lies in the plane of incidence, and the magnetic field
vector lies perpendicular to this plane, B “ Bz expp´iωtqez.

S-polarization

The wave equation for the S-polarized electric field is given as [Landau and Lifshitz, 1960;
Kruer, 1988; Eliezer, 2002]

d2Ez

dx2 `
d2Ez

dy2 `
ω2n2

c2 Ez “ 0, (238)

where npxq “
a

1 ´ pωpepxq{ωq2 is the refractive index of the inhomogeneous plasma. Since
the refractive index varies only in the x-direction, the perpendicular component of the wave
vector ky “ k sin θ must be conserved. Therefore, we can write the electric field component
as Ez “ E exppikyyq. Then, we have

d2E

dx2 `

ˆ

ω2n2

c2 ´ k2
y

̇

E “ 0, (239)

Note that the term within the parentheses corresponds to the local wave vector component
in the x-direction, k2

x “ k2n2 ´ k2
y, where k is the vacuum wave number of the incident laser.

Also note that the laser wave must reflect when kx changes sign, i.e., at a reflection point xr

where kx “ 0, which yields the following condition ω cos θ “ ωpepxrq. The exact position of
the reflection point xr generally depends on the inhomogeneous plasma density profile. A
solution for S-polarization can be obtained if we assume slow variation of the longitudinal
wave number, |p1{kxqBxkx| ! |kx|, which can be rewritten more concisely as

ˇ

ˇ

ˇ

ˇ

B

Bx

1
kx

ˇ

ˇ

ˇ

ˇ

! 1. (240)

This is often referred to as Wentzel-Kramers-Brillouin approximation, which yields the
following solution for the electric field of the S-polarized wave [Landau and Lifshitz, 1960;
Kruer, 1988; Eliezer, 2002]

Epxq “
E0

a

ckx{ω
exp

ˆ

i

ż x

0
kxpηqdη

̇

, (241)

where E0 is the electric field amplitude in the vacuum region x ă 0. The amplitude of
the electric field increases as the light wave propagates towards higher electron density, as
|E “ E0{

a

kxpxq. This can be explained if we note that the energy density of the wave is
conserved, |Epxq|2vg{c “ E2

0 , where vg{c “ ckx{ω is the group velocity of the wave. Therefore,
since the local group velocity of the electromagnetic wave decreases as the wave enters higher
density, the electric field amplitude must swell.

It is clear that the condition given by Eq. (240) is not satisfied at the reflection point
45See Fig. 20 for the geometry.
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xr, where kx Ñ 0. To find an analytic solution, we expand the longitudinal wave vector
kx in the neighborhood of the reflection point and keep only the leading order linear term,
k2

x « ´αpx ´ xrq. This yields the Airy-Stokes equation [Gradshteyn and Ryzhik, 1965],
d2E{dx2 ´ αpx ´ xrqE “ 0. Without loss of generality, let us assume that the plasma density
is growing. Then, α ą 0, and it is clear that the solution is oscillatory for x ă xr and
exponential for x ą xr. A solution that satisfies this behavior and is finite for all x exists
and is given as

Epxq “ AAi pηq , (242)

where Aipηq “ p1{πq
ş8

0 cospu3{3 ` uηqdu is the Airy function [Gradshteyn and Ryzhik, 1965],
A is a constant and η “ α1{3px ´ xrq. It is also important to mention that this solution
is exact for inhomogeneous plasma with a constant gradient, i.e. ω2

pepxq “ ω2x{L. In such
a case, we have xr “ L cos2 θ and α “ ω2{pc2Lq “ k2{L46. To see how the constant A
relates to the amplitude of the incident wave E0, we expand Eq. (242) far away from the
reflection point. At x “ 0, we have η “ ´pkLq1{3 cos2 θ, and for pkLq1{3 cos2 θ " 1 we get
Aip´ηq « pη´1{4{

?
πq cos

“

p2{3qη3{2 ´ π{4
‰

[Gradshteyn and Ryzhik, 1965], and the electric
field can be written as [Kruer, 1988; Eliezer, 2002]

Epηq «
A

2
?

πη1{4 exp
„

i

ˆ

2η2{3

3 ´
π

4

̇ȷ

`
A

2
?

πη1{4 exp
„

´i

ˆ

2η2{3

3 ´
π

4

̇ȷ

. (243)

Eq. (243) represents the stationary wave formed by the superposition of the incident wave
propagating in the positive x-direction, and the wave reflected at x “ xr, which propagates
in the negative x-direction. For x " xr, the expansion of Eq. (242) shows that the incident
wave decays exponentially, as [Kruer, 1988; Eliezer, 2002]

Epx " xrq «
A

2
?

πη1{4 exp
„

´

ˆ

2η3{2

3

̇ȷ

. (244)

Since the wave is reflected at x “ xr and evanescent for x ą xr, the reflection coefficient
must be equal to unity, r “ 1. Therefore, in the vacuum region x ă 0, Eq. (242) is equal to the
sum of the incident and reflected waves, Epx “ 0q “ E0 `E0 exppiφq, where ϕ “ 4kL{3´π{2
is the phase acquired by the reflected wave throughout its propagation in plasma. This gives
us A “ 2

?
πpkLq1{6E0eiϕ, and the general solution (242) can be now written in terms of the

incident laser amplitude as [Kruer, 1988; Eliezer, 2002]

Epxq “ 2
?

πpkLq1{6E0eiϕAi pηq . (245)

The Airy function has a maximum at η “ ´1, Aip´1q « 0.54. The maximum value of
the electric field in plasma is therefore |Emax{E0| « 1.9pkLq1{6. As an example, for an
inhomogeneous plasma with scale length L “ 100 µm and laser wavelength λ0 “ 1 µm, the
maximum field is Emax{E0 « 5.57. The magnetic field B “ Bey is given from Faraday’s law
as Bpxq “ ´pi{ωqBzEpxq, which yields

Bpxq “ ´i2
?

πpkLq´1{6B0eiϕAi1 pηq . (246)

We point out that as the electric field increases, the magnetic field decreases. Additionally,
B is zero when E is maximum. At the reflection point x “ xr “ L cos2 θ, where η “ 0, the

46Note that the full solution also includes the phase factor expp´iωt ` ikxxq.
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values of the electric and magnetic field are given as [Eliezer, 2002]
ˇ

ˇ

ˇ

ˇ

Espη “ 0q

E0

ˇ

ˇ

ˇ

ˇ

« 1.26pkLq1{6, (247)
ˇ

ˇ

ˇ

ˇ

Bspη “ 0q

B0

ˇ

ˇ

ˇ

ˇ

« 0.92pkLq´1{6. (248)

P-polarization

In the case the electric field vector lies in the plane of incidence, the wave equation for the
out-of-plane magnetic field B “ Bpxq exp p´iωt ` ikyyq ez is [Kruer, 1988; Eliezer, 2002]

d2B

dx2 `
1
n2

BB

Bx
`

˜

ω2

c2 ´
k2

y

n2

¸

B “ 0. (249)

It is immediately clear that the equation has a singularity at n2 Ñ 0, which corresponds to
the point where ω “ ωpe. Let us again consider the linear density profile, ω2

pepxq “ ω2x{L.
Substituting η “ pk2{Lq1{3px ´ Lq and τ “ pkLq1{3 sin θ, Eq. (249) then becomes [Eliezer,
2002]

B2B

Bη2 ´
1
η

BB

Bξ
´ pη ` τ2q “ 0. (250)

The equation has a singularity at η “ 0, which corresponds to x “ L, and thus ωpe “ ω. We
consider the evolution of the magnetic field close to the resonance point, where η ! τ2,

B2B

Bη2 ´
1
η

BB

Bξ
´ τ2 “ 0. (251)

It can be verified with direct substitution that the solution is given by

Bpηq “ B0

ˆ

1 `
1
2τ2η2 ln η

̇

. (252)

At the resonance point η Ñ 0, the magnetic field tends to a constant value of B0 [Landau and
Lifshitz, 1960; Kruer, 1988; Eliezer, 2002]. To find how this value relates to the amplitude
of the incident wave E0, we first mention that far from the resonance point (η " τ2), the
magnetic field is effectively described by the Airy-Stokes equation, and the results from
previous sections apply. The magnetic field at the reflection point xr “ L cos2 θ can therefore
be taken using Eq. (248), as Bpxrq « B00.92E0pkLq´1{6. The decay of the magnetic field as
it tunnels beyond the reflection point xr “ L cos2 θ onwards to the resonance point xp “ L
can be estimated by a decay factor e´β , which corresponds to the phase factor of a wave
propagating beyond the turning point, β “

şL

L cos2 θ
p1{cqpω2

pepxq ´ ω2 cos2 θq1{2dx. Thus, we
obtain the following value for the magnetic field close to the resonance point,

Bpx “ Lq « 0.9B0pkLq´1{6 exp
„

´
2
3kL sin3 θ

ȷ

. (253)

The electric field at the resonance point can now be obtained from Faraday’s law,
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Figure 20: Schematic illustrating the difference between the interaction of a P and S-polarized
electromagnetic wave with inhomogeneous plasma. The electromagnetic wave has an initial wave
vector k and is incident at an angle of θ away from the surface normal. The dashed line indicates the
evolution of the wave vector. In the case of S-polarization, the electric field of the wave is given by
Ez, the wave is reflected at xr “ L cos2 θ and forms a standing wave pattern described by Eq. (245).
For P-polarization, the situation is analogous for Ex up until the reflection point, where the electric
field swells like S polarization. However, in the case of P-polarization, the electromagnetic wave
tunnels through onwards to the critical density positioned at xp “ L, where the Ex grows linearly
with time. This growth is due to resonant oscillations of the plasma electrons since at xp “ L, we
have ω “ ωpe. The resonant growth is then saturated due to laser energy absorption, or the end of
interaction. Eq. (257) gives the electric field of the saturated resonance.

∇ ˆ B “ ´ikn2E, which gives us the magnitude of the x-component of the electric field as

|Ex| “

ˇ

ˇ

ˇ

ˇ

i
ByBz

kn2

ˇ

ˇ

ˇ

ˇ

“
sin θBpxq

n2pxq
. (254)

While the magnetic field is constant at the resonance point, it is clear that the electric field
becomes singular at the resonance point x Ñ L, where n2 Ñ 0. The physical interpretation
of Eq. (254) is revealed when we realize that the dielectric function ϵ “ n2 describes the
response of the oscillating plasma electrons [Landau and Lifshitz, 1960; Kruer, 1988; Bulanov
et al., 2001; Eliezer, 2002]. At the same time, Ed “ Bpx “ Lq sin θ represents the evanescent
amplitude of the incident wave at the resonance point x “ L, which drives the electron
oscillations. Using the magnetic field at the resonance point (253), we can express the driving
electric field as

Ed “
E0

?
2πkL

ϕpτq, (255)

where ϕpτq « 2.3τ exp
`

´2τ3{3
˘

. The driving field vanishes for τ Ñ 0, corresponding to
normal incidence. Normal incidence is, therefore, analogous to the case of S-polarization
discussed before, where no resonance occurs.
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Resonance saturation and laser absorption

We now reveal an essential property of plasma resonance. In general, the amplitude of
the electric field Exptq cannot grow indefinitely. Several saturation processes can occur for
ultrashort laser pulses [Bulanov et al., 1994; Bulanov et al., 1998; Bulanov et al., 2001]. To
discuss a few, the electromagnetic wave might have a finite pulse duration, in which case
the resonance will saturate following the pulse duration. Saturation also occurs when the
electrons are driven with such strength that they are ejected from the resonance region,
i.e., wave breaking occurs. Relativistic detuning of the resonant frequency may also happen,
where the resonant plasma frequency increases with the increasing inertia of plasma electrons
performing relativistic oscillations. Apart from these collisionless processes, we may also
consider the collisional ones, such as electron-ion collisions [Chen et al., 1984], which can be
important for long pulse durations and small normalized amplitudes.

Resonance saturation is equivalent to the occurrence of an imaginary part of the dielectric
function, which can be, therefore, generally written as [Kruer, 1988; Eliezer, 2002]

ϵ “ n2 “ 1 ´
ω2

pepxq

ω2 ´ is, (256)

where s is a dimensionless number that can characterize any saturation process, such as the
ones mentioned above. It can be related to an effective frequency of the saturation process ν
as s “ ν{ω, where ω is the angular frequency of the incident laser. The electric field in the
resonance region can then be written as

Expx, tq “ R
„

Ed expp´iωtq

1 ´ pωpe{ωq2 ´ is

ȷ

, (257)

where Rr¨s is the real part of the complex electric field and pωpe{ωq2 “ x{L for the linear
plasma density profile. The maximum amplitude, spatial width, saturation time of the
resonance, and its relative bandwidth are approximately

Emax “
Ed

s
, ∆x “ sL, ∆t “

1
sω

,
∆ω

ω
“ s. (258)

We note that the relative bandwidth is related to the quality factor Q of the resonance, as
Q “ ωpe{∆ω “ 1{s. As noted before, at low temperatures and incident wave amplitudes,
saturation due to the electron-ion collisions may also occur [Chen et al., 1984], in which case
s “ νei{ω where νei is the collision frequency. At weakly relativistic amplitudes, collisionless
processes will be more dominant. For ultrashort pulses, saturation can occur due to finite
laser pulse duration, in which case we have sT “ 1{pπNpq, where Np is the number of wave
periods contained within the pulse. In the case of self-intersection of the electron trajectories,
i.e. wave breaking, we have sN “ pre{Lq1{2, where L is the plasma density scale length
and re “ eE0{pmeω2q “ a0{k is the oscillation amplitude due to the incident wave with
normalized amplitude E0. Finally, for saturation due to relativistic detuning of the plasma
frequency, we have sR “ a

2{3
0

47, where a is the normalized vector potential of the laser,
a0 “ eE0{pmecωq. Finally, the dimensionless saturation parameter in Eqs. (258) is then given

47Dimensionless parameters for relativistic detuning and wave breaking can be obtained based on the
displacement equation (267) presented in the next section, which was done in Refs. [Bulanov et al., 1994;
Bulanov et al., 1998].
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by the largest one [Bulanov et al., 1994; Bulanov et al., 1998; Bulanov et al., 2001],

s “ max
„

sN “

´ a0

kL

¯1{2
, sR “ a2{3, sT “

1
πNp

ȷ

(259)

Regardless of the saturation mechanism, the absorbed energy flux can be calculated as [Kruer,
1988]

Iabs „

ż 8

0
sω|Ez|2dx “

ż 8

0
sω

E2
d

|ϵ|2
dx, (260)

where for the case of linear density profile, we have

|ϵ|2 “

´

1 ´
x

L

¯2
` s2. (261)

The resonance region size is proportional to s, and the electric field’s maximum value is
proportional to 1{s, which enables us to evaluate the energy absorbed through electrostatic
wave excitation without specification of the absorption process. Evaluation of the integral
yields Iabs « ωLE2

d . Conservation of energy requires that Iabs « fabscE2
0 . Using Eq. (255),

we obtain the fraction of absorbed energy flux as [Kruer, 1988; Gibbon, 2005]

fabs «
ϕ2pτq

2 , (262)

where ϕpτq is defined as in Eq. (255). Just like the amplitude of the driving field, the
absorbed energy flux is maximized when τ “ pkLq1{3 sin θ « 0.8. This simplified model
captures the features of numerical results obtained by [Forslund et al., 1975a; Estabrook
et al., 1975; Speziale and Catto, 1977] but somewhat overestimates the peak absorption.
Detailed calculations using a linear density profile show peak resonance absorption of about
fmax « 0.5, which can be used as a normalization constant for Eq. (262) to obtain a
quantitatively more precise analytical model. Using these results, collisionless absorption can
be modeled with hydrodynamics models by introducing a phenomenological dimensionless
parameter s in the vicinity of the critical surface, such that one retrieves fmax « 0.5 at an
angle given by τ « 0.8, in the limit kL " 1.

Electron displacement and density distribution near the resonance point

We now express the Eulerian coordinate x in terms of the Lagrangian variable x0, which is
the initial position of an electron. They are related by [Dawson, 1959]

x “ x0 ` ξpx0q, (263)

where ξpx0q is the displacement of the electron from x0. In both descriptions, the total
number of particles in some volume must remain the same, npxqdV “ npx0qdV0. The volume
elements are related to each other through the determinant of the Jacobian matrix, as
dV “ JdV0. In one dimension, the determinant is J “ Bx{Bx0 “ 1 ` Bξ{Bx0 . Therefore, the
densities are related as npxq “ npx0q{J , which can be expressed as [Dawson, 1959]

nepxq “
nepx0q

1 ` Bξ{Bx0
, (264)
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where nepx0q “ n0 corresponds to the initial unperturbed electron density. The fluid-like
motion of the plasma electrons breaks when their trajectories start to intersect, which
occurs when J Ñ 0, or Bξ{Bx0 Ñ ´1. At such points, the electron density grows unbounded,
and wave breaking occurs. The solution of the Poisson equation shows that the electron
displacement and density is related to the electric field as [Bulanov et al., 1994; Bulanov
et al., 1998; Bulanov et al., 2001]

Ex “
e

ϵ0

ż ξpx0,tq

0
n0 px0 ` αq dα, (265)

where x0 is the initial electron position. For a linear density profile, ne “ ncx{L, the electric
field is given as [Bulanov et al., 1994; Bulanov et al., 2001]

Ex “

#

penc{ϵ0qpx0ξ ` ξ2{2q{L, x0 ` ξ ą 0
´penc{ϵ0qpx2

0{2q{L, x0 ` ξ ă 0
(266)

where x “ x0`ξ ą 0 corresponds to the plasma region solution and x “ x0`ξ ă 0 corresponds
to the vacuum region solution. Additionally, it is useful to note that for step-like density,
which can approximate the case when kL ! 1, the longitudinal electric field due to plasma
displacement is given as Ex,step “ en0ξ{ϵ0 in the plasma region and Ex,step “ ´en0x0{ϵ0 in
the vacuum region. For weakly relativistic driving field, we obtain from the Lorentz force
the following equation describing nonlinear oscillations [Bulanov et al., 1994; Bulanov et al.,
2001],

B2ξ

Bt2 `
3

2c2
B2ξ

Bt2

ˆ

Bξ

Bt

̇2
“ ´

e

me
pEx ` Edq, (267)

where Ed is the driving field and Ex is the space-charge restoring field due to the electron
displacement, given by Eq (266). On the left-hand side, we see that nonlinearity, and therefore
saturation, occurs due to relativistic effects. In contrast, the nonlinearity on the right-hand
side, given by Eq. (266), arises due to the inhomogeneity of the plasma. For non-relativistic
oscillations, we may neglect the nonlinear terms and obtain for electrons close to the resonance
point (xp “ L) the following displacement ξ « ´pre{2qt cos ωt. The oscillations grow linearly
with time, while the resonance bandwidth decreases as ∆ω « 1{pωtq. At the time when the
displacement equals the resonance width ∆x « Lpre{Lq1{2, the electron trajectories start to
self-intersect, and saturation occurs [Bulanov et al., 1994]. The maximum displacement is
therefore limited to ξmax « re « ∆x « snL.

For plasma with large scale length L and non-relativistic saturation, the oscillations are
effectively linear, and the displacement can be approximated as ξ: « ´eEx{me in both cases.
In this case, using equations (254) and (255), we obtain

ξ “ re
p1 ´ x{Lq cospωtq ` s sinpωtq

p1 ´ x{Lq
2

` s2
, (268)

where x now represents the initial electron position48. Eq. (268) describes an oscillating
localized plasma wave with a width of ∆x “ sL, in accordance with Eqs. (258). The

48This is because the initial positions x0 coincide with the coordinate grid. In the following, we omit the
subscript for clarity and use x instead of x0 in all the formulas and plots, as that is the usual label for
coordinates.
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Figure 21: Evolution of initially linear electron plasma density profile ne “ ncx{L.
Calculated from Eq. (270) for s “ ω “ L “ 1 and re “ 0.9.

displacement velocity follows as

ξ9 “
resω

p1 ´ x{Lq
2

` s2
cospωtq. (269)

The phase velocity of the plasma oscillation is equal to vph “ ω{k « ω{∆x “ ωsL. We see
that the displacement of the plasma electrons is evolving in time, and the density distribution
can be calculated accordingly, using Eq. (263), as

ne

n0
“

«

1 ´
re

L

cospωtq

s2 ` p1 ´ x{Lq2 `
2rep1 ´ x{Lq

L

p1 ´ x{Lq cospωtq ` s sinpωtq

ps2 ` p1 ´ x{Lq2q
2

ff´1

, (270)

where n0 “ ncx{L is the unperturbed density profile and nc is the critical frequency for
the incident laser. Fig. 21 shows that the electron density forms a reappearing overcritical
density spike with a peak at the resonance point xp “ L.

Our previous discussion has considered the case when the displacement of the electrons
is much smaller than the plasma scale length, ξ « re ! L. In the opposite case, of a very
sharp plasma gradient, ξ « re " L, the electrons can be ejected out of the vacuum and
find themselves accelerated directly by the laser field, i.e., vacuum acceleration of electrons
occurs [Brunel, 1987; Bulanov et al., 1994; Bulanov et al., 2001]. If we estimate the initial
velocity of the electrons pulled by the laser into the vacuum as v0{c « a0, the displacement
can be calculated as

ξvac “ ´v0t `
ω2

4L
x2

0t2, (271)

where x0 is the initial position of the electrons. The electron density can be again calculated
using Eq. (264). Near the leading front where x « ´v0t, the electron density has a linear
profile, given as n « ncrpx ` v0tq{L, where the Lagrangian and Eulerian coordinates are
again related as x “ x0 ` ξpx0, tq.
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Figure 22: High harmonic generation from the resonant relativistic oscillating mirror.
(a) The electron plasma density evolution, given by Eq. (270). The black contour line indicates a
threshold, beyond which ne ą nc. In the interior of this boundary, radiation can be reflected into
the vacuum, as indicated by the colored dotted lines. (b) Longitudinal electric field of the saturated
plasma resonance (257). (c) Spatiotemporal evolution of reflected radiation, calculated using the
model of a narrow resonance given by Eq. (274).

2.5.2 High-harmonics and attosecond pulse generation
We have shown in the previous sections that dense regions of oscillating electrons can be
produced due to nonlinear laser-plasma interaction. In the case when the density of the
electrons is sufficiently large, such that ne ą nc, the incident driving field can even be
reflected into the vacuum, as illustrated in Fig. 22a. A dense oscillating plasma inhomogeneity
can produce periodic trains of ultrashort pulses [Bulanov et al., 1994; Naumova et al.,
2005; Mourou et al., 2006; Teubner and Gibbon, 2009; Bulanov et al., 2016b]. When the
plasma-vacuum interface is sharp, electrons can be pulled violently towards the vacuum
side to oscillate directly within the laser field [Brunel, 1987]. For sufficiently dense vacuum-
accelerated electron bunches, periodic bursts of reflected ultrashort pulses again occur due to
laser-driven nonlinear oscillations [Bulanov et al., 1994; Bulanov et al., 2001; Mourou et al.,
2002; Naumova et al., 2005; Naumova et al., 2006; Mourou et al., 2006; Baeva et al., 2006;
Teubner and Gibbon, 2009; Pukhov et al., 2010; Wheeler et al., 2012; Bulanov et al., 2016b;
Blackburn et al., 2018; Vincenti, 2019; Edwards and Mikhailova, 2020; Quéré and Vincenti,
2021; Lamač et al., 2023b]. The process of high-harmonic and attosecond pulse generation is
commonly referred to as the relativistic oscillating mirror [Bulanov et al., 1994; Naumova
et al., 2005; Teubner and Gibbon, 2009; Edwards and Mikhailova, 2020], as the radiation
occurs due to strong currents formed by periodically oscillating relativistic plasma electrons.

Here, we present a model of high harmonic generation, which we call resonant relativistic
oscillating mirror49, which captures key features of high harmonic generation from overdense
plasmas. The radiation generated by the saturated resonant plasma oscillations discussed in

49The idea of high harmonic generation from the saturated plasma resonance was first hypothesized
in [Bulanov et al., 2016b], on which we build upon here.
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the previous section can be obtained by solving the wave equation (51). For a transversally
homogeneous incident laser, i.e., such that its beam size is much larger than its wavelength,
we may neglect the transverse derivatives and obtain the following solution for the electric
field

Epx, tq “ ´
1

2ϵ0c

ż

j
ˆ

x1, t ´
|x ´ x1|

c

̇

dx1, (272)

where the current distribution is given as j “ ´ecβKnepx, tq, where βK is the normalized
velocity of electron oscillations perpendicular to the propagation direction of the reflected
wave. For the saturated resonant oscillations discussed in the previous section, the rapidly
evolving plasma density is given by Eq. (270). Transverse velocity evolves in the field of
the incident laser as β9 K « ´peE0{mecq expp´iωtq. Therefore, the real part of the velocity is
βK « ´a0 sinpωtq. For such a current distribution, we may integrate Eq. (272) to obtain the
radiation emitted for a given set of parameters (re, L, ω, s). The oscillating mirror imprints its
spatiotemporal properties (258) into the reflected pulses, which is illustrated in Fig. 22a. The
duration and bandwidth of each reflected pulse are then given as ∆ω « 1{τ « ωs, where ω is
the frequency of incident radiation and s is the dimensionless saturation parameter (259). Due
to the periodicity of the process, the spectrum is composed of harmonics of the laser frequency,
as discussed in section 2.2.1. Let us show this explicitly in the case of narrow resonance,
∆x « sL ! 1. Then, we may take the current distribution as j “ ´eβKnepx, tqδpx ´ Lq.
Integration of Eq. (272) yields

Epx, tq “ ´
enca0

2ϵ0

sin φ

1 ´ a0
kLs2 cos φ

, (273)

where φ “ ωt ` kpx ´ Lq is the phase of the reflected wave. For weakly nonlinear oscillations,
a0{pkLs2q ! 1, we can expand the denomiator as

Epx, tq “ ´
enca0

2ϵ0
sin φ

ÿ

n“0

´ a0

kLs2

¯n

cosn φ. (274)

The harmonic content is explicit, and the coefficients of the „ sinpnφq terms can be obtained
using the binominal theorem50 [Gradshteyn and Ryzhik, 1965; Riley et al., 2006]. A growing
presence of harmonics leads to nonlinear wave steepening, which is shown in Figs. (22)–(23).

Crucially, the harmonics are phase-locked. That is, the relative phase factors of the
individual harmonics are not random, and there is a fixed phase relationship. Synchronization
of high harmonics leads to the possibility of generating ultrashort attosecond pulses [Mourou
et al., 2002; Naumova et al., 2005; Naumova et al., 2006; Teubner and Gibbon, 2009].

The plasma response is effectively immediate in the case of very sharp plasma scale lengths
kL ! 1 and for ωpe " ω. Then, we can approximate the plasma as a perfect conductor,
and the following boundary condition applies arxmptq, ts “ arrxmptq, ts ` airxmptq, ts “ 0.
In other words, the tangential vector potential equals zero on the critical surface xm. The
temporal profile of reflected radiation in the vacuum is then uniquely determined by the
motion of the critical surface, ar “ ´ai “ ´a0 exp r´iωt ` ikxmptqs . In the case of a sharp
interface, the critical surface is directly exposed to the laser field. In general, we may consider
that it oscillates with some frequency Ω, then its motion is (relative to the observer at
the angle of reflection) given as xmptq “ xs sinpΩtq. According to our discussion of laser
interaction with electrons in vacuum, it is reasonable to assume that the oscillation frequency
can be approximated as Ω “ ω at oblique incidence. In such a case, the discussion of the

50cosn φ “ peiφ ` e´iφqn{2n “ p1{2nq
řn

k“0
`n

k

˘

exp ripn ´ 2kqφs .
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Figure 23: Ultrashort pulse train generation due to phase-locked harmonics produced
from the relativistic mirror. The radiation profile was calculated from Eq. (274) using ω “

k “ L “ s “ 1. Nonlinear wave steepening occurs due to the growing presence of harmonics, which
compress the reflected electromagnetic wave into ultrashort pulses. This is thanks to the inherent
phase synchronization of wave reflection from a resonant relativistic oscillating mirror.

properties of the reflected field follows that of Eq. (274), and the reflected signal is composed
of both even and odd harmonics [Gibbon, 2005; Teubner and Gibbon, 2009]. At normal
incidence, the nonlinear v ˆ B part of the Lorentz force drives the critical surface oscillations
at Ω “ 2ω. A similar analysis as the one above can be done to reveal that the harmonic
spectrum is now composed of only odd harmonics of the laser frequency [Gibbon, 2005;
Teubner and Gibbon, 2009].

In section 2.2.3, we have shown the characteristics of emission due to extremely relativistic
motion, which results in an ultrashort radiation burst with duration of the order ∆t «

ρ{pγ3cq “ 1{ωc, where ρ is the instantaneous radius of curvature at the time of emission.
Then, the motion at the turning point can be approximated with an instantaneously circular
motion. Expanding the motion close to the turning point and taking the Fourier transform of
the one-dimensional field given by Eq. (272), we can find that the spectrum can be described
in terms of a derivative of the Airy function, and for ω ! ωc we find that the intensity
spectrum follows the power law [Pukhov et al., 2010]

In

I0
„ n´4{3, (275)

where n is the harmonic order. The critical frequency ωc gives the harmonic frequency cut-off,
beyond which the spectrum drops exponentially. Radiation produced by such ultra-relativistic
nonlinear electron oscillations has been called coherent synchrotron emission, due to the
similarity of their such to the relativistic instantaneously circular emission described in section
2.2.3. Experimental results agree with the power law of the form [Teubner and Gibbon, 2009]

In

I0
“ n´α, (276)
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Figure 24: Schematic of high-harmonic generation from relativistic plasma mirror.
Inset shows experimentally measured spectrum using the Princeton 20 TW Ti:sapphire laser system
(Amplitude Technologies), with 70 mJ incident on a rotating BK7 target in 25 fs, producing a
peak intensity of 8 ˆ 1019 W{cm2. The central laser wavelength is 800 nm. The reflected single-shot
spectrum was passed through a 150 nm aluminum filter, to remove the infrared part of the spectrum,
and imaged with a flat-field diffraction-grating spectrometer. Note that the harmonic structure
appears because the driving laser pulse is multi-cycle; a single-cycle driver would produce an isolated
attosecond pulse and a continuum spectrum. Reprinted under CC BY 4.0 license from [Edwards
and Mikhailova, 2020].

with the power law index typically being α “ 1.5´3 [Baeva et al., 2006; Teubner and Gibbon,
2009; Pukhov et al., 2010], which was found to vary in dependence on plasma scale length L,
incident laser amplitude a0, focal spot size dfwhm or the plasma density ratio ne{nc [Teubner
and Gibbon, 2009; Blackburn et al., 2018; Edwards and Mikhailova, 2020]. Results from
a PIC parametric scan performed in Ref. [Edwards and Mikhailova, 2020] are shown in
Fig. 26. The simulations show that the index tends to α “ 4{3 in the ultra-relativistic limit
a0 Ñ 8. However, we must remark that these results do not consider the effects of quantum
electrodynamics, which are expected to occur at these intensities [Di Piazza et al., 2012].
They also neglect the spatial inhomogeneity of the laser and the ion dynamics [Lamač et al.,
2023b]. Nevertheless, they reveal the limits on the HHG spectrum obtained due to relativistic
effects, presented by Eq. (275).

Recently, we have shown that collisionless absorption (i.e., vacuum acceleration of electrons
for kL ! 1 or resonant collisionless absorption for kL " 1) can swiftly lead to the occurrence
of strong electron-ion surface currents, which grow unstable and modulate the spatial profile
of the oscillating relativistic electrons on the order of the plasma wavelength. In addition,
strong quasistatic electric and magnetic fields are sustained by these currents, confining the
oscillating electron nanobunches close to the surface. This process leads to highly efficient
emission of broadband XUV radiation in an anomalous direction parallel to the surface of
the plasma. This process was named relativistic instability modulated emission [Lamač et al.,
2023b], and it holds promise for applications requiring broadband, attosecond, and intense
XUV radiation, such as ultrafast nonlinear XUV spectroscopy. This surface-parallel emission,
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2.5. Relativistically overdense plasma

Figure 25: Experimental result of the harmonic spectrum measurement, with orders from
n “ 10 (left) to n “ 40 (right), obtained upon reflection of the UHI 100 TW laser (CEA Saclay) on a
relativistic plasma mirror. Note the decreasing divergence with increasing harmonic order. Reprinted
under CC BY 4.0 license from [Quéré and Vincenti, 2021].

as a function of plasma scale length, is anti-correlated with the emission of phase-locked
harmonics propagating at the angle of reflection, which was found to be optimal when
kL « 1 [Kahaly et al., 2013; Blackburn et al., 2018; Lamač et al., 2023b].

2.5.3 Focusing of high harmonics due to laser-induced relativistic
mirror curvature

In the focus of an intense laser pulse, the critical surface is pushed inward inside the plasma due
to a deformation induced by the laser envelope apr, tq. The displacement is given by [Vshivkov
et al., 1998; Bulanov et al., 2001]

ξ “ apr, tq

ˆ

menc

mine

̇1{2
ct, (277)

where mi is the mass of the ions, me is the electron mass, ne is the initial electron density
of a homogeneous plasma target, and nc is the critical density for the frequency of the
incident laser ω. Close to the laser beam axis, we may approximate the beam profile as
aprq « a0r1 ´ r2{p2w2

0qs, where w0 is the laser waist. We obtain that the deformed mirror
has a parabolic profile given by

x “ ξ0ptq

ˆ

1 ´
r2

2w2
0

̇

. (278)

The parabolic mirror has a focus given by f “ w2
0{p2ξ0ptqq, where ξ0ptq is given by

Eq. (277) for a “ a0. Approximating the focal length at the time of largest amplitude, as
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Figure 26: Power law index obtained from Lorentz-boosted 1D3V (one dimension of
space, three dimensions in velocity) particle-in-cell simulations. (a) The power law index
obtained for various combinations of parameters a0 and ne{nc at the angle of incidence θ “ 30˝. (b)
Power law index obtained for varying θ in the ultra-relativistic limit a0 “ 1000. The diagonal line is
given by p “ 2 lnrne{pnca0qs ` C. Reprinted and adapted under CC BY 4.0 license from [Edwards
and Mikhailova, 2020].

ct “ cτpulse{2, we get the focal length of the laser-induced parabolic mirror as

f «
w2

0
a0cτp

ˆ

mine

menc

̇1{2
. (279)

The focal spot diameter can be written for individual harmonics as

2wn «
4λn

π

f

D
. (280)

Taking the diameter as the focal spot size incident on the plasma mirror, D « 2w0, we get
the amplitude enhancement factor for the n-th harmonic as

w0

wn
«

πna0cτp

λ0

ˆ

menc

mine

̇1{2
. (281)

For the spectral intensity, if we include the power law scaling In{I0 „ n´α, which is valid up
to the cut-off harmonic order ncut´off « ωc{ω0 (275), where ωc is the critical frequency51.
We get

In

I0
“

ˆ

w0

wn

̇2
n´α « n2´α

ˆ

πa0cτp

λ0

̇2
menc

mine
. (282)

Clearly, Eq. (282) shows that the intensity of the harmonics at the focus of a parabolic
oscillating mirror scales as In{I0 „ n2´α. For the power law index of α “ 2, the spectrum
at the focus forms a harmonic plateau up to the cut-off harmonic. The intensity roll-off

51Maximum cut-off order corresponds to the ultra-relativistic coherent synchrotron emission, as discussed
in the previous section.
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Figure 27: Results of 2D particle-in-cell simulations showing focusing of harmonics
from a curved relativistic oscillating mirror. The laser-induced curvature of the relativistic
plasma mirror tends to focus on reflected light. The divergence of harmonics, and therefore focal
spot size, is reduced proportionally to the increasing harmonic number. The right panel shows the
plasma electron density ne (dark purple) at the maximum of the laser pulse. A zoom of the dented
surface is shown in the left panel. The multi-color map shows the intensity of the train of attosecond
pulses obtained by filtering harmonics from order 4 - 8 at three different times during its propagation
away from the plasma mirror. Focusing of this attosecond train occurs at a distance from the plasma
mirror of zn « f cos θ, where f is the laser-induced focal length and θ is the incidence angle with
respect to the surface normal. Reprinted under CC BY-NC-ND 3.0 license from [Vincenti et al.,
2014].

of the harmonics becomes spectrally rectified in the focus of a laser-curved relativistic
oscillating mirror. We have shown in the previous section that the optimal power law index
for ultra-relativistic oscillations is given as α “ 4{3 « 1.33 ă 2 [Pukhov et al., 2010], which
indicates that the high harmonics could potentially even dominate the spectral content of
the electromagnetic field at the focus.

Let us now estimate the maximum intensity enhancement that could be achieved in the
focus of such a parabolic mirror. We consider the optimal scenario of α “ 4{3. Taking the
radius of curvature as ρ « λ0

52, the spectral intensity of the cut-off harmonic with frequency
ω “ ωc « ω0γ3 at the focus can be written as

Ic

I0
« γ2

e

ˆ

πa0cτp

λ0

̇2
menc

mine
. (283)

Let us now consider a typical 30 fs Ti:Sapphire laser pulse, cτp « 11.3λ0. The electron
energy can be estimated to correspond to the relativistic quiver energy, γ « a0. For plasma
density with ne « nc, we get the intensity enhancement factor as Ic{I0 « γ4. Today, multi-
petawatt laser systems can produce incident laser intensities above I0 « 1022 W.cm´2 [Danson
et al., 2019], which corresponds to a0 « γe « 68. Then, the intensity enhancement factor
in the focus becomes Ic{I0 « 107 and the peak intensity in the focal spot of the parabolic
mirror can be estimated as Ic « 1029 W.cm´2, which is of the order of the Schwinger field
(235). Our estimate based on Eq. (283) is in agreement with PIC simulations performed
in [Quéré and Vincenti, 2021] for ne{nc „ 102, results of which are shown in Fig 28. Indeed,

52A more precise estimate can be obtained by calculating the polarization-dependent radius of curvature of
the laser-driven electron orbits. For circular polarization, we have ρ “ λ0a0{p2πq.
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Figure 28: (a) Spectral and (b)–(d) temporal effects of the reflection of an ultraintense laser field
from a curved relativistic plasma mirror, from PIC simulations. The spectral rectification effect is
highlighted in (a) by comparing the harmonic spectrum right after reflection (black) and at the
center of its focus (red). The big difference between (c) and (d) is due to the spectral rectification
effect introduced by the plasma mirror curvature, as shown in (a). Electric fields are given in units
of the Schwinger field Es. The intensity of the incident laser is I0 “ 1022 W.cm´2. Reprinted under
CC BY 4.0 license from [Quéré and Vincenti, 2021].

Refs. [Quéré and Vincenti, 2021; Vincenti, 2019] emphasize that the spectral rectification due
to the curvature of a relativistic plasma mirror opens a realistic path toward the Schwinger
limit.

We compare the relativistic flying parabolic mirror discussed in section 2.4.7. There, we
have discussed that the intensity enhancement factor scales as Ir{I0 „ γ6, which is a factor
of γ2 more than the parabolic oscillating plasma mirror, which could lead us to conclude
that it offers a more exciting route for amplification towards the Schwinger field. Yet, it
is, in practice, extremely challenging to obtain amplitude reflection coefficients larger than
r „ 10´3 ´10´4, while the oscillating overdense mirror has a reflection coefficient of the order
r „ 1. To leverage the additional γ2-scaling of the flying parabolic mirror due to focal length
Lorentz contraction, new techniques must be developed to increase the reflection coefficient
and secure sufficient stability of a nonlinear plasma wave. Today, the path towards the
Schwinger field seems less resistant within the concept of a laser-curved relativistic oscillating
mirror [Vincenti, 2019; Quéré and Vincenti, 2021].

Nevertheless, the flying relativistic mirror concept has another application besides the
possibility of serving as an amplifier towards the Schwinger limit. Since it propagates with
constant velocity, while the velocity of the relativistic oscillating mirror changes at each
instant, the reflection of a quasi-monochromatic laser from the flying mirror yields an X-ray
laser with the same relative spectral bandwidth as the incident laser radiation. We have
shown that quasi-monochromatic reflected waves with spectral brightness potentially rivaling
X-ray free-electron lasers can be obtained using relativistic flying mirrors, with a six orders-
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of-magnitude smaller radiation gain length [Lamač et al., 2024]. Based on our exposition of
and to the topics, both concepts currently offer much potential to the scientific community
at large, with significant promise for future research and applications. o presented through
oral contribution at the SPIE Optics + Photonics international conference in Prague, Czech
Republic (2023).
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“ If we knew what it is we were doing, it
would not be called research. Would it? ”

– Albert Szent-Györgyi (1959)

3
A selection of author’s results

This chapter presents an overview of all the first-author publications produced throughout
the postgraduate studies. It includes a brief description of the results and a detailed account
of the author’s role and contributions. The publications are available with permission from
copyright holders in the Appendix B.

3.1 On the anomalous relativistic emission
The Nobel’s Prize in Physics 2023 Award to Anne L’Huillier, Ferenc Krausz, and Pierre
Agostini for "experimental methods that generate attosecond pulses of light for the study of
electron dynamics in the matter" and the Nobel’s Prize in Physics 2018 Award to Gerard
Mourou and Donna Strickland for "groundbreaking inventions in the field of laser physics," in
particular "for their method of generating high-intensity, ultra-short optical pulses" underline
the fundamental importance of ultrashort laser pulse generation to the scientific community.

Due to their large reflectivity and the lack of damage threshold, relativistic oscillating
mirrors open a new way toward producing extremely short pulses composed of high harmonics
at significantly higher incident laser intensity. In paper I., we have theoretically studied the
efficiency of high harmonic generation from the relativistic oscillating mirror in dependence
on the inhomogeneous plasma scale length. We have confirmed previously experimentally
measured efficiency curves, which confirm that the high harmonic yield is anti-correlated with
collisionless absorption of laser energy. Surprisingly, we have found that this anticorrelation
also translates into a new radiation emission mechanism, where coherent XUV radiation is
emitted in an anomalous direction, parallel to the plasma surface.

Collisionless absorption of laser energy disrupts the quasi-neutrality at the plasma surface,
leading to strong electron-ion return currents that induce quasistatic electric and magnetic
fields. These fields create a potential minimum close to the surface for the laser-driven
oscillating electrons, forcing them to propagate along the surface as they oscillate. This
translates to collimated relativistic emission discussed in section 2.2.3. Additionally, these
electron currents are modulated by a surface instability with a wavelength of the order, or less
than, the plasma wavelength, which significantly enhances the efficiency of XUV generation.

The author formulated a theoretical description of the origin of the anomalous radiation
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emission in active collaboration with Sergei Bulanov and Kunioki Mima, who was a visiting
senior scientist at the ELI Beamlines Facility at the time. Under the supervision of all co-
authors, the author has employed and analyzed numerical simulations, wrote the manuscript,
and assumed the role of the corresponding author throughout the peer review. All co-authors
helped in reviewing and editing the final manuscript.

The results of this study have been reported on by a number of science news outlets, with
the most prominent report being a featured article in Phys.ORG: An anomalous relativistic
emission arising from the intense interaction of lasers with plasma mirrors. The results were
also presented in the form of an oral contribution at the International Symposium on Compact
Synchrotron X-ray Sources in Munich (2024) and 50th European Physical Society Conference
on Plasma Physics in Salamanca, Spain (2024), and they were also presented in the form of
a poster at the The Laser and Plasma Accelerators Workshop in Sagres, Portugal (2023) and
international conference SPIE Optics + Optoelectronics in Prague, Czech Republic (2023).

3.2 On the beam-driven relativistic mirrors

In section 2.4.7, we discussed the realization of laser-driven relativistic mirrors in underdense
plasmas. A relativistic mirror propagating at constant velocity is of significant interest, as the
incident radiation undergoes a double Doppler upshift, significantly increasing the radiation
frequency and potentially also the amplitude of reflected radiation, for relativistic mirrors
with sufficient reflectivity.

Paper II. introduces a novel concept based on charged-particle beam-driven relativistic
mirrors. This approach, akin to laser-laser relativistic driven mirrors, demonstrates how a
beam of charged particles can drive a nonlinear plasma wave throughout its propagation.
Just like a laser pulse, a charged particle beam experiences nonlinear energy depletion
due to the occurrence of copropagating plasma waves. However, we show that a charged
particle beam with sufficient kinetic energy can propagate for significantly longer distances
in plasma undisturbed, sustaining a nonlinear wave close to the wave-breaking threshold
over an impressively long distance. The stability of a relativistic plasma mirror close to the
wave-breaking threshold is critical, as it is close to this threshold where the reflectivity is
maximized.

We find that a laser pulse can be reflected from such a mirror with a stable phase for
tens or even hundreds of laser periods, which enables the production of narrowband coherent
X-ray sources. In the paper, we show the generation of both intense attosecond X-ray pulses
and narrowband X-ray radiation, with spectral brightness rivaling that of X-ray free electron
lasers. We guide the reader to the full article to examine the implications of creating such a
compact, coherent X-ray source.

As the primary contributor, the author formulated the idea, developed the theory, and
wrote the manuscript. Petr Valenta, a key collaborator, performed the numerical simulations,
and the author and Petr Valenta analyzed the results. The invaluable contributions of all the
co-authors in reviewing and editing the final manuscript are also acknowledged.

The results of this study were presented as an oral contribution at the International
Symposium on Compact Synchrotron X-ray Sources (2024) in Munich, Germany, and the
50th European Physical Society Conference on Plasma Physics (2024) in Salamanca, Spain.
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3.3. On the resonant betatron X-ray generation

3.3 On the resonant betatron X-ray generation
Section 2.4.5 introduced the mechanism of femtosecond X-ray pulse generation using laser-
driven wakefields, referred to as betatron X-ray generation. This process yields a unique source
of all-optically generated femtosecond X-ray pulses, which find numerous applications in
ultrafast X-ray diffraction and spectroscopy or phase-contrasted X-ray imaging. A sufficiently
large X-ray photon flux is required for ultrafast pump-probe schemes to obtain good contrast
in the single-shot regime. Therefore, one of the primary directions in research surrounding
betatron sources is the increase of energy conversion efficiency.

To support this effort, we have brought forward the two-color resonant betatron X-ray
generation concept presented in paper III., where we considered splitting off a small part of
the laser pulse into a nonlinear crystal to convert into the second, or even third, harmonic
frequency of the laser. A group delay between the leading and trailing pulse is then introduced,
such that the accelerating electrons find themselves within the field of the converted laser
pulses.

We have found that a two-color laser field leads to resonant betatron X-ray genera-
tion throughout the electron acceleration process, significantly boosting the laser-to-X-ray
conversion efficiency by up to two orders of magnitude.

The author initiated this project under the close supervision of Jaroslav Nejdl and
Uddhab Chaulagain, who played a crucial role in analyzing and focusing the research
on experimentally relevant parameters. The author has performed and analyzed multi-
dimensional numerical particle-in-cell and single-particle simulations. The theoretical part was
formulated in collaboration with Sergei Bulanov. Lucie Jurkovičová invented the conceptual
design of the experiment presented in the study. The author wrote the manuscript and
assumed the role of the corresponding author throughout the peer-review process. All
co-authors significantly contributed to the review and editing of the final manuscript.

The results of this study were presented in the form of a poster contribution at the
international conference SPIE Optics + Optoelectronics in Prague, Czech Republic (2023),
Laser and Plasma Accelerators Workshop in Sagres, Portugal (2023), and the Plasmas in
Super-Intense Laser Fields Summer School in Erice, Italy (2022).

3.4 On the laser-driven magnetic field generation
Section 2.4.6 addressed generating quasistatic magnetic fields in plasmas utilizing relativistic
laser pulses. The field of laboratory astrophysics is highly interested in the creation of
long-lasting magnetized plasmas with magnetic field strengths comparable to those observed
around black hole accretion disks or weakly magnetized neutron stars—this field endeavors
to elucidate astronomical observations by investigating magnetized plasmas in controlled
laboratory settings.

In paper IV., we have employed three-dimensional and fully relativistic particle-in-cell
simulations to investigate the range of magnetic field strengths achievable under typical
laboratory conditions. Our parametric scan revealed that magnetic field strengths of the order
of multi-gigagauss can be produced with currently available laser technology. To support these
results, we have formulated a theoretical model, which was also found to be in accordance
with earlier experimental results. Additionally, we scrutinized the temporal stability of these
magnetic fields. We revealed their ability to persist notably longer than the laser pulse
or the electron plasma oscillation period. The evolution of these fields was attributed to
the current filamentation instability, mirroring behavior analogous to the well-documented
Kármán vortex street.
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The research was initiated by the author, who oversaw the execution and analysis of the
numerical particle-in-cell simulations and authored the manuscript. The author cultivated
the theoretical framework in collaboration with Sergei Bulanov. All co-authors were actively
engaged in reviewing and editing the final manuscript.

The results were also presented through oral contribution at the SPIE Optics + Photonics
international conference in Prague, Czech Republic (2023).
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“ We can only see a short distance
ahead, but we can see plenty there
that needs to be done.” ”

– Alan Turing (1950)

4
Conclusion

This chapter summarizes the content of this doctoral thesis and the author’s most important
results. It marks the currently most active research directions and discusses new research
avenues stemming from the author’s results.

4.1 Summary
In summary, this doctoral thesis presents the author’s main results in relativistic optics and
provides an extensive reference for the theory and literature of relativistic optics.

A historical overview of high-power laser development and its relationship to relativistic
optics was presented in Chapter 1. We have also defined this thesis’s goals and briefly
summarized the author’s research contributions to the field.

We have presented the theory of relativistic optics relevant to the author’s research in
Chapter 2. First, we have given a theory for radiation from relativistic electrons. Then, we
presented a selection of topics in two regimes of laser-plasma interaction, where the plasma
target was either relativistically underdense or overdense. In the case of underdense plasma,
a particular focus was placed on laser wakefield acceleration, betatron X-ray generation,
magnetic field generation, and relativistic mirrors based on nonlinear plasma waves. For
overdense plasma, we have discussed the generation of high harmonics and attosecond pulses
from a relativistic oscillating mirror. Finally, we have discussed focusing due to laser-induced
mirror curvature.

Chapter 3 presented a brief commentary on the author’s main results in the field of
relativistic optics, which are presented in the form of four publications available in full in
Appendix B, and a list of conferences these results were presented at. The results can be
summarized as follows:

Paper I. describes a novel mechanism of highly efficient coherent XUV light emission, which
takes place at the surface of a relativistically oscillating plasma mirror. The radiation
propagates in an anomalous direction, parallel to the surface of the plasma mirror
instead of at the angle of reflection. We have discussed the spatiotemporal properties of
the radiation, which are due to an electron-ion surface instability. We have also found
that the XUV yield, as a function of the pre-plasma scale length, is anti-correlated
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with the emission of high harmonics at the reflection angle, which was related to the
collisionless absorption of laser energy.

Paper II. presents a new concept of relativistic mirrors propagating at a constant velocity
based on nonlinear plasma waves driven by charged particle beams propagating in
plasma. We have found that the beam-driven relativistic mirrors are highly stable and
enable the generation of narrowband quasi-monochromatic coherent X-ray radiation
or extremely intense attosecond pulses. We have found that this is primarily due to
a reduced laser-induced damage threshold compared to laser-driven relativistic flying
mirrors.

Paper III. contains the concept of two-color betatron X-ray generation, in which the
conversion efficiency of laser energy to betatron X-rays is increased if the accelerating
electrons find themselves in the field of copropagating laser pulses with different
frequencies. We have found that this technique can improve the laser-to-X-rays energy
conversion efficiency by up to two orders of magnitude. We also presented a design of a
two-arm experimental setup, where the initial laser pulse splits into multiple pulses
with harmonic frequencies through standard techniques using nonlinear crystals.

Paper IV. presents our study of the laser-driven generation of intense, long-lived magnetic
fields in plasma. Specifically, we searched for parameters relevant to laboratory astro-
physics and experiments related to studying nonlinear quantum electrodynamics. We
have performed parametric scans using state-of-the-art three-dimensional particle-in-cell
simulations and found parameters for generating picosecond-stable gigagauss magnetic
fields using petawatt-class lasers, with numerical scaling laws in good agreement with
analytic results.

4.2 Future outlook
Thanks to the prolific research on relativistic laser-plasma interactions that has taken place
since the advent of CPA, the shrinking of particle accelerators by at least three orders of
magnitude in footprint is part of today’s reality. A slew of novel research directions are
now open and actively pursued. One of the most active research areas is the control and
stabilization of plasma accelerators and scaling to high-repetition-rate operation. Today,
GeV laser-driven plasma accelerators are based on petawatt-class laser systems, operating
at single shot or „ Hz repetition rates. On the other hand, laser systems capable of „ kHz
repetition rates are currently limited to peak powers of a few terawatts, limiting the energy
of accelerated electrons to a few tens of MeV. In light of the „ MHz repetition rate of
conventional accelerators, further advancements in laser technology are highly desirable.
Specifically, high thermal load during laser operation is one of the critical bottlenecks
preventing additional increases to higher repetition rates.

Nonetheless, electron beams from such laser systems are already suitable for applications,
mainly compact all-optical generation of bright coherent or incoherent ultrashort X-ray pulses.
Such X-ray sources are typically based on inverse Compton scattering or betatron X-ray
radiation, suitable for phase-contrasted imaging, ultrafast X-ray absorption spectroscopy,
and diffraction. At the same time, the promise of compact free-electron lasers utilizing laser
wakefield accelerated electrons is also being pursued all over the world, with coherent FEL
operation at 27 nanometers (in the XUV range) using 500 MeV laser wakefield accelerated
electron beams reported recently [Graydon, 2022]. The promise of compact acceleration
stimulates many research institutes to develop more affordable sources of bright, ultrafast
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X-rays. For all-optical radiation sources, such as the betatron or the Compton source, new
techniques are actively researched to improve the source brightness, not only through the
repetition rate of the laser system but also for each laser shot. This is required by ultrafast
pump-probe schemes, which require good single-shot contrast, and novel applications such as
ultrafast nonlinear XUV or X-ray spectroscopy.

Following the recent scientific breakeven in inertial confinement fusion [Fujioka, 2024],
significant attention is also drawn to this research area, where petawatt-class lasers are
considered for concepts such as the fast ignition scheme [Gibbon, 2005].

A particular interest in compact particle acceleration is found in radiotherapy and
radiology. There, ultrafast X-rays are also desired due to the FLASH effect [Favaudon et al.,
2014], where ultra-high dose-rate (ě 40 Gy{s) radiotherapy reduces damage to healthy tissue
compared to conventional low dose-rate (ď Gy{min) radiotherapy source, assuming the same
therapeutic total dose. For this purpose, compact acceleration of electrons and protons is
also pursued.

Aside from these primary research routes, work continues on novel methods of ultrafast
generation of bright coherent radiation pulses, such as the relativistic flying and oscillating
plasma mirrors, presented in detail in this thesis. Due to the nonlinear polarization of plasma,
which occurs due to relativistic oscillations, these concepts promise enhanced efficiency
compared to the conventional non-plasma-based light sources at incident laser intensities
orders of magnitude beyond the damage thresholds which limit traditional light sources, such
as the high harmonics generated from noble gases, which is currently the premier source for
attosecond physics. One of the most exotic and yet fundamental applications of relativistic
mirrors is the possibility to produce radiation with intensity comparable to the Schwinger
limit, providing us with a tool to study polarization of the quantum vacuum through
processes unavailable to conventional accelerator facilities, such as light-light scattering, or
the Schwinger effect.

Research directions opened by the findings presented in this doctoral thesis certainly
deserve more attention. Additional work on relativistic instability-modulated emission is
needed to find optimal operation parameters. For relativistic oscillating mirrors, identifying
optimal parameters for focusing toward the Schwinger limit should be studied more. Sta-
bilizing intense quasistatic magnetic fields also requires further attention, and laser-target
configurations relevant to laboratory astrophysics applications should be explored theoreti-
cally and experimentally. Experimental realization of the two-color betatron X-ray scheme
could remove the photon flux bottleneck of the betatron source. Generalization to a more
arbitrary single-pulse frequency-varying laser field should also be studied. Finally, the concept
of beam-driven relativistic mirrors could lead to the experimental realization of a stable
relativistic flying mirror, which is fundamental for applications requiring narrowband bright
and tunable coherent hard X-ray laser. In this direction, more work is needed to find an
efficient all-optical scheme where driving charged particles and incident radiation could
be produced from a single laser to generate coherent X-rays. Furthermore, the focusing
properties of relativistic flying mirrors should be studied in more detail using fully relativistic
three-dimensional simulations.

The author believes that based on the dynamic evolution of ultrashort light pulse
generation in the recent decades, most recently commemorated by the scientific community
through the Nobel Prize in Physics 2018 and 2023, new technological techniques and scientific
ideas leveraging relativistic optics to their full potential are yet to be found. Just as with the
advent of the first laser and CPA, the consequences of the proliferation of such ideas and
technology will resonate fundamentally through basic and applied science, spanning physics,
chemistry, and medicine.
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The interaction of intense laser pulses with plasma mirrors has demonstrated the ability to generate high-
order harmonics, producing a bright source of extreme ultraviolet (XUV) radiation and attosecond pulses.
Here, we report an unexpected transition in this process. We show that the loss of spatiotemporal coherence
in the reflected high harmonics can lead to a new regime of highly efficient coherent XUV generation, with
an extraordinary property where the radiation is directionally anomalous, propagating parallel to the mirror
surface. With analytical calculations and numerical particle-in-cell simulations, we discover that the
radiation emission is due to laser-driven oscillations of relativistic electron nanobunches that originate from
a plasma surface instability.

DOI: 10.1103/PhysRevLett.131.205001

Generation of attosecond pulses and extreme ultraviolet
radiation (XUV) originating from the interaction of a
relativistically intense laser with a plasma mirror has
now been investigated for almost three decades [1–5].
With experimental results supporting its potential for
applications in fundamental science, ultrafast science,
attosecond interferometry or imaging [2,6–12], this mecha-
nism presents a competitive alternative to the contemporary
workhorse of attosecond science, which is high-harmonic
generation (HHG) from noble gases originating from
nonlinear laser-atom interactions [11,13–15]. The potential
of relativistic high-harmonic generation reveals itself in the
lack of ionization thresholds, which pose a hard limit on
intensity of conventional gas or solid HHG sources. With
the growing availability of commercial high-repetition rate
laser systems with peak powers in the terawatt range,
relativistic generation of broadband, bright, and ultrashort
radiation will be attractive even at small university-scale
laboratories. The emission of relativistic high harmonics
originates from plasma surface electrons performing non-
linear oscillations within the laser field, with velocity close
to the speed of light. This occurs when the amplitude of the
incident laser exceeds the threshold amplitude of relativistic
optics [16], which is characterized in terms of the normal-
ized laser amplitude as a0 ¼ eE0=meω0c ≥ 1, where e is
the elementary charge, me the electron mass, c the speed of
light, ω0 is the angular frequency of the laser, and E0 the
amplitude of the laser electric field. The coherent reflection
from the plasma surface can be additionally affected for
very high laser intensities such that the ions can accelerate
to a fraction of the speed of light in a single laser cycle,

a0 ≥ ðmi=ZmeÞ1=2 [17,18], where mi is the ion mass and Z
is the ion charge number.
In this Letter, we report the discovery of a new regime of

XUV light generation, which we call relativistic instability-
modulated emission (RIME), originating from the inter-
action of an intense laser pulse with a plasma mirror, which
is self-modulating due to unstable return current induced by
the collisionless absorption of the laser. RIME generates
broadband XUV radiation with high-efficiency and an
anomalous propagation characteristic, where the radiation
is emitted parallel to the plasma mirror surface. The
mechanism of RIME is illustrated in Fig. 1. An intense
P-polarized laser pulse is obliquely incident on the sur-
face of a relativistically overdense plasma mirror,
1 ≤ a0 < ne=nc, where ne is the electron plasma density,
nc ¼ meϵ0ω

2
0=e

2 is the critical plasma density and ϵ0 is the
vacuum permittivity. At the beginning of interaction, the
intense incident laser coherently reflects from and accel-
erates the surface electrons into the plasma bulk [Fig. 1(b)]
by the Brunel effect [19,20]. These bulk-penetrating Brunel
electrons induce neutrality-restoring return currents flow-
ing along the mirror periphery, consisting of counter-
streaming electrons and ions which generate intense
quasistatic magnetic field on the mirror surface [21].
The electron-ion two-stream grows unstable with a growth
rate Γ ∝ ωpeðZme=miÞ1=3 [22], which is of the order of the
laser frequency for solid high-Z targets with electron
plasma densities ne=nc ≥ ðmi=ZmeÞ2=3. Therefore, after
laser-plasma interaction time of ≈1=Γ, the plasma mirror
self-modulates with wavelength of the order of the plasma
wavelength λp ¼ 2πc=ωpe, where ωpe ¼ ðe2ne=meϵ0Þ1=2
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is the electron plasma frequency. As the plasma wave
grows, the oscillating electrons are bunched and the
individual bunch emissions are coherently enhanced while
the reflected wave loses its spatiotemporal coherence
[Fig. 1(c)]. As the laser amplitude ramps up in the
interaction region, the unstable plasma wave grows non-
linear and breaks [23], releasing electron nanobunches to
be accelerated by the laser across the magnetized plasma
surface to velocities close to the speed of light, resulting in
surface-parallel relativistic beaming of individual bunch
emissions [Fig. 1(d)].
The coherent intensity spectrum of RIME generated over

a half-oscillation period by an electron bunch containing
Ne electrons can be obtained as (see Supplemental Material
[24] for derivation details)

IðωÞ ¼ N2
e

ffiffiffi

3
p

e2γ
4πϵ0c

ω=ωc

ð1þ ðω=ωbÞ2Þ2
Z

∞

ω=ωc

K5=3ðξÞdξ; ð1Þ

where K5=3ðxÞ is the modified Bessel function, ωc ¼
3cγ3=2λ0 is the critical frequency indicating an exponential
cutoff in the spectrum, λ0 is the laser wavelength, and γ is
the electron Lorentz factor. The electron bunch modulation
frequency is given as ωb ¼ c=Lb, where Lb is the electron
bunch length. Bunch modulation frequency indicates a
transition in the radiation spectrum, from the coherent
regime of radiation emission, where I ∝ N2

e for frequencies
smaller than or of the same order ω≲ ωb, into the regime of
incoherent emission, where I ∝ Ne for ω ≫ ωb.

To describe the modulation frequency of the electron
bunch, we must consider the origin of the bunch modu-
lating instability. Fast Brunel electrons penetrate into the
plasma mirror and induce a return current composed of
counter-streaming electrons and ions flowing along the
surface. Assuming that the drift velocity of the return
electrons is much larger than ions vde ≫ vdi, the ion
velocity may be neglected and, following the usual treat-
ment of two-stream instability, we obtain the well-known
Buneman instability (BI) dispersion relation for a small
perturbation [22],

ω2
pe

ðω − kvdeÞ2
þ ω2

pi

ω2
¼ 1; ð2Þ

where ωpi ¼ ðZ2e2ni=miϵ0Þ1=2 is the ion plasma fre-
quency. For an unstable growing mode, the mirror surface,
and therefore the Brunel electrons, will be modulated
according to the instability wavelength as illustrated in
Fig. 1(c). Solving Eq. (2) for the complex frequency
ω → ωþ iΓ, we obtain from the imaginary part the
maximum growth rate of the Buneman instability as

Γm ¼ ωpe

ffiffiffi

3
p

2



Z2me

2mi



1=3

; ð3Þ

which is approximately valid for all modes in the band
jkvde − ωpj≲ ð3=2Þðωpeω

2
piÞ1=3 [22]. The condition for

RIME to occur therefore requires laser pulse duration to
be larger than ≈1=Γm. This straightforward result allows us
to see that the plasma surface instability e-folding time can
be of the order of a single laser cycle, since Γm ≈ ω0 for
solid density plasma, ne ≈ 103nc, which means that the
plasma surface instability can fully manifest already within
a few laser cycles.
To study the process in detail, we have performed

multidimensional particle-in-cell (PIC) simulations
(See Supplemental Material [24] for simulation details).
A P-polarized laser pulse defined with pulse duration
τFWHM ¼ 30 fs, laser wavelength λ0 ¼ 1 μm, and peak
intensity I0 ¼ 1022 W=cm2 corresponding to a normalized
laser amplitude a0 ¼ 85.5, was focused with an incidence
angle θ ¼ 45° to a spot size with waist radius w0 ¼ 2 μm
upon a plasma mirror composed of uniformly overlapping
electrons and ions with matching density ni=nc ¼ ne=nc ¼
1000 and temperature kBT ¼ 100 eV. Figure 2 shows the
analysis of plasma surface instability observed in the PIC
simulation. Figure 2(a) shows the temporal evolution of the
surface-parallel ion current, revealing an unstable plasma
wave propagating in the direction of electron return flow
with phase velocity vp=c ≈ 0.01. This corresponds to the
drift velocity of the electron return current, since from the
current neutrality condition vde=c ≈ a0nc=ne ≈ 0.01 at t ≈
45 fs when the amplitude of the incident laser is a0 ≈ 10.

FIG. 1. Principle of RIME. (a) Schematic of radiation emission
geometry. (b) Radiation emitted by electrons composing a mirror
surface forms a reflected wave. (c) Surface modulation leads to a
loss of spatiotemporal coherence in the reflected wave and
enhancement of individual bunch emissions. (d) Oscillating
electrons move along the surface in the field of a relativistically
intense laser, leading to relativistic beaming of individual bunch
emissions towards the surface.
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Figure 2(b) presents the time evolution of the instability,
showing the instability saturation and clear separation
between the linear and nonlinear phases occurring at
t ≈ 55 fs. We note that the maximum instantaneous growth
rate matches the prediction given by Eq. (3). Figure 2(c)
shows the numerical dispersion of the instability overlaid
with the real part of the solution of Eq. (2), showing a
match between the PIC and Buneman unstable modes.
Figure 3 presents a detailed view of the RIME origin. In

Fig. 3(a), Brunel electrons can be seen penetrating into the
bulk in the direction of laser propagation at twice the laser
frequency, which is due to the relativistic j ×B Lorentz
force term. This leads to the growth of unstable return
current flowing along the periphery seen in Fig. 3(b). As the
unstable plasma wave breaks, oscillating electron nano-
bunches are accelerated by the laser across the surface
within the focal region to relativistic velocities. This is
shown with the electron current components in Figs. 3(c)
and 3(d). The transverse component highlights the trans-
verse oscillatory turning points of the individual nano-
bunches occurring at j⊥;e ¼ 0. On the other hand, it is at
these points where longitudinal velocity is largest, vk ≈ c,
which leads to relativistic beaming of radiation along the
surface. (See Supplemental Material [24] for a movie of the
process.) This results in the loss of reflected wave coher-
ence and the emergence of RIME XUV bursts seen in the
perpendicular component of the magnetic field Bz shown in
Fig. 3(f). Additionally, the magnetic field reveals that the

instability region is extremely magnetized due to the return
current, with amplitude of the order of the incident laser.
This leads to enhanced confinement of relativistic electrons
towards the plasma surface [21]. The electric field compo-
nent Ey in Fig. 3(e) shows the incident P-polarized laser
interfering with the intense RIME bursts.
Radiation characteristics of RIME are presented in

Fig. 4. Trajectories of two characteristic electron bunches
with γ ≈ a0 are presented in Fig. 4(c). Calculated radiation
power confirms multiple bursts emitted along the bunch
trajectory. The intensity spectra of RIME and the wave
reflected due to the relativistic oscillations of the mirror
(ROM) are shown in Fig. 4(a). The spatiotemporal coher-
ence of the reflected wave is reduced with the onset of
RIME, leading to larger XUV conversion efficiency for the
emission along the mirror surface. To evaluate coherent
enhancement of radiation due to electron bunching, we
have performed another PIC simulation with immobile
ions. The simulation confirmed that in this case BI and
RIME are not present. In this scenario, the coherence of
high harmonics composing the reflected wave is signifi-
cantly improved, as shown in Fig. 4(a). However, compared
to the RIME spectrum, the efficiency significantly drops for
ω=ω0 > 10, which can be explained by the nanobunching
effect occurring in the realistic simulation, since the
individual bunch sizes can be smaller than λpe ¼ λ0=31.6 ≈
31 nm as shown in Figs. 3(c) and 3(d). The continuous
RIME spectrum is explained by the fact that the peak laser-
plasma interaction, and therefore strongest emission,
occurs deep into the nonlinear phase of the instability
evolution at t ¼ 80 fs, as seen in Fig. 2(b). This leads to
nonperiodic trains of electron nanobunches individually
producing broadband XUV bursts that add up to a broad,
continuous spectrum. We point out that the bunching effect
also enhances the low-order harmonics composing the
reflected wave, which can be seen when comparing the
two ROM spectra shown in Fig. 4(a). This is because
the distances between the individual bunches within a single
laser oscillation are smaller than thewavelengths of the low-
order harmonics, which can be seen in Figs. 3(e) and 3(f). To
compare the RIME spectrumwith the analytical result given
by Eq. (1), we proceed to estimate the bunch modulation
frequency. The average value of electron drift velocity inside
the return current observed in the PIC simulation is vde=c ≈
0.18 at the peak interaction time t ¼ 80 fs [Fig. 3(d)]. The
bunch modulation frequency due to BI can be therefore
estimated as ωb ¼ c=Lb ≈ 2c=λB ≈ ðcωp=vdeπÞ ≈ 18ω0,
corresponding to an electron bunch length of Lb ≈ 88 nm
and instability wavelength λB ≈ 0.18 μm, which is in agree-
ment with the features seen in Figs. 3(c) and 3(d).
Considering such modulation frequency, RIME spectrum
as given by Eq. (1), with energy of laser-accelerated
electrons given γ ≈ a0 ¼ 85.5, is presented in Fig. 4(a),
showing an excellent agreement with the PIC result. In
Fig. 4(b) we show the dependence of emitted radiation on

FIG. 2. PIC simulation of the surface instability. (a) Time
evolution of the longitudinal component of the ion current, shown
up to t ¼ 80 fs. Dashed line following linear phase velocity of the
surface wave corresponds to vp=c ¼ 0.01. (b) Time evolution of
jji;kj averaged over rk ∈ ½−1 μm; 1 μm (black) and corresponding
instantaneous growth rate ΓðtÞ (blue). (c) Fourier transform of the
ion current in the linear phase of the instability, 0 fs < t < 55 fs
(colored, smoothened) and the real part of the solution of Eq. (2)
(black, dashed) calculated for the electron drift velocity
vde=c ¼ 0.01, ωp=ω0 ¼ 31.6.
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laser polarization. When the incident laser is S polarized, BI
and RIME are not present and only ROM-reflected wave
remains with less efficient high-harmonic generation, which
confirms a well-known property of ROM [2].
Previous studies have demonstrated that the presence of

preplasma with scale length satisfying kL ≈ 1 can optimize
ROM conversion efficiency [28,29], where k ¼ ω0=c is the
laser wave number and L is the pre-plasma scale length.
This optimum comes from the balance of the strong
electrostatic field due to the space-charge distribution
limiting electron oscillations when kL < 1, and the growth
of plasma waves leading to reflected wave coherence loss
when kL > 1 [20,30]. In the case when kL > 1, the plasma
wave growth is resonant for a P-polarized laser incident
upon inhomogeneous plasma with a scale length satisfying
[30,31]

ðkLÞ1=3 sin θ ≈ 0.8; ð4Þ

where θ is the laser incidence angle. To investigate the
effect of nonzero pre-plasma scale lengths on RIME, we
have conducted PIC simulations in the range 0 ≤ kL ≤ π.

The results are summarized in Fig. 4(d), where we show the
conversion efficiency of laser energy to XUV wavelengths
λ ≤ 100 nm. Our numerical results match the experimen-
tally discovered ROM optimum found in [28,29], which
occurs when kL ≈ 1. For such scale length, the total
reflectivity reaches up to 60%, with around 0.4% of laser
energy converted to XUV. The results for RIME show high
XUV efficiency, but more intricate dependence. First, as
discussed above, the coherent enhancement due to nano-
bunching yields larger XUV conversion efficiency by up to
an order of magnitude. Second, the XUV yields are
anticorrelated. This is due to the fact that the coherent
enhancement of RIME results in the loss of coherence in
the reflected wave and vice versa. Finally, the RIME XUV
yield reveals an optimal scale length for the simulation with
L=λ0 ¼ 0.25, where XUV conversion efficiency grows up
to 2%. To compare to conventional XUV sources, the
widely used gas HHG source operates at XUV energy
conversion efficiency of ≈10−5 [14,15], with maximum
incident laser intensity limited to ∼1015 Wcm−2.
For the simulated incidence angle of 45°, the condition

for resonant plasma wave growth given by Eq. (4) gives the

(a) (c) (e)

(b) (d) (f)

FIG. 3. PIC simulation of RIME. Average kinetic energy of electrons (a) and the longitudinal electron current (b) at the time of
instability saturation, t ¼ 55 fs. Transverse (c) and longitudinal (d) electron current, and electric (e) and magnetic field (f) components at
the time of peak laser amplitude arrival, t ¼ 80 fs.
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scale length as L=λ0 ¼ 0.23, an excellent match which
shows that the origin of the RIME optimum is due to the
resonant growth of large-amplitude plasma waves which
facilitate faster wave breaking of instability-modulated
electrons into the laser field. The XUV intensity distribu-
tion for the two optimal cases are shown in Figs. 4(e)
and 4(f). In the case of kL ≈ 1, the laser is initially reflected
coherently by ROM. As the unstable plasma wave satu-
rates, the spatiotemporal XUV coherence is reduced and
coherent XUV bursts propagating along the mirror surface
emerge. In the case of resonant plasma wave growth,
ðkLÞ1=3 sin θ ≈ 0.8, the reflected wave loses its spatiotem-
poral coherence almost immediately and most of the XUV
radiation is increasingly collimated towards the surface as
the laser intensity ramps up.
The angular distribution of RIME is given by the

emission angle of laser-accelerated relativistic electrons
given by tan θ ¼ ½2=ðγ − 1Þ1=2 [20]. For the electrons
oscillating in the peak laser amplitude γ ≈ a0, the emission
angle is therefore θ ≈ 8.7° ¼ 150 mrad, which is in rea-
sonable agreement with the XUV intensity distributions
shown in Figs. 4(e) and 4(f), and the angular distribution of
RIME for the case of kL ≈ 1 shown in Fig. 5(b). The
angular distribution shows clear separation between the
high-frequency radiation emitted by ROM and RIME,
which is also visible in the corresponding XUV intensity

distribution shown in Fig. 4(e). The temporal profile of
XUV radiation for the two optimal cases is shown in
Fig. 5(a). In correspondence with Fig. 4(e), the radiation
pulse of the ROM-optimal case L=λ0 ¼ 0.1 shows initially
coherent and smooth reflected wave profile at t < 55 fs,
losing its coherence at t ¼ 55 fs, and then transitioning to
the RIME profile modulated by coherent attosecond bursts
at t > 55 fs. The case of RIME-optimal scale length
L=λ0 ¼ 0.25 shows that already at the beginning of
interaction, t < 55 fs, the XUV pulse is modulated with

FIG. 4. Radiation properties of RIME. (a) Intensity spectra with the analytical model given by Eq. (1). (b) Intensity spectra for S and P
laser polarizations. (c) Instantaneous power of radiation emitted along the surface calculated for two electron bunches oscillating above
the surface (r⊥ ¼ 0) with γ ≈ a0. (d) Laser-to-XUVenergy conversion efficiency dependence on pre-plasma scale length L. (e) Spatial
distribution of XUV intensity for the ROM-optimal and (f) the RIME-optimal pre-plasma.

FIG. 5. (a) Temporal profile of XUV radiation for the case of
RIME (black) and ROM (red) optimal scale length, offset for
clarity. (b) Angular distribution of spectral intensity for ROM-
optimal scale length L=λ0 ¼ 0.1. Color map is saturated for
higher contrast in the XUV region.
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the RIME bursts in accordance with Fig. 4(f). As the laser
peak arrives at t ¼ 80 fs, coherently enhanced giant atto-
second XUV pulses emerge due to the strong electron
nanobunching from the resonant plasma wave growth.
In conclusion, a new high-yield mechanism of coherent

XUV light generation called RIMEwas discovered to occur
during the interaction of relativistically intense P-polarized
laser pulse with overdense plasma satisfying 1 ≤ a0 <
ne=nc. The radiation emission is directionally anomalous,
propagating parallel to the mirror surface. With numerical
and analytical methods, we have found that RIME occurs
due to laser-driven oscillations of electron nanobunches
which emerge from a return current instability induced by
collisionless absorption of the incident laser. Furthermore,
by varying the preplasma scale length, we have found that
RIME is anticorrelated with the reflected high harmonics,
showing the possibility to tune between two directionally
separated XUV radiation sources in a single experimental
configuration. Finally, we have found an optimal preplasma
scale length for RIME corresponding to resonant growth of
plasma waves at the mirror surface. The optimal XUV
conversion efficiency of RIME reaches percent level,
presenting a new approach for future experiments aiming
to produce high-yield coherent XUV radiation.
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[28] S. Kahaly, S. Monchocé, H. Vincenti, T. Dzelzainis, B.
Dromey, M. Zepf, P. Martin, and F. Quéré, Direct obser-
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Abstract

Bright ultrashort X-ray pulses allow scientists to observe ultrafast motion of atoms and molecules.
Coherent light sources, such as the X-ray free electron laser (XFEL), enable remarkable discoveries in
cell biology, protein crystallography, chemistry or materials science. However, in contrast to optical
lasers, lack of X-ray mirrors demands XFELs to amplify radiation over a single pass, requiring tens
or hundreds of meters long undulators to produce bright femtosecond X-ray pulses. Here, we propose
a new ultrafast coherent light source based on laser reflection from a relativistic mirror driven by a
relativistic charged particle beam in micrometer-scale plasma. We show that reflection of millijoule-
level laser pulses from such mirrors can produce bright, coherent and bandwidth-tunable attosecond
X-ray pulses with peak intensity and spectral brightness comparable to XFELs. In addition, we find
that beam-driven relativistic mirrors are highly robust, with laser-induced damage threshold exceeding
solid-state components by at least two orders of magnitude. Our results promise a new way for bright
coherent attosecond X-ray pulse generation, suitable for unique applications in fundamental physics,
biology and chemistry.

Keywords: attosecond pulse generation, coherent X-ray source, relativistic mirrors, laser-plasma interaction

The theory of light reflection from a moving
mirror was presented by A. Einstein in his sem-
inal work on theory of special relativity in 1905
[1]. As illustrated in Fig. 1b, an electromagnetic
pulse reflected from a mirror counter-propagating
at velocity v will undergo a frequency upshift,
pulse compression and amplitude increase due to

a double Doppler effect, which can be written as
[1–4]

ωr

ω0
=

τ0
τr

=
Er

rE0
=

1 + β

1− β
, (1)

where Er, ωr, τr and E0, ω0, τ0 are respectively the
electric field amplitude, angular frequency and
pulse duration of reflected and incident radiation,
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β = v/c is the normalized mirror velocity, r is
the complex amplitude reflection coefficient (see
Supplementary Information S1 for definition and
derivation details) and c is the speed of light in
vacuum.

This concept promises a source of coherent
electromagnetic radiation with unique proper-
ties. A relativistic mirror with tunable velocity
could enable measurements with fundamentally
limitless spatiotemporal resolution, an ultimate
prospect for many novel applications, including
spectroscopy and imaging of atomic, molecular,
and electronic dynamics with attosecond resolu-
tion [5–8], laboratory astrophysics experiments [9]
or experimental study of nonlinear properties of
quantum vacuum and other topics of fundamen-
tal interest [10], such as investigating black hole
information paradox with accelerating relativistic
mirrors [11].

Most of these applications require a coherent
light source with high brightness, which is cur-
rently offered mostly by the kilometers-long and
access-limited X-ray free electron lasers (XFELs)
[7, 8]. Recently, breakthroughs in shrinking free-
electron lasers were achieved by using compact
plasma accelerators to produce coherent radiation
in the XUV [12, 13], UV [14] and infrared [15]
spectral range. The next generation of coherent
light sources should be compact, while ideally at
the same time advancing some of the source char-
acteristics, such as brightness, pulse duration or
spectral tunability. Eq. 1 tells us that a robust,
highly-reflective relativistic mirror with tunable
velocity could satisfy all of these requirements.

The question of producing a relativisitic mir-
ror has been a recurring topic, with reinvigorated
interest today due to the availability of high-power
lasers that enable its various implementations, see
e.g. Refs. [3, 16, 17] (and the references cited
therein) for review, with notable examples being
the relativistic mirror formed by the plasma wake
wave of a laser pulse propagating in underdense
plasma [2, 18–23], the oscillating relativistic mir-
ror driven by a laser on the surface of an overdense
plasma target [24–29], or the relativistic mirror
accelerated by the interaction of an intense laser
with a thin solid target [30–32]. The numerous
studies of laser-driven relativistic mirrors in the
recent years have shown a growing maturity in the

field, but none have demonstrated a robust mecha-
nism for bright and highly-tunable coherent X-ray
pulse generation.

Relativistic mirrors formed by nonlinear
plasma waves driven by lasers propagating in
underdense plasma [2, 18–23] are especially attrac-
tive. The velocity of the mirror is equal to the
driving laser group velocity. Changing the velocity
of such a mirror experimentally therefore requires
only a simple variation in gas pressure. For the
usual wavelength of high-power lasers, λ0 =
0.8µm, the electron density ne in a laser-driven
nonlinear plasma wave can exceed the critical
plasma density nc ≈ 1.7 × 1021 cm−3, enabling
coherent reflection for counter-propagating radia-
tion as illustrated in Fig. 1a.

However, since an increase of laser group veloc-
ity equals decrease in background plasma den-
sity, the laser amplitude must be also increased
to sustain sufficiently high electron density in
plasma wave. This makes laser-driven mirrors sen-
sitive to diffraction and laser instabilities, such
as self-modulation or stimulated Raman scatter-
ing [33, 34], which can rapidly change the laser
group velocity, breaking the mirror in process and
trapping the oscillating plasma electrons which
sustain the nonlinear plasma wave [35, 36]. These
detrimental effects make tunable generation of
bright coherent attosecond X-ray pulses challeng-
ing using laser-driven relativisic mirrors.

In this work, we propose a robust and highly-
tunable relativistic mirror based on a large-
amplitude nonlinear plasma wave driven by a
relativistic charged (both positively and nega-
tively) particle beam propagating in plasma. We
show that charged particle beams can drive a
highly-reflective and stable relativistic mirrors
with well-defined velocity over a relatively long
distance, unlocking generation of bright and fully-
coherent attosecond X-ray pulses with intensity,
bandwidth and peak spectral brightness compara-
ble to XFELs in just a few micrometers.

Results

Relativistic mirrors driven by charged
particle beams in plasma

We begin by presenting analytical theory for
beam-driven relativistic mirrors. To describe rel-
ativistic mirrors based on beam-driven nonlinear
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Fig. 1 Relativistic mirrors driven by charged particle beams in plasma. a, Schematic of a laser being reflected
from a relativistic mirror formed by a propagating nonlinear plasma wave. Reflection coefficient increases with plasma
wave nonlinearity, which increases the density of plasma electrons, with peak velocity ve, which are catching up with the
nonlinear wave, which propagates with velocity v > ve. b, Diagram of radiation being fully reflected from a relativistic mirror
propagating in spacetime with velocity v. At the reflection point, an electromagnetic wave undergoes a double Doppler effect,
as illustrated by the wavefronts of incident (red) and reflected radiation (purple) given by constant wave-periodic values of
the light-cone coordinates x + ct and x − ct, where x, t are the space and time coordinates, respectively. c, d, Numerical
solutions of Eq. 2, given in terms of the copropagating coordinate x − vt normalized to the linear plasma wavelength λp,
showing normalized electron density (black), longitudinal electric field (red) and Lorentz factor of plasma electrons (grey,
dashed) driven by negatively (c) and positively (d) charged relativistic particle beams propagating in plasma with γ = 5.
Normalized charge density of the driving beam ρ (blue, filled) is set according to Eq. 3 in both cases such that electron
oscillations reach γe = 1.4, producing comparable nonlinear waves. Particle beam pulse length Lb is set according to Eq. 4
to drive resonant wake (negatively-charged beam, Lb = λi/2) and single-cycle interior (positively-charged beam, Lb = λi)
plasma wave. e, Numerical solutions of Eq. 2, showing that a nonlinear plasma wave, driven by a relativistic charged particle
beam with γ = 5, can be brought arbitrarily close to the wave breaking threshold by tuning beam density ρ according to
Eq. 3.

plasma waves, we consider the one-dimensional
approximation, which is justified for wide rela-
tivistic particle beams satisfying kprb ≫ 1, where
kp = ωp/c is the plasma wave number, rb is the

radial size of the beam, ωp =

e2n0/(meϵ0)

1/2
is

the linear plasma frequency, n0 is the background

electron plasma density, me is the electron mass, e
is the elementary charge and ϵ0 is the vacuum per-
mittivity. The plasma waves driven by a charged
particle beam can be described in terms of a co-
propagating coordinate ξ = kp(x − vt), where x
is the space coordinate and t represents time, by
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(see Supp. S2 for derivation details)

∂2ϕ

∂ξ2
= γ2


β


1− 1

γ2(1 + ϕ)2

−1/2

− 1


− ρ,(2)

where ϕ is the electric potential normalized by
mc2/e, ρ = qnb/n0 is the normalized charge den-
sity of the driver, nb is the driver particle density
and q is the charge number of the driver, e.g.
q = −1 for electrons or muons, q = +1 for protons
or positrons and q ≥ 1 for positively-charged ions.

We approximate the driver in the laboratory
frame with a flat-top density profile, ρ = const.,
normalized velocity β and pulse length Lb. Plasma
waves obtained by solving Eq. 2 numerically for
such a charged (negatively and positively) driver
are shown in Fig. 1c, d. Highly-reflective large-
amplitude electron density wave can be produced
if the plasma wave is brought close to the thresh-
old of wave breaking, where the electrons com-
posing the plasma wave catch up with the driver,
ve → v, or equivalently, γe → γ. We solve Eq.
2 analytically and obtain the following maximum
Lorentz factor of electrons composing the beam-
driven plasma wave (see Supp. S3 for derivation
details)

γe = 1 +
2ρ2β2

2ρ+ 1 + (ρ/γ)2
, (3)

Solving Eq. 3 at the wave breaking threshold, γe =
γ, we obtain the beam charge density which causes
immediate plasma wave breaking, as ρwb,+ = γ for
q > 0 and ρwb,− = −γ/(2γ +1) ≈ −1/2 for q < 0.
Therefore, to drive a large-amplitude density wave
over any distance, the particle beam density must
be initially set below the wave breaking threshold,
as ρ/ρwb < 1.

Large-amplitude electron density waves can be
excited close to the wave breaking threshold in the
wake of a charged particle beam, but if the nor-
malized beam charge density satisfies ρ > −1/(1+
β) ≈ −1/2, it can be excited also in its interior
as shown in Fig. 1d. The following expression can
be derived for the interior wave wavelength λi in
the limit γ ≫ 1 (see Supp. S4 for a more general
form, valid for any γ, and derivation details)

λi

λp
=

2

π

E [2ρ/(2ρ+ 1)]√
2ρ+ 1

, (4)

where λp = 2πc/ωp is the linear plasma wave
wavelength and E(k) is the complete elliptic inte-
gral of the second kind. Eq. 4 shows that interior
waves contract (for ρ > 0) and expand (for ρ < 0)
with respect to the linear plasma wave. The pulse
length Lb can be set to excite resonant nonlinear
plasma wake wave when Lb = (m − 1/2)λi, or to
excite multi-cycle interior plasma waves with no
wake excitation when Lb = mλi, where m is a nat-
ural number (see Supp. S5 for derivation details).
Interior plasma waves can therefore serve either as
a single mirror, or a periodic train of relativistic
mirrors, similarly to wake waves.

For ρ ≤ −1/(1 + β) ≈ −1/2, the interior wave
wavelength (4) diverges and no plasma oscilla-
tions occur in the beam interior. In such a case,
large-amplitude density waves can occur only in
the wake of a negatively-charged particle beam
which has large enough pulse length, such that
plasma electrons are accelerated throughout the
beam interior up to γe ≈ γ, which can be obtained
by solving Eq. 2 numerically.

Beam-driven plasma waves close to the wave
breaking threshold cannot propagate in plasma
indefinitely. The longitudinal field of the interior
plasma wave modulates the charged particle beam
as it propagates. Eventually, the mirror breaks
due to this relativistic beam-plasma instability.
The distance Lwb traveled by the mirror before
it breaks can be obtained as (see Supp. S6 for
derivation details)

Lwb

λp
≈ γ

5


M

qme

1/2
1− ρ

ρwb

1/2

, (5)

where M is mass of the driver particles. Eq. 5
explicitly reiterates that the mirror propagates for
any significant distance only when ρ/ρwb < 1.
In this case, we see that the mirror can be set
extremely resilient, since the breaking distance
grows with driver velocity and particle mass, as
Lwb ≈ γ(M/m)1/2. In the following, we show that
tunability of the breaking distance of beam-driven
relativistic mirrors is the key that unlocks tunable
generation of extremely-bright attosecond X-ray
pulses.

Coherent attosecond X-ray pulses

The most important parameter of a mirror is the
reflection coefficient, r. According to Eq. 1, it
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Fig. 2 PIC simulation results of attosecond X-ray pulses from beam-driven relativistic plasma mirrors.
a, Normalized energy spectrum evolution and temporal profile of reflected radiation obtained from PIC simulations for
proton-driven relativistic mirror with γ = 5 propagating in underdense plasma with n0/nc = 0.01, where nc ≈ 1021 cm−3

is the critical density for the incident laser wavelength 800 nm. Theoretical bandwidth (white lines, black outline) given
by ∆ω/ωr = 1/N , where N is the number of reflected cycles. The inset shows temporal profile of reflected radiation
corresponding to the time of spectral peak saturation. The temporal profile is colour-coded to the time (number of reflected
cycles in) of corresponding normalized energy spectrum lineouts. b, Normalized energy spectrum of radiation reflected from
relativistic mirrors driven in underdense plasma with n0/nc = 0.08 by protons with γ ∈ {5, 10, 15, 20} and the incident laser
amplitude E0 = 10−3mecω0/e. The relative spectral bandwidths ∆ω/ωr decrease with increasing γ due to increasing mirror
propagation distance, given by Eq. 5. c, Temporal profile of attosecond X-ray pulses generated from beam-driven relativistic
mirrors with γ ∈ {5, 10, 15}, n0/nc = 0.08 and incident laser pulse amplitude E0 = 0.1mecω0/e. d, Corresponding energy
spectra showing tunability from XUV to X-rays.

determines the reflected wave amplitude, but also
the number of reflected X-ray photons, Nγ,r =
|r|2Nγ,0, where Nγ,0 is the number of incident
laser photons.

Reflection coefficient of beam-driven relativis-
tic mirrors can be calculated as (see Supp. S7-S8
for derivation details)

r ≈ 0.3


n0

γnc

2/3

, (6)

where nc = meϵ0ω
2
0/e

2 is the critical plasma
density calculated for the incident laser with fre-
quency ω0. While r → 0 as γ → ∞, the
reflected amplitude according to Eq. 1 follows
Er/E0 ≈ 4γ2r ∝ γ4/3 due to double Doppler

effect. The peak power of reflected radiation is
therefore amplified as Pr/P0 ∝ γ8/3. Using Eq.
1, we see that incident-to-reflected energy con-
version efficiency also grows with mirror velocity,
as η = Er/E0 ∝ γ2/3, where Er and E0 are,
respectively, the total energy of reflected and inci-
dent radiation. This is valid as long as the total
reflected energy does not exceed total energy of
the electrons composing the relativistic mirror,
Nγ,rℏωr ≪ Neγmec

2 [22]. In the following section,
the exact threshold is formulated in terms of max-
imum laser fluence incident on the relativistic
mirror.

To evaluate our analytical results with self-
consistent and energy-conserving numerical cal-
culations, we have employed fully-relativistic
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particle-in-cell (PIC) simulations. Here, we
present the results of a relativistic mirror formed
by the nonlinear interior plasma wave driven by
a flat-top proton beam (see Methods for sim-
ulation details), as depicted in Fig. 1d, with
varying mass-to-charge ratio considered in the
next section. For the considered parameters, the
minimum number of protons required in a beam
would correspond to Np ≈ γn0λ

3
i ≈ 107, which

is well within the means of conventional accel-
erators, which can reach Np ≈ 1011 [37–40]. To
investigate bandwidth tunability of reflected radi-
ation, we consider two different cases for the inci-
dent counter-propagating laser. A low-amplitude,
narrowband continuous wave (CW) and a high-
amplitude, broadband few-cycle pulse. In both
cases, the central wavelength is λ0 = 0.8 µm.

Continuous wave. The spectrum evolution and
the temporal profile of reflected radiation, for the
case with n0/nc = 0.01 and γ = 5, are shown in
Fig. 2a. The CW is upshifted in accordance with
Eq. 1, ωr/ω0 ≈ 98. The energy spectrum peak
grows quadratically in time and saturates at the
the mirror breaking distance Lwb with N ≈ 140
reflected cycles and relative spectral bandwidth
∆ω/ωr = 0.7%, where ∆ω is the full-width at
half-maximum (FWHM) of the reflected radiation
energy spectrum.

The energy spectrum of a reflected con-
tinuous wave can be calculated analytically
(see Supp. S9 for derivation) as |E(ω)|2 =
E2

p sinc ((ω − ωr)τr/2), where E2
p = |Er|2τ2r is the

spectral peak value and sinc(x) = sin(x)/x. The
FWHM spectral bandwidth directly follows as
∆ω ≈ ωr/N , where N is the number of reflected
cycles. This is in accordance with the PIC results,
which highlights that relative spectral bandwidth
is conserved upon reflection from a stable beam-
driven relativistic mirror, producing a pulse with
properties given exactly by Eq. 1, up to the mirror
breaking distance given by Eq. 5.

Fig. 2b shows normalized energy spectra sat-
urated at the mirror breaking distance produced
by proton beams, with γ ∈ {5, 10, 15, 20} and
ρ = 0.96ρwb, propagating in plasma with n0/nc =
0.08. While increasing background plasma den-
sity increases reflection coefficient, the number
of reflected cycles drops, since the mirror breaks
faster according to Eq. 5, as Lwb ∝ λp. The fastest
mirror with γ = 20 produces a fully-coherent

X-ray pulse with narrow bandwidth of 10 eV cen-
tered at 2.47 keV, and pulse duration τr ≈ 372 as
in accordance with Eq. 1.

Few-cycle pulses. To investigate the possibil-
ity of bright few-cycle X-ray pulse generation,
we set a counter-propagating few-cycle pulse with
Gaussian profile incident on the nonlinear wave
with peak amplitude increased to a0 = 0.1 and
FWHM pulse duration τFWHM = 3T0 ≈ 8 fs.
Fig. 2c shows the temporal profiles of radiation
reflected from relativistic mirrors with three dif-
ferent velocities. The fastest considered mirror,
with γ = 20, reflects a bright coherent X-ray
pulse, as short as τr = 5 attoseconds, with energy
centered around 2.4 keV and peak electric field
amplitude Er ≈ 4 TV/m, corresponding to inten-
sity of Ir ≈ 2.3 × 1018 W/cm

2
, which is of the

same order as XFELs [7]. Fig. 2d shows the corre-
sponding normalized energy spectra. By changing
the γ of the driver, the bright few-cycle pulses are
tuned according to Eq. 1 from XUV to X-rays.

Such coherent attosecond X-ray pulses could
serve as an extremely bright source for unique
applications which require high brightness and
short pulse durations at the same time, such as
ultrafast coherent X-ray spectroscopy [41], non-
linear XUV spectroscopy [42, 43] or coherent
diffractive imaging of biomolecules [44].

Properties of beam-driven relativistic
mirrors and laser-induced damage
threshold

Figs. 3a,b, show an excellent match between the
reflected amplitude given by Eqs. 1,6, and the
dependence of reflected peak amplitude on nor-
malized background plasma density and mirror
velocity obtained from PIC simulations.

Driver particle type. To investigate negatively-
charged drivers, as well as to verify Eq. 5, we again
simulated the case with a low-amplitude CW laser
with a0 = 10−3, n0/nc = 0.08 and γ = 5 for pro-
tons, muons, their antiparticles, and also the case
of γ = 20 for positrons. Positrons were set faster,
because the breaking distance for γ = 5 is less
than the laser wavelength, Lwb ≈ 0.7λ0. Similarly,
the case of electron drivers is reserved for future
study, since the computational requirements nec-
essary to sufficiently resolve the entire elongated
nonlinear wake, as well as reflected radiation for
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Fig. 3 Properties of beam-driven relativistic mirrors in plasma. Dependence of reflected amplitude on normalized
background plasma density for γ = 5 (a), and driver Lorentz factor for n0/nc ∈ {0.01, 0.08} (b). Theoretical curves are
calculated from Eqs. 1,6. c, Evolution of energy spectrum peak Ep, in terms of number of reflected cycles, for various driver

particle types. Theoretical curves are given by |Ep|2 ≈ |Er|2 τ2r , which is calculated using Eqs. 1, 6 for γ ∈ {5, 20} (dotted).
The theoretical number of reflected cycles (vertical, dashed) predicted by Eq. 5 is calculated as N ≈ 2(Lwb −x0)/λ0, where
x0 is the position where the counter-propagating laser initially collides with the mirror. For positrons, muons and protons we
have set, respectively, x0/λ0 ∈ {1.3, 4, 7}. Lorentz factor for all particles is set as γ = 5, except for positrons where γ = 20.
d, Evolution of optical fluence F incident on a relativistic mirror (red, solid) with γ = 5, n0/nc = 0.01 for various values of
normalized laser amplitude. The theoretical value of laser-induced damage threshold (black, solid, horizontal) is given by
Eq. 7 for n0/nc = 0.01, and the number of reflected cycles limited due to mirror breaking distance (black, dashed, vertical)
is given by Eq. 5 as N ≈ 140 for x0 = 17λ0. e, Temporal profile of coherent X-ray radiation from beam-driven relativistic
mirror with γ = 5, n0/nc = 0.01 and a0 ∈ {10−3, 0.05}. The case of a0 = 0.05 exhibits the self-restoration property of
relativistic mirrors, where the fluence incident on the continuously replenishing nonlinear plasma wave saturates below the
damage threshold, if the mirror restoration time tr is short enough, which can be also seen in Fig. 3d.

γ ≥ 20, are extremely demanding with standard
numerical methods.

Fig. 3c shows the spectrum peak evolution for
various drivers. The reflection coefficient for the
negatively-charged beams is roughly 70% of the

value given by Eq. 6, but the maximum number of
reflected cycles can be up to 5 times larger when
comparing antiprotons and protons. As shown
in Figs. 1c,d, this is because stronger longitudi-
nal interior wave modulates the positively-charged
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drivers as they propagate. Therefore, irrespective
of charge number, Eq. 5 can be interpreted as the
minimum mirror propagation distance for a driv-
ing beam with particle mass M . The number of
reflected cycles for the positron case is N ≈ 2.5,
in accordance with Eq. 5 for M/me ≈ 1, γ =
20. This highlights the possibility for all-optical
beam-driven relativistic mirrors, where positron or
electron beams could be produced using compact
laser wakefield accelerators [35, 45, 46].

Laser-induced damage threshold. Analogous to
standard optical components, relativistic plasma
mirrors are susceptible to laser-induced damage
[22]. If the reflected energy is too large, damage
can occur due to recoil of the mirror. This recoil
threshold can be expressed in terms of maximum
fluence on the relativistic mirror, also known as
laser-induced damage threshold (LIDT)

LIDT = κmec
2 n0λi

8|r|2γ . (7)

Here, κ represents the coefficient of propor-
tionality between the total reflected energy and
the total energy of the electrons forming the mir-
ror. Based on simulations with a0 ranging from
10−3 to 1, we deduce that for beam-driven rela-
tivistic mirrors κ ≈ 6 × 10−4. This yields LIDT
≈ 100 J/cm2 for mirrors with γ = 5, which is
two orders of magnitude higher compared to their
solid-state counterparts [47, 48]. Fig. 3d compares
the LIDT given by Eq. 7 and the threshold flu-
ence obtained from simulations. Once the LIDT
is exceeded, the number of reflected cycles with
frequency given by Eq. 1 saturates, but the reflec-
tion process does not necessarily cease. However,
the properties of reflected radiation may start to
differ significantly from those obtained in regime
well below the LIDT [22].

Furthermore, since beam-driven relativistic
mirrors are composed of electrons continuously
flowing through, the mirrors possess the ability to
self-restore, with a characteristic restoration time
of tr ≈ λi/cβ. The restoration time is particularly
short (a few fs) for the mirrors realized by inte-
rior waves, given their substantially shorter wave-
lengths compared to wake waves. Self-restoration
must be taken into account when assessing the
limits of applicability of Eq. 7, i.e., even if the
fluence accumulated over a period of time ≫ tr
exceeds the LIDT, the mirror properties remain

unaffected, as the impact of laser is fully com-
pensated by the mirror restoration process. The
onset of self-restoration is highlighted for the case
of a0 = 0.05 in Figs. 3e, where the mirror restora-
tion time is calculated as approximately four laser
cycles. The mirror replenishes completely before it
is damaged, leading to effective saturation of flu-
ence on the mirror and significantly more reflected
cycles than predicted by Eq. 7, as shown in Fig.
3d for a0 ∈ {0.01, 0.05}.

To summarize, if the time over which the inci-
dent laser deposits damage threshold fluence given
by Eq. 7 is much larger than the mirror restora-
tion time, the mirror will self-restore and continue
to produce phase and amplitude stable coherent
X-ray radiation. Therefore, large-amplitude few-
cycle laser pulses should be used to maximize
amplitude of reflected radiation, whereas smaller
values of a0 should be considered for a narrowband
attosecond X-ray source.

Peak brightness and energy conversion
efficiency

The figure-of-merit for coherent light sources is the
peak spectral brightness, B [7, 49]. For coherent X-
ray pulses from beam-driven relativistic mirrors,
it can be derived as (see Supp. S10 for details)

B


photons

s mm2 mrad2 0.1% BW


=
32cγ6Nγ,i |r|2

1015λ3
0

≈ 5× 1030γ4


n0

nc

4/3

λ−4
0 [µm]E0[J],

(8)

where E0 is the energy of the incident laser
pulse. Fig. 4a compares Eq. 8 with PIC simula-
tion results and the peak spectral brightness of
other currently available coherent light sources [7].
The simulations correspond to background den-
sity n0/nc = 0.08, proton-driven mirror with γ ∈
{5, 10, 15, 20} and incident laser pulse with energy
of 10 mJ. At photon energy of 2.5 keV, the peak
brightness obtained is B ≈ 1033 photons/(s mm2

mrad2 0.1% BW). Fig. 4b compares the theoret-
ical conversion efficiency obtained from Eqs. 1,6
as η ≈ 0.36 (n0/nc)

4/3γ2/3 to the PIC simulation
results. In accordance, conversion efficiency grows
with mirror velocity, up to η ≈ 9% at 2.5 keV.
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Fig. 4 Properties of coherent X-ray light from beam-driven relativistic mirrors. a, Peak spectral brightness
of 10 mJ laser pulse reflected from beam-driven relativistic mirrors propagating with γ ∈ {5, 10, 15, 20} (black dots) in
plasma with normalized electron density n0/nc = 0.08. Data for other light sources taken from [8]. b, Incident-to-reflected
laser energy conversion efficiency for n0/nc = 0.08. Different photon energies correspond respectively to different mirror
velocities, γ ∈ {5, 10, 15, 20}.

Beam-driven relativistic mirrors have the
potential to be one of the most efficient sources of
bright coherent X-ray radiation. Indeed, as long
as the maximum fluence on the self-restoring rel-
ativistic mirror does not exceed LIDT given by
Eq. 7, reflected radiation properties are defined
by Eqs. 1,6, and conversion efficiency increases
with reflected photon energy. In this case, beam-
driven relativistic mirrors could even realize a
novel scheme for laser energy amplification, since
η > 1 for γ > 4.63 (nc/n0)

2.

Discussion

We have presented a new way for generation of
bright coherent attosecond X-ray pulses based on
laser reflection from relativistic mirrors driven by
charged particle beams in plasma.

In excellent agreement with presented the-
ory, simulation results show that beam-driven
relativistic mirrors enable extremely efficient
generation of bright, tunable and coherent
attosecond X-ray pulses, with simulations show-
ing peak spectral brightness up to B ≈
1033 photons/(s mm2 mrad2 0.1% BW) at X-ray
photon energy of 2.5 keV, which is of the order
of X-ray free electron lasers. Furthermore, reflec-
tivity of beam-driven relativistic mirrors is robust
with respect to mass of the driving particles, dif-
fering only in mirror propagation distance, which
highlights the possibility for compact all-optical

beam-driven relativistic mirrors based on laser
wakefield accelerated electron or positron beams.

The coherent attosecond X-ray pulses are
found to be generated over a distance of few
micrometers, facilitating a compact source for
novel applications where both high intensity and
ultrashort pulse pulse duration are required, such
as coherent nonlinear X-ray spectroscopy or coher-
ent diffractive imaging of biomolecules.

Finally, we have found the laser-induced dam-
age threshold of beam-driven relativistic mirrors
to be at least two orders of magnitude higher than
optical solid-state components. The relativistic
mirrors carry a unique property, where the mirror
is not damaged unless the threshold fluence accu-
mulates faster than the mirror replenishes itself.
In this case, beam-driven relativistic mirrors could
be even used as a novel scheme for laser energy
amplification.

Methods

Particle-In-Cell simulations

We carried out fully-relativistic 1D3V (one spa-
tial and three velocity dimensions) particle-in-cell
(PIC) simulations using the code EPOCH [50].
The parameters of the PIC simulations are defined
as follows: The driving particle beams have flat-
top profile with length Lb, particle mass M/me ∈
{1, 207, 1836}, charge density ρ, and the Lorentz
factor is varied as γ ∈ {5, 10, 15, 20}.
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For positively-charged drivers, Lb = λi and
ρ = 0.96 ρwb,+ = 0.96γ, i.e., slightly below
the wavebreaking threshold in order to ensure
high reflectivity over sufficiently long distance
according to Eq. 5. For negatively-charged drivers,
resolving the full interior plasma wave in addi-
tion to the wakefield and the reflected wavelength
proved computationally challenging. To reduce
the necessary simulation box length required to
observe beam-driven wake wave breaking, we
shrunk the pulse length and set the particle
number density of the driver slightly above the
wavebreaking threshold, according to ρ = −1/2 <
ρwb,− = −γ/(2γ + 1). The pulse length required
to achieve wake wave breaking at γ = 5 was
then obtained by numerically solving Eq. 2, as
Lb ≈ 10.7 c/ωp. The pulse length was then corre-
spondingly set slightly below this wave breaking
threshold, as 0.96Lb, for the same reasons as in
the case of positively-charged drivers.

The driving particle beam propagates in a pre-
ionized homogeneous plasma with number density
n0, where n0/nc ∈ {0.01, 0.02, 0.04, 0.08}. Here, nc

stands for the critical plasma density correspond-
ing to the wavelength of the counter-propagating
laser pulse λ0 = 800 nm. The laser pulse has flat-
top profile with smooth 4T0 long up-ramp, where
T0 = λ0/c ≈ 2.66 fs is the laser period, and its
normalized amplitude a0 is varied from 10−3 to 1.
For the case of a few-cycle Gaussian laser pulse,
we have set a0 = 0.1 for all simulations.

The simulations utilize moving window tech-
nique; the window, which moves at the velocity
of the driving particle beam, has length of 3Lb.
The underlying Cartesian grid is uniform with the
resolution of 100 cells per analytically calculated
wavelength of the reflected radiation. The plasma
is cold and collisionless, represented with electron
quasi-particles moving on the static neutraliz-
ing background. Initially, there are 10 electron
quasi-particles per grid cell. The electromagnetic
field evolution is calculated using the 2nd order
finite-difference time-domain method, whereas the
equations of motion for quasi-particles are solved
using the Boris algorithm. Absorbing boundary
conditions are applied on each of the simulation
window boundaries for both the electromagnetic
fields and quasi-particles.

Data Availability

The data that support the findings of this study
are available from the corresponding author upon
reasonable request.

Code Availability

Numerical PIC simulations were performed with
the open source massively parallelized PIC
code EPOCH, available at https://github.com/
Warwick-Plasma/epoch. Data analysis and visual-
ization were done using open-source programming
language Python and commercial software Wol-
fram Mathematica. Code used in this study is
available from the corresponding author upon
reasonable request.

References

[1] Einstein, A.: Zur elektrodynamik bewegter
körper. Annalen der physik 4 (1905)

[2] Bulanov, S.V., Esirkepov, T., Tajima, T.:
Light intensification towards the schwinger
limit. Physical review letters 91(8), 085001
(2003)

[3] Bulanov, S.V., Esirkepov, T.Z., Kando, M.,
Pirozhkov, A.S., Rosanov, N.N.: Relativistic
mirrors in plasmas. novel results and perspec-
tives. Physics-Uspekhi 56(5), 429 (2013)

[4] Esirkepov, T.Z., Bulanov, S.V.: Luminal mir-
ror. Phys. Rev. E 109, 023202 (2024) https:
//doi.org/10.1103/PhysRevE.109.L023202

[5] Krausz, F., Ivanov, M.: Attosecond physics.
Reviews of modern physics 81(1), 163 (2009)

[6] Neutze, R., Wouts, R., Spoel, D., Weckert, E.,
Hajdu, J.: Potential for biomolecular imag-
ing with femtosecond x-ray pulses. Nature
406(6797), 752–757 (2000)

[7] O’Shea, P.G., Freund, H.P.: Free-electron
lasers: Status and applications. Science
292(5523), 1853–1858 (2001)

[8] Boutet, S., Fromme, P., Hunter, M.S.: X-ray
Free Electron Lasers. Springer

10



[9] Bulanov, S., Esirkepov, T.Z., Kando, M.,
Koga, J., Kondo, K., Korn, G.: On the prob-
lems of relativistic laboratory astrophysics
and fundamental physics with super power-
ful lasers. Plasma Physics Reports 41, 1–51
(2015)

[10] Mourou, G.A., Tajima, T., Bulanov, S.V.:
Optics in the relativistic regime. Reviews of
modern physics 78(2), 309 (2006)

[11] Chen, P., Mourou, G.: Accelerating plasma
mirrors to investigate the black hole infor-
mation loss paradox. Physical review letters
118(4), 045001 (2017)

[12] Wang, W., Feng, K., Ke, L., Yu, C., Xu, Y.,
Qi, R., Chen, Y., Qin, Z., Zhang, Z., Fang,
M., et al.: Free-electron lasing at 27 nanome-
tres based on a laser wakefield accelerator.
Nature 595(7868), 516–520 (2021)

[13] Malaca, B., Pardal, M., Ramsey, D., Pierce,
J., Weichman, K., Andriyash, I., Mori, W.,
Palastro, J., Fonseca, R., Vieira, J.: Coher-
ence and superradiance from a plasma-based
quasiparticle accelerator. Nature Photonics
18(1), 39–45 (2024)
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Prague, Břehová 7, Prague 1, 11519, Czechia.

4Kansai Photon Science Institute, National Institutes for Quantum and Radiological
Science and Technology, 8-1-7 Umemidai, Kizugawa, Kyoto, 619-0215, Japan.

*Corresponding author(s). E-mail(s): marcel.lamac@eli-beams.eu;

Contents

1 Theory of weak reflection from rela-
tivistic mirrors 2

2 Beam-driven nonlinear plasma wave
equation 4

3 Lorentz factor of plasma electrons
and wave breaking threshold 5

4 Wavelength of interior plasma waves 5

5 Optimal driver length 6

6 Mirror propagation distance due to
relativistic beam-plasma instability 7

7 Structure of beam-driven interior
plasma wave breaking 8

8 Reflection coefficient of beam-driven
relativistic mirror at the wave break-
ing threshold 9

9 Energy spectrum of reflected coher-
ent radiation 10

10 Peak spectral brightness 10

1

ar
X

iv
:2

40
3.

03
27

7v
1 

 [p
hy

si
cs

.p
la

sm
-p

h]
  5

 M
ar

 2
02

4



1 Theory of weak reflection
from relativistic mirrors

Combining Maxwell’s equations and using the
Lorenz gauge condition ∂µA

µ = ∇·A+∂tϕ/c
2 = 0,

we obtain the inhomogenous wave equation


∂2

∂t2
− c2∇2


A =

j

ϵ0
, (1)

where A is the magnetic vector potential, ϵ0
is the vacuum permittivity and j is the cur-
rent density, acting as a source of radiation. We
consider only the one-dimensional geometry of a
planar mirror, with a counter-propagating inci-
dent laser. Therefore, we have for the transverse
derivatives ∂yA = ∂zA = 0. To further simplify
the analysis, we consider only linear polarization
in the y direction and define the dimensionless
vector potential a = eA/mec, reducing Eq. 1
into a scalar form. We assume that the radia-
tive currents are due to a propagating electron
distribution oscillating in electromagnetic field,
therefore j = −enev = −ecnea/γ, where γ is the
Lorentz factor of the plasma electrons, which gives
us the one-dimensional Klein-Gordon equation
describing propagation of electromagnetic waves
in plasma


∂2

∂t2
− c2

∂2

∂x2
+ ω2

p(x, t)


a(x, t) = 0, (2)

where ωp =


e2ne(x, t)/(meϵ0γ) is the relativis-
tic plasma frequency and ne(x, t) is the electron
density distribution propagating with normalized
velocity β = v/c =


1− (1/γ)2. Counter-

propagating radiation scattered from such a rela-
tivistic electron distribution is Doppler shifted in
frequency, which makes analysis of Eq. 2 a non-
trivial task in the laboratory frame. We therefore
perform a Lorentz boost into the mirror reference
frame where both incident and reflected radiation
have the same frequency ω′. The x coordinate then
transforms as x′ = γ(x − vt). Since the operator
□ = (∂2

t − c2∂2
x) is Lorentz-invariant, the form of

the equation doesn’t change and it can be written
in the mirror reference frame as


∂2

∂t′2
− c2

∂2

∂x′2 + ω′
p
2(x′)


a(x′, t′) = 0, (3)

where the apostrophe denotes quantities trans-
formed to the mirror rest frame. The normalized
vector potential is transformed only in coordi-
nates, because the normalized amplitude (a0 ∝
E0/ω0) is Lorentz-invariant.

For clarity of the following rest frame analy-
sis, we drop apostrophes for all the transformed
variables and return them when necessary. The
solution to Eq. 3 can be written generally as a
superposition of the incident and reflected waves

a(x, t) = a0e
−i(ωt+kx−π

2 ) + ar(x, t), (4)

where ω is the radiation frequency and k = ω/c
is the wave number, both evaluated in the mir-
ror rest frame. We include the phase factor π/2 so
that the real part of the incident wave corresponds
to a sine wave, such that the real part of the inci-
dent wave is zero at spacetime origin x = ct = 0.
Plugging (4) into (3) while assuming small reflec-
tion, ar(x, t) ≪ a0 ≈ const., gives us the following
equation for the reflected wave


∂2

∂t2
− c2

∂2

∂x2


ar(x, t) = −iω2

p(x)a0e
−i(ωt+kx).

(5)
We note that the approximation of weak

reflection is equivalent to the physically rea-
sonable assumption that the electrons oscillate
with the same phase and normalized trans-
verse momentum as the incident wave, j =
−(ecnea0/γ)e

−i(ωt+kx−π
2 ). The incident wave

a0(x, t) then represents a homogeneous solution
to the differential equation 1, while the particular
solution ar(x, t) is obtained by solving Eq. 1 with
the approximated current.

The natural coordinate system for this prob-
lem are the light-cone coordinates ξ = x− ct, η =
x+ ct, which correspond to a clockwise π/4 rota-
tion of the spacetime coordinate system. The
derivatives transform as ∂t + c∂x = 2c∂η and
∂t − c∂x = −2c∂ξ, which using ∂2

t − c2∂2
x =

(∂t + c∂x)(∂t − c∂x) gives us the reflected wave
equation in terms of the light-cone coordinates as

∂2ar
∂η∂ξ

(ξ, η) =
i

4
k2p


η + ξ

2


a0e

−ikη, (6)

where kp(x) = ωp(x)/c is the inhomogeneous rela-
tivistic plasma wave number corresponding to the
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Fig. 1 Analytical solution of Eq. 9 for k2p(x) = e−2x2
showing reflected radiation with light rays of constant phase

propagating along the light-cone variables x− ct = const.

electron distribution. Eq. 6 can be solved by direct
integration and application of boundary condi-
tions. We first apply the boundary condition that
the reflection occurs only for t > 0, therefore at
t = 0 we have ar(x, 0) = 0. This also implies that
the solution exists when x + ct ≥ x − ct for all
x. Integrating the equation over η, where η ≥ ξ,
gives us the derivative of the reflected wave as

∂ar
∂ξ

(ξ, η) =

 η

ξ

i

4
k2p


ζ + ξ

2


a0e

−ikζdζ. (7)

Note that, at t = 0, Eq. 7 satisfies ∂ξar(η =
x, ξ = x) = 0, i.e. no radiation is initially emitted
along the light cone coordinate ξ. To clearly show
that Eq. 8 describes the reflected radiation, we
substitute ζ + ξ = 2s in the integrand, giving us

∂ar
∂ξ

(ξ, η) = a0
ieikξ

2

 η+ξ
2

ξ

k2p (s) e
−i2ksds. (8)

If we assume the radiation condition ∂ξar ≈
ikar, we obtain the spatiotemporal profile of the
reflected radiation in spacetime coordinates of the
mirror rest frame as

ar(x, t) = a0e
−i(ωt−kx) 1

2k

 x

x−ct

k2p (s) e
−i2ksds.

(9)
Eq. 9 satisfies the radiation boundary condi-

tion ∂ξar = ikar exactly for t → ∞, since then
(η+ ξ)/2 = x and ξ = x− ct → −∞, and only the
plane wave phase keeps the ξ dependence. This is
equivalent to the assumption that, compared to
the phase, the amplitude of the wave described
by the integral term varies slowly with ξ. A more
precise solution near could be obtained near the

spacetime origin by direct integration of Eq. 7,
which leads to a more complicated form. Since
we are mostly interested in the far-field behavior,
we only keep the term given by Eq. 9 which well
describes radiation behavior for large t and x < ct.

Finally, the spatiotemporal profile of the
reflected wave is obtained by taking the real part
of Eq. 9, which is shown in Fig. 2 where a sine
wave is reflecting from a Gaussian electron profile.
We see that the error of our far-field approxima-
tion is small and leads to a small phase shift and
reflected amplitude reduction near the line x = ct,
while the behavior at x < ct shows propagation
of reflected radiation with amplitude correspond-
ing to the exact limit value. Precise integration
without any approximations of Eq. 7 would give
us correct phase behavior near the spacetime ori-
gin. The absolute value of Eq. 9, corresponding to
the amplitude of the reflected wave, reduces in the
limit x → ∞ to the Fourier transform of electron
distribution in the mirror rest frame, which was
obtained in previous work on relativistic mirrors
[1], and the complex amplitude reflection coef-
ficient r = ar/a0 in the far-field limit can be
therefore expressed as

r =
1

2k

 ∞

−∞
k2p (s) e

−i2ksds, (10)

where k =


1+β
1−βk0 is the wave number in the

mirror rest frame. The reflected amplitude in the
laboratory frame is then simply Er/(rE0) = (1 +
β)/(1−β), where E0 is the electric field amplitude
of the incident laser in the laboratory frame.
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In the following sections, we first analyze and
identify properties of beam-driven relativistic mir-
rors to consequently obtain the electron density
distribution required to calculate Eqs. 9-10.

2 Beam-driven nonlinear
plasma wave equation

We proceed to analyze plasma waves driven by a
charged particle beam in one-dimensional approx-
imation, which is valid for broad drivers satisfying
kprb ≫ 1, where kp = ωp/c is the linear plasma

wave number, ωp =


e2n0/ϵ0me is the linear elec-
tron plasma frequency, n0 is the electron plasma
density and rb is the radial size of the beam. The
Poisson equation and the continuity equation for
plasma electrons are then given as

∂2ϕ

∂x2
=

e

ϵ0
(ne − n0 − qnb), (11)

∂jx
∂x

− e
∂ne

∂t
= 0, (12)

where nb is the number density of the driving
beam and q is the charge number of the driv-
ing particles, e.g. it is positive for positrons and
protons (q = 1) or ions (q ≥ 1) and it is neg-
ative for electrons (q = −1). We assume that
the driver density satisfies nb(x, t) = nb(x − vt),
which means that it propagates in the x-direction
and its shape does not evolve in time, an assump-
tion that is valid over a relatively long time
for ultra-relativistic beams with γ ≫ 1, where
γ = 1/


1− (v/c)2 is the relativistic Lorentz

factor of the driving beam and c is the speed
of light in vacuum. We now assume that all
the plasma quantities also depend only on the
Lagrangian coordinate of the driving beam ξ =
x−vt. This gives us the following transformations
for the spatial and temporal derivatives, respec-
tively ∂xf(ξ(x, t)) = (∂ξ/∂x)∂ξf(ξ) = ∂ξf(ξ) and
∂tf(ξ(x, t)) = (∂ξ/∂t)∂ξf(ξ) = −v∂ξf(ξ). Using
these transformations and introducing the follow-
ing normalized units ωpξ/c = ξ, eϕ/mec

2 →
ϕ, eE/mecωp → E, ne/n0 → ne, qnb/n0 =
ρ, v/c = β, j/en0c → j, p/mec → p, equations
11-12 become

∂2ϕ

∂ξ2
= (ne − 1− ρ), (13)

Fig. 2 Poisson equation (16) numerical solutions
in the limit γ2 ≫ ρ2. Wakefield-optimal solutions with
bunch length given by Eq. 25 for (a) ρ = −0.25 and (b) ρ =
1. Single-cycle interior-wave-optimal solution with bunch
length with given by Eq. 24 for ρ = 1.5.

∂

∂ξ
(neβ − neβe) = 0, (14)

where βe is the normalized velocity of the plasma
electrons. Integrating Eq. 14 with the initial con-
ditions ne(ξ = 0) = 1 and β(ξ = 0) = 0, which
are satisfied by plasma initially at rest, we obtain
ne = 1/(1 − βe/β), which shows that extremely
large density waves are produced when βe → β,
and Eq. 13 becomes

∂2ϕ

∂ξ2
=

β

β − βe
− 1− ρ. (15)

It can be shown that the motion of an elec-
tron in a one-dimensional nonlinear plasma wave
is given by the normalized one-dimensional Hamil-
tonian, H(ξ, px) = γ − βpx − ϕ(ξ). For plasma
electrons which are initially at rest, the following
quantity is conserved, γ−βpx = 1+ϕ. Since only
longitudinal fields are considered, the Lorentz fac-
tor is simply γ =


1 + p2x and Eq. 15 can be cast

as

∂2ϕ

∂ξ2
= γ2


β


1− 1

γ2(1 + ϕ)2

−1/2

− 1


− ρ, .

(16)
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To obtain analytical results, we approximate
the driver as a flat-top beam, ρ(ξ) = ρ = const.
for −Lb < ξ < 0 and zero otherwise, where Lb

is the normalized driver length. We now proceed
to analyze the plasma waves in the region of the
ultra-relativistic particle beam, where −Lb < ξ <
0. Multiplying Eq. 16 by ϕ′ and integrating with
the initial conditions ϕ(ξ = 0) = ϕ′(ξ = 0) = 0, we
get the following equation for the electric field of
the plasma wave within the driving particle beam,


∂ϕ

∂ξ

2

=− 2(ρ+ γ2)ϕ

+2βγ2


(1 + ϕ)2 − 1

γ2
− β


.

(17)

The existence of plasma oscillations requires
the existence of electric field stationary points,
which is stated through Eq. 16 as ϕ′′ = 0. From
this condition we obtain that real solutions exist
only if ρ > −1/(1 + β) ≈ −1/2, which tells
us that for dense, negatively-charged drivers with
ρ ≪ −1/2, the background plasma cannot sup-
port oscillations in the region of the driver due
to the strong electrostatic field of the charged
beam. For ρ > −1/(1 + β), equations 16-17 allow
us to find the amplitude of the nonlinear plasma
wave which exists in the interior region of the
driver, which we call interior plasma wave from
now on. From the electric field null-point condi-
tion ϕ′ = 0, we obtain the solutions ϕ0 = 0 and
ϕmin = −2ρ(1 − 1/γ2)/(2ρ + 1 + ρ2/γ2), where
the zero and non-zero solutions correspond respec-
tively to the interior electron density wave trough
and crest, respectively, in the case when ρ > 0 and
vice versa for ρ < 0.

3 Lorentz factor of plasma
electrons and wave breaking
threshold

Using the conserved Hamiltonian of plasma elec-
trons initially at rest, the electron Lorentz fac-
tor can be expressed explicitly in terms of
the normalized potential as γe = γ2(1 +

ϕ)

1− β


1− 1/(γ(1 + ϕ))2


, which gives us the

Lorentz factor of the electrons in the density peak
(corresponding to ϕmin) of the nonlinear interior

wave as

γe = 1 +
2ρ2β2

2ρ+ 1 + (ρ/γ)2
. (18)

The wavebreaking limit of interior plasma
waves is given by γe → γ. Solving Eq. 18 in this
limit gives us the following normalized driver den-
sity for which wavebreaking occurs immediately
upon beam entry into the plasma,

ρwb,± =


γ, if q > 0.

− γ
2γ+1 , if q < 0.

(19)

The driver density corresponding to wave-
breaking (19) has two solutions, which corre-
spond to positively and negatively charged drivers,
respectively.

4 Wavelength of interior
plasma waves

Inverting Eq. 17 and integrating from ξ(ϕ) <
0 to ξ = 0, we get an explicit dependence of
the normalized Lagrangian coordinate ξ on the
normalized potential and driver velocity as

ξ(ϕ, γ) =

 0

ϕ


− 2(ρ+ γ2)ϕ

+2βγ2


(1 + ϕ)2 − 1

γ2
− β



−1/2

dϕ.

(20)

Finally, to obtain the wavelength of the inte-
rior plasma waves, we integrate Eq. 20 between
the two null-points of the electric field given by
ϕ0 = 0 and ϕmin = −2ρ(1−1/γ2)/(2ρ+1+ρ2/γ2),
which gives us the half-period of the interior wave.
The wavelength of the nonlinear interior wave nor-
malized to the linear plasma wavelength is then
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λi/λp = −2ξ(ϕmin)/2π. Therefore

λi

λp
(γ, ρ) =

1

π

 0

−2ρ(1−1/γ2)

(2ρ+1+ρ2/γ2)


− 2(ρ+ γ2)ϕ′

+2βγ2


(1 + ϕ′)2 − 1

γ2
− β



−1/2

dϕ′,

(21)

which is valid when the condition for interior
plasma wave existence is satisfied, ρ > −1/(1+β).
Evaluating the integral 21 in the limit γ ≫ 1,
we get the following expression for the nonlinear
interior plasma wave wavelength

λi

λp
=

2

π

E


2ρ
2ρ+1



√
2ρ+ 1

, (22)

where E(k) is the complete elliptic integral of the
second kind. For negatively-charged drivers with
−1/2 < ρ ≤ 0, the plasma wavelength grows with
increasing negative charge density and diverges
at ρ → −1/2. For positively-charged drivers with
ρ ≫ 1, expansion of Eq. 22 yields λi/λp ≈
(2/ρ)1/2/π, which reveals a unique mechanism of
relativistic nonlinear plasma waves with extremely
short-wavelengths, driven by positively-charged
particle beams.

At the wavebreaking limit ρ → γ ≫ 1,
the wavelength of the nonlinear wave slightly
decreases from Eq. 22, which can be estimated

from Eq. 20 in this limit as πλi/λp ≈

2/γ
1/2

.
This stands in stark contrast to plasma wake-
fields driven by either negatively-charged beams or
laser pulses, in which case the plasma wave elon-
gates with increasing driver velocity as πλi/λp ≈
(2γ)

1/2
[2, 3].

5 Optimal driver length

Now we proceed to analyze the plasma waves
behind the driver, where ξ < −Lb. The Poisson
equation (16) with ρ = 0 is satisfied with initial
conditions given by ϕ(−Lb), ϕ

′(−Lb), which cor-
respond to the solutions obtained in the driver
region −Lb ≤ ξ ≤ 0 due to the continuity of
the electric field. Integrating Eq. 16 for ρ = 0
with non-zero initial conditions, Eq. 17 takes the

following form [4]

γe +
1

2


Ewake

E0

2

= C0, (23)

where C0 = γe(−Lb) + (−ϕ′(−Lb))
2/2 is a con-

stant given by initial conditions ϕ(−Lb), ϕ
′(−Lb)

at the driver rear ξ = −Lb.
When the driver length is exactly the length

of a single cycle of the nonlinear plasma wave,
Lb = λi, the potential after a full-cycle gives, as
shown above, the initial conditions as ϕ(−Lb) =
ϕ′(−Lb) = 0, and we have C0 = 1 and the
maximum amplitude of the wake is Ewake/E0 =

2(C0 − γe) = 0, since 1 ≤ γe ≤ C0 = 1. There-
fore, a single-cycle plasma wave is driven optimally
and no plasma oscillations occur outside of the
region occupied by the ultra-relativistic particle
beam. The same analysis holds for optimal multi-
cycle waves, in such a case the initial conditions for
the Poisson equation are the same and the driver
length condition for optimal multi-cycle nonlinear
plasma wave generation becomes

Lb = nλi, (24)

where n is a natural number and λ is given by
Eq. 22. Any deviation from Eq. 24 gives C0 > 1
and therefore non-zero plasma wakefield ampli-
tude. The wakefield amplitude is maximized when
ϕ′(−Lb) = 0 and C0 = γe, where γe is given by
Eq. 18. These boundary conditions correspond to
a driver whose length Lb ends exactly at the den-
sity peak of the interior plasma wave, as shown in
Figs. 2a,b. The strongest wakefield is therefore cre-
ated when the driver length satisfies the following
resonance condition,

Lb =


n− 1

2


λi, (25)

i.e. for the single-cycle wave m = 1, the driver
length fits the first half-cycle of the interior plasma
wave, Lb = λi/2, and the plasma wakefield ampli-
tude is maximized for given driver density and
velocity, as shown in Fig. 2a.
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6 Mirror propagation
distance due to relativistic
beam-plasma instability

As a relativistic charged particle beam propagates
through plasma, an instability develops which
modulates its initially uniform charge density.
This modulation eventually breaks the coherent
nonlinear oscillations of plasma electrons which
sustain the relativistic mirror. To calculate the dis-
tance in plasma a beam-driven relativistic mirror
propagates before it breaks, we need to find the
instability growth rate.

Let us consider a relativistic charged parti-
cle beam with normalized charge density ρb =
qnb/n0, mass M and velocity v propagating along
the positive direction of the x-axis in plasma com-
posed of electrons and ions with particle number
density n0. However, since the beam is relativis-
tic, and its longitudinal size is of the order of the
electron plasma wave Lb ∝ λp, the influence of
slow ions is negligible compared to the fast plasma
electrons. The continuity equation and the Euler
momentum equation are then given for both rela-
tivistic particle beam and plasma electron species
as

∂ni

∂t
+

∂(nivi)

∂x
= 0, (26)

m
∂(γivi)

∂t
+mvi

∂(γivi)

∂x
= qEx, (27)

where i = b, e is the species index and the plasma
electrons are initially at rest, γe ≈ 1. Now, we con-
sider the small-amplitude modes which perturb
the the relativistic beam, as ni ≈ n0 + δni0 and
vi ≈ vi0 + δvi, where δni, δEx, δvi ∝ ei(kx−ωt).
Expanding the momentum in terms of the small
perturbation, we get pi = γivi ≈ γi0vi0 + γ3

i0δvi.
Combining the linearized Eqs. 26,27 with the Pois-
son equation, ϵ0ikδEx = δρb + δρe, we get the
following dispersion relation for the relativistic
two-stream instability

ω2
b

γ3
b (ω − kvb)2

+
ω2
p

ω2
= 1, (28)

where ω2
p = e2n0/(meϵ0) and ω2

b =
(qe)2nb/(Mϵ0) = (qρbm/M)ω2

p. The γ3
b factor

in the dispersion relation can be intuitively

Fig. 3 Real (blue) and imaginary (red) parts of solution
of Eq. 28, calculcated for a positively-charged relativistic
particle beam with qnb/n0 = ρwb,+ = γ, M = me and γ =
20 (positron). The real part corresponding to the growing
unstable modes is given by linearly growing branch, ωr ≈
kvb ≈ kc.

understood as the well-known concept of the lon-
gitudinal mass of a particle oscillating along the
direction of its relativistic motion, M → γ3

bM .
Eq. 28 can be rewritten as

1

ω − kvb
= ±γ

3/2
b

ωb


1−


ωp

ω

2

. (29)

Using ω = ωr + iΓ, where ωr = R(ω), and
expanding by ωr − kvb − iΓ, we get

ωr − kvb − iΓ

ω2
r − 2ωrkvb + (kvb)2 + Γ2

= ±γ
3/2
b

ωb


1−


ωp

ω

2

.

(30)
For even moderately relativistic beams satis-

fying vb ≈ c, unstable copropagating electrostatic
modes must be also relativistic, with constant
phase velocity given by ωr ≈ ck. Subsequently, the
growth rate must be very small, ω = ωr + iΓ ≈
ωr < ωp, which can be verified by solving Eq. 28
numerically, as shown in Fig. 3. Using this in Eq.
30, we get the following estimate for the growth
rate of the relativistic non-resonant two-stream
unstable modes

ωp

Γ
≈ γ

3/2
b


M

qmeρb

1/2
ωp

kvb
. (31)

Finally, the unstable spectrum observed in PIC
simulations is broadband. Typically, the modu-
lation occurs only within a very small region
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surrounding the copropagating electron density
peak of the nonlinear wave (Fig. 2c), where the
electrons pile-up and modulate the driving parti-
cle beam. This makes single mode interpretation
complicated.

To proceed, we make a generalizing heuristic
estimate. Requiring that the mirror breaks imme-
diately, τwb → 0, when Q ≥ Qwb, where Q the
total charge of the relativistic beam and Qwb is the
total charge required to produce wave breaking,
we get the following estimate that correctly repro-
duces the timescale (τwb ∝ 1/Γ) of the unstable
broadband spectra observed in the PIC simula-
tions, written as ωp/kvb →


1−Q/Qwb. This

yields the following expression for the beam-driven
relativistic mirror propagation distance

kpLwb ≈ Neγ
3/2
b


M

qmeρb

1/2
1− Q

Qwb

1/2

,

(32)
where the factor Ne corresponds to the number
of e-folds observed in PIC simulations before the
mirror breaks. Typically, Ne ≈ 1. For positively-
charged drivers with ρb ≲ ρwb,+ ≈ γ, we have
Qb/Qwb ≈ ρb/ρwb,+ and the mirror propagation
distance, for Ne ≈ 2π/5, takes the form presented
in the main text

Lwb,+

λp
≈ γb

5


M

qme

1/2
1− ρb

ρwb

1/2

. (33)

For negatively-charged drivers with ρb ≈
ρwb,− = −1/(2 + (1/γ)) ≈ −1/2 and Qb/Qwb ≈
Lb/Lwb < 1, the mirror propagation distance can
be estimated as

Lwb,−
λp

≈ γ
3/2
b

5


2M

|q|me

1/2
1− Lb

Lwb

1/2

. (34)

7 Structure of beam-driven
interior plasma wave
breaking

As we have shown in S1, evaluating reflection of
radiation requires electron plasma density distri-
bution of the breaking wave. To gain a foothold,
we return to the Poisson equation (15) to ana-
lyze the structure of interior plasma waves at the
wavebreaking threshold, γe → γ. We use the inte-
gral of motion γe − βpx − 1 = ϕ and the identity

1/(1 − βe/β) − 1 = px/(βγe − px) to rewrite Eq.
15 as

(γe − βpx)
′′ =

px
βγe − px

− ρ. (35)

We now expand the momentum around the
peak of the nonlinear plasma wave, p = pm+ δp+
O(δp2), where pm =


γ2
e − 1, where γe is given

by Eq. 18. At the wavebreaking threshold we have
γe → γ, therefore we proceed to use the following
power series expansion for left-hand side of Eq. 35,
γ − βpx =


1 + p2x − βpx ≈ 1/γ + δp2/(2γ3) +

O(δp3). For the right-hand side of Eq. 35 we use
γe → γ and therefore βγ− px = β


1 + p2x − px ≈

−δp/γ2 + βδp2/(2γ3) +O(δp3). Keeping only the
leading order terms in Eq. 35, we get

(δp2)′′ = −2γ6 β

δp
− γ. (36)

Multiplying Eq. 36 by (δp2)′ and integrating
over ξ, we get

(δp′δp)2 + 2γ6βδp+ γδp2/2 = C, (37)

where C is an integration constant. In the limit
δp → 0, the solution of Eq. 37 is given by the value
of the integration constant C. If δp′δp → 0 when
δp → 0, then we have C = 0 and up to the leading
order Eq. 37 takes the following form

(δp′)2 = −2γ6 β

δp
. (38)

In the limit ξ → 0, where ξ is the distance from
the position of the density peak, a solution of Eq.
37 is given as

δp = −


3√
2
γ3β1/2ξ

2/3

. (39)

The velocity can be expanded up to the first
order as βe ≈ β + δp

γ3 + O(δp2), therefore βe ≈

β − 1
γ


3√
2
β1/2ξ

2/3
and the normalized electron

density becomes

ne

n0
=

β

β − βe
≈ γ

√
2

3

β

ξ

2/3

. (40)

Eq. 40 shows that the density structure of a
breaking interior plasma wave has the form of a
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cusp caustic [5], which has an integrable singu-
larity at ξ → 0, therefore the total number of
electrons remains finite even for the asymptotic
leading-order term given by Eq. 40. It was pre-
viously shown that such a cusp singularity is a
general feature of electron plasma wave break-
ing [1, 6, 7]. The structure of beam-driven wave
breaking is not different, since the effect of driver
density represented by the third term of Eq. 37
only contributes in the higher order corrections.

8 Reflection coefficient of
beam-driven relativistic
mirror at the wave breaking
threshold

In the laboratory frame, the electron distribution
given by the asymptotic cusp distribution (40) can
be written as

ne

n0
= γ

√
2

3

β

kp(x− vt)

2/3

. (41)

We now transforming into the mirror rest
frame using x′ = γ(x − vt). The electron charge
density is part of the four-current which sat-
isfies the continuity equation ∂µj

µ = 0, and
it must therefore transform as ρ′ = γ(ρ −
jxβ/c) due to charge conservation. Transforming
the spacetime coordinates, the rest frame elec-
tron density distribution then becomes n′

e/n
′
0 =

γ(
√
2βγ/3)2/3(x′)−2/3, where n′

0 = n0/γ is the
background plasma density in the mirror rest
frame. We therefore have the following inhomoge-
nous relativistic plasma wave number (using β ≈
1)

k′2p (x
′) =


2

9

1/3
k
4/3
p γ2/3

x′2/3 , (42)

where kp = ωp0/c is the linear plasma wave
number calculated in the laboratory frame. Using
Eq. 42 to calculate the amplitude reflection coef-
ficient given by Eq. 10, we get

r = κ


n0

γnc

2/3

, (43)

where κ = π/(24/332/3Γ

2
3


) ≈ 0.44 and Γ(z)

is the Euler gamma function. Complex amplitude
reflection coefficient (43) was previously obtained

-2 -1 1 2 3 4 5
x/λ

0.2

0.4

0.6

0.8

1.0

ρ

Fig. 4 Spatial profile of complex amplitude reflection coef-
ficient near the origin of the mirror rest frame (x = 0).
Here λ represents the rest frame radiation wavelength. The
reflected wave amplitude is modulated at the second har-
monic of the incident radiation near the mirror origin. In
the limit x → ∞, the amplitude stabilizes at the value
given by Eq. 43.

in the context of laser-driven relativistic mirrors
[1, 6]. Calculating Eq. 9 in the limit t → ∞, we can
further obtain the spatial profile of the reflected
amplitude around the mirror position, which is
shown in Fig. 4.

In PIC simulations, we observe that Eq. 43
overestimates amplitude of the reflected radia-
tion. Indeed, Eq. 43 is derived using the singular
cusp distribution. However, in fully kinetic simula-
tions electron density is finite both before, during
and after wavebreaking, which is the expected
behavior due to the discrete number of electrons
(and macroparticles in the case of particle-in-
cell simulations), which compose nonlinear plasma
waves.

To amend this, we introduce the finite dis-
tribution scale length l, also known as sharpness
parameter [1], and generalize the electron distri-
bution in the laboratory frame, given by Eq. 41,
as

ne

n0
=

γ21/3

32/3k
2/3
p


β2

l2 + (x− vt)2

1/3

, (44)

where the limit l → 0 reproduces the dominant
asymptotic cusp structure obtained by solving Eq.
35. Transforming Eq. 44 into the rest frame, we get
the following rest frame inhomogeneous plasma

9



wave number

k′2p (x
′) =


2

9

1/3
k
4/3
p γ2/3

l′2 + x′2 , (45)

where l′ = γl is the finite distribution length scale
in the mirror rest frame. The rest frame reflection
coefficient evaluated in terms of laboratory frame
parameters then becomes

r ≈ π1/2

25/632/3Γ

1
3

 k
4/3
p l1/6

γ1/3k
7/6
0

K1/6


4γ2k0l


, (46)

where Kn(x) is the modified Bessel function of the
second kind. By measuring the finite distribution
scale length l from simulations, the reflection coef-
ficient is precisely given by Eq. 46. Fully-coherent
emission will occur when a distribution of radiat-
ing particles satisfies krl ≪ 1, where kr is the wave
number of the reflected radiation in the laboratory
frame, kr ≈ 4γ2k0.

In the PIC simulations, we observe finite dis-
tribution length scales of the order krlsim ≈ 3.5×
10−2, therefore we estimate 4γ2k0l ≈ 1/(9π) and
the rest frame amplitude reflection coefficient can
be written in the following simple form

r ≈ α


n0

ncγ

2/3

, (47)

where α = π1/3

21/632Γ(1/3)
K1/6


1

32π


≈ 0.3 is the

proportionality constant obtained by introducing
finite distribution length scale l. The scaling fol-
lows that of the cusp reflection coefficient given by
Eq. 43, but the coefficient is roughly 30% smaller
due to the electron density finiteness. As shown
with the results presented in the main text, Eq.
47 perfectly describes the particle-in-cell simula-
tion results of relativistic mirrors close to the wave
breaking threshold in the parameter range γ ∈
{5, 10, 15, 20} and n0/nc ∈ {0.01, 0.02, 0.04, 0.08}.

9 Energy spectrum of
reflected coherent radiation

If we assume that the radiation is reflected with
constant amplitude reflection coefficient, the elec-
tric field in the spectral domain of a signal with
duration τr can be expressed in the laboratory

frame as

Er(x, ω) =Er

 ∞

−∞
e−i(ωrt−krx)eiωtdt

=Ere
ikrx

 τr

0

ei(ω−ωr)tdt,

(48)

where Er = rE0(1 + β)/(1 − β) is the reflected
amplitude and E0 is the incident electric field
amplitude. Therefore, after directly evaluating the
last integral in Eq. 48, the normalized energy
spectrum can be expressed as


E(ω)

Ep



2

= sinc2

(ω − ωr)τr

2


, (49)

where sinc(x) = sin(x)/x is the cardinal sine func-
tion, E2

p = |Er|2 τ2r is the value of the spectrum
peak at ω = ωr, which grows quadratically in time
due to temporal coherence, and τr, ωr are respec-
tively the double Doppler shifted reflected angular
frequency and pulse duration.

10 Peak spectral brightness

The value of peak spectral brightness for a
monochromatic light source reflected from a
homogeneous mirror in terms of the conventional
unit of photons per second per relative spectral
bandwidth of 10−3 per transverse radiation phase
space can be written as

B =
Nph,r(N/1000)

2π2θ2σ2τr
, (50)

where N is the number of reflected cycles
corresponding to the relative spectral bandwidth
as ∆ω/ω = 1/N , Nph,r is the total number of
reflected photons, θ is the half-angle divergence
of reflected radiation and ρ is the waist of the
incident laser. The reflected divergence is θ ≈
θ0/(2γ)

2, where θ0 is the half-angle divergence of
the incident laser. If we consider a diffraction lim-
ited incident laser and a homogeneous mirror, the
beam parameter product characterizing transverse
phase space of incident radiation becomes ρθ0 =
λ0/π, where λ0 is the incident laser wavelength.
The peak spectral brightness is then

B =
8γ4Nph,r(N/1000)

λ2
0τr

. (51)
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Finally, considering the reflected pulse dura-
tion satisfies τr ≈ τ0/(2γ)

2 ≈ (Nλ0/c)/(2γ)
2,

we obtain the final formula for the peak spectral
brightness of radiation reflected from a homoge-
neous beam-driven relativistic mirror,

B =
32cγ6Nph,r

1000λ3
0

. (52)

The ratio of reflected to incident number
of photons can be calculated using the rest
frame reflection coefficient as Nph,r/Nph,i = |r|2.
Finally, to convert to the conventional synchrotron
unit of photons/(s mm

2
mrad2 0.1%BW), we use

m2rad2 = 1012mm2mrad2 to obtain

B


photons

s mm2 mrad2 0.1% BW


=

32cγ6Nph,i|r|2
1015λ3

0

,

(53)
where the reflection coefficient is given by Eq. 47.
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Two-color nonlinear resonances in betatron oscillations of laser accelerated relativistic electrons
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X-ray radiation from laser wakefield accelerated (LWFA) electrons provides a collimated broadband fem-
tosecond x-ray source with micron-scale source size. However, the photon flux is still inadequate for a range of
applications. By interaction of LWFA relativistic electrons with the second and the third harmonic of the laser
driving the wakefield, we report more than an order of magnitude enhancement of photon flux emitted by the
electrons undergoing betatron oscillations resonant with the harmonics. This phenomenon is demonstrated with
analytical and numerical models, as well as particle-in-cell simulations.

DOI: 10.1103/PhysRevResearch.3.033088

I. INTRODUCTION

Laser wakefield acceleration (LWFA) has received consid-
erable attention since its conception [1]. Recent experimental
work reports 8 GeV electron bunches being produced in a
20-cm capillary plasma with a petawatt-class laser driver
[2]. Betatron x-ray generation is connected to LWFA within
the blowout regime [3,4]. The plasma cavity acts as a wig-
gler forcing electrons to oscillate and consequently radiate
x rays known as betatron radiation [5,6]. The short duration
of the x-ray pulses, small source size, synchronization with
the driving laser, and all-optical compactness of the betatron
x-ray source provide a competitive alternative to conventional
sources [7–9].

The applications of such ultrafast x-ray sources range
from high-resolution x-ray imaging to ultrafast x-ray science
[9–15]. The hard x-ray source can be also employed in in-
dustrial applications such as x-ray computed tomography of
dense objects [14]. An attempt on measurement of single-
shot ultrafast x-ray absorption spectroscopy of a warm dense
matter has been performed using this broadband x-ray source;
however, the photon flux is a limiting factor that prevents
routine use of the source with single-shot measurements [15].

Features of betatron x-ray radiation depend on the elec-
tron Lorentz factor γ , betatron oscillation frequency ωβ =
ωp/

√
2γ , and betatron oscillation amplitude rβ , where ωp =

nee2/me0 is the electron plasma frequency, ne the elec-
tron density, me the electron mass, c the speed of light, 0

the vacuum permittivity, and e the elementary charge. We
introduce the normalized transverse momentum amplitude

*marcel.lamac@eli-beams.eu

Published by the American Physical Society under the terms of the
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distribution of this work must maintain attribution to the author(s)
and the published article’s title, journal citation, and DOI.

p̃x = px/mec, known as undulator parameter K [7,16,17],
since p̃x = K = rβkβγ , where kβ is the betatron wave num-
ber. In the wiggler regime, where K  1, the most important
radiation parameters become the number of emitted photons
per electron per oscillation period Nγ ≈ K/30 and the critical
frequency of the synchrotron spectrum ωc = 3

2 Kγ 2ωβ [7,18].
We see that enhancement of transverse momentum is a crucial
step toward achieving high-energy, high-flux x-ray radiation.

In recent years, many works demonstrating an increase of
high-energy radiation emission from LWFA electrons have
been published [19–25]. However, most of them report on
generation of higher photon energy [19,20,22,24] with a
limited number of works focusing on the photon flux en-
hancement of betatron x-ray radiation in the kiloelectronvolt
range [21,25]. Enhancement of betatron radiation photon flux
in this energy range is critical for many applications such as
single-shot time-resolved x-ray absorption spectroscopy and
ultrafast x-ray diffraction [9,15].

In this paper, we show that the presence of the second
harmonic (SH) and third harmonic (TH) of the fundamental
laser frequency copropagating with the relativistic electrons
enhance the photon flux of betatron x-ray radiation by an order
of magnitude. This enhancement originates from nonlinear
resonances in betatron oscillations induced by two laser pulses
with different frequencies interacting with the electrons. This
resonance results in a boost of the transverse momentum px.
The geometry of two-color betatron resonance is schemat-
ically shown in Fig. 1. The figure depicts a plasma cavity
generated during the process of LWFA in a two-dimensional
(2D) particle-in-cell (PIC) simulation, where a laser pulse
with frequency ωd drives a strong wakefield, causing self-
injected electrons to accelerate and oscillate within the plasma
cavity. Betatron oscillation resonance with frequencies ω1 and
ω2 is achieved when either of the shifted frequencies seen by
the electron ωi matches its betatron frequency ωi ≈ ωβ , where
ωi = (1 − vz/vpi )ω0i is the laser angular frequency seen by
the electron, i = 1, 2, ω0i is the laser angular frequency, vpi

is the phase velocity of the lasers, and vz is the longitudinal

2643-1564/2021/3(3)/033088(10) 033088-1 Published by the American Physical Society
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FIG. 1. Schematic of two-color betatron resonance. Normalized
electron plasma density snapshot in grayscale from particle-in-cell
(PIC) simulation of the two-color case presented in Sec. IV. Reso-
nance is achieved due to the interaction of electrons with lasers of
frequency ω1 and ω2. Laser with frequency ωd drives laser wakefield
acceleration (LWFA).

velocity of the electron. Such resonance results in significant
transverse momentum enhancement [20,26,27].

This paper is organized as follows: In Sec. II, we show
that, in the case of relativistic electrons close to dephasing
under the paraxial approximation px  pz, the driven elec-
tron oscillations can be described with the Duffing equation,
which reveals the conditions for nonlinear resonances [28].
Section III shows solutions for full equations of motion for
a more general case of a relativistic electron interacting with
two lasers under the paraxial approximation, where the an-
alytic resonance conditions from Sec. II are validated and
the resonance dependency on plasma density ne is explored.
Results from PIC simulations showing a presence of non-
linear resonances in the most general case, where laser and
plasma evolution as well as acceleration are considered, are
presented in Sec. IV. Analysis of emitted x-ray radiation from
PIC results showing an order of magnitude enhancement in
the case of a two-color scheme is presented in Sec. V. In
Sec. VI, we propose an experimental setup capable of pro-
viding multicolor laser interaction in plasma targets based
on our theoretical results with tunable laser polarizations and
delays. Lastly, our results are summarized in the concluding
Sec. VII.

II. TWO-COLOR NONLINEAR RESONANCES
IN PARAXIAL APPROXIMATION

In this section, we derive the equation that reveals the reso-
nances leading to transverse momentum enhancement present
in relativistic electrons oscillating in a plasma channel while
interacting with two laser frequencies. The equations of mo-
tion of an electron are

dp
dt

= −e(E + v × B), (1)

dr
dt

= v = p
meγ

. (2)

The electromagnetic fields of the plasma cavity in the
cylindrical coordinate system (r, θ, z), where r =


x2 + y2

is the radial coordinate, are given by the longitudinal electric
field Ez/Ewb = kpξ/2, radial electric field Er/Ewb = kpr/4,
and azimuthal magnetic field cBθ /Ewb = −kpr/4, where
ξ = z − vφt is the wake comoving variable, vφ is the phase
velocity of the wake, kp is the plasma wave number, and
Ewb = mωpc/e is the cold nonrelativistic wave-breaking field
[4,29–31]. The equations of motion for an electron in
such a cavity without any additional fields are then
ṗ = −e(E+v×B) = F + F⊥ ≈ −mω2

p(ξez/2 + rer/2),
where the last expression assumes p⊥/pz  1 [7].
Furthermore, for electrons near the dephasing point
ξ ≈ 0, we only have the radial component of the force
ṗ ≈ −mω2

perr/2. The laser field in the plane-wave
approximation is given as Elaser = E1 sin(φ1) + E2 sin(φ2),
and the corresponding magnetic field is given as
Blaser = (E1/vp1) sin(φ1) + (E2/vp2) sin(φ2), where Ei is
the electric intensity amplitude, φi = ω0i(t − z/vpi ) + θi is
the laser phase, and θi is the initial phase, i = 1, 2. The laser
field is linearly polarized in the x direction. By restricting the
electron to planar motion [py(t ) = 0], the momentum Eqs. (1)
and (2), with both the cavity and laser fields included, become

d px

dt
= −e[η1E1 sin(φ1) + η2E2 sin(φ2)] − meω

2
p

2
x, (3)

d pz

dt
= −evx


E1

vp1
sin(φ1) + E2

vp2
sin(φ2)


, (4)

where the factor ηi = 1 − vz/vpi comes from the sum of the
electric field and vector product of velocity and magnetic field
in Eq. (1). Taking the time derivative of Eq. (3) with the use
of normalized transverse momentum p̃ = p/mec gives us the
following equation for a nonlinear oscillator:

d2 p̃x

dt2
+ ω2

β p̃x = ã1 cos(φ1) + ã2 cos(φ2), (5)

where ãi = aiω
2
i , and ai = eEi/(mcω0i ) is the normalized

laser field amplitude, i = 1, 2. By excluding the electrostatic
longitudinal wakefield generated during LWFA in Eqs. (1)
and (2), we restrict ourselves to the case of wakefield
pre-accelerated relativistic electrons with γ  1 close to
dephasing, at which point the wakefield contribution is neg-
ligible. This description is also applicable for direct laser
accelerated electrons oscillating in self-generated transverse
quasistatic fields of plasma channels generated by long laser
pulses with relativistic intensities [26,32], generalized to the
case when two laser frequencies are present. We are interested
in the dynamics of LWFA ultrarelativistic oscillating electrons
for which the paraxial approximation pz  px with vz ≈ c is
valid, and we have px/pz ≈ vx/c  1; therefore, vx  c <

vpi, which means that the contribution from the magnetic field
to the transverse momentum px through pz is minor compared
with the electrical field contribution in Eq. (3). In other words,
variables px and x are oscillating fast compared with slowly
varying variables vz and γ [32]. It is therefore reasonable
to assume for slow variables that γ̇ , v̇z, ṗz ≈ 0 on a suitable
timescale, and therefore, pz = pz(0) =: pz0 on the timescale
of betatron oscillations ∼ω−1

β . The Lorentz factor can be then
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approximated as

γ =


1 + p̃2
x + p̃2

z0 =


1 + p̃2
z0


1 + p̃2

x

1 + p̃2
z0

(6)

≈ γ0


1 + p̃2

x

2γ 2
0


, (7)

where γ0 =


1 + p̃2
z0, which is the initial Lorentz factor, and

since we are considering pre-accelerated relativistic electrons
also, γ0  1. Further on, we have

ω2
β = ω2

p

2γ
≈ ω2

p

2γ0


1 − p̃2

x

2γ 2
0


= ω2

β0


1 − p̃2

x

2γ 2
0


. (8)

The paraxial approximation px  pz with vz ≈ c fur-
ther allows us to approximate frequency seen by electrons
as φ̇i = (1 − vz/vpi )ω0i = ηiω0i = ωi ≈ const.; therefore, the
laser phase satisfies φi(t ) ≈ ωit + θi. We note that the relative
laser phase (θ2 − θ1) influences the detailed structure of si-
multaneous resonances, as discussed in Ref. [28]; however,
the maximum attainable transverse momentum amplitude,
which we are interested in, remains the same for all relative
phase shifts. Therefore, we do not concern ourselves further
with this parameter and, for brevity, set θ2 = θ1 = 0. Plugging
Eq. (8) into Eq. (5) gives

d2 p̃x

dt2
+ ω2

β0
p̃x − ω2

β0

2γ 2
0

p̃3
x =

2
i=1

ãi cos(ωit ). (9)

Equation (9) has the form of the Duffing equation with
two-frequency forcing [28]. We will summarize the most
important consequences of nonlinear Eq. (9), as discussed
in Ref. [28]. We see that the nonlinearity coefficient of p̃3

x
in Eq. (9), i.e., −ω2

β0
/2γ 2

0 , has a negative sign, indicating
a softening nonlinearity of the system, which means that
the multivalued amplitude-frequency response curve bends
toward frequencies below ωi ≈ ωβ0 . For a fixed γ0, the non-
linearity changes only with electron density ne. In addition,
nonlinearity in Eq. (9) allows for multiple nonlinear res-
onances apart from the primary resonance ωi ≈ ωβ0 . The
condition for these resonances can be generally given as

ωβ0 ≈ m

n
ωi, (10)

where m and n are natural numbers, i = 1, 2, and either
m = n = 1 (primary resonance), m = 1, n = 1 (subharmonic
resonances), or n = 1, m = 1 (superharmonic resonances).
The strengths and widths of the frequency ranges in which
these resonances occur decrease dramatically for large m, n;
therefore, only small values of m, n are usually observed
[28,33]. We note that harmonic resonances in Eq. (10) arise
even in single-frequency-driven nonlinear oscillations. Multi-
frequency forcing, however, generates additional combination
resonances in nonlinear oscillations. The principal combina-
tion resonances are given by the following conditions:

ωβ0 ≈ | ± 2ωi ± ω j |, (11)

ωβ0 ≈ 1
2 (ωi ± ω j ), (12)

where i, j = 1, 2 [28]. The presence of two forcing terms
also enables simultaneous resonances to occur, i.e., for given
frequencies ωi, the resonance conditions in Eqs. (10)–(12)
may overlap.

The main physical mechanism behind transverse momen-
tum enhancement in two-color forced oscillations is therefore
twofold. First, we have superposed primary, subharmonic, and
superharmonic resonances from respective laser fields given
by Eq. (10). Second, we obtain the combination resonances
Eqs. (11) and (12), which are unique to multifrequency forc-
ing, further enriching the range of possible resonances as well
as enabling simultaneous resonances for oscillating electrons.
The immediate consequence of the presence of such reso-
nances in electron oscillations is the enhancement of betatron
x-ray radiation due to transverse momentum enhancement, as
it is discussed in Sec. I.

We note that this model of forced betatron oscillations
of relativistic electrons close to dephasing with γ  1 is
qualitatively valid, even when weak longitudinal electrostatic
wakefield is included in the equations of motion in Eqs. (1)
and (2). Such inclusion causes the decrease of the beta-
tron frequency ωβ ≈ γ −1/2 and slow increase of the strength
parameter K ≈ γ 1/4 due to electron energy gain ∼γ on a
timescale much longer than the timescale of betatron oscil-
lations τβ ≈ ω−1

β [7]. To be precise, our description is valid
for slowly varying betatron frequency satisfying the condition
ω2

β  |ω̇β | ≈ 0, for which the nonlinear oscillator model is
not affected by the negligible betatron frequency change. The
previous assumption is further validated for relativistic elec-
trons close to dephasing in Sec. IV, where it is also shown
that the conditions for transverse momentum resonance hold
even in full PIC simulations.

III. SINGLE-PARTICLE SIMULATIONS

The equations of motion in Eqs. (1) and (2), for a relativis-
tic electron oscillating in plasma cavity with a presence of one
or two laser fields in the paraxial approximation, were solved
numerically using the fourth-order Runge-Kutta scheme of
numerical integration with time step small enough to achieve
numerical convergence. The calculation is simplified consid-
erably due to the paraxial approximation px  pz, vz ≈ c,
which allows us to consider the laser phase as φi(t ) ≈ ωit .
Note that, here, we do not consider the approximation ṗz ≈ 0
as in Sec. II. The structure of resonances does not depend on
the choice of initial transverse momentum [28], and therefore,
we set it for all cases as p̃x(0) = 0. We neglect the presence
of the longitudinal wakefield since we consider relativistic
electrons close to dephasing, as discussed in Sec. II. We set
field strengths as a1 ≈ a2 ≈ 1, corresponding to experimen-
tally accessible values for harmonics of the driving laser. We
consider both cases of single and two-color configuration.
Lastly, we conduct simulations for a large range of plasma
densities beyond the ne ≈ 1019 cm−3 that is usually used for
betatron x-ray generation to reveal the structure of resonances
even in the strongly nonlinear regime.

In the single-color case, a relativistic electron interacts
only with a single laser field with ω1, which corresponds to
the schematic in Fig. 1 when laser with ω2 is not present.
In Figs. 2(a) and 2(b), we show the frequency response of
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FIG. 2. Single-color case. (a) Frequency response of p̃x for
px (0) = 0. Nonlinearity emerges for higher values of electron plasma
density ne. For ne = 5×1018 cm−3 (red), we see linear response
for resonance conditions in the range (ω1/ωβ0 )2 ∈ (0.8, 1.2) corre-
sponding to initial energies γ0 ∈ (1.5, 2.5)×104, and we see strong
nonlinear response for higher density ne = 5×1019 cm−3 (black)
for (ω1/ωβ0 )2 ∈ (0.8, 1.2) corresponding to γ0 ∈ (1.5, 2.5)×103.
(b) Frequency response of p̃x for varying ne. (c) Normalized energy
gain and (d) transverse momentum evolution for ne = 5× 1018 cm−3,
(ω1/ωβ0 )2 = 0.8, γ0 = 3.2×103 (black), and (ω1/ωβ0 )2 = 0.9, γ0 =
3.6×103 (red). The nonshifted laser wavelength is λ1 = 404 nm.

normalized transverse momentum amplitude, which is the
maximum transverse momentum an electron achieves during
periodic resonant oscillations. The frequency ratio ω1/ωβ0

is tuned by varying the initial electron energy since, for a
fixed laser frequency and density, we have (ω1/ωβ0 )2 ≈ γ0.
We observe the emergence of nonlinear response for increas-
ing plasma density ne featuring up-jump discontinuity and
the bending of the frequency response curve as predicted by
Eq. (9). We note that the initial condition p̃x(0) = 0 leads
to the lower branch of the resonance curve for frequencies
smaller than that corresponding to the up-jump discontinuity
[28]. Larger initial momenta px(0) = 0 may lead to upper-
branch amplitudes producing larger transverse momentum
amplitudes left of the jump discontinuity, as is usual in mul-
tivariate frequency responses of nonlinear oscillators. The
structure of the resonances, however, does not depend on the
initial condition as previously noted. Figures 2(c) and 2(d)
show that, within the paraxial approximation, resonant inter-
action leads to substantial energy and normalized transverse
momentum gain even in the single-color case.

In the two-color case, two laser fields are interacting with
electrons, as shown schematically in Fig. 1. The frequency
response of the normalized transverse momentum amplitude
with varying electron plasma density is shown in Fig. 3(a).
We see two primary resonance regions due to ω1 and ω2.
We also see that increasing density leads to stronger nonlin-
earity, as predicted by Eq. (9). For high values of electron
plasma density ne, the emergence of harmonic and simulta-
neous resonances creates detached regions of large transverse
momentum. Figure 3(b) shows a strongly nonlinear region
with ne > 5×1019 cm−3, where complex structures of simul-
taneous, combination, and harmonic resonances emerge. We
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FIG. 3. Two-color case. (a) Frequency response of p̃x for
px (0) = 0 with varying ne. (b) The strongly nonlinear region for
ne > 5×1019 cm−3. (c) Normalized energy gain and (d) transverse
momentum evolution for ne = 5×1018 cm−3, (ω1/ωβ0 )2 = 0.9, γ0 =
3.6×103 (red), and (ω1/ωβ0 )2 = 2.1, γ0 = 8.6×103 (black), and for
ne = 8×1019 cm−3, (ω1/ωβ0 )2 = 0.8, γ0 = 2×102 (blue). White ar-
rows indicate emergence of nonlinear resonances (ω1/ωβ0 )2 =
0.5625, 1.44. The nonshifted laser wavelengths are λ1 = 404 nm
and λ2 = 269 nm.

indicate [white arrows in Fig. 3(b)] emergence of some of
the nonlinear resonances predicted by Eqs. (10)–(12). For
example, since the shifted frequency of the TH is ω2 ≈ ( 2

3 )ω1,
Eq. (12) gives combination resonance [ω1 + ( 2

3 )ω1]/2 = ωβ0 ;
therefore, (ω1/ωβ0 )2 ≈ 1.44 (white arrow on the right). An
interesting feature seen in Fig. 3(a) is that, since for a fixed
electron density ne we have (ωi/ωβ0 )2 ≈ γ0, nonlinearity is
strongly suppressed in the primary resonance region from ω2,
which is positioned at (ω1/ωβ0 )2 = 2.25. This is predicted by
the inverse cube dependence of the nonlinearity coefficient
on high initial electron energy in Eq. (9), i.e., ω2

β0
/2γ 2

0 =
ω2

p/4γ 3
0 . Figures 3(c) and 3(d) show selected resonant evo-

lutions. We draw attention to the benefit of employment of
higher frequency lasers, in this case ω2, since they induce
otherwise unattainable primary resonance for electrons ac-
celerated through LWFA to high energies γ0 ≈ (ω2/ωβ0 )2,
boosting their p̃x.

Single-particle simulations reveal the structure of the reso-
nances present in betatron oscillations of relativistic electrons
close to dephasing when interacting with a two-color laser
field in the paraxial approximation. We have shown the emer-
gence of nonlinear resonances in Eqs. (10)–(12) predicted by
Eq. (9). We note that single-particle simulations neglect the
spatial and temporal profile of the laser pulses as well as its
self-focusing and depletion or the presence of accelerating
longitudinal plasma wakefield and its evolution. To account
for full dynamics, we conducted PIC simulations described in
the following section.
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IV. PIC SIMULATIONS

To confirm the presence of two-color nonlinear resonances
beyond the paraxial approximation in full detail throughout
the LWFA process, we performed 2D PIC simulations within
the fully relativistic, massively parallelized PIC code EPOCH

[34]. The approximation of 2D geometry is reasonable since
all lasers are set with the same linear polarization in the x
direction within the x-z plane of the simulation, which forces
the dynamics of the electron oscillations and the associated
resonances induced by the interacting lasers into a 2D plane.
The second-order Yee scheme Maxwell solver was used in
the PIC simulations. To reduce numerical dispersion in the
second-order scheme, the Courant-Friedrichs-Lewy number
was set as ct/z = 0.99. The moving window simulation
box was set as 100×70 μm with grid size 6000×1000, which
corresponds to 16 cells per wavelength for the shortest laser
wavelength in the simulation λ2 = 269 nm, ensuring proper
resolution of all wavelengths involved. Furthermore, third-
order interpolation of fields to particles was used to further
suppress numerical heating and time-staggering error [35,36].
The number of macro-particles per cell was two. The lasers
were focused upon the entrance into the 5-mm-long homoge-
neous pre-ionized helium gas target with smooth edges and
plateau value of electron plasma density ne = 4×1018 cm−3.
Such gas targets are routinely used in plasma betatron x-ray
sources [6,17,21]. The value of plasma density was selected
this low to generate a larger bubble and therefore prevent
interaction of the accelerating electrons with the laser tail of
the LWFA-driving frequency ωd . To simplify the analysis,
we focus purely on the dynamics of the electrons and the
laser. We therefore neglect collisions, ionization, or quantum
electrodynamics effects, although we note that interference
effects can play a role in two-color laser ionization injection
[34,37,38].

In the nonresonant case, only the LWFA-driving laser
with ωd shown in Fig. 1 is present with λ0 = 808 nm. Laser
strength was set as a0 = 5.3, full width at half maximum
(FWHM) pulse duration τ0 = 28 fs, and waist diameter d0 =
28 μm. This case corresponds to standard LWFA and betatron
x-ray generation since the laser does not interact with the
accelerating electrons due to low plasma density and conse-
quently large bubble radius.

In the single-color case, the driving laser was set as in
the previous case. The SH was set with λ1 = 404 nm, a1 =
1.2, τ1 = 56 fs, and d1 = 10 μm. To place the peak of the SH
in the interaction region where electrons oscillate, the peak-
to-peak time delay between the two pulses was set to 100 fs.
The time delay was set to place the SH in the interaction re-
gion where electrons accelerate without overlapping with the
electron bubble sheath. This case corresponds to single-color
betatron resonance since the driving laser does not interact
with the accelerating electrons, and resonant oscillations are
induced by the SH ω1. In terms of the schematic in Fig. 1, the
laser corresponding to frequency ω2 is not present.

In the two-color case, the driving laser was as in the
previous cases. The SH had slightly shorter pulse duration
with λ1 = 404 nm, a1 = 1.2, τ1 = 42 fs, and d1 = 10 μm to
compensate for frequency conversion into the TH. The peak-
to-peak time delay to the LWFA-driving laser was 92 fs.
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(a) (b)

FIG. 4. (a) Longitudinal electrostatic wakefields at 1.6 mm in-
side the gas target for all three cases. (b) Electron spectra at gas target
exit at 5 mm.

The TH was also present with λ2 = 269 nm, a2 = 0.7, τ2 =
56 fs, and d2 = 10 μm, and the peak-to-peak time delay to the
fundamental was 100 fs. This case corresponds to single-color
betatron resonance since the driving laser does not interact
with the accelerating electrons, and resonant oscillations are
induced by the SH ω1. In terms of the schematic in Fig. 1, the
laser corresponding to frequency ω2 is not present. We note
that the field of the harmonics interacting with the electrons
is kept stable due to the plasma cavity generated by the main
driver with ωd . The high-density electron sheath of the cav-
ity acts as a waveguide for the small amplitude harmonics,
which would otherwise diffract in plasma or vacuum over few
Rayleigh lengths.

The total number of accelerated electrons is comparable
in all three cases. This is understandable since the SH with
a1 = 1.2 does not overlap with the electron plasma sheath,
and the TH with peak strength a2 = 0.7 overlaps with the
sheath only in the region where a2 ≈ 0.3, which means that
the ponderomotive force ∼∇a2 has negligible effect on the
evolution of the wake driven by the fundamental harmonic
with a0 = 5.3. In Fig. 4(a), we show that the accelerating
wakefields for all cases vary <5% at 1.6 mm inside the target,
where the first injected electron bunches are accelerated.

It is also important to consider possible dimensional ef-
fects of the wake evolution. It has been shown that, in 2D
simulations, the wakefield plasma bubble is elongated, and
the focusing fields are stronger than in the case of three-
dimensional (3D) simulations of plasma wakefield, while the
structure of the accelerating field inside the cavity remains

(a)

(b)

FIG. 5. p̃x and γ evolutions for electrons that reach γ > 1800.
(a) Nonresonant case, where no electrons are interacting with a laser.
(b) Two-color case.
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FIG. 6. Shifted laser frequencies ω1,2 seen by a representative
electron (left axis, colored), betatron frequency harmonics nωβ (left
axis, black, orders highlighted by red number), and absolute value of
normalized transverse momentum px/mec (right axis, gray).

unchanged in both cases [39]. The reduction of the bub-
ble in the realistic 3D case can be simply compensated by
changing group delays of the harmonics with respect to the
LWFA driver. Weaker focusing fields in 3D geometry also
imply possibly larger efficiency of our scheme since weaker
focusing fields reduce the oscillator stiffness of the cavity,
and therefore, betatron frequency ωβ is reduced, which for
oscillator systems leads to enhancement of resonant ampli-
tude [28]. The effect on the wake by ponderomotive force of
the harmonics due to increasing field strength a0 is analyzed
further in Sec. V. Figure 4(b) shows the electron spectra for all
three cases at the gas target exit. The total injected charge of
electrons accelerated to energy >100 MeV varies by <0.1%
when comparing nonresonant and two-color resonant cases,
showing negligible effect of the harmonics on the overall
electron injection.

In Fig. 5, we show normalized transverse momentum and
γ evolution of the most energetic electrons for the nonreso-
nant and two-color cases. For an electron interacting with an
electromagnetic wave in a vacuum, the normalized transverse
momentum amplitude is limited by the value p̃x < a0. The
peak amplitudes of harmonics satisfy a1,2 ≈ 1, and we see that

the amplitude of normalized momentum reaches p̃x ≈ 100 in
the two-color case, while in the nonresonant case, we see
that the natural betatron oscillations are limited to normalized
transverse momentum of p̃x ≈ 30. This proves the presence of
the resonance phenomenon. A more careful analysis showing
the presence of nonlinear resonances is presented in Fig. 6,
where we show the evolutions of laser frequencies seen by
a representative electron, betatron frequency, and normalized
transverse momentum of the electron for all three cases.
The nonresonant case shows that Eq. (10) is not satisfied
throughout the evolution, and there is no associated growth
of transverse momentum amplitude. The single-color resonant
case shows primary resonance ω1 ≈ ωβ and the associated
transverse momentum growth between 4 and 5 mm from the
entrance of the target. The two-color resonant case shows
nonlinear resonances for both shifted frequencies seen by the
electron ω1, ω2 with harmonic orders n = 1, 2, 3, 4, 6. We see
that the strongest resonant growth reaching p̃x ≈ 90 corre-
sponds to simultaneous harmonic resonance when 3ωβ ≈ ω1

and 4ωβ ≈ ω2 around 4.8 mm from the entrance of the target.

V. X-RAY RADIATION ANALYSIS

To see the effect of two-color resonance on x-ray radiation
emitted by the accelerated electrons, we have calculated the
on-axis photon flux for all three PIC cases according to the
radiation integral [18]

d2W

ddω
= e2

16π30c


 ∞

−∞

n × ((n − β) × β̇)
(1 − n · β)2

× exp


iω


1 − n · R

c


dt


2

, (13)

where R is the distance vector between the radiating electron
and the observer, n is the normalized vector pointing from the
electron toward the observer, and β = v/c is the normalized
velocity. We extracted the electron trajectories from the PIC
simulation results to calculate the radiation emitted according
to Eq. (13). The knowledge of acceleration of the particle
β̇ is necessary, which was calculated by interpolating the
individual particle trajectories with a time step sufficiently
small to achieve numerical convergence in Eq. (13). The re-
sults are presented in Fig. 7. We observe enhancement in the
single-color case. However, a larger enhancement of more
than an order of magnitude in peak photon flux and up to
two orders of magnitude enhancement in the hard x-ray re-
gion is present in the two-color case, when compared with
nonresonant betatron x-ray generation. The critical energy for
the nonresonant case is calculated as h̄ωc ≈ 25 keV, while for
the two-color resonant case is h̄ωc ≈ 31 keV. We see that the
number of photons is enhanced almost uniformly across the
whole energy spectrum, with a stronger boost in the hard x-ray
region.

Our results can be compared with previously published
works focusing on betatron x-ray enhancement mentioned in
Sec. I, for example, by longitudinal and transverse density
modulation in Ref. [21], where an order of magnitude en-
hancement was achieved in the hard x-ray region and a factor
of ∼2–3 in peak photon flux. In Ref. [20], a shift of critical
energy into the millielectronvolt range due to the resonant
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FIG. 7. On-axis photon flux of radiated x rays in log scale. Non-
resonant case (purple), single-color case (red), and the two-color case
(black).

interaction of LWFA electrons with the laser tail of the driving
laser was observed without peak photon flux enhancement.
A peak photon flux enhancement due to resonant interaction
with the laser tail from ionization injected electrons by a
factor ∼3 compared with results in Ref. [20] was reported
in Ref. [27]. An order of magnitude enhancement was also
achieved within the mildly nonlinear regime by steering the
plasma wakefield driven by a laser with a0 = 1.6 by introduc-
ing a slanted plasma target [25], where the betatron strength
parameter K in the reference betatron case without steering
was K ≈ 2.1. We note that this is more than an order of
magnitude less than our reference nonresonant case with giga-
electronvolt range electrons reaching K ≈ 30. We further note
that the only requirement of our method is frequency conver-
sion of the LWFA-driving laser into its harmonics, implying
its potential compatibility with various plasma targets.

As mentioned in Sec. IV, the interacting laser field
strengths ai cannot be too strong since the ponderomotive
force scales as ∼∇a2, which adversely affects wake evolution,
resulting in poor electron injection and acceleration. To show
this in terms of radiated x rays, we performed four different
PIC simulations with the same parameters as in the two-color
resonant case discussed earlier, except we did not include the
SH and only kept the TH overlapping with the plasma sheath.
In Fig. 8, we see the radiated energy where the fundamental
laser acts as a LWFA driver, and the TH induces betatron
resonance in oscillating electrons. We have varied the field
strength of the TH for values a0 = 0.4, 0.7, 1, 1.5. The re-
sults show that x-ray photon flux starts dropping when a0

approaches and surpasses the value a0 ≈ 1, indicating mod-
ified wake dynamics by ponderomotive force and inefficient
resonant oscillations. We note, however, that even in this
inefficient case where a0 = 1.5, the peak photon flux is still a
factor of 2.5 larger than the standard betatron x-ray generation
denoted above as the nonresonant case. We see that, for the
settings presented above, the value of a2 = 0.7 is optimized
for efficient radiation generation.

Lastly, we evaluate the practical energy efficiency of the
two-color scheme. Let us consider a 7 J energy laser pulse
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0.5
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a0 = 0.4

a0 = 0.7

a0 = 1

a0 = 1.5

FIG. 8. On-axis photon flux of betatron x rays in linear scale
showing decrease in radiated energy due to perturbation of the wake
through increasing ponderomotive force of the third harmonic (TH).
The laser fields present in the particle-in-cell (PIC) simulation are
only the fundamental laser wakefield acceleration (LWFA) driver
with wavelength λd = 808 nm and the TH with ω2.

having the same spatial and temporal parameters as dis-
cussed for the LWFA driver with fundamental wavelength
λd = 808 nm. This results in the field strength a0 ≈ 6. We
denote this case nonresonant, 7 J. If we consider splitting off
1.9 J laser energy from the main 7 J beam and converting it to
the SH and TH with conversion efficiency ∼11%, where we
take into consideration both parametric efficiency and other
losses as discussed in Sec. VI, we may obtain the SH and TH
with respective pulse energies of ∼0.2 J, which corresponds to
the spatial and temporal pulse parameters and field strengths
of the harmonics as presented in the two-color resonant case.
Here, we denote this case two-color, 5.5 J. In Fig. 9, we show
that the photon flux of the second case with 5.5 J in total laser
energy divided among the ωd (5.1 J), ω1 (0.2 J), and ω2 (0.2 J)
is still significantly larger than for the case with the whole
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FIG. 9. On-axis photon flux of betatron x rays in log scale
showing energy efficiency of the two-color betatron resonant x-ray
generation.
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FIG. 10. Experimental setup design for realization of two-color
resonant betatron x-ray generation.

7 J of energy in the LWFA driver ω. This result indicates
that the enhancement from two-color betatron resonance is
highly efficient, and even when considering losses of 1.5 J,
we still get almost an order of magnitude enhancement in
peak on-axis photon flux and more than an order of magnitude
enhancement in the hard x-ray region. This shows that the
enhancement from two-color betatron resonance cannot be
reasonably replaced by boosting field strength a0 in standard
betatron x-ray generation. Crucially, we also point out that the
nonresonant 7 J case results in 21% more injected total charge
than the 5.5 J two-color case; however, not even this fact
offsets the strong photon flux enhancement due to transverse
momentum nonlinear resonances.

VI. EXPERIMENTAL SETUP DESIGN

To complement our theoretical results, we propose the
experimental setup, shown in Fig. 10, for realization of
two-color resonant betatron x-ray generation. Standard be-
tatron x-ray generation involves a single ultraintense I 
1018 Wcm−2 femtosecond laser pulse from a Ti:sapphire laser
system centered at 808 nm and either a gas cell or a gas
jet, where the gas is usually helium with a small percentage
of some noble gas added to trigger ionization injection and
achieve greater beam stabilization [40]. The advanced beta-
tron scheme presented here requires the generation of the SH
and TH of the fundamental 808 nm wavelength with pulse en-
ergy ∼200 mJ and pulse duration ∼50 fs. Frequency tripling
can be achieved directly in materials with strong third-order
susceptibility with conversion efficiencies up to 6% [41].
However, due to higher conversion efficiency, a more com-
monly used method is of sum-frequency generation, which
benefits from high values of second-order nonlinearity in crys-
tals [42]. For Ti:sapphire frequency conversion, the widely
used crystals for both frequency doubling and tripling are
BBO and KDP [43]. For pulse duration of tens of femtosec-
onds, BBO crystals have the advantage over KDP in an almost
six-times-higher effective nonlinear coefficient [44,45], but
its spectral acceptance caused by group delay dispersion is
roughly three times worse than in KDP crystals. The damage

threshold for BBO crystals is on the order of hundreds of
gigawatts per square centimeter for femtosecond pulses [46].
Combined with the difficulties involved in manufacturing of
large aperture crystals, it is almost impossible to use BBO for
few-joule femtosecond pulses.

To relate to the theoretical results, a 7 J, 28 fs FWHM
infrared (IR) laser pulse produced from a Ti:sapphire laser
system is considered in the experimental setup; therefore,
KDP crystals are considered further. The necessity of delay
control between the IR LWFA driver and its harmonics leads
to a two-arm experimental setup, where one arm has variable
time delay. This requires micrometer-precise spatial synchro-
nization and stability of the two differently focused beams
[47]. In the proposed setup, a pellicle beamsplitter extracts
a 1.9 J portion of the beam into the harmonic generation
arm without any changes in the transmitted beam due to its
thinness. The first KDP is a 1-mm-thick type-1 crystal used
for efficient SH generation (SHG). The efficiency for hun-
dreds of femtosecond pulses can reach as high as 80%, as
discussed in Ref. [48]. However, we consider pulse lengths
on the order of ∼50 fs in our PIC simulations. Thus, the
efficiency will be reduced due to group velocity dispersion.
Calcite 1 is negative uniaxial crystal used for compensation
of group delay between IR and SH pulses originated in KDP
as well as in the half-waveplate. The temporal overlap of
IR and SH pulses is crucial in the second KDP crystal used
for TH generation (THG). A thin, zero-order half-waveplate
for IR wavelength also serves as a λ waveplate for the SH,
which assures parallel polarization for both the IR and SH
to ensure THG type-1 phase matching in the second KDP
crystal. This is to exploit the higher conversion efficiency of
type-1 over type-2 THG [42,43]. THG in this configuration
can lead to conversion efficiency up to 11%, as discussed
in Ref. [43]. Calcite 2 is used (similarly to Calcite 1) for
group delay compensation between the residual SH and the
generated TH. A dual-band waveplate is optimized as λ/2 for
the SH and λ for the TH to rotate polarizations of the SH and
TH to be parallel, it can be easily moved out to switch to a
configuration where the TH is perpendicular to the SH. Group
delay from the dual-band waveplate is also compensated by
Calcite 2.

The proposed setup has the possibility to easily switch off
THG (THG on-off) with a motorized linear stage and there-
fore easily go between single-color, two-color, or two-color
with a single harmonic, where resonance is achieved due to
a long-pulse LWFA-driving laser and a SH with tunable laser
polarizations. A dichroic mirror is optimized for reflectance of
the TH and SH and therefore transmits the residual IR pulse
into the beam dump. According to discussed efficiencies, this
system should be capable of delivering three-color interaction
into the target composed of 5.1 J IR, 200 mJ SH, and 200 mJ
TH ultrashort pulses. For higher energy laser systems, even
greater range of optimization is possible with more energy in
the IR beam and possibly the harmonics as well, if crystals
of large enough aperture are available. The advantages of this
setup are the full control over the laser polarizations and the
delays between the IR and SH as well as between the SH
and TH and separate focusing for the harmonics through an
off-axis parabola with a hole. The conversion efficiency can
be tuned with crystal angle tuning.
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VII. CONCLUSIONS

In summary, we have presented theory and numerical re-
sults exploring two-color nonlinear resonances in betatron
oscillations and an experimental setup design for realiza-
tion of our scheme. We have shown that the dynamics of
relativistic electrons reduce to nonlinear oscillations with two-
frequency forcing, which causes the emergence of nonlinear
resonances in transverse momentum. PIC simulations for ex-
perimentally accessible parameters reveal two-color betatron
resonance behavior beyond the paraxial approximation, show-
ing strong enhancement of electron transverse momentum.
The radiation emitted by electrons undergoing such resonant
oscillations is enhanced by more than an order of magnitude in

peak photon flux and up to two orders of magnitude in the hard
x-ray region when compared with standard betatron x-ray
generation.
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Generation of intense magnetic 
wakes by relativistic laser pulses 
in plasma
Marcel Lamač 1,2*, Uddhab Chaulagain 1, Jaroslav Nejdl 1,3 & Sergey V. Bulanov 1,4

The emergence of petawatt lasers focused to relativistic intensities enables all-optical laboratory 
generation of intense magnetic fields in plasmas, which are of great interest due to their ubiquity in 
astrophysical phenomena. In this work, we study generation of spatially extended and long-lived 
intense magnetic fields. We show that such magnetic fields, scaling up to the gigagauss range, can 
be generated by interaction of petawatt laser pulses with relativistically underdense plasma. With 
three-dimensional particle-in-cell simulations we investigate generation of magnetic fields with 
strengths up to 1010 G and perform a large multi-parametric study of magnetic field in dependence 
on dimensionless laser amplitude a

0
 and normalized plasma density n

e
/n

c
 . The numerical results 

yield scaling laws that closely follow derived analytical result B ∝



a
0
n
e
/n

c
 , and further show a close 

match with previous experimental works. Furthermore, we show in three-dimensional geometry that 
the decay of the magnetic wake is governed by current filament bending instability, which develops 
similarly to von Kármán vortex street in its nonlinear stage.

Intense magnetic fields in plasmas are induced by fast charged particles, which can be accelerated by laser-plasma 
interaction. In the non-relativistic or mildly relativistic regime, magnetic field generation can be due to inverse 
Faraday effect, which can be understood as the exchange of angular momentum from light to charged particles, 
which leads to magnetization of plasma1–5. In the regime of relativistic intensities, nonlinear plasma response 
breaks the adiabaticity between plasma electrons and laser, which leads to non-reversible gain of energy and 
angular momentum and therefore quasistatic magnetic field generation3,6,7.

Laboratory generation of intense magnetic fields in plasmas attracts a lot of attention due to a broad range 
of applications8, such as magnetically enhanced fast-ignition fusion9, generation of collisionless shocks in mag-
netized plasma10, magnetically assisted ion acceleration11–15 or magnetic field reconnection research16–19. Of 
special interest is also generation of magnetic fields in the gigagauss (GG) range, where the magnetic cyclotron 
and atomic binding energies compete and atoms can deform into long rod shapes, leading to distinct atomic 
physics which occur in astrophysical objects like neutron stars and white dwarfs20–22. Even stronger magnetic 
fields are thought to exist in magnetars, where the magnetic fields cross the critical Schwinger field of quantum 
electrodynamics (QED) Bcr = m2

e c
2

e ≈ 4.4× 1013 G, where me is the electron mass, c the speed of light, e the 
elementary charge and  the reduced Planck constant. In such magnetic fields atoms deform into narrow spindles 
and the vacuum itself becomes strongly polarized, which introduces a slew of additional physics of fundamental 
interest, such as vacuum birefringence, magnetic pair production, synergic synchrotron-Cherenkov radiation, 
photon splitting or scattering suppression22–26.

In recent decades, the process of laser-driven generation of magnetic fields has been investigated, in various 
schemes, theoretically1–3,5,6,27–31 and experimentally in underdense plasmas4,32–34 or solid targets35 up to relativ-
istic intensities, a0 ≈ 14,35, where a0 = eE0

mecω
 is the dimensionless laser amplitude, E0 the amplitude of the electric 

field and ω the laser angular frequency. Reaching a0 ≈ 1 indicates a shift towards relativistic dynamics, where 
the electron momentum changes by more than mec in a single laser cycle, leading to highly nonlinear plasma 
response, which can lead to geometrically non-trivial plasma currents. The advent of petawatt (PW) laser systems 
enables experimental investigation of magnetic field generation in plasma within ultra-relativistic regime a0 ≫ 1 , 
where magnetic fields reaching hundreds of megagauss (MG), or more, are expected1,6,36. These schemes often 
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require disposable structured overdense targets or multiple laser beams to achieve gigagauss magnetic fields15,37,38. 
Underdense plasmas generated by a laser enable high-repetition rate, allow density tailoring and straightforward 
implementation of optical diagnostics39. While extensive research on magnetic field generation in underdense 
plasmas up to a0 ≈ 1 has already been done, to the best of our knowledge, extended study involving multi-
parametric numerical simulations focused on generation of long-lived intense magnetic fields is still lacking.

In this work, we study magnetic field generation with ultra-relativistic lasers in plasma over a broad range of 
parameters, from underdense to overcritical plasmas, through analytic theory and numerical simulations. We give 
an overview of the process of magnetic field generation in the relativistic a0 ≫ 1 regime and specifically, being 
the experimentally most easily tunable parameters, we study dependency of the magnetic field on dimensionless 
laser amplitude a0 and normalized electron density ne/nc for relativistically underdense ( ne/nc < a0 ) plasmas, 
where ne is the electron density, nc = ω2meǫ0

e2
 is the critical electron density and ǫ0 is the vacuum permittivity. 

We present a large numerical multi-parametric study, which shows magnetic field generation in plasmas with 
circularly polarized laser pulses up to 1010 G, and reveals scaling laws describing magnetic fields which can be 
also long-lived and macroscopically large, as shown in Fig. 1. We explore the temporal and spatial properties 
of the magnetic field and show in three-dimensional geometry that its decay is governed by bending instability 
of the electron current filament40,41, which leads to von Kármán antisymmetric electron vortex street develop-
ment in its nonlinear stage. Furthermore, we show a close match of the obtained numerical scaling laws with 
magnetic fields observed in other experimental and theoretical works. Lastly, we discuss the possibility to use 
intense magnetic wakes to probe the physics of strong field QED.

Results and discussion
Analytical model for magnetic field strength.  Let us consider a simple model where we assume effi-
cient generation of a plasma channel by a circularly polarized laser pulse. This is valid for relativistically under-
dense plasmas when the laser waist size is given as w0 ≈

√
a0

c
ωp

14,42–44, where ω2
p =

nee
2

meǫ0
 is the electron plasma 

frequency. The magnetic field generated inside the plasma channel is given by Ampere’s law as

where j is the current density inside the plasma channel and µ0 is the vacuum permeability. As it is shown in the 
following section, the magnetic field is induced primarily by helical motion of relativistic electrons. For simplicity, 
let us assume that the longitudinal and transverse velocity components of the electrons are equal and the electron 
speed approaches speed of light, vi ≈ c√

3
 . The current density components are then ji ≈ −ene

c√
3
 . Since the 

transverse size of the magnetic field corresponds to the transverse size of the plasma channel l, Eq. (1) becomes 
B = µ0jl . As mentioned above, in the case of a laser propagating in relativistically underdense plasma, a channel 
is generated with l ≈ √

a0
c
ωp

 , which gives us for the strength of the magnetic field components

(1)∇ × B = µ0j.

Figure 1.   Schematic of intense magnetic wakefield generation by a relativistic laser in plasma. Magnetic fields 
generated by a relativistic right-hand circularly polarized relativistic laser pulse propagating in plasma. Axial 
component shown for relativistically underdense plasma where ne/nc = 0.02 , a0 = 80 and pulse duration 
τfwhm = 11.7 T , where T is a laser period. Magnetic field given in units mω

e = 110 MG for  = 1 µm.
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We note that for efficient magnetic field generation the laser pulse must be short enough to prevent complete 
plasma cavitation, τ < ω−1

i  , where ω2
i =

ni(Ze)
2

miǫ0
 is the ion plasma frequency, where Z is the ion charge number, 

ni is the ion density and mi is the ion mass, otherwise the ions will be pushed out by the combined electrostatic 
and ponderomotive forces before any electrons pushed out are able to return and establish strong current inside 
the plasma channel through Weibel instability. We further note that laser waists with size w0 > l are less efficient 
for magnetic field generation. This is due to the onset of laser filamentation instability, which limits the length 
scale of the plasma channel, and therefore the scale of magnetic field, to l ≈ √

a0
c
ωp

14,44. We can recast Eq. (2) in 
practical units, such as the laser power P, since from the matching condition we have a0 = 2( P

Pc
)1/343, where 

Pc = 8πm2c5ǫ0
e2

ω2

ω2
p
 is the self-focusing critical power, and therefore Eq. (2) becomes in practical units

Let us now consider a technologically feasible scenario where we focus a laser with power P = 1 PW and central 
wavelength  = 1 µ m into a spot matched to plasma with density ne = 1021 cm−3 , which therefore corresponds 
to a0 ≈ 74.4 . According to either Eqs. (2) or (3), this generates quasistatic magnetic field with strength B ≈ 0.5 
GG, indicating the potential for intense magnetic field generation in relativistically underdense plasmas. We 
proceed towards quantitative investigation of this potential in the next section.

(2)B =
1
√
3

meω

e


a0ne

nc
.

(3)B [GG] ≈ 0.1× ( [µm])1/3(P [PW])1/6(ne [1020 cm−3])2/3.

Figure 2.   Evolution of quasistatic magnetic fields and plasma currents generated by ultrarelativistic laser. Ion 
current density magnitude |ji| (volumetric) and normalized ion density ni/nc (central planes) at simulation time 
360 T (a) and 600 T (b). Electron current density magnitude |je| (volumetric) with normalized electron density 
ne/nc (central planes) at simulation time 360 T (c) and 600 T (d). Axial magnetic field Bz (volumetric, x-y and 
x-z central planes) and transverse magnetic field component Bx (y-z central plane), which corresponds to the 
azimuthal magnetic field Bφ , at simulation time 360 T (e) and 600 T (f).
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Intense magnetic wake generation in underdense plasma by relativistic laser pulse.  To self-
consistently study magnetic field generation by ultrarelativistic laser in underdense plasma, we have performed 
a series of numerical simulations in three-dimensional (3D) Cartesian geometry (see Methods for simulation 
details). In this section we illustrate the mechanism of magnetic field generation by a relativistic laser pulse.

The laser field is defined as a right-hand circularly polarized laser propagating along the z-axis defined with 
normalized laser amplitude a0 = 80 and angular frequency ω = 2πc/ , where  = 1 µ m is the wavelength of 
the laser in vacuum. The circular polarization is chosen because we are interested not only in azimuthal magnetic 
fields, but also in axial magnetic fields, which are not generated for linear polarization and zero orbital angular 
momentum of the laser pulse, since in such a case there can be no longitudinal angular momentum transferred 
to plasma1,2,7,37,45. The laser pulse has a Gaussian spatial and temporal envelope with full width at half maximum 
pulse duration τ = 11.7 T , where T = /c is the laser cycle period. Such laser pulse duration is chosen to satisfy 
conditions ω−1

p < τ < ω−1
i  , which prevents complete ion cavitation before electrons manage to return inside 

the channel and establish helical currents. To prevent laser filamentation and enable efficient magnetic field 
generation, we match the beam waist of the focused laser to the plasma channel transverse size given by 
w0 =

√
a0

c
ωp

 . The target is composed of helium atoms with density nHe = ne/2 , where the normalized electron 
plasma density is established as ne/nc = 0.07 after barrier suppression ionization.

The circularly polarized laser pulse enters the gas target at t = 0 , accelerates electrons and leaves the simula-
tion with highest energy electrons at t ≈ 360 T , leaving a plasma channel in its wake. During this time interval, 
the attraction of laser-accelerated plasma-wake electron currents flowing in the direction of the laser pulse 
propagation, in combination with the repulsion from the return currents flowing along the channel periphery, 
leads to on-axis current filament coalescence. This coalescence leads to current density distribution anisotropy, 
and therefore magnetic field development, according to the Weibel instability with a characteristic transverse 
scale 

√
a0

c
ωp

 and a maximum growth rate given by ŴWe = ωp/
√
a0

46,47. Figure 2 shows at t ≈ 360 T the volu-
metric plot of the magnitude of the ion (a) and electron (c) current density, |ji| and |je| , which are opposite in 
direction, as well as the central planes of respective normalized particle densities ni/nc and ne/nc , which also 
show the coalescent particle filaments as well as plasma channel walls containing the electron return current 
sheets ensuring plasma charge neutrality. The saturated magnetic fields are shown in Fig. 2e, with a volumetric 
plot of the axial magnetic field Bz , with central planes of both the axial magnetic field Bz , as well as the Bx com-
ponent, which represents the magnitude of the azimuthal magnetic field Bφ in the y-z central plane. We draw 
attention to the large aspect ratio of the longitudinal and transverse coordinate axes, which reveals a very long 
region of intense magnetic wakefield, which is homogeneous over a length of 200  , as was shown for different 
parameters in Fig. 1.

Due to the nonlinearity of the plasma wavebreaking producing fast electron currents, the filament grows 
spatially inhomogeneous and develops a bending instability even in the case of linear polarization, as discussed 
in Ref.40,41,47, showing a transition from the transverse-symmetric current evolution in the case of linear plasma 
response ( a0 < 1 ) discussed in previous works28,29. Figure 2b,d,f show the snapshots of the plasma evolution 

Figure 3.   Bending instability of a current filament. (a) Magnetic field component By (central x-z 
plane) with solid (dashed) isocontours showing electron fluid velocity streamlines indicating negative 
(positive) vorticity at t = 378 T . (b) Volumetric isocontours of azimuthal magnetic field component for 
Bφ = 0.03, 0.18, 0.23, 0.28 mω

e  (purple, dark blue, light blue, green) showing the helical topology of the vortices 
at t = 378 T.
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at t = 600 T , where we see pronounced bending of the current filament in the late stage of the evolution. For 
initially irrotational plasma, the electron fluid vorticity is frozen into the magnetic field, since ∇ × p = eB , 
where p is the electron momentum, therefore the bending of the current filament leads to development of iso-
lated electron fluid vortices. In two-dimensional geometry, this instability manifests as the bending instability 
of a current sheet40, which initially develops symmetric electron vortex pairs with vortex size of the order of or 
larger than the collisionless skin depth c/ωp and with separation distance of the order of the plasma wavelength 
p = 2πc/ωp . The bending instability further separates these vortices into an antisymmetric electron vortex row 
similar to the von Kármán vortex street48. In Fig. 3a, we show a central slice through the transverse component 
of the magnetic field By , which shows the initial development of the bending instability and the emergence of 
antisymmetric vortex pairs, in agreement with two-dimensional results40,41. Fully three-dimensional topology of 
the vortices is shown in Figs. 3b and 2f, which show them following the helical bending of the current filament. 
Late stage of the evolution is shown in Fig. 2b,d,f, at which point the growth rate of the instability is slower and 
the antisymmetric von Kármán vortex row is well established. It can be seen in the Bx component of the magnetic 
field in Fig. 2f corresponding to electron vorticity in the same direction.

To quantify the temporal evolution of the quasistatic magnetic field, as well as the instability, over the whole 
region of interest, we define the longitudinally averaged radial lineout of the axial magnetic field as 
�Bz�(r) = 1

2πL

 2π

0

 L
0
Bz(r,φ, z) dzdφ . Temporal evolution of Bz(r) with L = 200  is shown in Fig. 4, where 

we see the growth of the electron Weibel instability between t = 0 and t = 360 T with maximum growth rate 
ŴWe = ωp/

√
a0 ≈ 2.24× 10−2ω , at the end of which it saturates as the magnetic energy density becomes com-

parable to the energy density in the electron flow Bsat. ≈ mω
e



a0ne
nc

46,47 in accordance with Eq. (2). As the bending 
instability takes over the evolution at t = 360 T , it leads to decay of the longitudinally averaged magnetic field. 
At the initial stage of the instability, the distances between the vortices are estimated as 5 µ m and 2.5 µ m in the 

0 200 400 600 800
10-3

10-2

10-1
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Figure 4.   Temporal evolution of generated magnetic field. (a) Longitudinally averaged radial lineout of axial 
magnetic field with slices highlighted at radial distance r/ = 0 (black), 4 (red), 8 (blue) . (b) Axial magnetic 
field for r/ = 0 . max�Bz� = 0.3mω

e .

Figure 5.   Electron trajectories generating axial and azimuthal magnetic fields. (a) Longitudinal angular 
momentum evolution with a z-direction view (b) shown in color, where mec

2

ω
= 263776  for  = 1 µ m, which 

reveals the large absorption of right-handed photon spin angular momentum Sz = + by electrons. The black 

curve highlights a single electron trajectory with angular momentum Lz = 500
mec

2

ω
.
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horizontal and vertical direction respectively, with perturbation wavelength estimated as 20 µ m. Calculating 
the growth rate of the instability for the antisymmetrical vortex row from Eq. (5) in Ref.40, we get 
ŴBend. ≈ 7.27× 10−4ω , which matches the observed decay rate of the magnetic field. The bending instability 
starts to slow at the late nonlinear stage t = 600 T , in accordance with results of Refs.40,41. The topology of the 
bending instability is similar to the drift-kink instability of the ion current filament discussed in Ref.49, however, 
the growth rate of the ion kink instability is at least an order of magnitude smaller. It is the faster electrons which 
are responsible for the topology and evolution of the magnetic field in our case, which validates the assumptions 
of the bending instability discussed in Refs.40,41. The full width at half maximum duration of the magnetic field 
is found to be τB ≈ 390 T , which is in the picosecond range. This is up to two orders of magnitude longer than 
the duration of magnetic fields reported in other works30,38. Samples of helical trajectories of electrons carrying 
the longitudinal and transverse currents generating transverse and longitudinal magnetic fields respectively and 
evolution of their longitudinal angular momentum Lz are shown in Fig. 5.

Multi‑parametric study in underdense plasma.  To study the magnetic field strength dependence on 
normalized laser amplitude a0 and normalized electron density ne/nc , we have carried out series of 3D PIC 
simulations. The parameter range of the PIC simulations (see Methods for details) corresponds to currently 
available laser systems and f-numbers of focusing optics capable of reaching the relativistic regime with a0 ≫ 1 . 
For  = 1 µ m, the range of underdense plasma densities corresponds to 1018 − 1020 cm−3.

We measure the maximum cycle-averaged magnetic field strength of the longitudinal Bz and azimuthal Bφ 
field component after the laser leaves the simulation. Performing nonlinear regression on the obtained data set 
yields the following numerical scaling laws for the strength of magnetic field components 

We see a good correspondence between Eqs. (4) and Eq. (2), which validates the assumptions of the simple 
analytical model (2). We plot the magnetic fields given by Eq. (4) within the scanned parameter range in Fig. 6.

More interestingly, Eq. (4) fit well with magnetic fields measured in other works outside the studied parameter 
range. Picosecond-long axial magnetic field with magnetic field Bz ≈ 3.9 MG generated in underdense plasma 
was experimentally measured in Ref.4 for  = 1.054 µ m, a0 = 2.5 and ne/nc = 0.02 . Plugging these values into 
Eq. (4a) gives axial field strength of Bz ≈ 3.8 MG, showing a close correspondence, which is not present with 
analytical models presented therein that heavily underestimate the magnetic field strength, as discussed by the 
authors. Another experimental work33 observed axial magnetic field due to nonlinear inverse Faraday effect with 
Bz ≈ 1.5 MG for  = 1.06 µ m, a0 = 9× 10−3 , ne/nc ≈ 1 and for such values, Eq. (4a) gives Bz ≈ 1.6 MG. Simi-
larly, in the numerical work15, long-lived azimuthal magnetic fields of Bφ ≈ 1 GG can be seen generated in the 
wake of the main magnetic vortex trailing behind a laser propagating in dense plasma for  = 0.8 µ m, a0 = 80 
and ne/nc = 3.32 . Plugging these values into the scaling law for the azimuthal field component Eq. (4b) gives 
Bφ ≈ 1 GG. This correspondence holds for all the other cases discussed there as well. These agreements show the 
applicability of the scaling laws (4), in order of magnitude, to a broader range of parameters in the underdense 
regime due to the dense data set of the multi-parametric study, which strenghtens their predictive potential.
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meω
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a0.560 ,

(4b)
eBφ
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Figure 6.   Numerical scaling laws for magnetic field components. Dependence of magnetic field components 
Bz (a) and Bφ (b) on normalized electron density ne/nc and normalized laser amplitude a0 ≫ 1 . For laser 
wavelength  = 1 µm.
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Extremely intense magnetic wake generation in dense plasma.  To further evaluate the predictive 
potential of Eqs. (2) and (4) for higher plasma densities, we conduct additional simulations of magnetic field 
generation in dense targets for a0 = 200 (see Methods for details). Figure 7 shows the strength of the obtained 
magnetic fields corresponding to gas, liquid or solid, but relativistcally underdense ( ne/nc < a0) targets. Intense 
magnetic fields reaching up to ≈ 1010 G are found in accordance with Eqs. (2, 4). The temporal and spatial prop-
erties of the magnetic field with Bz ≈ 1.8 GG and Bφ ≈ 2 GG generated for the case of ne/nc = 10 are shown 
in Fig. 8a,b, from which we see that the temporal duration of the magnetic field equals τB ≈ 165 T , which is 0.5 
picosecond for  = 1 µ m, and the magnetic field extends homogeneously over a length of 20  at the time of 
Weibel instability saturation t = 120 T.

Additionaly, we have performed simulations both with and without the inclusion of effects of QED as 
described in Ref.50. We have found that these processes, notably radiation friction, have negligible effect on 
magnetic field generation in the scanned parameter range, which is shown in Fig. 7. This is in accordance with 
the results of Ref.36, where it was discussed that energy dissipation through radiation friction is of the order of 
energy lost due to numerical error for a0 ≤ 200 for ne/nc = 90 , which we now confirm for plasma densities in 
the range ne/nc = 0.1− 100.

We proceed to consider the use of intense long-lived magnetic wakes generated by relativistic lasers for 
laboratory probing of strong field QED effects in magnetized plasma23,24. QED processes are essential in magnet-
ized plasmas surrounding pulsars and especially magnetars21,22,24,26, and their transition probabilities generally 

Figure 7.   Magnetic field strength dependence on normalized electron density for a0 = 200 . Magnetic field 
strength of components Bz and Bφ measured from simulations with numerical scaling laws plotted within 
95% confidence bounds of electron density dependence power index obtained through nonlinear regression. 
Simulations were performed both with (crosses) and without (triangles) quantum electrodynamics effects for 
ne/nc ≥ 0.1.

Figure 8.   Extremely intense magnetic field generated for a0 = 200, ne/nc = 10 . (a) Time evolution of 
longitudinally averaged ( L = 20  ) radial lineout of axial magnetic field. (b) Longitudinal (volumetric, x–y 
and x–z central planes) and transverse (y–z central plane) field components at magnetic field saturation time 
t = 120 T.
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increase with the Lorentz invariant parameter χ = γ (B/Bcr) , where γ is the Lorentz factor of the electron inter-
acting with magnetic field. The value of χ ≈ 1 indicates the quantum regime threshold, beyond which quantum 
effects cannot be neglected23. Sending relativistic electrons with γ ≈ 103−4 , which could be produced in the 
same optically synchronized setup through laser wakefield acceleration51, to a magnetic wake with 1010 G gives 
magnetic field in the electron rest frame as B ≈ Bcr and therefore the Lorentz invariant quantum parameter 
becomes χ ≈ 1 . Recent experimental work with relativistic electrons accelerated up to γ ≈ 105 verified the 
necessity for the use of quantum models of synchrotron radiation for χ ≈ 1 using a crystal as a target, which 
is limited to a field corresponding to 108 G52. Electrons with γ ≈ 105 would generate synergic synchrotron-
Cherenkov radiation in tenuous plasma even with magnetic field ≈ 103 G, as discussed in Ref.24. Interacting 
with extremely intense magnetic wakes reaching 1010 G, such electrons would experience χ ≥ 102 , which would 
enable probing of strong field QED in magnetized plasmas close to the conjectured non-perturbative regime 
threshold αχ2/3 ≈ 153–55, where α is the fine-structure constant. These considerations indicate the potential of 
laser generated intense magnetic wakes to serve as a test bench for strong field QED in magnetized plasmas 
over a broad range of quantum parameters χ , which is possible due to the tunability of magnetic field strength 
through a0 and ne/nc , as given by Eq. (2).

Conclusion
We have investigated analytically and numerically generation of spatially extended, long-lived and intense mag-
netic fields by circularly polarized relativistic laser pulses in plasmas for the parameter range a0 = 40− 200 , 
ne/nc = 0.01− 100 . We show that circularly polarized relativistic laser pulse transfers angular momentum to 
plasma electrons, leading to development of strong helical currents through Weibel instability that sustain the 
longitudinal, as well as the transverse, component of the magnetic field. These currents can sustain long-lasting 
intense magnetic fields with strengths up to 1010 G inside the plasma channel. We have identified the magnetic 
field decay due to bending instability, which develops similarly to von Kármán vortex street in its nonlinear stage. 
Furthermore, we have performed a multi-parametric study of magnetic field strength dependence on a0 and 
ne/nc in relativistically underdense plasmas ( ne/nc < a0 ), which revealed numerical scaling laws (4) that follow 
the analytical result (2). We have found agreement between the scaling laws (4) and magnetic fields produced 
in other experimental and theoretical works, which further supports their predictive power over a broad range 
of parameters in the relativistically underdense regime. Finally, we envision interactions of relativistic electrons 
with studied intense magnetic wakes for probing of strong field quantum electrodynamics in magnetized plasmas.

Our results pave way towards generation of intense, tunable and long-lived magnetic fields in plasmas at 
various laboratory conditions, which lead to innumerable applications in plasma physics, fundamental physics 
or laboratory astrophysics.

Methods
Particle‑in‑cell simulations.  We have performed numerical simulations in the full 3D Cartesian geom-
etry with the relativistic, massively parallelized PIC code EPOCH56. Second order Yee scheme Maxwell solver 
and Higuera-Cary algorithm are used for the field and particle evolutions respectively. To reduce numerical 
dispersion in the second order scheme, Courant-Friedrichs-Lewy number was set to c�t/�z = 0.99 . Third-
order interpolation is employed to reduce grid heating. The size of the simulation box corresponding to the 
benchmark simulation results presented in Figs. 2, 3, 4 and 5 was set as 320  × 50  × 50  with grid size 
4000× 360× 360 . The number of macro-particles per cell is 4, giving a total of 2× 109 macro-particles for 
helium ions and 4× 109 macro-particles for electrons. We use absorbing boundary conditions for both particles 
and fields. The simulation is evolved up to simulation time tend = 1500 T , which is long enough to see the full 
temporal evolution and decay of the magnetic field. Finally, as we are interested in the slow quasistatic evolution 
of the magnetic fields, all field variables were averaged every laser cycle as Ā = 1

T

 T
0
A(t) dt , where T is the laser 

cycle period. With this remark, we do not use the bar notation in the article.
For the multi-parametric study in underdense plasmas (Fig. 6), due to large computational demands of 3D 

simulations, we have reduced the number of macro-particles per cell to 2 and considered the ionised helium 
atoms as immobile. We have found that this approximation leads to negligible differences in generated magnetic 
field strengths, since the electron and ion current densities differ by two orders of magnitude (Fig. 2) and the 
Weibel instability of the electron current filaments is the main source of the magnetic field, as discussed in the 
article. We note that other properties of the magnetic field not investigated with the multi-parametric study, such 
as spatial and temporal homogeneity, are affected by ion immobility, as discussed elsewhere31. Since the laser 
spot size is changing for each data point according to w0 =

√
a0

c
ωp

 , the dimensions of the simulation box are 
decreased with decreasing w0 . The resolution of the grid is set for each case to resolve  = min(p, L) with at 
least 10 samples, which assures sufficient resolution of the important wavelengths according to the Nyquist-
Shannon sampling theorem. The study is performed over the span of following parameter values: 
a0 = 40, 80, 120, 160, 200 and ne/nc = 0.01, 0.02, 0.04, 0.07, 0.1.

Simulations of dense targets presented in Figs. 7 and 8 with mobile ions and also with and without QED effects 
were further performed for a0 = 200 . The number of electron and ion particles per cell was chosen as 4 and 2 
respectively. The plasma density range was selected as ne/nc = 0.01, 0.04, 0.07, 0.1, 1, 10, 100 . In addition to third-
order interpolation, current smoothing is turned on for ne/nc ≥ 1 to ensure suppression of grid heating56. The 
resolution and size of the simulation box was selected according to the same criteria as in the multi-parametric 
study, e.g. for the lowest density ne/nc = 0.01 , we set p

x,y = 67,
p

z = 125,
L
x,y = 13 and for the highest density 
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ne/nc = 100 , we set L
x,y,z = 100,

p

x,y,z = 10 . For ne/nc ≥ 10 , the waist of the laser is fixed to 1 µ m as the rela-
tivistic skin depth is smaller than laser wavelength and we do not consider tight focusing of the laser. This leads 
to energetically less efficient plasma channel and magnetic field generation due to laser filamentation, however, 
the Weibel saturated magnetic field is fixed by a choice of a0 and ne/nc44,46,47.

We have performed convergence tests that involved doubling the number of particles and increasing trans-
verse resolution which produced minimal differences in peak magnetic fields.

Data availibility
The data that support the findings of this study are available from the corresponding author upon reasonable 
request.

Code availability
Numerical PIC simulations were performed with the open source massively parallelized PIC code EPOCH, avail-
able at https://​github.​com/​Warwi​ck-​Plasma/​epoch. Data analysis and visualization was done with commercial 
software Matlab, Wolfram Mathematica and the open source visualization tool Visit, available at https://​www.​
visit​users.​org/​index.​php?​title=​Main_​Page. All other relevant code used in this study is available from the cor-
responding author upon reasonable request.
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